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ON THE OPTIMALITY OF BAYESIAN CHANGE-POINT
DETECTION

BY DONG HAN!'*, FUGEE TsUNG2T AND JINGUO XI1AN!*

Shanghai Jiao Tong University* and
Hong Kong University of Science and Technology”

By introducing suitable loss random variables of detection, we obtain op-
timal tests in terms of the stopping time or alarm time for Bayesian change-
point detection not only for a general prior distribution of change-points but
also for observations being a Markov process. Moreover, the optimal (mini-
mal) average detection delay is proved to be equal to 1 for any (possibly large)
average run length to false alarm if the number of possible change-points is
finite.
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COMPUTATIONAL AND STATISTICAL BOUNDARIES FOR
SUBMATRIX LOCALIZATION IN A LARGE NOISY MATRIX

BY T. TONY CAI!, TENGYUAN LIANG AND ALEXANDER RAKHLIN?

University of Pennsylvania

We study in this paper computational and statistical boundaries for subma-
trix localization. Given one observation of (one or multiple nonoverlapping)
signal submatrix (of magnitude X and size kj, X k;;) embedded in a large noise
matrix (of size m X n), the goal is to optimal identify the support of the signal
submatrix computationally and statistically.

Two transition thresholds for the signal-to-noise ratio A /o are established
in terms of m, n, k; and k. The first threshold, SNRc, corresponds to the
computational boundary. We introduce a new linear time spectral algorithm
that identifies the submatrix with high probability when the signal strength is
above the threshold SNR¢. Below this threshold, it is shown that no polyno-
mial time algorithm can succeed in identifying the submatrix, under the hid-
den clique hypothesis. The second threshold, SNRg, captures the statistical
boundary, below which no method can succeed in localization with probabil-
ity going to one in the minimax sense. The exhaustive search method success-
fully finds the submatrix above this threshold. In marked contrast to subma-
trix detection and sparse PCA, the results show an interesting phenomenon
that SNR is always significantly larger than SNRs under the sub-Gaussian
error model, which implies an essential gap between statistical optimality and
computational efficiency for submatrix localization.
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TESTS FOR SEPARABILITY IN NONPARAMETRIC COVARIANCE
OPERATORS OF RANDOM SURFACES

By JOHN A. D. ASTONl, DAVIDE PIGOLI AND SHAHIN TAVAKOLI
University of Cambridge

The assumption of separability of the covariance operator for a random
image or hypersurface can be of substantial use in applications, especially
in situations where the accurate estimation of the full covariance structure is
unfeasible, either for computational reasons, or due to a small sample size.
However, inferential tools to verify this assumption are somewhat lacking
in high-dimensional or functional data analysis settings, where this assump-
tion is most relevant. We propose here to test separability by focusing on
K -dimensional projections of the difference between the covariance operator
and a nonparametric separable approximation. The subspace we project onto
is one generated by the eigenfunctions of the covariance operator estimated
under the separability hypothesis, negating the need to ever estimate the full
nonseparable covariance. We show that the rescaled difference of the sample
covariance operator with its separable approximation is asymptotically Gaus-
sian. As a by-product of this result, we derive asymptotically pivotal tests un-
der Gaussian assumptions, and propose bootstrap methods for approximating
the distribution of the test statistics. We probe the finite sample performance
through simulations studies, and present an application to log-spectrogram
images from a phonetic linguistics dataset.
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IDENTIFICATION OF UNIVERSALLY OPTIMAL CIRCULAR
DESIGNS FOR THE INTERFERENCE MODEL

BY WEI ZHENG*! MINGYAO AI1™2 AND KANG L1
Indiana University-Purdue University Indianapolis® and Peking University'

Many applications of block designs exhibit neighbor and edge effects.
A popular remedy is to use the circular design coupled with the interference
model. The search for optimal or efficient designs has been intensively stud-
ied in recent years. The circular neighbor balanced designs at distances 1 and
2 (CNBD?2), including orthogonal array of type I (OAj) of strength 2, are the
two major designs proposed in literature for the purpose of estimating the di-
rect treatment effects. They are shown to be optimal within some reasonable
subclasses of designs. By using benchmark designs in approximate design
theory, we show that CNBD?2 is highly efficient among all possible designs
when the error terms are homoscedastic and uncorrelated. However, when the
error terms are correlated, these designs will be outperformed significantly by
other designs. Note that CNBD?2 fall into the special catalog of pseudo sym-
metric designs, and they only exist when the number of treatments is larger
than the block size and the number of blocks is multiple of some constants.
In this paper, we elaborate equivalent conditions for any design, pseudo sym-
metric or not, to be universally optimal for any size of experiment and any
covariance structure of the error terms. This result is novel for circular de-
signs and sheds light on other similar models in the search for optimal or
efficient asymmetric designs.
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CO-CLUSTERING OF NONSMOOTH GRAPHONS

By DAvID CHOI
Carnegie Mellon University

Performance bounds are given for exploratory co-clustering/block-
modeling of bipartite graph data, where we assume the rows and columns
of the data matrix are samples from an arbitrary population. This is equiv-
alent to assuming that the data is generated from a nonsmooth graphon. It
is shown that co-clusters found by any method can be extended to the row
and column populations, or equivalently that the estimated blockmodel ap-
proximates a blocked version of the generative graphon, with estimation error
bounded by O p(n~ V). Analogous performance bounds are also given for
degree-corrected blockmodels and random dot product graphs, with error
rates depending on the dimensionality of the latent variable space.
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MINIMAX THEORY OF ESTIMATION OF LINEAR FUNCTIONALS
OF THE DECONVOLUTION DENSITY WITH OR
WITHOUT SPARSITY

