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SPHERE VALUED NOISE STABILITY AND QUANTUM MAX-CUT
HARDNESS

BY STEVEN HEILMAN?

Department of Mathematics, University of Southern California, ®stevenmheilman@gmail.com

We prove a vector-valued inequality for the Gaussian noise stability (i.e.
we prove a vector-valued Borell inequality) for Euclidean functions taking
values in the two-dimensional sphere, for all correlation parameters at most
1/10 in absolute value. This inequality was conjectured (for all correlation
parameters at most 1 in absolute value) by Hwang, Neeman, Parekh, Thomp-
son and Wright. Such an inequality is needed to prove sharp computational
hardness of the product state Quantum MAX-CUT problem, assuming the
unique games conjecture. In fact, assuming the unique games conjecture, we
show that the product state of Quantum MAX-CUT is NP-hard to approxi-
mate within a multiplicative factor of 0.9859. In contrast, a polynomial time
algorithm is known with approximation factor 0.956.. ..
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In this paper we study large time large deviations for the height function
h(x,t) of the g-deformed polynuclear growth introduced in (Int. Math. Res.
Not. IMRN 7 (2023) 5728-5780). We show that the upper-tail deviations have
speed ¢ and derive an explicit formula for the rate function @ (u). On the
other hand, we show that the lower-tail deviations have speed 12 and express
the corresponding rate function ®_ (u) in terms of a variational problem.

Our analysis relies on distributional identities between the height func-
tion h and two important measures on the set of integer partitions: the Pois-
sonized Plancherel measure and the cylindric Plancherel measure. Following
a scheme developed in (Ann. Inst. Henri Poincaré Probab. Stat. 57 (2021)
778-799), we analyze a Fredholm determinant representation for the ¢-
Laplace transform of h(x,¢) from which we extract exact Lyapunov expo-
nents and through inversion the upper-tail rate function ® . The proof of the
lower-tail large deviation principle is more subtle and requires several novel
ideas which combine classical asymptotic results for the Plancherel measure
and log-concavity properties of Schur polynomials. The techniques we de-
velop to characterize the lower-tail are rather flexible and have the potential
to generalize to other solvable growth models.
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In this paper a necessary and sufficient condition is obtained for the scale
invariant boundary Harnack principle (BHP in abbreviation) for a large class
of Hunt processes on metric measure spaces that are in weak duality with
another Hunt process. We then apply it to a class of discontinuous subordi-
nate Brownian motions with Gaussian components in R4 for which the Lévy
density of the subordinators satisfies some mild comparability condition. We
show that the scale invariant BHP holds for these subordinate Brownian mo-
tions in any Lipschitz domain that satisfies the interior cone condition with
common angle 6 € (cos_l 1/ /d), ) but fails in any truncated circular cone
with angle 6 < cos~L(1/4/d), a Lipschitz domain whose Lipschitz constant
is larger than or equal to 1//d — 1.
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We study the critical behavior for percolation on inhomogeneous random
networks on n vertices, where the weights of the vertices follow a power-
law distribution with exponent t € (2, 3). Such networks, often referred to as
scale-free networks, exhibit critical behavior when the percolation probability
tends to zero at an appropriate rate, as n — 0o. We identify the critical win-
dow for several scale-free random graph models, such as the Norros—Reittu
model, Chung—Lu model and generalized random graphs. Surprisingly, there
exists a finite time inside the critical window, after which we see a sudden
emergence of a “tiny” giant component. This is a novel behavior, which is
in contrast with the critical behavior in other known universality classes with
te€(3,4)and T > 4.

Precisely, for edge-retention probabilities 7, = an~G=/2 there is an
explicitly computable A > 0 such that the critical window is of the form A €
(0, A¢), where the largest clusters have size of order nP with B= (12 —4r 4+
5)/[2(t — 1)] € V2 -1, %) and have nondegenerate scaling limits, while
in the supercritical regime A > ., a unique “tiny giant” component of size
©(4/n) emerges, and its size concentrates. For A € (0, A¢), the scaling limit
of the maximum component sizes can be described in terms of components
of a one-dimensional inhomogeneous percolation model on Z studied in
a seminal work by Durrett and Kesten (In A Tribute to Paul Erdds (1990)
161-176 Cambridge Univ. Press). For A > A., we use a relation to general
inhomogeneous random graphs, as studied by Bollobds, Janson and Riordan
(Random Structures Algorithms 31 (2007) 3—122), to prove that the sudden
emergence of the tiny giant is caused by a phase transition inside a smaller
core of vertices of weight of order at least /7.

