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ON THE OPTIMALITY OF BAYESIAN CHANGE-POINT
DETECTION

BY DONG HAN1∗, FUGEE TSUNG2† AND JINGUO XIAN1∗

Shanghai Jiao Tong University∗ and
Hong Kong University of Science and Technology†

By introducing suitable loss random variables of detection, we obtain op-
timal tests in terms of the stopping time or alarm time for Bayesian change-
point detection not only for a general prior distribution of change-points but
also for observations being a Markov process. Moreover, the optimal (mini-
mal) average detection delay is proved to be equal to 1 for any (possibly large)
average run length to false alarm if the number of possible change-points is
finite.
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COMPUTATIONAL AND STATISTICAL BOUNDARIES FOR
SUBMATRIX LOCALIZATION IN A LARGE NOISY MATRIX

BY T. TONY CAI1, TENGYUAN LIANG AND ALEXANDER RAKHLIN2

University of Pennsylvania

We study in this paper computational and statistical boundaries for subma-
trix localization. Given one observation of (one or multiple nonoverlapping)
signal submatrix (of magnitude λ and size km ×kn) embedded in a large noise
matrix (of size m×n), the goal is to optimal identify the support of the signal
submatrix computationally and statistically.

Two transition thresholds for the signal-to-noise ratio λ/σ are established
in terms of m, n, km and kn. The first threshold, SNRc, corresponds to the
computational boundary. We introduce a new linear time spectral algorithm
that identifies the submatrix with high probability when the signal strength is
above the threshold SNRc. Below this threshold, it is shown that no polyno-
mial time algorithm can succeed in identifying the submatrix, under the hid-
den clique hypothesis. The second threshold, SNRs, captures the statistical
boundary, below which no method can succeed in localization with probabil-
ity going to one in the minimax sense. The exhaustive search method success-
fully finds the submatrix above this threshold. In marked contrast to subma-
trix detection and sparse PCA, the results show an interesting phenomenon
that SNRc is always significantly larger than SNRs under the sub-Gaussian
error model, which implies an essential gap between statistical optimality and
computational efficiency for submatrix localization.

REFERENCES

[1] AGARWAL, A., NEGAHBAN, S. and WAINWRIGHT, M. J. (2012). Noisy matrix decomposition
via convex relaxation: Optimal rates in high dimensions. Ann. Statist. 40 1171–1197.
MR2985947

[2] ARIAS-CASTRO, E., CANDÈS, E. J. and DURAND, A. (2011). Detection of an anomalous
cluster in a network. Ann. Statist. 39 278–304. MR2797847

[3] BALAKRISHNAN, S., KOLAR, M., RINALDO, A., SINGH, A. and WASSERMAN, L. (2011).
Statistical and computational tradeoffs in biclustering. In NIPS 2011 Workshop on Com-
putational Trade-Offs in Statistical Learning.

[4] BENNETT, G. (1962). Probability inequalities for the sum of independent random variables.
J. Amer. Statist. Assoc. 57 33–45.

[5] BERTHET, Q. and RIGOLLET, P. (2013). Computational lower bounds for sparse PCA.
Preprint. Available at arXiv:1304.0828.

[6] BERTHET, Q. and RIGOLLET, P. (2013). Optimal detection of sparse principal components in
high dimension. Ann. Statist. 41 1780–1815. MR3127849

MSC2010 subject classifications. Primary 62C20; secondary 90C27.
Key words and phrases. Computational boundary, computational complexity, detection, planted

clique, lower bounds, minimax, signal-to-noise ratio, statistical boundary, submatrix localization.

http://www.imstat.org/aos/
http://dx.doi.org/10.1214/16-AOS1488
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2985947
http://www.ams.org/mathscinet-getitem?mr=2797847
http://arxiv.org/abs/arXiv:1304.0828
http://www.ams.org/mathscinet-getitem?mr=3127849
http://www.ams.org/mathscinet/msc/msc2010.html


[7] BIRNBAUM, A., JOHNSTONE, I. M., NADLER, B. and PAUL, D. (2013). Minimax bounds for
sparse PCA with noisy high-dimensional data. Ann. Statist. 41 1055–1084. MR3113803

[8] BUTUCEA, C. and INGSTER, Y. I. (2013). Detection of a sparse submatrix of a high-
dimensional noisy matrix. Bernoulli 19 2652–2688. MR3160567

[9] BUTUCEA, C., INGSTER, Y. I. and SUSLINA, I. (2013). Sharp variable selection of a sparse
submatrix in a high-dimensional noisy matrix. Preprint. Available at arXiv:1303.5647.

