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A LIKELIHOOD RATIO FRAMEWORK FOR HIGH-DIMENSIONAL
SEMIPARAMETRIC REGRESSION

BY YANG NING∗, TIANQI ZHAO† AND HAN LIU†

Cornell University∗ and Princeton University†

We propose a new inferential framework for high-dimensional semipara-
metric generalized linear models. This framework addresses a variety of chal-
lenging problems in high-dimensional data analysis, including incomplete
data, selection bias and heterogeneity. Our work has three main contribu-
tions: (i) We develop a regularized statistical chromatography approach to
infer the parameter of interest under the proposed semiparametric general-
ized linear model without the need of estimating the unknown base measure
function. (ii) We propose a new likelihood ratio based framework to construct
post-regularization confidence regions and tests for the low dimensional com-
ponents of high-dimensional parameters. Unlike existing post-regularization
inferential methods, our approach is based on a novel directional likelihood.
(iii) We develop new concentration inequalities and normal approximation
results for U-statistics with unbounded kernels, which are of independent in-
terest. We further extend the theoretical results to the problems of missing
data and multiple datasets inference. Extensive simulation studies and real
data analysis are provided to illustrate the proposed approach.
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A NEW PERSPECTIVE ON BOOSTING IN LINEAR REGRESSION
VIA SUBGRADIENT OPTIMIZATION AND RELATIVES

BY ROBERT M. FREUND1,∗, PAUL GRIGAS2,† AND RAHUL MAZUMDER3,∗

Massachusetts Institute of Technology∗ and University of California, Berkeley†

We analyze boosting algorithms [Ann. Statist. 29 (2001) 1189–1232;
Ann. Statist. 28 (2000) 337–407; Ann. Statist. 32 (2004) 407–499] in lin-
ear regression from a new perspective: that of modern first-order methods in
convex optimization. We show that classic boosting algorithms in linear re-
gression, namely the incremental forward stagewise algorithm (FSε) and least
squares boosting [LS-BOOST(ε)], can be viewed as subgradient descent to
minimize the loss function defined as the maximum absolute correlation be-
tween the features and residuals. We also propose a minor modification of
FSε that yields an algorithm for the LASSO, and that may be easily extended
to an algorithm that computes the LASSO path for different values of the regu-
larization parameter. Furthermore, we show that these new algorithms for the
LASSO may also be interpreted as the same master algorithm (subgradient
descent), applied to a regularized version of the maximum absolute correla-
tion loss function. We derive novel, comprehensive computational guarantees
for several boosting algorithms in linear regression (including LS-BOOST(ε)

and FSε) by using techniques of first-order methods in convex optimization.
Our computational guarantees inform us about the statistical properties of
boosting algorithms. In particular, they provide, for the first time, a precise
theoretical description of the amount of data-fidelity and regularization im-
parted by running a boosting algorithm with a prespecified learning rate for a
fixed but arbitrary number of iterations, for any dataset.
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ON THE VALIDITY OF RESAMPLING METHODS UNDER
LONG MEMORY1

BY SHUYANG BAI AND MURAD S. TAQQU

University of Georgia and Boston University

For long-memory time series, inference based on resampling is of crucial
importance, since the asymptotic distribution can often be non-Gaussian and
is difficult to determine statistically. However, due to the strong dependence,
establishing the asymptotic validity of resampling methods is nontrivial. In
this paper, we derive an efficient bound for the canonical correlation between
two finite blocks of a long-memory time series. We show how this bound can
be applied to establish the asymptotic consistency of subsampling procedures
for general statistics under long memory. It allows the subsample size b to be
o(n), where n is the sample size, irrespective of the strength of the memory.
We are then able to improve many results found in the literature. We also
consider applications of subsampling procedures under long memory to the
sample covariance, M-estimation and empirical processes.
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COCOLASSO FOR HIGH-DIMENSIONAL
ERROR-IN-VARIABLES REGRESSION

