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THE GEOMETRY OF COALESCING RANDOM WALKS, THE BROWNIAN
WEB DISTANCE AND KPZ UNIVERSALITY

BY BÁLINT VETŐ1,a AND BÁLINT VIRÁG2,b

1Department of Stochastics, Institute of Mathematics, Budapest University of Technology and Economics,
avetob@math.bme.hu

2Departments of Mathematics and Statistics, University of Toronto, bbalint@math.toronto.edu

Coalescing simple random walks in the plane form an infinite tree. A nat-
ural directed distance on this tree is given by the number of jumps between
branches when one is only allowed to move in one direction. The Brownian
web distance is the scale-invariant limit of this directed metric. It is integer-
valued and has scaling exponents 0 : 1 : 2 as compared to 1 : 2 : 3 in the KPZ
world. However, we show that the shear limit of the Brownian web distance
is still given by the Airy process. We conjecture that our limit theorem can be
extended to the full directed landscape.
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ASYMPTOTICS OF THE FIRST-PASSAGE FUNCTION ON FREE AND
FUCHSIAN GROUPS

BY PETR KOSENKOa

Department of Mathematics, University of Toronto, apk226575@gmail.com

We derive explicit estimates for the asymptotics of the first-passage func-
tion for random walks on free groups supported on the powers of standard
generators, and use them to prove the singularity of the hitting measure for a
similarly defined class of random walks on Fuchsian groups.
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WASSERSTEIN DIFFUSION ON MULTIDIMENSIONAL SPACES

BY KARL-THEODOR STURMa

Hausdorff Center for Mathematics & Institute for Applied Mathematics, University of Bonn, asturm@uni-bonn.de

Given any closed Riemannian manifold M, we construct a stochastic per-
turbation of the heat flow as a continuous Markov process on the space 𝒫(M)

of probability measures on M, that is:

(1) reversible w.r.t. the entropic measure ℙβ on 𝒫(M), heuristically given as

dℙβ(μ) = 1

Z
e−β Ent(μ|𝔪) dℙ∗(μ);

(2) associated with a regular Dirichlet form with carré du champ derived from
the Wasserstein gradient in the sense of Otto calculus

ℰW(f ) = lim inf
g→f

1

2

∫︂
𝒫(M)

∥∇Wg∥2(μ)dℙβ(μ);

(3) nondegenerate, at least in the case of the n-sphere and the n-torus.

And yet it moves.
Galileo Galilei, 1633
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GRAPHS IN INTERMEDIATE DIMENSIONS

BY ALEXANDER DREWITZ1,a , ALEXIS PRÉVOST2,b AND

PIERRE-FRANÇOIS RODRIGUEZ3,c

1Department Mathematik/Informatik, Universität zu Köln, aadrewitz@uni-koeln.de
2Institute for Applied Mathematics, University of Bonn, bprevost@iam.uni-bonn.de

3DPMMS, Centre for Mathematical Sciences, University of Cambridge, cpfr26@cam.ac.uk

We investigate the bond percolation model on transient weighted graphs
G induced by the excursion sets of the Gaussian free field on the correspond-
ing metric graph. We assume that balls in G have polynomial volume growth
with growth exponent α and that the Green’s function for the random walk
on G exhibits a power law decay with exponent ν, in the regime 1 ≤ ν ≤ α

2 .

In particular, this includes the cases of G = ℤ
3 for which ν = 1, and G = ℤ

4

for which ν = α
2 = 2. For all such graphs, we determine the leading-order

asymptotic behavior for the critical one-arm probability, which we prove de-
cays with distance R, like R− ν

2 +o(1). Our results are, in fact, more precise
and yield logarithmic corrections when ν > 1 as well as corrections of order
log logR when ν = 1. We further obtain very sharp upper bounds on trun-
cated two-point functions close to criticality, which are new when ν > 1 and
essentially optimal when ν = 1. This extends previous results from (Invent.
Math. 232 (2023) 229–299; Ann. Probab. 48 (2020) 1411–1435).
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We prove nonasymptotic matrix concentration inequalities for the spec-
tral norm of (sub)Gaussian random matrices with centered independent en-
tries that capture fluctuations at the Tracy–Widom scale. This considerably
improves previous bounds in this setting, due to Bandeira and Van Handel,
and establishes the best possible tail behavior for random matrices with an
arbitrary variance pattern. These bounds arise from an extremum problem for
nonhomogeneous random matrices: among all variance patterns with a given
sparsity parameter, the random matrix moments are maximized by block-
diagonal matrices with i.i.d. entries in each block. As part of the proof, we
obtain sharp bounds on large moments of Gaussian Wishart matrices.
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We consider the incompressible 2D Navier–Stokes equations on the
torus, driven by a deterministic time periodic force and a noise that is white
in time and degenerate in Fourier space. The main result is twofold.