BY MARIANNA PENSKY!
University of Central Florida

The present paper considers the problem of estimating a linear functional
o= ffooo @(x) f (x) dx of an unknown deconvolution density f on the basis
of n i.i.d. observations, Y1,..., Y, of Y =6 + &, where £ has a known pdf
g, and f is the pdf of 6. The objective of the present paper is to develop
the a general minimax theory of estimating ®, and to relate this problem to
estimation of functionals ®,, =n~! > ¢(8;) in indirect observations. In
particular, we offer a general, Fourier transform based approach to estimation
of ® (and ;) and derive upper and minimax lower bounds for the risk for
an arbitrary square integrable function ¢. Furthermore, using technique of
inversion formulas, we extend the theory to a number of situations when the
Fourier transform of ¢ does not exist, but @ can be presented as a functional
of the Fourier transform of f and its derivatives. The latter enables us to
construct minimax estimators of the functionals that have never been handled
before such as the odd absolute moments and the generalized moments of
the deconvolution density. Finally, we generalize our results to the situation
when the vector @ is sparse and the objective is estimating ® (or @) over the
nonzero components only. As a direct application of the proposed theory, we
automatically recover multiple recent results and obtain a variety of new ones
such as, for example, estimation of the mixing probability density function
with classical and Berkson errors and estimation of the (2M + 1)-th absolute
moment of the deconvolution density.

REFERENCES

BERKSON, J. (1950). Are there two regression problems? J. Amer. Statist. Assoc. 45 164—-180.

BUTUCEA, C. and COMTE, F. (2009). Adaptive estimation of linear functionals in the convolution
model and applications. Bernoulli 15 69-98. MR2546799

Ca1, T. T., JIN, J. and Low, M. G. (2007). Estimation and confidence sets for sparse normal mix-
tures. Ann. Statist. 35 2421-2449. MR2382653

Cal, T. T. and Low, M. G. (2004). Minimax estimation of linear functionals over nonconvex pa-
rameter spaces. Ann. Statist. 32 552-576. MR2060169

Cal, T. T. and Low, M. G. (2011). Testing composite hypotheses, Hermite polynomials and optimal
estimation of a nonsmooth functional. Ann. Statist. 39 1012-1041. MR2816346

COLLIER, O., COMMINGES, L. and TSYBAKOV, A. B. (2015). Minimax estimation of linear and
quadratic functionals on sparsity classes. Available at arXiv:1502.00665.

DATTNER, 1., GOLDENSHLUGER, A. and JUDITSKY, A. (2011). On deconvolution of distribution
functions. Ann. Statist. 39 2477-2501. MR2906875

MSC2010 subject classifications. Primary 62G20; secondary 62G0S5, 62G07.
Key words and phrases. Linear functional, minimax lower bound, sparsity, deconvolution.


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/16-AOS1498
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2546799
http://www.ams.org/mathscinet-getitem?mr=2382653
http://www.ams.org/mathscinet-getitem?mr=2060169
http://www.ams.org/mathscinet-getitem?mr=2816346
http://arxiv.org/abs/arXiv:1502.00665
http://www.ams.org/mathscinet-getitem?mr=2906875
http://www.ams.org/mathscinet/msc/msc2010.html

DELAIGLE, A. (2007). Nonparametric density estimation from data with a mixture of Berkson and
classical errors. Canad. J. Statist. 35 89—104. MR2345376

DONOHO, D. and JIN, J. (2004). Higher criticism for detecting sparse heterogeneous mixtures. Ann.
Statist. 32 962-994. MR2065195

GIL-PELAEZ, J. (1951). Note on the inversion theorem. Biometrika 38 481-482. MR0045992

GRADSHTEIN, 1. S. and RYZHIK, 1. M. (1980). Tables of Integrals, Series, and Products. Academic
Press, New York.

HALL, P. and JIN, J. (2010). Innovated higher criticism for detecting sparse signals in correlated
noise. Ann. Statist. 38 1686—1732. MR2662357

LEPSKI, O. V., MAMMEN, E. and SPOKOINY, V. G. (1997). Optimal spatial adaptation to inhomo-
geneous smoothness: An approach based on kernel estimates with variable bandwidth selectors.
Ann. Statist. 25 929-947. MR1447734

LEPSKII, O. V. (1991). Asymptotically minimax adaptive estimation. I. Upper bounds. Optimally
adaptive estimates. Teor. Veroyatn. Primen. 36 645-659. MR1147167

PENSKY, M. (2017). Supplement to “Minimax theory of estimation of linear functionals of the de-
convolution density with or without sparsity.” DOI:10.1214/16-A0S1498SUPP.

TsYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation. Springer, New York.
MR2724359

ZAYED, A. 1. (1996). Handbook of Function and Generalized Function Transformations. CRC Press,
Boca Raton, FL.. MR1392476


http://www.ams.org/mathscinet-getitem?mr=2345376
http://www.ams.org/mathscinet-getitem?mr=2065195
http://www.ams.org/mathscinet-getitem?mr=0045992
http://www.ams.org/mathscinet-getitem?mr=2662357
http://www.ams.org/mathscinet-getitem?mr=1447734
http://www.ams.org/mathscinet-getitem?mr=1147167
http://dx.doi.org/10.1214/16-AOS1498SUPP
http://www.ams.org/mathscinet-getitem?mr=2724359
http://www.ams.org/mathscinet-getitem?mr=1392476

The Annals of Statistics

2017, Vol. 45, No. 4, 1542-1578

DOI: 10.1214/16-A0S 1499

© Institute of Mathematical Statistics, 2017
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In this work, we develop change-point methods for statistics of high-
frequency data. The main interest is in the volatility of an Itd semimartingale,
the latter being discretely observed over a fixed time horizon. We construct
a minimax-optimal test to discriminate continuous paths from paths with
volatility jumps, and it is shown that the test can be embedded into a more
general theory to infer the smoothness of volatilities. In a high-frequency
setting, we prove weak convergence of the test statistic under the hypothe-
sis to an extreme value distribution. Moreover, we develop methods to infer
changes in the Hurst parameters of fractional volatility processes. A simu-
lation study is conducted to demonstrate the performance of our methods in
finite-sample applications.
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A NEW APPROACH TO OPTIMAL DESIGNS FOR CORRELATED
OBSERVATIONS!
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This paper presents a new and efficient method for the construction of
optimal designs for regression models with dependent error processes. In
contrast to most of the work in this field, which starts with a model for a
finite number of observations and considers the asymptotic properties of es-
timators and designs as the sample size converges to infinity, our approach
is based on a continuous time model. We use results from stochastic analysis
to identify the best linear unbiased estimator (BLUE) in this model. Based
on the BLUE, we construct an efficient linear estimator and corresponding
optimal designs in the model for finite sample size by minimizing the mean
squared error between the optimal solution in the continuous time model and
its discrete approximation with respect to the weights (of the linear estimator)
and the optimal design points, in particular in the multiparameter case.

