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THE FYODOROV-HIARY-KEATING CONJECTURE ON MESOSCOPIC
INTERVALS

BY LOUIS-PIERRE ARGUIN"%2 AND JAD HAMDAN!:P

I Mathematical Institute, University of Oxford, ®arguin@maths.ox.ac.uk, Y hamdan@maths.ox.ac.uk

2Baruch College and Graduate Center, City University of New York

We derive precise upper bounds for the maximum of the Riemann zeta
function on a typical short interval of the critical line. We show that for fixed
0 € (—1,0], large T, and y > 2 satisfying y = O(loglog T /logloglogT),
the proportion of points ¢ € [T, 2T] for which

) log 7)(1+6)
max ‘C(%+it+ih>‘>e} oS (loglogT)‘g|/2(og7)34
=1og T (loglog T)3/

is bounded above by a constant times y exp(—2y — y2/((l +0)loglogT)),
where S = §(¢) is a quantity whose value distribution is approximately that
of a standard Gaussian. Up to a multiplicative constant, this settles the upper
bound of a conjecture of Fyodorov—Hiary—Keating which was only known in
the leading order for 6 € (—1, 0).

Using similar techniques, we also derive upper bounds for the second mo-
ment of the zeta function on such intervals. We show that for large T, the
proportion of ¢ € [T, 2T] for which

1 log? T 2 log 7)1 +6)
— / (% +it+in)] dh > AeSv2TioglogT 108 T)
log” T J—1log’ T Jloglog T
tends to zero as A — oo, for the same S as above. This proves a weak form of
another conjecture of Fyodorov—Keating and generalizes a result of Harper,
which is recovered at & = 0 (in which case S is defined to be zero). Our proofs

use an adaptation of the recursive scheme introduced by one of the authors,
Bourgade and Radziwilt in (Arguin, Bourgade and Radziwitt (2020)).
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EXISTENCE OF BASS MARTINGALES AND THE MARTINGALE
BENAMOU-BRENIER PROBLEM IN R?

BY JULIO BACKHOFF-VERAGUAS?, MATHIAS BEIGLBOCK®,
WALTER SCHACHERMAYER® AND BERTRAM TSCHIDERERY

Faculty of Mathematics, University of Vienna, julio.backhoff@univie.ac.at, Y athias. beiglboeck@univie.ac.at,
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In classical optimal transport, the contributions of Benamou—Brenier and
McCann regarding the time-dependent version of the problem are corner-
stones of the field and form the basis for a variety of applications in other
mathematical areas.

In this article we characterize solutions to the martingale Benamou—
Brenier problem as Bass martingales, that is, transformations of Brownian
motion through the gradient of a convex function. Our result is based on a
new (static) Brenier-type theorem for a particular weak martingale optimal
transport problem. As in the classical case, the structure of the primal opti-
mizer is derived from its dual counterpart, whose derivation forms the tech-
nical core of this article. A key challenge is that dual attainment is a subtle
issue in martingale optimal transport, where dual optimizers may fail to exist,
even in highly regular settings.
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We prove that the sequence of marginals obtained from the iterations of
the Sinkhorn algorithm or the iterative proportional fitting procedure (IPFP)
on joint densities, converges to an absolutely continuous curve on the 2-
Wasserstein space, as the regularization parameter ¢ goes to zero and the
number of iterations is scaled as 1/¢ (and other technical assumptions). This
limit, which we call the Sinkhorn flow, is an example of a Wasserstein mirror
gradient flow, a concept we introduce here inspired by the well-known Eu-
clidean mirror gradient flows. In the case of Sinkhorn, the gradient is that of
the relative entropy functional with respect to one of the marginals, and the
mirror is half of the squared Wasserstein distance functional from the other
marginal. Interestingly, the norm of the velocity field of this flow can be inter-
preted as the metric derivative with respect to the linearized optimal transport
(LOT) distance. An equivalent description of this flow is provided by the
parabolic Monge—Ampere PDE whose connection to the Sinkhorn algorithm
was noticed by Berman (Numer. Math. 145 (2020) 771-836). We derive con-
ditions for exponential convergence for this limiting flow. We also construct a
McKean—Vlasov diffusion whose marginal distributions follow the Sinkhorn
flow.
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LetUN bea family of N x N independent Haar unitary random matrices
and their adjoints, Z Na family of deterministic matrices, and P a self-adjoint
noncommutative polynomial, that is, for any N, P(U N ,Z N ) is self-adjoint,
f a smooth function. We prove that for any k, if f is smooth enough, there
exist deterministic constants aiP (f,Z N ) such that

