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THE FYODOROV–HIARY–KEATING CONJECTURE ON MESOSCOPIC
INTERVALS

BY LOUIS-PIERRE ARGUIN1,2,a AND JAD HAMDAN1,b

1Mathematical Institute, University of Oxford, aarguin@maths.ox.ac.uk, bhamdan@maths.ox.ac.uk
2Baruch College and Graduate Center, City University of New York

We derive precise upper bounds for the maximum of the Riemann zeta
function on a typical short interval of the critical line. We show that for fixed
θ ∈ (−1,0], large T , and y ≥ 2 satisfying y = O(log logT/ log log logT ),
the proportion of points t ∈ [T ,2T ] for which

max
|h|≤logθ T
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is bounded above by a constant times y exp(−2y − y2/((1 + θ) log logT )),
where S = S(t) is a quantity whose value distribution is approximately that
of a standard Gaussian. Up to a multiplicative constant, this settles the upper
bound of a conjecture of Fyodorov–Hiary–Keating which was only known in
the leading order for θ ∈ (−1,0).

Using similar techniques, we also derive upper bounds for the second mo-
ment of the zeta function on such intervals. We show that for large T , the
proportion of t ∈ [T ,2T ] for which
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tends to zero as A → ∞, for the same S as above. This proves a weak form of
another conjecture of Fyodorov–Keating and generalizes a result of Harper,
which is recovered at θ = 0 (in which case S is defined to be zero). Our proofs
use an adaptation of the recursive scheme introduced by one of the authors,
Bourgade and Radziwiłł in (Arguin, Bourgade and Radziwiłł (2020)).
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[24] IVIĆ, A. (1985). The Riemann Zeta-Function. A Wiley-Interscience Publication. Wiley, New York. The
theory of the Riemann zeta-function with applications. MR0792089

[25] JUNNILA, J., LAMBERT, G. and WEBB, C. (2024). Multiplicative chaos measures from thick points of log-
correlated fields. Comm. Pure Appl. Math. 77 4212–4286. MR4814919 https://doi.org/10.1002/cpa.
22205

[26] KEATING, J. P. and SNAITH, N. C. (2000). Random matrix theory and ζ(1/2 + it). Comm. Math. Phys. 214
57–89. No. 1. MR1794265. https://doi.org/10.1007/s002200000261

[27] KISTLER, N. and SCHMIDT, M. A. (2015). From Derrida’s random energy model to branching random
walks: From 1 to 3. Electron. Commun. Probab. 20 47. MR3358969 https://doi.org/10.1214/ecp.v20-
4189

[28] KOUKOULOPOULOS, D. (2019). The distribution of prime numbers. Graduate Studies in Mathematics 203.
American Mathematical Society, Providence, RI. xii + 356 pp. ISBN 978-1-4704-4754-0; 978-1-4704-
6285-7. MR3971232. https://doi.org/10.1090/gsm/203

[29] MONTGOMERY, H. L. and VAUGHAN, R. C. (1974). Hilbert’s inequality. J. Lond. Math. Soc. (2) 8 73–82.
MR0337775 https://doi.org/10.1112/jlms/s2-8.1.73

[30] MONTGOMERY, H. L. and VAUGHAN, R. C. (2007). Multiplicative Number Theory. I. Classical Theory.
Cambridge Studies in Advanced Mathematics 97. Cambridge Univ. Press, Cambridge. MR2378655

[31] NAJNUDEL, J. (2018). On the extreme values of the Riemann zeta function on random intervals of the critical
line. Probab. Theory Related Fields 172 387–452. MR3851835 https://doi.org/10.1007/s00440-017-
0812-y

[32] NIKULA, M., SAKSMAN, E. and WEBB, C. (2020). Multiplicative chaos and the characteristic polynomial
of the CUE: The L1-phase. Trans. Amer. Math. Soc. 373 3905–3965. MR4105514 https://doi.org/10.
1090/tran/8020