In contrast to previous work on the subject, the resulting estimators and
corresponding optimal designs are very efficient and easy to implement. This
means that they are practically not distinguishable from the weighted least
squares estimator and the corresponding optimal designs, which have to be
found numerically by nonconvex discrete optimization. The advantages of the
new approach are illustrated in several numerical examples.
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In this paper, we consider the extreme behavior of the extremal eigenval-
ues of white Wishart matrices, which plays an important role in multivariate
analysis. In particular, we focus on the case when the dimension of the fea-
ture p is much larger than or comparable to the number of observations n,
a common situation in modern data analysis. We provide asymptotic approx-
imations and bounds for the tail probabilities of the extremal eigenvalues.
Moreover, we construct efficient Monte Carlo simulation algorithms to com-
pute the tail probabilities. Simulation results show that our method has the
best performance among known approximation approaches, and furthermore
provides an efficient and accurate way for evaluating the tail probabilities in
practice.
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ROBUST DISCRIMINATION DESIGNS OVER
HELLINGER NEIGHBOURHOODS!

By Rul HU AND DOUGLAS P. WIENS
MacEwan University and University of Alberta

To aid in the discrimination between two, possibly nonlinear, regres-
sion models, we study the construction of experimental designs. Considering
that each of these two models might be only approximately specified, robust
“maximin” designs are proposed. The rough idea is as follows. We impose
neighbourhood structures on each regression response, to describe the un-
certainty in the specifications of the true underlying models. We determine
the least favourable—in terms of Kullback—Leibler divergence—members of
these neighbourhoods. Optimal designs are those maximizing this minimum
divergence. Sequential, adaptive approaches to this maximization are studied.
Asymptotic optimality is established.
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NONPARAMETRIC BAYESIAN POSTERIOR CONTRACTION

RATES FOR DISCRETELY OBSERVED SCALAR DIFFUSIONS'

(1]

(2]

(3]

BY RICHARD NICKL AND JAKOB SOHL
University of Cambridge

We consider nonparametric Bayesian inference in a reflected diffusion
model dX; = b(X;)dt + o(X;) dW;, with discretely sampled observations
X0, XAs---s Xpa. We analyse the nonlinear inverse problem corresponding
to the “low frequency sampling” regime where A > 0 is fixed and n — oo.
A general theorem is proved that gives conditions for prior distributions IT
on the diffusion coefficient o and the drift function & that ensure minimax
optimal contraction rates of the posterior distribution over Holder—Sobolev
smoothness classes. These conditions are verified for natural examples of
nonparametric random wavelet series priors. For the proofs, we derive new
concentration inequalities for empirical processes arising from discretely ob-
served diffusions that are of independent interest.

REFERENCES

ADAMCZAK, R. (2008). A tail inequality for suprema of unbounded empirical processes with
applications to Markov chains. Electron. J. Probab. 13 1000-1034. MR2424985

BAKRY, D., GENTIL, I. and LEDOUX, M. (2014). Analysis and Geometry of Markov Diffu-
sion Operators. Grundlehren der Mathematischen Wissenschaften 348. Springer, Cham.
MR3155209

BARAUD, Y. (2010). A Bernstein-type inequality for suprema of random processes with
applications to model selection in non-Gaussian regression. Bernoulli 16 1064-1085.
MR2759169

Bass, R. F. (1998). Diffusions and Elliptic Operators. Springer, New York. MR1483890

Bass, R. F. (2011). Stochastic Processes. Cambridge Series in Statistical and Probabilistic
Mathematics 33. Cambridge Univ. Press, Cambridge. MR2856623

BAXENDALE, P. H. (2005). Renewal theory and computable convergence rates for geometri-
cally ergodic Markov chains. Ann. Appl. Probab. 15 700-738. MR2114987

CASTILLO, I. and NICKL, R. (2013). Nonparametric Bernstein—von Mises theorems in Gaus-
sian white noise. Ann. Statist. 41 1999-2028. MR3127856

CASTILLO, I. and NICKL, R. (2014). On the Bernstein—von Mises phenomenon for nonpara-
metric Bayes procedures. Ann. Statist. 42 1941-1969. MR3262473

GHOSAL, S., GHOSH, J. K. and VAN DER VAART, A. W. (2000). Convergence rates of poste-
rior distributions. Ann. Statist. 28 500-531. MR1790007

GHOSAL, S. and VAN DER VAART, A. (2007). Convergence rates of posterior distributions for
non-i.i.d. observations. Ann. Statist. 35 192-223. MR2332274

GINE, E. and NICKL, R. (2011). Rates on contraction for posterior distributions in L"-metrics,
1 <r <oo.Ann. Statist. 39 2883-2911. MR3012395

MSC2010 subject classifications. Primary 62G05; secondary 60J60, 62F15, 62G20.
Key words and phrases. Nonlinear inverse problem, Bayesian inference, diffusion model.