First, we establish a Ruelle–Perron–Frobenius type theorem for the time
inhomogeneous Feynman–Kac evolution operators with regular potentials as-
sociated with the stochastic Navier–Stokes system. The theorem character-
izes asymptotic behaviors of the Feynman–Kac operators in terms of the peri-
odic family of principal eigenvalues and corresponding unique eigenvectors.
The proof involves a time inhomogeneous version of Ruelle’s lower bound
technique.

Second, utilizing this Ruelle–Perron–Frobenius type theorem and a
Kifer’s criterion, we establish a Donsker–Varadhan type large deviation prin-
ciple with a nontrivial good rate function for the occupation measures of the
time inhomogeneous solution processes.
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This work deals with singular stochastic PDEs driven by nontranslation
invariant differential operators. We describe the renormalized equation for a
very large class of spacetime dependent renormalization schemes. Our ap-
proach bypasses in particular the use of decorated trees with extended deco-
rations.
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We study the parabolic Anderson model (PAM)
⎧⎨
⎩

∂

∂t
u(t, x) = 1

2
Δu(t, x) + u(t, x)ξ(x) t > 0, x ∈Rd ,

u(0, x) ≡ 1 x ∈Rd ,

where ξ is spatial white noise on Rd with d ∈ {2,3}. We show that the peaks
of the PAM are macroscopically multifractal. More precisely, we prove that
the spatial peaks of the PAM have infinitely many distinct values, and we
compute the macroscopic Hausdorff dimension (introduced by Barlow and
Taylor (J. Phys. A: Math. Gen. 22 (1989) 2621–2628; Proc. Lond. Math.
Soc. (3) 64 (1992) 125–152)) of those peaks. As a byproduct, we obtain the
exact spatial asymptotics of the solution of the PAM at any fixed, sufficiently
large time. We also study the spatiotemporal peaks of the PAM and show
their macroscopic multifractality. Some of the major tools used in our proof
techniques include paracontrolled calculus and tail probabilities of the largest
point in the spectrum of the Anderson Hamiltonian.
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IDEAL POISSON–VORONOI TESSELLATIONS ON HYPERBOLIC SPACES
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We study the limit in low intensity of Poisson–Voronoi tessellations in
hyperbolic spaces ℍd for d ≥ 2. In contrast to the Euclidean setting, a limit-
ing nontrivial ideal tessellation 𝒱d appears as the intensity tends to 0. The tes-
sellation 𝒱d is a natural, isometry-invariant decomposition of ℍd into count-
ably many unbounded polytopes, each with a unique end. We study its basic
properties, in particular, the geometric features of its cells.

REFERENCES

[1] BACCELLI, F., BŁASZCZYSZYN, B. et al. (2010). Stochastic geometry and wireless networks: Volume II
applications. Found. Trends Netw. 4 1–312.

[2] BACCELLI, F., BŁASZCZYSZYN, B. and KARRAY, M. K. (2005). Blocking rates in large CDMA networks
via a spatial Erlang formula. In Proceedings IEEE 24th Annual Joint Conference of the IEEE Computer
and Communications Societies 1 58–67. https://doi.org/10.1109/INFCOM.2005.1497879

[3] BHUPATIRAJU, S. (2019). The Low-Intensity Limit of Bernoulli–Voronoi and Poisson–Voronoi Measures.
Ph.D. thesis, Indiana Univ., Bloomington, IN.

[4] BOWDITCH, B. H. (1994). Some results on the geometry of convex hulls in manifolds of pinched negative
curvature. Comment. Math. Helv. 69 49–81. MR1259606 https://doi.org/10.1007/BF02564474

[5] BRIDSON, M. R. and HAEFLIGER, A. (1999). Metric Spaces of Non-positive Curvature. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 319. Springer,
Berlin. MR1744486 https://doi.org/10.1007/978-3-662-12494-9

[6] BUDZINSKI, T., CURIEN, N. and PETRI, B. (2025). On Cheeger constants of hyperbolic surfaces. Invent.
Math. 242 511–530. MR4965870 https://doi.org/10.1007/s00222-025-01361-w

[7] CALKA, P., CHAPRON, A. and ENRIQUEZ, N. (2018). Mean asymptotics for a Poisson–Voronoi cell on a
Riemannian manifold. Available at: arXiv:1807.09043.