REFERENCES

[1] ADDARIO-BERRY, L., BROUTIN, N. and GOLDSCHMIDT, C. (2012). The continuum limit of critical random
graphs. Probab. Theory Related Fields 152 367-406. MR2892951 https://doi.org/10.1007/s00440-
010-0325-4

[2] ALDous, D. (1997). Brownian excursions, critical random graphs and the multiplicative coalescent. Ann.
Probab. 25 812-854. MR 1434128 https://doi.org/10.1214/a0p/1024404421

[3] ALDous, D. and LiMIcC, V. (1998). The entrance boundary of the multiplicative coalescent. Electron. J.
Probab. 3 no. 3, 59. MR1491528 https://doi.org/10.1214/EJP.v3-25

[4] ALDous, D.J. and PITTEL, B. (2000). On a random graph with immigrating vertices: Emergence of the gi-
ant component. Random Structures Algorithms 17 79-102. MR1774745 https://doi.org/10.1002/1098-
2418(200009)17:2<79::aid-rsal>3.0.co;2-w

[5] ANGEL, O., VAN DER HOFSTAD, R. and HOLMGREN, C. (2019). Limit laws for self-loops and multiple
edges in the configuration model. Ann. Inst. Henri Poincaré Probab. Stat. 55 1509—1530. MR4010943
https://doi.org/10.1214/18-aihp926

[6] BARABASI, A.-L. (2016). Network Science, 1st ed. Cambridge Univ. Press.

MSC2020 subject classifications. Primary 60K35, 82B43; secondary 05C80.
Key words and phrases. Critical percolation, giant component problem, inhomogeneous random graphs, scale-
free networks.


https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/24-AOP1735
https://www.imstat.org
mailto:bhamidi@email.unc.edu
mailto:sdhara@purdue.edu
mailto:r.w.v.d.hofstad@tue.nl
https://mathscinet.ams.org/mathscinet-getitem?mr=2892951
https://doi.org/10.1007/s00440-010-0325-4
https://doi.org/10.1007/s00440-010-0325-4
https://mathscinet.ams.org/mathscinet-getitem?mr=1434128
https://doi.org/10.1214/aop/1024404421
https://mathscinet.ams.org/mathscinet-getitem?mr=1491528
https://doi.org/10.1214/EJP.v3-25
https://mathscinet.ams.org/mathscinet-getitem?mr=1774745
https://doi.org/10.1002/1098-2418(200009)17:2<79::aid-rsa1>3.0.co;2-w
https://doi.org/10.1002/1098-2418(200009)17:2<79::aid-rsa1>3.0.co;2-w
https://mathscinet.ams.org/mathscinet-getitem?mr=4010943
https://doi.org/10.1214/18-aihp926
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(71

(8]
(91

[10]

(11]

[12]

[13]

[14]

[15]

[16]

(7]

(18]
[19]

(20]

(21]
[22]

(23]

[24]

(25]

[26]
(27]
(28]

[29]

BASLINGKER, J., BHAMIDI, S., BROUTIN, N., SEN, S. and WANG, X. (2023). Scaling limits and universal-
ity: Critical percolation on weighted graphs converging to an L3 graphon. Trans. Amer. Math. Soc. To
appear.

VAN DEN BERG, J. and KESTEN, H. (1985). Inequalities with applications to percolation and reliability. J.
Appl. Probab. 22 556-569. MR0799280 https://doi.org/10.1017/s0021900200029326

BHAMIDI, S., BROUTIN, N., SEN, S. and WANG, X. (2014). Scaling limits of random graph models at
criticality: Universality and the basin of attraction of the Erd6s—Rényi random graph. arXiv:1411.
3417.