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/16-AOS1504
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2424985
http://www.ams.org/mathscinet-getitem?mr=3155209
http://www.ams.org/mathscinet-getitem?mr=2759169
http://www.ams.org/mathscinet-getitem?mr=1483890
http://www.ams.org/mathscinet-getitem?mr=2856623
http://www.ams.org/mathscinet-getitem?mr=2114987
http://www.ams.org/mathscinet-getitem?mr=3127856
http://www.ams.org/mathscinet-getitem?mr=3262473
http://www.ams.org/mathscinet-getitem?mr=1790007
http://www.ams.org/mathscinet-getitem?mr=2332274
http://www.ams.org/mathscinet-getitem?mr=3012395
http://www.ams.org/mathscinet/msc/msc2010.html

[12]
(13]
[14]
(15]

[16]

(17]
(18]

[19]

(20]

[21]

(22]

(23]

[24]
[25]
[26]
[27]
[28]
[29]
[30]

(31]

(32]

(33]

GINE, E. and NICKL, R. (2016). Mathematical Foundations of Infinite-Dimensional Statistical
Models, Cambridge University Press, Cambridge.

GOBET, E., HOFFMANN, M. and REISS, M. (2004). Nonparametric estimation of scalar diffu-
sions based on low frequency data. Ann. Statist. 32 2223-2253. MR2102509

GOLIGHTLY, A. and WILKINSON, D. J. (2005). Bayesian inference for stochastic kinetic mod-
els using a diffusion approximation. Biometrics 61 781-788. MR2196166

GUGUSHVILI, S. and SPRE1J, P. (2014). Nonparametric Bayesian drift estimation for multidi-
mensional stochastic differential equations. Lith. Math. J. 54 127-141. MR3212631

KOSKELA, J., SPANO, D. and JENKINS, P. A. (2015). Consistency of Bayesian non-
parametric inference for discretely observed jump diffusions. Preprint. Available at
arXiv:1506.04709.

MEYER, Y. (1992). Wavelets and Operators. Cambridge Studies in Advanced Mathematics 37.
Cambridge Univ. Press, Cambridge. MR1228209

NICKL, R. and SOHL, J. (2017). Supplement to “Nonparametric Bayesian posterior contraction
rates for discretely observed scalar diffusions.” DOI:10.1214/16-A0S1504SUPP.

PAPASPILIOPOULOS, O., POKERN, Y., ROBERTS, G. O. and STUART, A. M. (2012). Non-
parametric estimation of diffusions: A differential equations approach. Biometrika 99
511-531. MR2966767

PAULIN, D. (2015). Concentration inequalities for Markov chains by Marton couplings and
spectral methods. Electron. J. Probab. 20 1-32. MR3383563

POKERN, Y., STUART, A. M. and VAN ZANTEN, J. H. (2013). Posterior consistency via pre-
cision operators for Bayesian nonparametric drift estimation in SDEs. Stochastic Process.
Appl. 123 603-628. MR3003365

RAY, K. (2013). Bayesian inverse problems with non-conjugate priors. Electron. J. Stat. 7
2516-2549. MR3117105

ROBERTS, G. O. and STRAMER, O. (2001). On inference for partially observed nonlin-
ear diffusion models using the Metropolis—Hastings algorithm. Biometrika 88 603-621.
MR1859397

SOHL, J. and TRABS, M. (2016). Adaptive confidence bands for Markov chains and diffusions:
Estimating the invariant measure and the drift. ESAIM Probab. Stat. 20 432-462.

STROOCK, D. W. and VARADHAN, S. R. S. (1971). Diffusion processes with boundary con-
ditions. Comm. Pure Appl. Math. 24 147-225. MR0277037

STUART, A. M. (2010). Inverse problems: A Bayesian perspective. Acta Numer. 19 451-559.
MR2652785

SZABO, B., VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2015). Frequentist coverage of
adaptive nonparametric Bayesian credible sets. Ann. Statist. 43 1391-1428. MR3357861

TRIEBEL, H. (2010). Theory of Function Spaces. Birkhduser/Springer Basel AG, Basel.
MR3024598

VAN WAAIJ, J. and VAN ZANTEN, H. (2016). Gaussian process methods for one-dimensional
diffusions: Optimal rates and adaptation. Electron. J. Stat. 10 628—645. MR3471991

VAN ZANTEN, H. (2013). Nonparametric Bayesian methods for one-dimensional diffusion
models. Math. Biosci. 243 215-222. MR3065207

VAN DER MEULEN, F., SCHAUER, M. and VAN ZANTEN, H. (2014). Reversible jump MCMC
for nonparametric drift estimation for diffusion processes. Comput. Statist. Data Anal. 71
615-632. MR3131993

VAN DER MEULEN, F. and VAN ZANTEN, H. (2013). Consistent nonparametric Bayesian in-
ference for discretely observed scalar diffusions. Bernoulli 19 44-63. MR3019485

VAN DER MEULEN, F. H., VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2006). Conver-
gence rates of posterior distributions for Brownian semimartingale models. Bernoulli 12
863-888. MR2265666


http://www.ams.org/mathscinet-getitem?mr=2102509
http://www.ams.org/mathscinet-getitem?mr=2196166
http://www.ams.org/mathscinet-getitem?mr=3212631
http://arxiv.org/abs/arXiv:1506.04709
http://www.ams.org/mathscinet-getitem?mr=1228209
http://dx.doi.org/10.1214/16-AOS1504SUPP
http://www.ams.org/mathscinet-getitem?mr=2966767
http://www.ams.org/mathscinet-getitem?mr=3383563
http://www.ams.org/mathscinet-getitem?mr=3003365
http://www.ams.org/mathscinet-getitem?mr=3117105
http://www.ams.org/mathscinet-getitem?mr=1859397
http://www.ams.org/mathscinet-getitem?mr=0277037
http://www.ams.org/mathscinet-getitem?mr=2652785
http://www.ams.org/mathscinet-getitem?mr=3357861
http://www.ams.org/mathscinet-getitem?mr=3024598
http://www.ams.org/mathscinet-getitem?mr=3471991
http://www.ams.org/mathscinet-getitem?mr=3065207
http://www.ams.org/mathscinet-getitem?mr=3131993
http://www.ams.org/mathscinet-getitem?mr=3019485
http://www.ams.org/mathscinet-getitem?mr=2265666

[34] VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2008). Rates of contraction of posterior
distributions based on Gaussian process priors. Ann. Statist. 36 1435-1463. MR2418663


http://www.ams.org/mathscinet-getitem?mr=2418663

The Annals of Statistics

2017, Vol. 45, No. 4, 16941727

DOI: 10.1214/16-A0S 1506

© Institute of Mathematical Statistics, 2017

ASYMPTOTIC AND FINITE-SAMPLE PROPERTIES OF
ESTIMATORS BASED ON STOCHASTIC GRADIENTS!