[10] CAI, T., MA, Z. and WU, Y. (2013). Sparse PCA: Optimal rates and adaptive estimation. Ann.
Statist. 41 3074–3110. MR3161458

[11] CAI, T., MA, Z. and WU, Y. (2015). Optimal estimation and rank detection for sparse spiked
covariance matrices. Probab. Theory Related Fields 161 781–815. MR3334281

[12] CAI, T., MA, Z. and WU, Y. (2017). Supplement to “Computational and statistical boundaries
for submatrix localization in a large noisy matrix.” DOI:10.1214/16-AOS1488SUPP.

[13] CANDÈS, E. J., LI, X., MA, Y. and WRIGHT, J. (2011). Robust principal component analysis?
J. ACM 58 Art. 11, 37. MR2811000

[14] CHANDRASEKARAN, V. and JORDAN, M. I. (2013). Computational and statistical tradeoffs
via convex relaxation. Proc. Natl. Acad. Sci. USA 110 E1181–E1190. MR3047651

[15] CHANDRASEKARAN, V., RECHT, B., PARRILO, P. A. and WILLSKY, A. S. (2012). The con-
vex geometry of linear inverse problems. Found. Comput. Math. 12 805–849. MR2989474

[16] CHANDRASEKARAN, V., SANGHAVI, S., PARRILO, P. A. and WILLSKY, A. S. (2009). Sparse
and low-rank matrix decompositions. In 47th Annual Allerton Conference on Communi-
cation, Control, and Computing 962–967. IEEE, Allerton, IL.

[17] CHEN, Y. and XU, J. (2016). Statistical-computational tradeoffs in planted problems and sub-
matrix localization with a growing number of clusters and submatrices. J. Mach. Learn.
Res. 17 Paper No. 27, 57. MR3491121

[18] DECELLE, A., KRZAKALA, F., MOORE, C. and ZDEBOROVÁ, L. (2011). Asymptotic analysis
of the stochastic block model for modular networks and its algorithmic applications. Phys.
Rev. E (3) 84 066106.

[19] DESHPANDE, Y. and MONTANARI, A. (2015). Finding hidden cliques of size
√

N/e in nearly
linear time. Found. Comput. Math. 15 1069–1128. MR3371378

[20] DONOHO, D. and GAVISH, M. (2014). Minimax risk of matrix denoising by singular value
thresholding. Ann. Statist. 42 2413–2440. MR3269984

[21] DONOHO, D. and JIN, J. (2004). Higher criticism for detecting sparse heterogeneous mixtures.
Ann. Statist. 32 962–994. MR2065195

[22] DONOHO, D. L. and JOHNSTONE, I. M. (1998). Minimax estimation via wavelet shrinkage.
Ann. Statist. 26 879–921. MR1635414

[23] DRINEAS, P., KANNAN, R. and MAHONEY, M. W. (2006). Fast Monte Carlo algorithms for
matrices. II. Computing a low-rank approximation to a matrix. SIAM J. Comput. 36 158–
183. MR2231644

[24] FELDMAN, V., GRIGORESCU, E., REYZIN, L., VEMPALA, S. S. and XIAO, Y. (2013).
Statistical algorithms and a lower bound for detecting planted cliques. In STOC’13—
Proceedings of the 2013 ACM Symposium on Theory of Computing 655–664. ACM, New
York. MR3210827

[25] HOEFFDING, W. (1963). Probability inequalities for sums of bounded random variables.
J. Amer. Statist. Assoc. 58 13–30. MR0144363

[26] HSU, D., KAKADE, S. M. and ZHANG, T. (2012). A tail inequality for quadratic forms of
subgaussian random vectors. Electron. Commun. Probab. 17 no. 52, 6. MR2994877

[27] JAVANMARD, A., MONTANARI, A. and RICCI-TERSENGHI, F. (2015). Phase transitions in
semidefinite relaxations. Preprint. Available at arXiv:1511.08769.

[28] JOHNSTONE, I. M. (2013). Gaussian estimation: Sequence and wavelet models. Unpublished
manuscript.

http://www.ams.org/mathscinet-getitem?mr=3113803
http://www.ams.org/mathscinet-getitem?mr=3160567
http://arxiv.org/abs/arXiv:1303.5647
http://www.ams.org/mathscinet-getitem?mr=3161458
http://www.ams.org/mathscinet-getitem?mr=3334281
http://dx.doi.org/10.1214/16-AOS1488SUPP
http://www.ams.org/mathscinet-getitem?mr=2811000
http://www.ams.org/mathscinet-getitem?mr=3047651
http://www.ams.org/mathscinet-getitem?mr=2989474
http://www.ams.org/mathscinet-getitem?mr=3491121
http://www.ams.org/mathscinet-getitem?mr=3371378
http://www.ams.org/mathscinet-getitem?mr=3269984
http://www.ams.org/mathscinet-getitem?mr=2065195
http://www.ams.org/mathscinet-getitem?mr=1635414
http://www.ams.org/mathscinet-getitem?mr=2231644
http://www.ams.org/mathscinet-getitem?mr=3210827
http://www.ams.org/mathscinet-getitem?mr=0144363
http://www.ams.org/mathscinet-getitem?mr=2994877
http://arxiv.org/abs/arXiv:1511.08769


[29] KOLAR, M., BALAKRISHNAN, S., RINALDO, A. and SINGH, A. (2011). Minimax localiza-
tion of structural information in large noisy matrices. In Advances in Neural Information
Processing Systems 909–917.