BHAMIDI, S., BUDHIRAJA, A. and WANG, X. (2014). The augmented multiplicative coalescent, bounded
size rules and critical dynamics of random graphs. Probab. Theory Related Fields 160 733-796.
MR3278920 https://doi.org/10.1007/s00440-013-0540-x

BHAMIDI, S., DHARA, S., VAN DER HOFSTAD, R. and SEN, S. (2020). Universality for critical heavy-tailed
network models: Metric structure of maximal components. Electron. J. Probab. 25 Paper No. 47, 57.
MR4092766 https://doi.org/10.1214/19-ejp408

BHAMIDI, S., VAN DER HOFSTAD, R. and SEN, S. (2018). The multiplicative coalescent, inhomogeneous
continuum random trees, and new universality classes for critical random graphs. Probab. Theory
Related Fields 170 387-474. MR3748328 https://doi.org/10.1007/s00440-017-0760-6

BHAMIDI, S., VAN DER HOFSTAD, R. and VAN LEEUWAARDEN, J. S. H. (2010). Scaling limits for crit-
ical inhomogeneous random graphs with finite third moments. Electron. J. Probab. 15 1682—1703.
MR2735378 https://doi.org/10.1214/EJP.v15-817

BHAMIDI, S., VAN DER HOFSTAD, R. and VAN LEEUWAARDEN, J. S. H. (2012). Novel scaling limits for
critical inhomogeneous random graphs. Ann. Probab. 40 2299-2361. MR3050505 https://doi.org/10.
1214/11-AOP680

BOLLOBAS, B., JANSON, S. and RIORDAN, O. (2007). The phase transition in inhomogeneous random
graphs. Random Structures Algorithms 31 3—122. MR2337396 https://doi.org/10.1002/rsa.20168

BRITTON, T., DENFEN, M. and MARTIN-LOF, A. (2006). Generating simple random graphs with prescribed
degree distribution. J. Stat. Phys. 124 1377-1397. MR2266448 https://doi.org/10.1007/s10955-006-
9168-x

BROUTIN, N., DUQUESNE, T. and WANG, M. (2021). Limits of multiplicative inhomogeneous random
graphs and Lévy trees: Limit theorems. Probab. Theory Related Fields 181 865-973. MR4344135
https://doi.org/10.1007/s00440-021-01075-z

CHUNG, F. and Lu, L. (2002). The average distances in random graphs with given expected degrees. Proc.
Natl. Acad. Sci. USA 99 15879-15882. MR1944974 https://doi.org/10.1073/pnas.252631999

CHUNG, F. and Lu, L. (2002). Connected components in random graphs with given expected degree se-
quences. Ann. Comb. 6 125-145. MR1955514 https://doi.org/10.1007/PL00012580

CONCHON-KERIJAN, G. and GOLDSCHMIDT, C. (2023). The stable graph: The metric space scaling limit of
a critical random graph with i.i.d. power-law degrees. Ann. Probab. 51 1-69. MR4515689 https://doi.
org/10.1214/22-aop1587

DHARA, S. (2018). Critical percolation on random networks with prescribed degrees. Ph.D. Thesis, Tech-
nische Univ. Eindhoven, arXiv:1809.03634.

DHARA, S. and VAN DER HOFSTAD, R. (2024). Barely supercritical percolation on Poissonian scale-free
networks. Markov Process. Related Fields 30 27-55. MR4741747

DHARA, S., VAN DER HOFSTAD, R. and VAN LEEUWAARDEN, J. S. H. (2021). Critical percolation on
scale-free random graphs: New universality class for the configuration model. Comm. Math. Phys. 382
123-171. MR4223472 https://doi.org/10.1007/s00220-021-03957-8

DHARA, S., VAN DER HOFSTAD, R., VAN LEEUWAARDEN, J. S. H. and SEN, S. (2017). Critical window
for the configuration model: Finite third moment degrees. Electron. J. Probab. 22 Paper No. 16, 33.
MR3622886 https://doi.org/10.1214/17-EJP29