BY ABHIRUP DATTA AND HUI ZOU1

Johns Hopkins University and University of Minnesota

Much theoretical and applied work has been devoted to high-dimensional
regression with clean data. However, we often face corrupted data in many
applications where missing data and measurement errors cannot be ignored.
Loh and Wainwright [Ann. Statist. 40 (2012) 1637–1664] proposed a non-
convex modification of the Lasso for doing high-dimensional regression with
noisy and missing data. It is generally agreed that the virtues of convexity
contribute fundamentally the success and popularity of the Lasso. In light of
this, we propose a new method named CoCoLasso that is convex and can
handle a general class of corrupted datasets. We establish the estimation er-
ror bounds of CoCoLasso and its asymptotic sign-consistent selection prop-
erty. We further elucidate how the standard cross validation techniques can
be misleading in presence of measurement error and develop a novel cali-
brated cross-validation technique by using the basic idea in CoCoLasso. The
calibrated cross-validation has its own importance. We demonstrate the supe-
rior performance of our method over the nonconvex approach by simulation
studies.
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CONSISTENT PARAMETER ESTIMATION FOR LASSO AND
APPROXIMATE MESSAGE PASSING

BY ALI MOUSAVI∗, ARIAN MALEKI† AND RICHARD G. BARANIUK∗

Rice University∗ and Columbia University†

This paper studies the optimal tuning of the regularization parameter in
LASSO or the threshold parameters in approximate message passing (AMP).
Considering a model in which the design matrix and noise are zero-mean
i.i.d. Gaussian, we propose a data-driven approach for estimating the regu-
larization parameter of LASSO and the threshold parameters in AMP. Our
estimates are consistent, that is, they converge to their asymptotically optimal
values in probability as n, the number of observations, and p, the ambient
dimension of the sparse vector, grow to infinity, while n/p converges to a
fixed number δ. As a byproduct of our analysis, we will shed light on the
asymptotic properties of the solution paths of LASSO and AMP.
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SUPPORT RECOVERY WITHOUT INCOHERENCE:
A CASE FOR NONCONVEX REGULARIZATION

BY PO-LING LOH1,2 AND MARTIN J. WAINWRIGHT2

University of Wisconsin—Madison and University of California, Berkeley

We develop a new primal-dual witness proof framework that may be used
to establish variable selection consistency and �∞-bounds for sparse regres-
sion problems, even when the loss function and regularizer are nonconvex.
We use this method to prove two theorems concerning support recovery and
�∞-guarantees for a regression estimator in a general setting. Notably, our
theory applies to all potential stationary points of the objective and certifies
that the stationary point is unique under mild conditions. Our results provide
a strong theoretical justification for the use of nonconvex regularization: For
certain nonconvex regularizers with vanishing derivative away from the ori-
gin, any stationary point can be used to recover the support without requiring
the typical incoherence conditions present in �1-based methods. We also de-
rive corollaries illustrating the implications of our theorems for composite
objective functions involving losses such as least squares, nonconvex mod-
ified least squares for errors-in-variables linear regression, the negative log
likelihood for generalized linear models and the graphical Lasso. We con-
clude with empirical studies that corroborate our theoretical predictions.
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Functional magnetic resonance imaging (fMRI) is a pioneering tech-
nology for studying brain activity in response to mental stimuli. Although
efficient designs on these fMRI experiments are important for rendering
precise statistical inference on brain functions, they are not systematically
constructed. Design with circulant property is crucial for estimating a hemo-
dynamic response function (HRF) and discussing fMRI experimental opti-
mality. In this paper, we develop a theory that not only successfully explains
the structure of a circulant design, but also provides a method of constructing
efficient fMRI designs systematically. We further provide a class of two-level
circulant designs with good performance (statistically optimal), and they can
be used to estimate the HRF of a stimulus type and study the comparison
of two HRFs. Some efficient three- and four-levels circulant designs are also
provided, and we proved the existence of a class of circulant orthogonal ar-
rays.
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ADAPTIVE BERNSTEIN–VON MISES THEOREMS IN GAUSSIAN
WHITE NOISE1

BY KOLYAN RAY

Leiden University

We investigate Bernstein–von Mises theorems for adaptive nonparamet-
ric Bayesian procedures in the canonical Gaussian white noise model. We
consider both a Hilbert space and multiscale setting with applications in L2

and L∞, respectively. This provides a theoretical justification for plug-in pro-
cedures, for example the use of certain credible sets for sufficiently smooth
linear functionals. We use this general approach to construct optimal frequen-
tist confidence sets based on the posterior distribution. We also provide sim-
ulations to numerically illustrate our approach and obtain a visual represen-
tation of the geometries involved.
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TARGETED SEQUENTIAL DESIGN FOR TARGETED LEARNING
INFERENCE OF THE OPTIMAL TREATMENT RULE