[30] LATAŁA, R. (2005). Some estimates of norms of random matrices. Proc. Amer. Math. Soc. 133
1273–1282 (electronic). MR2111932

[31] MA, Z. and WU, Y. (2015). Computational barriers in minimax submatrix detection. Ann.
Statist. 43 1089–1116. MR3346698

[32] MCSHERRY, F. (2001). Spectral partitioning of random graphs. In 42nd IEEE Symposium on
Foundations of Computer Science (Las Vegas, NV, 2001) 529–537. IEEE Computer Soc.,
Los Alamitos, CA. MR1948742

[33] MONTANARI, A. and RICHARD, E. (2016). Non-negative principal component analysis: Mes-
sage passing algorithms and sharp asymptotics. IEEE Trans. Inform. Theory 62 1458–
1484. MR3472260

[34] NG, A. Y., JORDAN, M. I., WEISS, Y. (2002). On spectral clustering: Analysis and an algo-
rithm. Adv. Neural Inf. Process. Syst. 2 849–856.

[35] SHABALIN, A. A., WEIGMAN, V. J., PEROU, C. M. and NOBEL, A. B. (2009). Finding large
average submatrices in high dimensional data. Ann. Appl. Stat. 3 985–1012. MR2750383

[36] TSYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation, Vol. 11. Springer, New
York. MR2724359

[37] TSYBAKOV, A. B. (2014). Aggregation and minimax optimality in high-dimensional estima-
tion.

[38] TUFTS, D. W. and SHAH, A. A. (1993). Estimation of a signal waveform from noisy data using
low-rank approximation to a data matrix. IEEE Trans. Signal Process. 41 1716–1721.

[39] VERSHYNIN, R. (2012). Introduction to the non-asymptotic analysis of random matrices. In
Compressed Sensing 210–268. Cambridge Univ. Press, Cambridge. MR2963170

[40] VU, V. (2008). Random discrete matrices. In Horizons of Combinatorics. Bolyai Soc. Math.
Stud. 17 257–280. Springer, Berlin. MR2432537

[41] VU, V. (2014). A simple SVD algorithm for finding hidden partitions. Preprint. Available at
arXiv:1404.3918.

[42] VU, V. Q. and LEI, J. (2012). Minimax rates of estimation for sparse PCA in high dimensions.
Preprint. Available at arXiv:1202.0786.

[43] WAINWRIGHT, M. J. (2014). Structured regularizers for high-dimensional problems: Statistical
and computational issues. Annual Review of Statistics and Its Application 1 233–253.

[44] WANG, T., BERTHET, Q. and SAMWORTH, R. J. (2016). Statistical and computational
trade-offs in estimation of sparse principal components. Ann. Statist. 44 1896–1930.
MR3546438

[45] ZASS, R. and SHASHUA, A. (2006). Nonnegative sparse PCA. In Advances in Neural Infor-
mation Processing Systems 1561–1568.

[46] ZHANG, Y., WAINWRIGHT, M. J. and JORDAN, M. I. (2014). Lower bounds on the perfor-
mance of polynomial-time algorithms for sparse linear regression. Preprint. Available at
arXiv:1402.1918.

http://www.ams.org/mathscinet-getitem?mr=2111932
http://www.ams.org/mathscinet-getitem?mr=3346698
http://www.ams.org/mathscinet-getitem?mr=1948742
http://www.ams.org/mathscinet-getitem?mr=3472260
http://www.ams.org/mathscinet-getitem?mr=2750383
http://www.ams.org/mathscinet-getitem?mr=2724359
http://www.ams.org/mathscinet-getitem?mr=2963170
http://www.ams.org/mathscinet-getitem?mr=2432537
http://arxiv.org/abs/arXiv:1404.3918
http://arxiv.org/abs/arXiv:1202.0786
http://www.ams.org/mathscinet-getitem?mr=3546438
http://arxiv.org/abs/arXiv:1402.1918


The Annals of Statistics
2017, Vol. 45, No. 4, 1431–1461
DOI: 10.1214/16-AOS1495
© Institute of Mathematical Statistics, 2017