DHARA, S., VAN DER HOFSTAD, R., VAN LEEUWAARDEN, J. S. H. and SEN, S. (2020). Heavy-tailed con-
figuration models at criticality. Ann. Inst. Henri Poincaré Probab. Stat. 56 1515-1558. MR4116701
https://doi.org/10.1214/19-AIHP980

DOMMERS, S., VAN DER HOFSTAD, R. and HOOGHIEMSTRA, G. (2010). Diameters in preferential attach-
ment models. J. Stat. Phys. 139 72-107. MR2602984 https://doi.org/10.1007/s10955-010-9921-z

DOROGOVTSEYV, S. N., GOLTSEV, A. V. and MENDES, J. F. E. (2008). Critical phenomena in complex net-
works. Rev. Modern Phys. 80 1275-1335. https://doi.org/10.1103/RevModPhys.80.1275

DURRETT, R. and KESTEN, H. (1990). The critical parameter for connectedness of some random graphs. In
A Tribute to Paul Erdds 161-176. Cambridge Univ. Press, Cambridge. MR1117011

GAO, P., VAN DER HOFSTAD, R., SOUTHWELL, A. and STEGEHUIS, C. (2020). Counting triangles in power-
law uniform random graphs. Electron. J. Combin. 27 Paper No. 3.19, 28. MR4245132 https://doi.org/
10.37236/9239


https://mathscinet.ams.org/mathscinet-getitem?mr=0799280
https://doi.org/10.1017/s0021900200029326
https://arxiv.org/abs/1411.3417
https://arxiv.org/abs/1411.3417
https://mathscinet.ams.org/mathscinet-getitem?mr=3278920
https://doi.org/10.1007/s00440-013-0540-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4092766
https://doi.org/10.1214/19-ejp408
https://mathscinet.ams.org/mathscinet-getitem?mr=3748328
https://doi.org/10.1007/s00440-017-0760-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2735378
https://doi.org/10.1214/EJP.v15-817
https://mathscinet.ams.org/mathscinet-getitem?mr=3050505
https://doi.org/10.1214/11-AOP680
https://doi.org/10.1214/11-AOP680
https://mathscinet.ams.org/mathscinet-getitem?mr=2337396
https://doi.org/10.1002/rsa.20168
https://mathscinet.ams.org/mathscinet-getitem?mr=2266448
https://doi.org/10.1007/s10955-006-9168-x
https://doi.org/10.1007/s10955-006-9168-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4344135
https://doi.org/10.1007/s00440-021-01075-z
https://mathscinet.ams.org/mathscinet-getitem?mr=1944974
https://doi.org/10.1073/pnas.252631999
https://mathscinet.ams.org/mathscinet-getitem?mr=1955514
https://doi.org/10.1007/PL00012580
https://mathscinet.ams.org/mathscinet-getitem?mr=4515689
https://doi.org/10.1214/22-aop1587
https://doi.org/10.1214/22-aop1587
https://arxiv.org/abs/1809.03634
https://mathscinet.ams.org/mathscinet-getitem?mr=4741747
https://mathscinet.ams.org/mathscinet-getitem?mr=4223472
https://doi.org/10.1007/s00220-021-03957-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3622886
https://doi.org/10.1214/17-EJP29
https://mathscinet.ams.org/mathscinet-getitem?mr=4116701
https://doi.org/10.1214/19-AIHP980
https://mathscinet.ams.org/mathscinet-getitem?mr=2602984
https://doi.org/10.1007/s10955-010-9921-z
https://doi.org/10.1103/RevModPhys.80.1275
https://mathscinet.ams.org/mathscinet-getitem?mr=1117011
https://mathscinet.ams.org/mathscinet-getitem?mr=4245132
https://doi.org/10.37236/9239
https://doi.org/10.37236/9239

(30]

(31]

(32]

(33]

[34]

(35]
(36]
(371
(38]
(39]
(40]

[41]

GRIMMETT, G. (1999). Percolation, 2nd ed. Grundlehren der Mathematischen Wissenschaften [Fundamen-
tal Principles of Mathematical Sciences] 321. Springer, Berlin. MR1707339 https://doi.org/10.1007/
978-3-662-03981-6

VAN DER HOFSTAD, R. (2017). Stochastic processes on random graphs. Lecture notes for the 47th Summer
School in Probability Saint-Flour 2017.