BY PANOS TOULIS AND EDOARDO M. AIROLDI
University of Chicago and Harvard University

Stochastic gradient descent procedures have gained popularity for pa-
rameter estimation from large data sets. However, their statistical properties
are not well understood, in theory. And in practice, avoiding numerical insta-
bility requires careful tuning of key parameters. Here, we introduce implicit
stochastic gradient descent procedures, which involve parameter updates that
are implicitly defined. Intuitively, implicit updates shrink standard stochastic
gradient descent updates. The amount of shrinkage depends on the observed
Fisher information matrix, which does not need to be explicitly computed;
thus, implicit procedures increase stability without increasing the computa-
tional burden. Our theoretical analysis provides the first full characterization
of the asymptotic behavior of both standard and implicit stochastic gradient
descent-based estimators, including finite-sample error bounds. Importantly,
analytical expressions for the variances of these stochastic gradient-based es-
timators reveal their exact loss of efficiency. We also develop new algorithms
to compute implicit stochastic gradient descent-based estimators for general-
ized linear models, Cox proportional hazards, M-estimators, in practice, and
perform extensive experiments. Our results suggest that implicit stochastic
gradient descent procedures are poised to become a workhorse for approxi-
mate inference from large data sets.

REFERENCES

AMARI, S.-1. (1998). Natural gradient works efficiently in learning. Neural Comput. 10 251-276.

AMARI, S.-1., PARK, H. and FUKUMIZU, K. (2000). Adaptive method of realizing natural gradient
learning for multilayer perceptrons. Neural Comput. 12 1399-1409.

BacH, F. and MOULINES, E. (2013). Non-strongly-convex smooth stochastic approximation with
convergence rate o(1/n). In Advances in Neural Information Processing Systems 773-781.

BATHER, J. A. (1989). Stochastic approximation: A generalisation of the Robbins—Monro proce-
dure. In Proceedings of the Fourth Prague Symposium on Asymptotic Statistics (Prague, 1988)
13-27. Charles Univ., Prague. MR1051424

BECK, A. and TEBOULLE, M. (2009). A fast iterative shrinkage-thresholding algorithm for linear
inverse problems. SIAM J. Imaging Sci. 2 183-202. MR2486527

BENVENISTE, A., METIVIER, M. and PRIOURET, P. (1990). Adaptive Algorithms and Stochastic
Approximations. Springer, Berlin. MR1082341

BERTSEKAS, D. P. (2011). Incremental proximal methods for large scale convex optimization. Math.
Program. 129 163—-195. MR2837879

MSC2010 subject classifications. 621.20, 62F10, 62L12, 62F12, 62F35.

Key words and phrases. Stochastic approximation, implicit updates, asymptotic variance, gener-
alized linear models, Cox proportional hazards, M-estimation, maximum likelihood, exponential
family, statistical efficiency, numerical stability.


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/16-AOS1506
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1051424
http://www.ams.org/mathscinet-getitem?mr=2486527
http://www.ams.org/mathscinet-getitem?mr=1082341
http://www.ams.org/mathscinet-getitem?mr=2837879
http://www.ams.org/mathscinet/msc/msc2010.html

BORDES, A., BOTTOU, L. and GALLINARI, P. (2009). SGD-QN: Careful quasi-Newton stochastic
gradient descent. J. Mach. Learn. Res. 10 1737-1754. MR2534877

BORKAR, V. S. (2008). Stochastic Approximation. Cambridge Univ. Press, Cambridge. MR2442439

BortTou, L. (2010). Large-scale machine learning with stochastic gradient descent. In Proceedings
of COMPSTAT 2010 177-186. Springer, Heidelberg. MR3362066

BYRD, R. H., HANSEN, S. L., NOCEDAL, J. and SINGER, Y. (2016). A stochastic quasi-Newton
method for large-scale optimization. SIAM J. Optim. 26 1008-1031. MR3485979

CAPPE, O. and MOULINES, E. (2009). On-line expectation-maximization algorithm for latent data
models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 71 593-613. MR2749909

CHEN, H. F., LE1, G. and GAO, A. J. (1988). Convergence and robustness of the Robbins—
Monro algorithm truncated at randomly varying bounds. Stochastic Process. Appl. 27 217-231.
MR0931029

CHUNG, K. L. (1954). On a stochastic approximation method. Ann. Math. Stat. 25 463-483.
MRO0064365

Cox, D. R. (1972). Regression models and life-tables. J. Roy. Statist. Soc. Ser. B 34 187-220.
MRO0341758

DAVISON, A. C. (2003). Statistical Models. Cambridge Series in Statistical and Probabilistic Math-
ematics 11. Cambridge Univ. Press, Cambridge. MR1998913

DEAN, J., CORRADO, G., MONGA, R., CHEN, K., DEVIN, M., MAO, M., SENIOR, A.,
TUCKER, P., YANG, K., LE, Q. V. et al. (2012). Large scale distributed deep networks. In Ad-
vances in Neural Information Processing Systems 1223—1231.