[33] PAQUETTE, E. and ZEITOUNI, O. (2018). The maximum of the CUE field. Int. Math. Res. Not. IMRN 2018
No. 16. 5028–5119. MR3848227 https://doi.org/10.1093/imrn/rnx033

https://arxiv.org/abs/2603.01711
https://mathscinet.ams.org/mathscinet-getitem?mr=4718391
https://doi.org/10.1214/22-aihp1323
https://mathscinet.ams.org/mathscinet-getitem?mr=4348686
https://doi.org/10.1214/21-aop1524
https://doi.org/10.1214/21-aop1524
https://mathscinet.ams.org/mathscinet-getitem?mr=4407477
https://doi.org/10.1088/1751-8121/ac4394
https://mathscinet.ams.org/mathscinet-getitem?mr=1360548
https://mathscinet.ams.org/mathscinet-getitem?mr=2678896
https://doi.org/10.1007/s00440-009-0237-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4156608
https://doi.org/10.1002/cpa.21893
https://doi.org/10.1002/cpa.3160310502
https://mathscinet.ams.org/mathscinet-getitem?mr=3848391
https://doi.org/10.1215/00127094-2018-0016
https://mathscinet.ams.org/mathscinet-getitem?mr=1828463
https://doi.org/10.1090/S0002-9947-01-02800-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3151088
https://doi.org/10.1098/rsta.2012.0503
https://mathscinet.ams.org/mathscinet-getitem?mr=1555148
https://doi.org/10.1007/BF02422942
https://doi.org/10.1007/BF02422942
https://arxiv.org/abs/1906.05783
https://mathscinet.ams.org/mathscinet-getitem?mr=0792089
https://mathscinet.ams.org/mathscinet-getitem?mr=4814919
https://doi.org/10.1002/cpa.22205
https://doi.org/10.1002/cpa.22205
https://doi.org/10.1007/s002200000261
https://mathscinet.ams.org/mathscinet-getitem?mr=3358969
https://doi.org/10.1214/ecp.v20-4189
https://doi.org/10.1214/ecp.v20-4189
https://doi.org/10.1090/gsm/203
https://mathscinet.ams.org/mathscinet-getitem?mr=0337775
https://doi.org/10.1112/jlms/s2-8.1.73
https://mathscinet.ams.org/mathscinet-getitem?mr=2378655
https://mathscinet.ams.org/mathscinet-getitem?mr=3851835
https://doi.org/10.1007/s00440-017-0812-y
https://doi.org/10.1007/s00440-017-0812-y
https://mathscinet.ams.org/mathscinet-getitem?mr=4105514
https://doi.org/10.1090/tran/8020
https://doi.org/10.1090/tran/8020
https://mathscinet.ams.org/mathscinet-getitem?mr=3848227
https://doi.org/10.1093/imrn/rnx033


[34] PAQUETTE, E. and ZEITOUNI, O. (2025). The extremal landscape for the CβE ensemble. Forum Math.
Sigma 13 e1. MR4849370 https://doi.org/10.1017/fms.2024.129

[35] POWELL, E. (2021). Critical Gaussian multiplicative chaos: a review. Markov Process. Related Fields 27
506–557. No. 4. MR4396197.

[36] RADZIWIŁŁ, M. and SOUNDARARAJAN, K. (2017). Selberg’s central limit theorem for log |ζ(1/2 + it)|.
Enseign. Math. 63 1–19. MR3832861 https://doi.org/10.4171/LEM/63-1/2-1

[37] REMY, G. (2020). The Fyodorov–Bouchaud formula and Liouville conformal field theory. Duke Math. J.
169 177–211. MR4047550 https://doi.org/10.1215/00127094-2019-0045

[38] SAKSMAN, E. and WEBB, C. (2020). The Riemann zeta function and Gaussian multiplicative chaos: Statis-
tics on the critical line. Ann. Probab. 48 2680–2754. MR4164452 https://doi.org/10.1214/20-AOP1433

[39] SELBERG, A. (1946). Contributions to the theory of the Riemann zeta-function. Arch. Math. Naturvidensk.
48 89–155. MR0020594

[40] SELBERG, A. (1992). Old and new conjectures and results about a class of Dirichlet series. In Proceedings
of the Amalfi Conference on Analytic Number Theory (Maiori, 1989) 367–385. Univ. Salerno, Salerno.
MR1220477

[41] SOUNDARARAJAN, K. (2009). Moments of the Riemann zeta function. Ann. of Math. (2) 170 981–993.
MR2552116 https://doi.org/10.4007/annals.2009.170.981

[42] SUBAG, E. and ZEITOUNI, O. (2015). Freezing and decorated Poisson point processes. Comm. Math. Phys.
337 55–92. MR3324155 https://doi.org/10.1007/s00220-015-2303-2

https://mathscinet.ams.org/mathscinet-getitem?mr=4849370
https://doi.org/10.1017/fms.2024.129
https://mathscinet.ams.org/mathscinet-getitem?mr=3832861
https://doi.org/10.4171/LEM/63-1/2-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4047550
https://doi.org/10.1215/00127094-2019-0045
https://mathscinet.ams.org/mathscinet-getitem?mr=4164452
https://doi.org/10.1214/20-AOP1433
https://mathscinet.ams.org/mathscinet-getitem?mr=0020594
https://mathscinet.ams.org/mathscinet-getitem?mr=1220477
https://mathscinet.ams.org/mathscinet-getitem?mr=2552116
https://doi.org/10.4007/annals.2009.170.981
https://mathscinet.ams.org/mathscinet-getitem?mr=3324155
https://doi.org/10.1007/s00220-015-2303-2