VAN DER HOFSTAD, R. (2017). Random Graphs and Complex Networks. Vol. 1. Cambridge Series in Statis-
tical and Probabilistic Mathematics 43. Cambridge Univ. Press, Cambridge. MR3617364 https://doi.
org/10.1017/9781316779422

JANSON, S., KNUTH, D. E., LuczAK, T. and PITTEL, B. (1993). The birth of the giant component. Random
Structures Algorithms 4 231-358. With an introduction by the editors. MR 1220220 https://doi.org/10.
1002/rsa.3240040302

JANSON, S., LuczAk, T. and RUCINSKI, A. (2000). Random Graphs. Wiley-Interscience Series in Discrete
Mathematics and Optimization. Wiley Interscience, New York. MR1782847 https://doi.org/10.1002/
9781118032718

JOSEPH, A. (2014). The component sizes of a critical random graph with given degree sequence. Ann. Appl.
Probab. 24 2560-2594. MR3262511 https://doi.org/10.1214/13-AAP985

LAXx, P. D. (2002). Functional Analysis. Pure and Applied Mathematics (New York). Wiley Interscience,
New York. MR1892228

NACHMIAS, A. and PERES, Y. (2010). The critical random graph, with martingales. Israel J. Math. 176
29-41. MR2653185 https://doi.org/10.1007/s11856-010-0019-8

NEWMAN, M. E. J. (2010). Networks: An Introduction. Oxford Univ. Press, Oxford. MR2676073 https://
doi.org/10.1093/acprof:0s0/9780199206650.001.0001

NORROS, I. and REITTU, H. (2006). On a conditionally Poissonian graph process. Adv. in Appl. Probab. 38
59-75. MR2213964 https://doi.org/10.1239/aap/1143936140

RIORDAN, O. (2012). The phase transition in the configuration model. Combin. Probab. Comput. 21
265-299. MR2900063 https://doi.org/10.1017/S0963548311000666

ZHANG, Y. (1991). A power law for connectedness of some random graphs at the critical point. Random
Structures Algorithms 2 101-119. MR1099582 https://doi.org/10.1002/rsa.3240020108


https://mathscinet.ams.org/mathscinet-getitem?mr=1707339
https://doi.org/10.1007/978-3-662-03981-6
https://doi.org/10.1007/978-3-662-03981-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3617364
https://doi.org/10.1017/9781316779422
https://doi.org/10.1017/9781316779422
https://mathscinet.ams.org/mathscinet-getitem?mr=1220220
https://doi.org/10.1002/rsa.3240040302
https://doi.org/10.1002/rsa.3240040302
https://mathscinet.ams.org/mathscinet-getitem?mr=1782847
https://doi.org/10.1002/9781118032718
https://doi.org/10.1002/9781118032718
https://mathscinet.ams.org/mathscinet-getitem?mr=3262511
https://doi.org/10.1214/13-AAP985
https://mathscinet.ams.org/mathscinet-getitem?mr=1892228
https://mathscinet.ams.org/mathscinet-getitem?mr=2653185
https://doi.org/10.1007/s11856-010-0019-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2676073
https://doi.org/10.1093/acprof:oso/9780199206650.001.0001
https://doi.org/10.1093/acprof:oso/9780199206650.001.0001
https://mathscinet.ams.org/mathscinet-getitem?mr=2213964
https://doi.org/10.1239/aap/1143936140
https://mathscinet.ams.org/mathscinet-getitem?mr=2900063
https://doi.org/10.1017/S0963548311000666
https://mathscinet.ams.org/mathscinet-getitem?mr=1099582
https://doi.org/10.1002/rsa.3240020108

The Annals of Probability

2025, Vol. 53, No. 4, 1382-1433
https://doi.org/10.1214/24-A0P1736

© Institute of Mathematical Statistics, 2025

SPECTRAL ANALYSIS AND K-SPINE DECOMPOSITION OF

INHOMOGENEOUS BRANCHING BROWNIAN MOTIONS. GENEALOGIES

(1]
(2]

(3]

(4]
(3]

(6]
(71

(8]
(91

[10]

IN FULLY PUSHED FRONTS
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We consider a system of particles performing a one-dimensional dyadic
branching Brownian motion with space-dependent branching rate, negative
drift —u and killed upon reaching 0. More precisely, the particles branch at
rate r(x) = (1 + W(x))/2, where W is a compactly supported and nonnega-
tive smooth function and the drift u is chosen in such a way that the system
is critical in some sense.