DEMPSTER, A. P., LAIRD, N. M. and RUBIN, D. B. (1977). Maximum likelihood from incomplete
data via the EM algorithm. J. Roy. Statist. Soc. Ser. B 39 1-38. MR0501537

DowMmiNicl, F., DANIELS, M., ZEGER, S. L. and SAMET, J. M. (2002). Air pollution and mortality:
Estimating regional and national dose-response relationships. J. Amer. Statist. Assoc. 97 100-111.
MR1963390

DoONOHO, D. and MONTANARI, A. (2016). High dimensional robust M-estimation: Asymp-
totic variance via approximate message passing. Probab. Theory Related Fields 166 935-969.
MR3568043

DucHl, J., HAZAN, E. and SINGER, Y. (2011). Adaptive subgradient methods for online learning
and stochastic optimization. J. Mach. Learn. Res. 12 2121-2159. MR2825422

DucHl, J. and SINGER, Y. (2009). Efficient online and batch learning using forward backward
splitting. J. Mach. Learn. Res. 10 2899-2934. MR2579916

EL KAROUI, N. (2008). Spectrum estimation for large dimensional covariance matrices using ran-
dom matrix theory. Ann. Statist. 36 2757-2790. MR2485012

FABIAN, V. (1968). On asymptotic normality in stochastic approximation. Ann. Math. Stat. 39 1327-
1332. MR0231429

FABIAN, V. (1978). On asymptotically efficient recursive estimation. Ann. Statist. 6 854—866.
MR0478506

FISHER, R. A. (1922). On the mathematical foundations of theoretical statistics. Philosophical
Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical
or Physical Character 222 309-368.

FISHER, R. A. (1925). Statistical Methods for Research Workers. Oliver and Boyd, Edinburgh.

FRIEDMAN, J., HASTIE, T. and TIBSHIRANI, R. (2010). Regularization paths for generalized linear
models via coordinate descent. J. Stat. Softw. 33 1-22.

GEORGE, A. P. and POWELL, W. B. (2006). Adaptive stepsizes for recursive estimation with appli-
cations in approximate dynamic programming. Mach. Learn. 65 167-198.

GREEN, P. J. (1984). Iteratively reweighted least squares for maximum likelihood estimation, and
some robust and resistant alternatives. J. Roy. Statist. Soc. Ser. B 46 149—-192. MR0781879

HASTIE, T., TIBSHIRANI, R. and FRIEDMAN, J. (2009). The Elements of Statistical Learning: Data
Mining, Inference, and Prediction, 2nd ed. Springer, New York. MR2722294


http://www.ams.org/mathscinet-getitem?mr=2534877
http://www.ams.org/mathscinet-getitem?mr=2442439
http://www.ams.org/mathscinet-getitem?mr=3362066
http://www.ams.org/mathscinet-getitem?mr=3485979
http://www.ams.org/mathscinet-getitem?mr=2749909
http://www.ams.org/mathscinet-getitem?mr=0931029
http://www.ams.org/mathscinet-getitem?mr=0064365
http://www.ams.org/mathscinet-getitem?mr=0341758
http://www.ams.org/mathscinet-getitem?mr=1998913
http://www.ams.org/mathscinet-getitem?mr=0501537
http://www.ams.org/mathscinet-getitem?mr=1963390
http://www.ams.org/mathscinet-getitem?mr=3568043
http://www.ams.org/mathscinet-getitem?mr=2825422
http://www.ams.org/mathscinet-getitem?mr=2579916
http://www.ams.org/mathscinet-getitem?mr=2485012
http://www.ams.org/mathscinet-getitem?mr=0231429
http://www.ams.org/mathscinet-getitem?mr=0478506
http://www.ams.org/mathscinet-getitem?mr=0781879
http://www.ams.org/mathscinet-getitem?mr=2722294

HENNIG, P. and KIEFEL, M. (2013). Quasi-Newton methods: A new direction. J. Mach. Learn. Res.
14 843-865. MR3049491

HOFFMAN, J. D. and FRANKEL, S. (2001). Numerical Methods for Engineers and Scientists. CRC
press, Boca Raton, FL.

HUBER, P. J. (1964). Robust estimation of a location parameter. Ann. Math. Stat. 35 73-101.
MRO0161415

JAIN, P., TEWARI, A. and KAR, P. (2014). On iterative hard thresholding methods for high-
dimensional m-estimation. In Advances in Neural Information Processing Systems 685-693.

KLEIN, J. P. and MOESCHBERGER, M. L. (2003). Survival Analysis: Techniques for Censored and
Truncated Data. Springer Science & Business Media New York.

KRAKOWSKI, K. A., MAHONY, R. E., WILLIAMSON, R. C. and WARMUTH, M. K.
(2007). A geometric view of non-linear on-line stochastic gradient descent. Available at
https://users.soe.ucsc.edu/ manfred/pubs/T3.pdf.

LANGE, K. (2010). Numerical Analysis for Statisticians, 2nd ed. Springer, New York. MR2655999

LEHMANN, E. L. and CASELLA, G. (1998). Theory of Point Estimation, 2nd ed. Springer Texts in
Statistics 31. Springer, New York. MR1639875

LIONS, P.-L. and MERCIER, B. (1979). Splitting algorithms for the sum of two nonlinear operators.
SIAM J. Numer. Anal. 16 964-979. MR0551319

LJUNG, L., PFLUG, G. and WALK, H. (1992). Stochastic Approximation and Optimization of Ran-
dom Systems. DMV Seminar 17. Birkhduser, Basel. MR1162311

MARSHALL, A. W. and OLKIN, I. (1960). Multivariate Chebyshev inequalities. Ann. Math. Stat. 31
1001-1014. MR0O119234

MARTIN, R. D. and MASRELIEZ, C. J. (1975). Robust estimation via stochastic approximation.
IEEE Trans. Inform. Theory 1T-21 263-271. MR0395111

MESTRE, X. (2008). Improved estimation of eigenvalues and eigenvectors of covariance matrices
using their sample estimates. IEEE Trans. Inform. Theory 54 5113-5129. MR2589886

MILLER, A. J. (1992). Algorithm as 274: Least squares routines to supplement those of gentleman.
Applied Statistics 458-478.

MOULINES, E. and BACH, F. R. (2011). Non-asymptotic analysis of stochastic approximation al-
gorithms for machine learning. In Advances in Neural Information Processing Systems 451-459.