[8] CALKA, P., CHAPRON, A. and ENRIQUEZ, N. (2021). Poisson–Voronoi tessellation on a Riemannian mani-
fold. Int. Math. Res. Not. IMRN 7 5413–5459. MR4241132 https://doi.org/10.1093/imrn/rnz357

[9] CHAPRON, A. (2018). A local Blaschke–Petkantschin formula in a Riemannian manifold. Available at:
arXiv:1807.07384.
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TRIVIALITY OF THE SCALING LIMITS OF CRITICAL ISING AND 𝝋4

MODELS WITH EFFECTIVE DIMENSION AT LEAST FOUR

BY ROMAIN PANIS1,a

1Institut Camille Jordan, Université Lyon 1, apanis@math.univ-lyon1.fr

We prove that any scaling limit of a critical reflection positive Ising or φ4

model of effective dimension deff at least four is Gaussian. This extends the
recent breakthrough work of Aizenman and Duminil-Copin (Ann. of Math.
(2) 194 (2021) 163–235)—which demonstrates the corresponding result in
the setup of nearest-neighbour interactions in dimension four—to the case
of long-range reflection positive interactions satisfying deff = 4. The proof
relies on the random current representation which provides a geometric inter-
pretation of the deviation of the models’ correlation functions from Wick’s
law. When d = 4, long-range interactions are handled with the derivation of
a criterion that relates the speed of decay of the interaction to two different
mechanisms that entail Gaussianity: interactions with a sufficiently slow de-
cay induce a faster decay at the level of the model’s two-point function, while
sufficiently fast decaying interactions force a simpler geometry on the cur-
rents which allows to extend nearest-neighbour arguments. When 1 ≤ d ≤ 3
and deff = 4, the phenomenology is different, as long-range effects play a
prominent role.
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We study the eigenvalue distribution and resolvent of a Kronecker-

product random matrix model A ⊗ In×n + In×n ⊗ B + Θ ⊗ Ξ ∈ ℂ
n2×n2

,
where A,B are independent Wigner matrices and Θ,Ξ are deterministic and
diagonal. For fixed spectral arguments, we establish a quantitative approxi-
mation for the Stieltjes transform by that of an approximating free operator
and a diagonal deterministic equivalent approximation for the resolvent. We
further obtain sharp estimates in operator norm for the n×n resolvent blocks
and show that off-diagonal resolvent entries fall on two differing scales of
n−1/2 and n−1, depending on their locations in the Kronecker structure.

Our study is motivated by consideration of a matrix-valued least-squares
optimization problem minX∈ℝn×n

1
2∥XA+BX∥2

F + 1
2

∑︁
ij ξiθj x2

ij subject to
a linear constraint. For random instances of this problem defined by Wigner
inputs A,B, our analyses imply an asymptotic characterization of the mini-
mizer X and its associated minimum objective value as n → ∞.
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[23] ERDŐS, L., KNOWLES, A. and YAU, H.-T. (2013). Averaging fluctuations in resolvents of random band ma-
trices. Ann. Henri Poincaré 14 1837–1926. MR3119922 https://doi.org/10.1007/s00023-013-0235-y
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[25] ERDŐS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2013). Spectral statistics of Erdős-Rényi graphs I: Local
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[27] ERDŐS, L., YAU, H.-T. and YIN, J. (2012). Bulk universality for generalized Wigner matrices. Probab.
Theory Related Fields 154 341–407. MR2981427 https://doi.org/10.1007/s00440-011-0390-3
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We study the landscapes of multi-species spherical spin glasses. Our re-
sults determine the phase boundary for annealed trivialization of the number
of critical points and establish its equivalence with a quenched strong topo-
logical trivialization property. Namely, in the “trivial” regime, the number of
critical points is constant, all are well conditioned, and all approximate criti-
cal points are close to a true critical point. As a consequence, we deduce that
Langevin dynamics at sufficiently low temperature has logarithmic mixing
time.

Our approach begins with the Kac–Rice formula. We characterize the an-
nealed trivialization phase by explicitly solving a suitable multidimensional
variational problem, obtained by simplifying certain asymptotic determinant
formulas from (Probab. Math. Phys. 3 (2022) 731–789; Ann. Inst. Henri
Poincaré Probab. Stat. 60 (2024) 636–657). To obtain more precise quenched
results, we develop general purpose techniques to avoid subexponential cor-
rection factors and show nonexistence of approximate critical points. Many
of the results are new, even in the one-species case.
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[6] AJANKI, O. H., ERDŐS, L. and KRÜGER, T. (2019). Stability of the matrix Dyson equation and random
matrices with correlations. Probab. Theory Related Fields 173 293–373. MR3916109 https://doi.org/
10.1007/s00440-018-0835-z
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