This particle system can be seen as an analytically tractable model for
fluctuating fronts, describing the internal mechanisms driving the invasion
of a habitat by a cooperating population. Recent studies from Birzu, Hal-
latschek and Korolev suggest the existence of three classes of fluctuating
fronts: pulled, semipushed and fully pushed fronts. Here, we focus on the
fully pushed regime. We establish a Yaglom law for this branching process
and prove that the genealogy of the particles converges to a Brownian Coa-
lescent Point Process using a method of moments.

In practice, the genealogy of the BBM is seen as a random marked metric
measure space and we use spinal decomposition to prove its convergence in
the Gromov-weak topology. We also carry out the spectral decomposition of
a differential operator related to the BBM to determine the invariant measure
of the spine as well as its mixing time.
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We give contour integral formulas for the generating function of the joint
distribution of the PushASEP on a ring. We obtained these formulas through
arigorous treatment of Bethe ansatz. The approach relies on residue compu-
tations and controlling the location of the Bethe roots, which we achieve by
partially decoupling the Bethe equations and extending the system of equa-
tions. Moreover, we are able to use our formulas to compute the asymp-
totic fluctuations for the flat and step initial conditions at the relaxation time
scale.
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We show that the vertex-reinforced jump process on the d-dimensional
lattice with long-range jumps is transient in any dimension d as long as the
initial weights do not decay too fast. The main ingredients in the proof are: an
analysis of the corresponding random environment on finite boxes, a compar-
ison with a hierarchical model, and the reduction of the hierarchical model
to a nonhomogeneous effective one-dimensional model. For d > 3 we also
prove transience of the vertex-reinforced jump process with possibly long-
range jumps as long as nearest-neighbor weights are large enough.
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OF EFFECTIVE DIFFUSIVITY IN INFRA-RED CUT-OFF
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We analyze the large-time asymptotics of a passive tracer with drift equal
to the curl of the Gaussian free field in two dimensions with ultra-violet cut-
off at scale unity. We prove that the mean-squared displacement scales like
t«/Int, as predicted in the physics literature. This improves the asymptotics
recently established in recent work of Cannizzaro, Haunschmidt-Sibitz, and
Toninelli (Ann. Probab. 50 (2022) 2475-2498), which uses mathematical-
physics type analysis in Fock space. Our approach involves studying the ef-
fective diffusivity A7, of the process with an infra-red cut-off at scale L, and
is based on techniques from stochastic homogenization.
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We consider a large class of spatially-embedded random graphs that in-
cludes among others long-range percolation, continuum scale-free percola-
tion and the age-dependent random connection model. We assume that the
model is supercritical: there is an infinite component. We identify the stretch-
exponent ¢ € (0, 1) of the decay of the cluster-size distribution. That is, with
|C(0)| denoting the number of vertices in the component of the vertex at
0eR?, we prove

P(k < |C(0)] < 00) =exp(—O(k®)) ask — oco.

The value of ¢ undergoes several phase transitions with respect to three main
model parameters: the Euclidean dimension d, the power-law tail exponent t
of the degree distribution and a long-range parameter o governing the pres-
ence of long edges in Euclidean space.

In this paper we present the proof for the region in the phase diagram
where the model is a generalization of continuum scale-free percolation
and/or hyperbolic random graphs: ¢ in this regime depends both on 7, «.
We also prove that the second-largest component in a box of volume n is of
size O((log n)l/ ¢y with high probability. We develop a deterministic algo-
rithm, the cover expansion, as new methodology. This algorithm enables us
to prevent too large components that may be de-localized or locally dense in
space.
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