TESTS FOR SEPARABILITY IN NONPARAMETRIC COVARIANCE
OPERATORS OF RANDOM SURFACES

BY JOHN A. D. ASTON1, DAVIDE PIGOLI AND SHAHIN TAVAKOLI

University of Cambridge

The assumption of separability of the covariance operator for a random
image or hypersurface can be of substantial use in applications, especially
in situations where the accurate estimation of the full covariance structure is
unfeasible, either for computational reasons, or due to a small sample size.
However, inferential tools to verify this assumption are somewhat lacking
in high-dimensional or functional data analysis settings, where this assump-
tion is most relevant. We propose here to test separability by focusing on
K-dimensional projections of the difference between the covariance operator
and a nonparametric separable approximation. The subspace we project onto
is one generated by the eigenfunctions of the covariance operator estimated
under the separability hypothesis, negating the need to ever estimate the full
nonseparable covariance. We show that the rescaled difference of the sample
covariance operator with its separable approximation is asymptotically Gaus-
sian. As a by-product of this result, we derive asymptotically pivotal tests un-
der Gaussian assumptions, and propose bootstrap methods for approximating
the distribution of the test statistics. We probe the finite sample performance
through simulations studies, and present an application to log-spectrogram
images from a phonetic linguistics dataset.
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IDENTIFICATION OF UNIVERSALLY OPTIMAL CIRCULAR
DESIGNS FOR THE INTERFERENCE MODEL

BY WEI ZHENG∗,1 MINGYAO AI†,2 AND KANG LI†

Indiana University-Purdue University Indianapolis∗ and Peking University†

Many applications of block designs exhibit neighbor and edge effects.
A popular remedy is to use the circular design coupled with the interference
model. The search for optimal or efficient designs has been intensively stud-
ied in recent years. The circular neighbor balanced designs at distances 1 and
2 (CNBD2), including orthogonal array of type I (OAI ) of strength 2, are the
two major designs proposed in literature for the purpose of estimating the di-
rect treatment effects. They are shown to be optimal within some reasonable
subclasses of designs. By using benchmark designs in approximate design
theory, we show that CNBD2 is highly efficient among all possible designs
when the error terms are homoscedastic and uncorrelated. However, when the
error terms are correlated, these designs will be outperformed significantly by
other designs. Note that CNBD2 fall into the special catalog of pseudo sym-
metric designs, and they only exist when the number of treatments is larger
than the block size and the number of blocks is multiple of some constants.
In this paper, we elaborate equivalent conditions for any design, pseudo sym-
metric or not, to be universally optimal for any size of experiment and any
covariance structure of the error terms. This result is novel for circular de-
signs and sheds light on other similar models in the search for optimal or
efficient asymmetric designs.
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CO-CLUSTERING OF NONSMOOTH GRAPHONS

BY DAVID CHOI

Carnegie Mellon University

Performance bounds are given for exploratory co-clustering/block-
modeling of bipartite graph data, where we assume the rows and columns
of the data matrix are samples from an arbitrary population. This is equiv-
alent to assuming that the data is generated from a nonsmooth graphon. It
is shown that co-clusters found by any method can be extended to the row
and column populations, or equivalently that the estimated blockmodel ap-
proximates a blocked version of the generative graphon, with estimation error
bounded by OP (n−1/2). Analogous performance bounds are also given for
degree-corrected blockmodels and random dot product graphs, with error
rates depending on the dimensionality of the latent variable space.
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MINIMAX THEORY OF ESTIMATION OF LINEAR FUNCTIONALS
OF THE DECONVOLUTION DENSITY WITH OR

WITHOUT SPARSITY

BY MARIANNA PENSKY1

University of Central Florida

The present paper considers the problem of estimating a linear functional
� = ∫ ∞−∞ ϕ(x)f (x) dx of an unknown deconvolution density f on the basis
of n i.i.d. observations, Y1, . . . , Yn of Y = θ + ξ , where ξ has a known pdf
g, and f is the pdf of θ . The objective of the present paper is to develop
the a general minimax theory of estimating �, and to relate this problem to
estimation of functionals �n = n−1 ∑n

i=1 ϕ(θi) in indirect observations. In
particular, we offer a general, Fourier transform based approach to estimation
of � (and �n) and derive upper and minimax lower bounds for the risk for
an arbitrary square integrable function ϕ. Furthermore, using technique of
inversion formulas, we extend the theory to a number of situations when the
Fourier transform of ϕ does not exist, but � can be presented as a functional
of the Fourier transform of f and its derivatives. The latter enables us to
construct minimax estimators of the functionals that have never been handled
before such as the odd absolute moments and the generalized moments of
the deconvolution density. Finally, we generalize our results to the situation
when the vector θ is sparse and the objective is estimating � (or �n) over the
nonzero components only. As a direct application of the proposed theory, we
automatically recover multiple recent results and obtain a variety of new ones
such as, for example, estimation of the mixing probability density function
with classical and Berkson errors and estimation of the (2M + 1)-th absolute
moment of the deconvolution density.
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NONPARAMETRIC CHANGE-POINT ANALYSIS OF VOLATILITY