The Annals of Probability
2026, Vol. 54, No. 5, 2216–2263
https://doi.org/10.1214/25-AOP1800
This research was funded, in whole or in part, by Austrian Science Fund, DOI:10.55776/P35197 and DOI 10.55776/P35519. A CC BY 4.0 license is applied to this
article arising from this submission, in accordance with the grant’s open access conditions.

EXISTENCE OF BASS MARTINGALES AND THE MARTINGALE
BENAMOU–BRENIER PROBLEM IN ℝ

𝒅

BY JULIO BACKHOFF-VERAGUASa, MATHIAS BEIGLBÖCKb,
WALTER SCHACHERMAYERc AND BERTRAM TSCHIDERERd

Faculty of Mathematics, University of Vienna, ajulio.backhoff@univie.ac.at, bmathias.beiglboeck@univie.ac.at,
cwalter.schachermayer@univie.ac.at, dbertram.tschiderer@univie.ac.at

In classical optimal transport, the contributions of Benamou–Brenier and
McCann regarding the time-dependent version of the problem are corner-
stones of the field and form the basis for a variety of applications in other
mathematical areas.

In this article we characterize solutions to the martingale Benamou–
Brenier problem as Bass martingales, that is, transformations of Brownian
motion through the gradient of a convex function. Our result is based on a
new (static) Brenier-type theorem for a particular weak martingale optimal
transport problem. As in the classical case, the structure of the primal opti-
mizer is derived from its dual counterpart, whose derivation forms the tech-
nical core of this article. A key challenge is that dual attainment is a subtle
issue in martingale optimal transport, where dual optimizers may fail to exist,
even in highly regular settings.
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WASSERSTEIN MIRROR GRADIENT FLOW AS THE LIMIT OF THE
SINKHORN ALGORITHM
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We prove that the sequence of marginals obtained from the iterations of
the Sinkhorn algorithm or the iterative proportional fitting procedure (IPFP)
on joint densities, converges to an absolutely continuous curve on the 2-
Wasserstein space, as the regularization parameter ε goes to zero and the
number of iterations is scaled as 1/ε (and other technical assumptions). This
limit, which we call the Sinkhorn flow, is an example of a Wasserstein mirror
gradient flow, a concept we introduce here inspired by the well-known Eu-
clidean mirror gradient flows. In the case of Sinkhorn, the gradient is that of
the relative entropy functional with respect to one of the marginals, and the
mirror is half of the squared Wasserstein distance functional from the other
marginal. Interestingly, the norm of the velocity field of this flow can be inter-
preted as the metric derivative with respect to the linearized optimal transport
(LOT) distance. An equivalent description of this flow is provided by the
parabolic Monge–Ampère PDE whose connection to the Sinkhorn algorithm
was noticed by Berman (Numer. Math. 145 (2020) 771–836). We derive con-
ditions for exponential convergence for this limiting flow. We also construct a
McKean–Vlasov diffusion whose marginal distributions follow the Sinkhorn
flow.
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Let UN be a family of N ×N independent Haar unitary random matrices
and their adjoints, ZN a family of deterministic matrices, and P a self-adjoint
noncommutative polynomial, that is, for any N , P(UN,ZN) is self-adjoint,
f a smooth function. We prove that for any k, if f is smooth enough, there
exist deterministic constants αP

i (f,ZN) such that

𝔼

[︃
1

N
Tr

(︁
f

(︁
P

(︁
UN,ZN )︁)︁)︁]︃ =

k∑︂
i=0

αP
i (f,ZN)

N2i
+𝒪

(︁
N−2k−2)︁

.