Pog gzN
o; (f,. )+

—2k—-2
e +O(VTH),

I N N .
B[ (P2 | = 3

i=0

Besides, the constants aiP (f, ZN) are built explicitly with the help of free
probability. As a corollary, we prove that given o < 1/2, for N large enough,
every eigenvalue of PWUN, zN)is N~®-close to the spectrum of P (u, zNy
where u is a d-tuple of free Haar unitaries. We also prove the convergence of
the norm of any polynomial PUN ® Ing, IN ® YMy as long as the family
YM converges strongly and that M < N In"3(N).
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We consider the statistics of extreme eigenvalues of random d-regular
graphs, with N < d < N1/3=¢ for arbitrarily small ¢ > 0. We prove that in
this regime, the fluctuations of extreme eigenvalues are given by the Tracy—
Widom distribution. As a consequence, about 69% of d-regular graphs have
all nontrivial eigenvalues bounded in absolute value by 24/d — 1.
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We consider the discrete Ginzburg—Landau field with potential satisfying
a uniform convexity condition, in the critical dimension d = 2, and prove
that its maximum over boxes of sidelength N, centered by an explicit N-
dependent centering, is tight.
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The study is devoted to the interpretation and well-posedness of the
stochastic NLS model

o —Nu=u?+B, uy=0,teR xeT,

where B stands for a space-time fractional noise with index H = (Hp, H}) in
a subset of (0, 1)2.

We first establish that in the situation where 0 < 2Hy + Hy < 2, the equa-
tion cannot be interpreted in a (classical) functional sense.

Our investigations then focus on the rough regime corresponding to the
condition % < 2Hy + Hj < 2. In this specific case, we exhibit an explicit
renormalization procedure allowing to restore the (local) convergence of the
approximated solutions.

We follow a pathwise-type approach emphasizing the distinction between
the stochastic objects at the core of the dynamics and the general deterministic
machinery.
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p-ADIC RANDOM MATRIX THEORY
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We prove dynamical local limits for the singular numbers of p-adic ran-
dom matrix products at both the bulk and edge. The limit object which we
construct, the reflecting Poisson sea, may thus be viewed as a p-adic ana-
logue of line ensembles appearing in classical random matrix theory. How-
ever, in contrast to those it is a discrete space Poisson-type particle system
with only local reflection interactions and no obvious determinantal struc-
ture. The limits hold for any GLjy, (Zp)-invariant matrix distributions under
weak universality hypotheses, with no spatial rescaling.
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We investigate asymptotic probabilistic phenomena arising from the ap-
plication of the Schensted row insertion algorithm, a key component of the
Robinson—Schensted—Knuth (RSK) correspondence, to random inputs. Our
analysis centers on a random tableau 7 with a given shape A, which may it-
self be random or deterministic. We examine the stochastic properties of the
position of the new box created when inserting a deterministic entry into 7.
Specifically, we focus on the fluctuations of this position around its expected
value as the size of the Young diagram A approaches infinity. Our findings
reveal that these fluctuations are asymptotically Gaussian, with the mean and
variance expressed in terms of Kerov’s transition measure of the diagram A.
An important application of this analysis is the RSK algorithm applied to a fi-
nite, long sequence of independent, identically distributed random variables.
While there remains a gap in the reasoning for this case, we present an ex-
plicit conjecture regarding its behavior.
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