BY MARKUS BIBINGER1, MORITZ JIRAK1 AND MATHIAS VETTER

Philipps-Universität Marburg, Technische Universität Braunschweig and
Christian-Albrechts-Universität zu Kiel

In this work, we develop change-point methods for statistics of high-
frequency data. The main interest is in the volatility of an Itô semimartingale,
the latter being discretely observed over a fixed time horizon. We construct
a minimax-optimal test to discriminate continuous paths from paths with
volatility jumps, and it is shown that the test can be embedded into a more
general theory to infer the smoothness of volatilities. In a high-frequency
setting, we prove weak convergence of the test statistic under the hypothe-
sis to an extreme value distribution. Moreover, we develop methods to infer
changes in the Hurst parameters of fractional volatility processes. A simu-
lation study is conducted to demonstrate the performance of our methods in
finite-sample applications.
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A NEW APPROACH TO OPTIMAL DESIGNS FOR CORRELATED
OBSERVATIONS1

BY HOLGER DETTE∗, MARIA KONSTANTINOU∗
AND ANATOLY ZHIGLJAVSKY†

Ruhr-Universität Bochum∗ and Cardiff University†

This paper presents a new and efficient method for the construction of
optimal designs for regression models with dependent error processes. In
contrast to most of the work in this field, which starts with a model for a
finite number of observations and considers the asymptotic properties of es-
timators and designs as the sample size converges to infinity, our approach
is based on a continuous time model. We use results from stochastic analysis
to identify the best linear unbiased estimator (BLUE) in this model. Based
on the BLUE, we construct an efficient linear estimator and corresponding
optimal designs in the model for finite sample size by minimizing the mean
squared error between the optimal solution in the continuous time model and
its discrete approximation with respect to the weights (of the linear estimator)
and the optimal design points, in particular in the multiparameter case.

In contrast to previous work on the subject, the resulting estimators and
corresponding optimal designs are very efficient and easy to implement. This
means that they are practically not distinguishable from the weighted least
squares estimator and the corresponding optimal designs, which have to be
found numerically by nonconvex discrete optimization. The advantages of the
new approach are illustrated in several numerical examples.
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IBRAGIMOV, I. A. and HAS’MINSKIĬ, R. Z. (1981). Statistical Estimation. Applications of Mathe-
matics 16. Springer, New York. MR0620321

KISEL’ÁK, J. and STEHLÍK, M. (2008). Equidistant and D-optimal designs for parameters of
Ornstein–Uhlenbeck process. Statist. Probab. Lett. 78 1388–1396. MR2453793

MEHR, C. B. and MCFADDEN, J. A. (1965). Certain properties of Gaussian processes and their
first-passage times. J. R. Stat. Soc. Ser. B. Stat. Methodol. 27 505–522. MR0199885

MÜLLER, W. G. and PÁZMAN, A. (2003). Measures for designs in experiments with correlated
errors. Biometrika 90 423–434. MR1986657

NÄTHER, W. (1985a). Effective Observation of Random Fields. BSB B. G. Teubner Verlagsge-
sellschaft, Leipzig. MR0863287

NÄTHER, W. (1985b). Exact design for regression models with correlated errors. Statistics 16 479–
484. MR0803486

PÁZMAN, A. and MÜLLER, W. G. (2001). Optimal design of experiments subject to correlated
errors. Statist. Probab. Lett. 52 29–34. MR1820047

PUKELSHEIM, F. (2006). Optimal Design of Experiments. SIAM, Philadelphia, PA. MR2224698
SACKS, J. and YLVISAKER, D. (1966). Designs for regression problems with correlated errors. Ann.

Math. Stat. 37 66–89. MR0192601
SACKS, J. and YLVISAKER, D. (1968). Designs for regression problems with correlated errors;

many parameters. Ann. Math. Stat. 39 49–69. MR0220424
WONG, W. K., CHEN, R.-B., HUANG, C.-C. and WANG, W. (2015). A modified particle swarm

optimization technique for finding optimal designs for mixture models. PLoS ONE 10 e0124720.
ZHIGLJAVSKY, A., DETTE, H. R. and PEPELYSHEV, A. (2010). A new approach to optimal de-

sign for linear models with correlated observations. J. Amer. Statist. Assoc. 105 1093–1103.
MR2752605