Besides, the constants αP
i (f,ZN) are built explicitly with the help of free

probability. As a corollary, we prove that given α < 1/2, for N large enough,
every eigenvalue of P(UN,ZN) is N−α-close to the spectrum of P(u,ZN)

where u is a d-tuple of free Haar unitaries. We also prove the convergence of
the norm of any polynomial P(UN ⊗ IM, IN ⊗ YM) as long as the family
YM converges strongly and that M ≪ N ln−3(N).
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[17] CIPOLLONI, G., ERDŐS, L. and SCHRÖDER, D. (2022). Thermalisation for Wigner matrices. J. Funct. Anal.
282 Paper No. 109394. MR4372147 https://doi.org/10.1016/j.jfa.2022.109394

[18] COLLINS, B. (2003). Moments and cumulants of polynomial random variables on unitary groups, the
Itzykson–Zuber integral, and free probability. Int. Math. Res. Not. 17 953–982. MR1959915 https://
doi.org/10.1155/S107379280320917X

[19] COLLINS, B., DAHLQVIST, A. and KEMP, T. (2018). The spectral edge of unitary Brownian motion. Probab.
Theory Related Fields 170 49–93. MR3748321 https://doi.org/10.1007/s00440-016-0753-x

[20] COLLINS, B., GUIONNET, A. and MAUREL-SEGALA, E. (2009). Asymptotics of unitary and orthogonal
matrix integrals. Adv. Math. 222 172–215. MR2531371 https://doi.org/10.1016/j.aim.2009.03.019

[21] COLLINS, B., GUIONNET, A. and PARRAUD, F. (2022). On the operator norm of non-commutative poly-
nomials in deterministic matrices and iid GUE matrices. Camb. J. Math. 10 195–260. MR4445344
https://doi.org/10.4310/cjm.2022.v10.n1.a3

[22] COLLINS, B. and MALE, C. (2014). The strong asymptotic freeness of Haar and deterministic matrices. Ann.
Sci. Éc. Norm. Supér. (4) 47 147–163. MR3205602 https://doi.org/10.24033/asens.2211
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We consider the statistics of extreme eigenvalues of random d-regular
graphs, with N𝔠 ≤ d ≤ N1/3−𝔠 for arbitrarily small 𝔠 > 0. We prove that in
this regime, the fluctuations of extreme eigenvalues are given by the Tracy–
Widom distribution. As a consequence, about 69% of d-regular graphs have
all nontrivial eigenvalues bounded in absolute value by 2

√
d − 1.
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TIGHTNESS OF THE MAXIMUM OF GINZBURG–LANDAU FIELDS
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We consider the discrete Ginzburg–Landau field with potential satisfying
a uniform convexity condition, in the critical dimension d = 2, and prove
that its maximum over boxes of sidelength N , centered by an explicit N -
dependent centering, is tight.
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The study is devoted to the interpretation and well-posedness of the
stochastic NLS model

(ı∂t − Δ)u = |u|2 + Ḃ, u0 = 0, t ∈ℝ, x ∈ 𝕋,

where Ḃ stands for a space-time fractional noise with index H = (H0,H1) in
a subset of (0,1)2.

We first establish that in the situation where 0 < 2H0 + H1 ≤ 2, the equa-
tion cannot be interpreted in a (classical) functional sense.

Our investigations then focus on the rough regime corresponding to the
condition 7

4 < 2H0 + H1 ≤ 2. In this specific case, we exhibit an explicit
renormalization procedure allowing to restore the (local) convergence of the
approximated solutions.

We follow a pathwise-type approach emphasizing the distinction between
the stochastic objects at the core of the dynamics and the general deterministic
machinery.
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REFLECTING POISSON WALKS AND DYNAMICAL UNIVERSALITY IN
𝒑-ADIC RANDOM MATRIX THEORY
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We prove dynamical local limits for the singular numbers of p-adic ran-
dom matrix products at both the bulk and edge. The limit object which we
construct, the reflecting Poisson sea, may thus be viewed as a p-adic ana-
logue of line ensembles appearing in classical random matrix theory. How-
ever, in contrast to those it is a discrete space Poisson-type particle system
with only local reflection interactions and no obvious determinantal struc-
ture. The limits hold for any GLn(ℤp)-invariant matrix distributions under
weak universality hypotheses, with no spatial rescaling.
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We investigate asymptotic probabilistic phenomena arising from the ap-
plication of the Schensted row insertion algorithm, a key component of the
Robinson–Schensted–Knuth (RSK) correspondence, to random inputs. Our
analysis centers on a random tableau T with a given shape λ, which may it-
self be random or deterministic. We examine the stochastic properties of the
position of the new box created when inserting a deterministic entry into T .
Specifically, we focus on the fluctuations of this position around its expected
value as the size of the Young diagram λ approaches infinity. Our findings
reveal that these fluctuations are asymptotically Gaussian, with the mean and
variance expressed in terms of Kerov’s transition measure of the diagram λ.
An important application of this analysis is the RSK algorithm applied to a fi-
nite, long sequence of independent, identically distributed random variables.
While there remains a gap in the reasoning for this case, we present an ex-
plicit conjecture regarding its behavior.
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