NAGUMO, J.-I. and NODA, A. (1967). A learning method for system identification. /[EEE Trans.
Automat. Control 12 282-287.

NATIONAL RESEARCH COUNCIL (2013). Frontiers in Massive Data Analysis. The National
Academies Press, Washington, DC.

NELDER, J. A. and WEDDERBURN, R. W. M. (1972). Generalized linear models. J. Roy. Statist.
Soc. Ser. A 135 370-384.

NEMIROVSKI, A., JUDITSKY, A., LAN, G. and SHAPIRO, A. (2008). Robust stochastic approxima-
tion approach to stochastic programming. SIAM J. Optim. 19 1574-1609. MR2486041

NEMIROVSKY, A. S. and YUDIN, D. B. (1983). Problem Complexity and Method Efficiency in
Optimization. Wiley, New York. MR0702836

NEVELSON, M. B. and KHASMINSKII, R. Z. (1973). Stochastic Approximation and Recursive Es-
timation 47. Amer. Math. Society, Washington.

PARIKH, N. and BoYD, S. (2013). Proximal algorithms. Found. Trends Optim. 1 123-231.

PoOLYAK, B. T. and JUDITSKY, A. B. (1992). Acceleration of stochastic approximation by averaging.
SIAM J. Control Optim. 30 838-855. MR1167814

PoLJAK, B. T. and TSYPKIN, JA. Z. (1980). Robust identification. Automatica J. IFAC 16 53-63.
MRO0571554

PoLYAK, B. T. and TSYPKIN, YA. Z. (1979). Adaptive estimation algorithms (convergence, opti-
mality, stability). Avtomat. i Telemekh. 3 71-84. MR0544876

ROBBINS, H. and MONRO, S. (1951). A stochastic approximation method. Ann. Math. Stat. 22
400-407. MR0042668


http://www.ams.org/mathscinet-getitem?mr=3049491
http://www.ams.org/mathscinet-getitem?mr=0161415
https://users.soe.ucsc.edu/~manfred/pubs/T3.pdf
http://www.ams.org/mathscinet-getitem?mr=2655999
http://www.ams.org/mathscinet-getitem?mr=1639875
http://www.ams.org/mathscinet-getitem?mr=0551319
http://www.ams.org/mathscinet-getitem?mr=1162311
http://www.ams.org/mathscinet-getitem?mr=0119234
http://www.ams.org/mathscinet-getitem?mr=0395111
http://www.ams.org/mathscinet-getitem?mr=2589886
http://www.ams.org/mathscinet-getitem?mr=2486041
http://www.ams.org/mathscinet-getitem?mr=0702836
http://www.ams.org/mathscinet-getitem?mr=1167814
http://www.ams.org/mathscinet-getitem?mr=0571554
http://www.ams.org/mathscinet-getitem?mr=0544876
http://www.ams.org/mathscinet-getitem?mr=0042668

ROCKAFELLAR, R. T. (1976). Monotone operators and the proximal point algorithm. SIAM J. Con-
trol Optim. 14 877-898. MR0410483

RosAsco, L., VILLA, S. and VU, B. C. (2014). Convergence of stochastic proximal gradient algo-
rithm. Preprint. Available at arXiv:1403.5074.

RUPPERT, D. (1988). Efficient estimations from a slowly convergent Robbins—Monro process. Tech-
nical report, Dept. Operations Research and Industrial Engineering, Cornell Univ., Ithaca, NY.
SACKS, J. (1958). Asymptotic distribution of stochastic approximation procedures. Ann. Math. Stat.

29 373-405. MR0098427

SAKRISON, D. J. (1965). Efficient recursive estimation; application to estimating the parameters of
a covariance function. Internat. J. Engrg. Sci. 3 461-483. MR0182082

SAMET, J. M., ZEGER, S. L., DoMINICI, F., CURRIERO, F., COURSAC, 1., DOCKERY, D. W.,
SCHWARTZ, J. and ZANOBETTI, A. (2000). The national morbidity, mortality, and air pollution
study. Part II: Morbidity and mortality from air pollution in the United States. Res. Rep. Health
Eff. Inst. 94 5-79.

SCHMIDT, M., LE RouXx, N. and BACH, F. (2013). Minimizing finite sums with the stochastic
average gradient. Technical report, HAL 00860051.

SHAMIR, O. and ZHANG, T. (2012). Stochastic gradient descent for non-smooth optimization: Con-
vergence results and optimal averaging schemes. Preprint. Available at arXiv:1212.1824.

SIMON, N., FRIEDMAN, J., HASTIE, T. and TIBSHIRANI, R. (2011). Regularization paths for Cox’s
proportional Hazards model via coordinate descent. J. Stat. Softw. 39 1-13.

SINGER, Y. and DucHI, J. C. (2009). Efficient learning using forward-backward splitting. In Ad-
vances in Neural Information Processing Systems 495-503.

SLOCK, D. T. M. (1993). On the convergence behavior of the Ims and the normalized Ims algorithms.
IEEE Trans. Signal Process. 41 2811-2825.

TouLlIs, P. and AIROLDI, E. M. (2015a). Scalable estimation strategies based on stochastic approx-
imations: Classical results and new insights. Stat. Comput. 25 781-795. MR3360492

TouLis, P. and AIROLDI, E. M. (2015b). Implicit stochastic approximation. Preprint. Available at
arXiv:1510.00967.

TouLls, P. and AIROLDI, E. M. (2017). Supplement to “Asymptotic and finite-sample properties of
estimators based on stochastic gradients.” DOI:10.1214/16-A0S1506SUPP.

TouLls, P., AIROLDI, E. M. and RENNIE, J. (2014). Statistical analysis of stochastic gradient
methods for generalized linear models. J. Mach. Learn. Res. W&CP 32 (ICML) 667-675.

TouLis, P., TRAN, D. and AIROLDI, E. M. (2016). Towards stability and optimality in stochastic
gradient descent. J. Mach. Learn. Res. W&CP 51 (AISTATS).