http://www.ams.org/mathscinet-getitem?mr=0030732
http://www.ams.org/mathscinet-getitem?mr=2725102
http://www.ams.org/mathscinet-getitem?mr=2787742
http://www.ams.org/mathscinet-getitem?mr=0620321
http://www.ams.org/mathscinet-getitem?mr=2453793
http://www.ams.org/mathscinet-getitem?mr=0199885
http://www.ams.org/mathscinet-getitem?mr=1986657
http://www.ams.org/mathscinet-getitem?mr=0863287
http://www.ams.org/mathscinet-getitem?mr=0803486
http://www.ams.org/mathscinet-getitem?mr=1820047
http://www.ams.org/mathscinet-getitem?mr=2224698
http://www.ams.org/mathscinet-getitem?mr=0192601
http://www.ams.org/mathscinet-getitem?mr=0220424
http://www.ams.org/mathscinet-getitem?mr=2752605


The Annals of Statistics
2017, Vol. 45, No. 4, 1609–1637
DOI: 10.1214/16-AOS1502
© Institute of Mathematical Statistics, 2017

RARE-EVENT ANALYSIS FOR EXTREMAL EIGENVALUES
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In this paper, we consider the extreme behavior of the extremal eigenval-
ues of white Wishart matrices, which plays an important role in multivariate
analysis. In particular, we focus on the case when the dimension of the fea-
ture p is much larger than or comparable to the number of observations n,
a common situation in modern data analysis. We provide asymptotic approx-
imations and bounds for the tail probabilities of the extremal eigenvalues.
Moreover, we construct efficient Monte Carlo simulation algorithms to com-
pute the tail probabilities. Simulation results show that our method has the
best performance among known approximation approaches, and furthermore
provides an efficient and accurate way for evaluating the tail probabilities in
practice.
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ROBUST DISCRIMINATION DESIGNS OVER
HELLINGER NEIGHBOURHOODS1

BY RUI HU AND DOUGLAS P. WIENS

MacEwan University and University of Alberta

To aid in the discrimination between two, possibly nonlinear, regres-
sion models, we study the construction of experimental designs. Considering
that each of these two models might be only approximately specified, robust
“maximin” designs are proposed. The rough idea is as follows. We impose
neighbourhood structures on each regression response, to describe the un-
certainty in the specifications of the true underlying models. We determine
the least favourable—in terms of Kullback–Leibler divergence—members of
these neighbourhoods. Optimal designs are those maximizing this minimum
divergence. Sequential, adaptive approaches to this maximization are studied.
Asymptotic optimality is established.
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NONPARAMETRIC BAYESIAN POSTERIOR CONTRACTION
RATES FOR DISCRETELY OBSERVED SCALAR DIFFUSIONS1

BY RICHARD NICKL AND JAKOB SÖHL

University of Cambridge

We consider nonparametric Bayesian inference in a reflected diffusion
model dXt = b(Xt ) dt + σ(Xt ) dWt , with discretely sampled observations
X0,X	, . . . ,Xn	. We analyse the nonlinear inverse problem corresponding
to the “low frequency sampling” regime where 	 > 0 is fixed and n → ∞.
A general theorem is proved that gives conditions for prior distributions 


on the diffusion coefficient σ and the drift function b that ensure minimax
optimal contraction rates of the posterior distribution over Hölder–Sobolev
smoothness classes. These conditions are verified for natural examples of
nonparametric random wavelet series priors. For the proofs, we derive new
concentration inequalities for empirical processes arising from discretely ob-
served diffusions that are of independent interest.
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ASYMPTOTIC AND FINITE-SAMPLE PROPERTIES OF
ESTIMATORS BASED ON STOCHASTIC GRADIENTS1

BY PANOS TOULIS AND EDOARDO M. AIROLDI

University of Chicago and Harvard University

Stochastic gradient descent procedures have gained popularity for pa-
rameter estimation from large data sets. However, their statistical properties
are not well understood, in theory. And in practice, avoiding numerical insta-
bility requires careful tuning of key parameters. Here, we introduce implicit
stochastic gradient descent procedures, which involve parameter updates that
are implicitly defined. Intuitively, implicit updates shrink standard stochastic
gradient descent updates. The amount of shrinkage depends on the observed
Fisher information matrix, which does not need to be explicitly computed;
thus, implicit procedures increase stability without increasing the computa-
tional burden. Our theoretical analysis provides the first full characterization
of the asymptotic behavior of both standard and implicit stochastic gradient
descent-based estimators, including finite-sample error bounds. Importantly,
analytical expressions for the variances of these stochastic gradient-based es-
timators reveal their exact loss of efficiency. We also develop new algorithms
to compute implicit stochastic gradient descent-based estimators for general-
ized linear models, Cox proportional hazards, M-estimators, in practice, and
perform extensive experiments. Our results suggest that implicit stochastic
gradient descent procedures are poised to become a workhorse for approxi-
mate inference from large data sets.
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FUNCTIONAL CENTRAL LIMIT THEOREMS FOR SINGLE-STAGE
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For a joint model-based and design-based inference, we establish func-
tional central limit theorems for the Horvitz–Thompson empirical process
and the Hájek empirical process centered by their finite population mean as
well as by their super-population mean in a survey sampling framework. The
results apply to single-stage unequal probability sampling designs and es-
sentially only require conditions on higher order correlations. We apply our
main results to a Hadamard differentiable statistical functional and illustrate
its limit behavior by means of a computer simulation.
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Mat. 84 387–423. MR0121897
[31] HÁJEK, J. (1964). Asymptotic theory of rejective sampling with varying probabilities from a

finite population. Ann. Math. Stat. 35 1491–1523. MR0178555
[32] ISAKI, C. T. and FULLER, W. A. (1982). Survey design under the regression superpopulation

model. J. Amer. Statist. Assoc. 77 89–96. MR0648029
[33] KORN, E. L. and GRAUBARD, B. I. (1998). Variance estimation for superpopulation parame-

ters. Statist. Sinica 8 1131–1151. MR1666241
[34] KREWSKI, D. and RAO, J. N. K. (1981). Inference from stratified samples: Properties of the

linearization, jackknife and balanced repeated replication methods. Ann. Statist. 9 1010–
1019. MR0628756

[35] LIN, D. Y. (2000). On fitting Cox’s proportional hazards models to survey data. Biometrika 87
37–47. MR1766826

http://www.ams.org/mathscinet-getitem?mr=3020253
http://dx.doi.org/10.1214/16-AOS1507SUPP
http://www.ams.org/mathscinet-getitem?mr=1810918
http://www.ams.org/mathscinet-getitem?mr=2325244
http://www.ams.org/mathscinet-getitem?mr=2568123
http://www.ams.org/mathscinet-getitem?mr=3405601
http://www.ams.org/mathscinet-getitem?mr=3302272
http://www.ams.org/mathscinet-getitem?mr=2525992
http://www.ams.org/mathscinet-getitem?mr=1173804
http://www.ams.org/mathscinet-getitem?mr=0561260
http://www.ams.org/mathscinet-getitem?mr=3086648
http://www.ams.org/mathscinet-getitem?mr=1091862
http://www.ams.org/mathscinet-getitem?mr=0121897
http://www.ams.org/mathscinet-getitem?mr=0178555
http://www.ams.org/mathscinet-getitem?mr=0648029
http://www.ams.org/mathscinet-getitem?mr=1666241
http://www.ams.org/mathscinet-getitem?mr=0628756
http://www.ams.org/mathscinet-getitem?mr=1766826
http://dx.doi.org/10.1214/16-AOS1507SUPP


[36] OGUZ-ALPER, M. and BERGER, Y. G. (2015). Variance estimation of change of poverty based
upon the Turkish EU-SILC survey. J. Off. Stat. 31 155–175.

[37] PFEFFERMANN, D. and SVERCHKOV, M. (2009). Inference under informative sampling. In
Handbook of Statistics 29B: Sample Surveys: Inference and Analysis (D. Pfefferman and
C. R. Rao, eds.) 455–487. Elsevier, Amsterdam.

[38] PRÆSTGAARD, J. and WELLNER, J. A. (1993). Exchangeably weighted bootstraps of the
general empirical process. Ann. Probab. 21 2053–2086. MR1245301

[39] PRÁSKOVÁ, Z. and SEN, P. K. (2009). Asymptotic in finite population sampling. In Handbook
of Statistics 29B: Sample Surveys: Inference and Analysis (D. Pfefferman and C. R. Rao,
eds.) 489–522. Elsevier, Amsterdam.

[40] ROBINS, J. M., ROTNITZKY, A. and ZHAO, L. P. (1994). Estimation of regression coeffi-
cients when some regressors are not always observed. J. Amer. Statist. Assoc. 89 846–866.
MR1294730

[41] RUBIN-BLEUER, S. and SCHIOPU KRATINA, I. (2005). On the two-phase framework for joint
model and design-based inference. Ann. Statist. 33 2789–2810. MR2253102

[42] SAEGUSA, T. and WELLNER, J. A. (2013). Weighted likelihood estimation under two-phase
sampling. Ann. Statist. 41 269–295. MR3059418

[43] SILVERMAN, B. W. (1986). Density Estimation for Statistics and Data Analysis. Chapman &
Hall, London. MR0848134

[44] THOMPSON, M. E. (1997). Theory of Sample Surveys. Monographs on Statistics and Applied
Probability 74. Chapman & Hall, London. MR1462619