TRAN, D., TouLIS, P. and AIROLDI, E. M. (2015). Stochastic gradient descent methods for esti-
mation with large data sets. Preprint. Available at arXiv:1509.06459.

WELLING, M. and TEH, Y. W. (2011). Bayesian learning via stochastic gradient Langevin dy-
namics. In Proceedings of the 28th International Conference on Machine Learning (ICML-11)
681-688.

WIDROW, B. and HOFF, M. E. (1960). Adaptive switching circuits. Defense Technical Information
Center.

Woob, S. N., GOUDE, Y. and SHAW, S. (2015). Generalized additive models for large data sets.
J.R. Stat. Soc. Ser. C. Appl. Stat. 64 139-155. MR3293922

X1A0, L. and ZHANG, T. (2014). A proximal stochastic gradient method with progressive variance
reduction. SIAM J. Optim. 24 2057-2075. MR3285905

XU, W. (2011). Towards optimal one pass large scale learning with averaged stochastic gradient
descent. Preprint. Available at arXiv:1107.2490.

ZHANG, T. (2004). Solving large scale linear prediction problems using gradient descent algorithms.
In Proceedings of the Twenty-First International Conference on Machine Learning 116. ACM,
New York.


http://www.ams.org/mathscinet-getitem?mr=0410483
http://arxiv.org/abs/arXiv:1403.5074
http://www.ams.org/mathscinet-getitem?mr=0098427
http://www.ams.org/mathscinet-getitem?mr=0182082
http://arxiv.org/abs/arXiv:1212.1824
http://www.ams.org/mathscinet-getitem?mr=3360492
http://arxiv.org/abs/arXiv:1510.00967
http://dx.doi.org/10.1214/16-AOS1506SUPP
http://arxiv.org/abs/arXiv:1509.06459
http://www.ams.org/mathscinet-getitem?mr=3293922
http://www.ams.org/mathscinet-getitem?mr=3285905
http://arxiv.org/abs/arXiv:1107.2490

The Annals of Statistics

2017, Vol. 45, No. 4, 1728-1758

DOI: 10.1214/16-A0S1507

© Institute of Mathematical Statistics, 2017

FUNCTIONAL CENTRAL LIMIT THEOREMS FOR SINGLE-STAGE

SAMPLING DESIGNS

BY HELENE BOISTARD*, HENDRIK P. LOPUHAAT AND ANNE RUIZ-GAZEN*

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]

(9]

[10]
(1]

[12]

Toulouse School of Economics™ and Delft University of Technology'

For a joint model-based and design-based inference, we establish func-
tional central limit theorems for the Horvitz—Thompson empirical process
and the H4jek empirical process centered by their finite population mean as
well as by their super-population mean in a survey sampling framework. The
results apply to single-stage unequal probability sampling designs and es-
sentially only require conditions on higher order correlations. We apply our
main results to a Hadamard differentiable statistical functional and illustrate
its limit behavior by means of a computer simulation.
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In a very recent work, Basu and Owen [Found. Comput. Math. 17 (2017)
467-496] propose the use of scrambled geometric nets in numerical inte-
gration when the domain is a product of s arbitrary spaces of dimension
d having a certain partitioning constraint. It was shown that for a class of
smooth functions, the integral estimate has variance O(n_l_z/ d(log n)s_l)
for scrambled geometric nets compared to O (n™ 1y for ordinary Monte Carlo.
The main idea of this paper is to expand on the work by Loh [Ann. Statist.
31 (2003) 1282—-1324] to show that the scrambled geometric net estimate has
an asymptotic normal distribution for certain smooth functions defined on
products of suitable subsets of R4,
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YULE’S “NONSENSE CORRELATION” SOLVED!
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In this paper, we resolve a longstanding open statistical problem. The
problem is to mathematically prove Yule’s 1926 empirical finding of “non-
sense correlation” [J. Roy. Statist. Soc. 89 (1926) 1-63], which we do by
analytically determining the second moment of the empirical correlation co-
efficient

_ Jo Wi W) di — [g Wi@0)dt [y Wa(o) dr
I W di — (f§ i@ dn2y f§ Wiy di — ([ Wayd)?

of two independent Wiener processes, W1, W5. Using tools from Fredholm
integral equation theory, we successfully calculate the second moment of 6 to
obtain a value for the standard deviation of 6 of nearly 0.5. The “nonsense”
correlation, which we call “volatile” correlation, is volatile in the sense that
its distribution is heavily dispersed and is frequently large in absolute value.
It is induced because each Wiener process is “self-correlated” in time. This
is because a Wiener process is an integral of pure noise, and thus its values
at different time points are correlated. In addition to providing an explicit
formula for the second moment of 6, we offer implicit formulas for higher
moments of 6.
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SHARP DETECTION IN PCA UNDER CORRELATIONS:
ALL EIGENVALUES MATTER

BY EDGAR DOBRIBAN!
Stanford University

Principal component analysis (PCA) is a widely used method for di-
mension reduction. In high-dimensional data, the “signal” eigenvalues cor-
responding to weak principal components (PCs) do not necessarily separate
from the bulk of the “noise” eigenvalues. Therefore, popular tests based on
the largest eigenvalue have little power to detect weak PCs. In the special case
of the spiked model, certain tests asymptotically equivalent to linear spec-
tral statistics (LSS)—averaging effects over all eigenvalues—were recently
shown to achieve some power.

We consider a “local alternatives” model for the spectrum of covariance
matrices that allows a general correlation structure. We develop new tests to
detect PCs in this model. While the top eigenvalue contains little information,
due to the strong correlations between the eigenvalues we can detect weak
PCs by averaging over all eigenvalues using LSS. We show that it is possible
to find the optimal LSS, by solving a certain integral equation. To solve this
equation, we develop efficient algorithms that build on our recent method for
computing the limit empirical spectrum [Dobriban (2015)]. The solvability of
this equation also presents a new perspective on phase transitions in spiked
models.
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