[45] VAN DER VAART, A. W. (1998). Asymptotic Statistics. Cambridge Series in Statistical and
Probabilistic Mathematics 3. Cambridge Univ. Press, Cambridge. MR1652247

[46] VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical
Processes: With Applications to Statistics. Springer, New York. MR1385671

[47] VÍŠEK, J. Á. (1979). Asymptotic distribution of simple estimate for rejective, Sampford
and successive sampling. In Contributions to Statistics 263–275. Reidel, Dordrecht.
MR0561274

[48] WANG, J. C. (2012). Sample distribution function based goodness-of-fit test for complex sur-
veys. Comput. Statist. Data Anal. 56 664–679. MR2853763

http://www.ams.org/mathscinet-getitem?mr=1245301
http://www.ams.org/mathscinet-getitem?mr=1294730
http://www.ams.org/mathscinet-getitem?mr=2253102
http://www.ams.org/mathscinet-getitem?mr=3059418
http://www.ams.org/mathscinet-getitem?mr=0848134
http://www.ams.org/mathscinet-getitem?mr=1462619
http://www.ams.org/mathscinet-getitem?mr=1652247
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=0561274
http://www.ams.org/mathscinet-getitem?mr=2853763


The Annals of Statistics
2017, Vol. 45, No. 4, 1759–1788
DOI: 10.1214/16-AOS1508
© Institute of Mathematical Statistics, 2017

ASYMPTOTIC NORMALITY OF SCRAMBLED GEOMETRIC
NET QUADRATURE

BY KINJAL BASU1 AND RAJARSHI MUKHERJEE

LinkedIn Corporation and Stanford University

In a very recent work, Basu and Owen [Found. Comput. Math. 17 (2017)
467–496] propose the use of scrambled geometric nets in numerical inte-
gration when the domain is a product of s arbitrary spaces of dimension
d having a certain partitioning constraint. It was shown that for a class of
smooth functions, the integral estimate has variance O(n−1−2/d (logn)s−1)

for scrambled geometric nets compared to O(n−1) for ordinary Monte Carlo.
The main idea of this paper is to expand on the work by Loh [Ann. Statist.
31 (2003) 1282–1324] to show that the scrambled geometric net estimate has
an asymptotic normal distribution for certain smooth functions defined on
products of suitable subsets of Rd .
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YULE’S “NONSENSE CORRELATION” SOLVED!
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In this paper, we resolve a longstanding open statistical problem. The
problem is to mathematically prove Yule’s 1926 empirical finding of “non-
sense correlation” [J. Roy. Statist. Soc. 89 (1926) 1–63], which we do by
analytically determining the second moment of the empirical correlation co-
efficient

θ :=
∫ 1
0 W1(t)W2(t) dt − ∫ 1

0 W1(t) dt
∫ 1
0 W2(t) dt√∫ 1

0 W2
1 (t) dt − (

∫ 1
0 W1(t) dt)2

√∫ 1
0 W2

2 (t) dt − (
∫ 1
0 W2(t) dt)2

,

of two independent Wiener processes, W1,W2. Using tools from Fredholm
integral equation theory, we successfully calculate the second moment of θ to
obtain a value for the standard deviation of θ of nearly 0.5. The “nonsense”
correlation, which we call “volatile” correlation, is volatile in the sense that
its distribution is heavily dispersed and is frequently large in absolute value.
It is induced because each Wiener process is “self-correlated” in time. This
is because a Wiener process is an integral of pure noise, and thus its values
at different time points are correlated. In addition to providing an explicit
formula for the second moment of θ , we offer implicit formulas for higher
moments of θ .
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SHARP DETECTION IN PCA UNDER CORRELATIONS:
ALL EIGENVALUES MATTER
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Principal component analysis (PCA) is a widely used method for di-
mension reduction. In high-dimensional data, the “signal” eigenvalues cor-
responding to weak principal components (PCs) do not necessarily separate
from the bulk of the “noise” eigenvalues. Therefore, popular tests based on
the largest eigenvalue have little power to detect weak PCs. In the special case
of the spiked model, certain tests asymptotically equivalent to linear spec-
tral statistics (LSS)—averaging effects over all eigenvalues—were recently
shown to achieve some power.

We consider a “local alternatives” model for the spectrum of covariance
matrices that allows a general correlation structure. We develop new tests to
detect PCs in this model. While the top eigenvalue contains little information,
due to the strong correlations between the eigenvalues we can detect weak
PCs by averaging over all eigenvalues using LSS. We show that it is possible
to find the optimal LSS, by solving a certain integral equation. To solve this
equation, we develop efficient algorithms that build on our recent method for
computing the limit empirical spectrum [Dobriban (2015)]. The solvability of
this equation also presents a new perspective on phase transitions in spiked
models.
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