AND ITS MEAN REWARD

BY ANTOINE CHAMBAZ∗,†,1,2, WENJING ZHENG†,1 AND

MARK J. VAN DER LAAN†,3

UPL, Université Paris Nanterre∗ and University of California, Berkeley†

This article studies the targeted sequential inference of an optimal treat-
ment rule (TR) and its mean reward in the nonexceptional case, that is, as-
suming that there is no stratum of the baseline covariates where treatment is
neither beneficial nor harmful, and under a companion margin assumption.

Our pivotal estimator, whose definition hinges on the targeted minimum
loss estimation (TMLE) principle, actually infers the mean reward under the
current estimate of the optimal TR. This data-adaptive statistical parameter
is worthy of interest on its own. Our main result is a central limit theorem
which enables the construction of confidence intervals on both mean rewards
under the current estimate of the optimal TR and under the optimal TR itself.
The asymptotic variance of the estimator takes the form of the variance of
an efficient influence curve at a limiting distribution, allowing to discuss the
efficiency of inference.

As a by product, we also derive confidence intervals on two cumulated
pseudo-regrets, a key notion in the study of bandits problems.

A simulation study illustrates the procedure. One of the cornerstones of
the theoretical study is a new maximal inequality for martingales with respect
to the uniform entropy integral.
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NONPARAMETRIC GOODNESS-OF-FIT TESTS FOR UNIFORM
STOCHASTIC ORDERING1

BY CHUAN-FA TANG, DEWEI WANG AND JOSHUA M. TEBBS

University of South Carolina

We propose Lp distance-based goodness-of-fit (GOF) tests for uni-
form stochastic ordering with two continuous distributions F and G, both
of which are unknown. Our tests are motivated by the fact that when F

and G are uniformly stochastically ordered, the ordinal dominance curve
R = FG−1 is star-shaped. We derive asymptotic distributions and prove that
our testing procedure has a unique least favorable configuration of F and
G for p ∈ [1,∞]. We use simulation to assess finite-sample performance
and demonstrate that a modified, one-sample version of our procedure (e.g.,
with G known) is more powerful than the one-sample GOF test suggested
by Arcones and Samaniego [Ann. Statist. 28 (2000) 116–150]. We also dis-
cuss sample size determination. We illustrate our methods using data from a
pharmacology study evaluating the effects of administering caffeine to pre-
maturely born infants.

REFERENCES

ARANDA, J., BEHARRY, K., VALENCIA, G., NATARAJAN, G. and DAVIS, J. (2010). Caffeine im-
pact on neonatal morbidities. J. Matern.-Fetal Neonatal Med. 23 20–23.

ARCONES, M. A. and SAMANIEGO, F. J. (2000). On the asymptotic distribution theory of a class
of consistent estimators of a distribution satisfying a uniform stochastic ordering constraint. Ann.
Statist. 28 116–150. MR1762906

BAMBER, D. (1975). The area above the ordinal dominance graph and the area below the receiver
operating characteristic graph. J. Math. Psych. 12 387–415. MR0384214

BEARE, B. and MOON, J. (2015). Nonparametric tests of density ratio ordering. Econometric Theory
31 471–492. MR3348455

BILLINGSLEY, P. (1999). Convergence of Probability Measures. Wiley, New York.
CAROLAN, C. A. and TEBBS, J. M. (2005). Nonparametric tests for and against likelihood ratio

ordering in the two-sample problem. Biometrika 92 159–171. MR2158617
COX, C., HASHEM, N., TEBBS, J., BOOKSTAVER, B. and ISKERSKY, V. (2015). Evaluation of

caffeine and the development of necrotizing enterocolitis. J. Neonatal-Perinatal Med. 8 339–347.
DARDANONI, V. and FORCINA, A. (1998). A unified approach to likelihood inference on stochastic

orderings in a nonparametric context. J. Amer. Statist. Assoc. 93 1112–1123. MR1649205
DAVIDOV, O. and HERMAN, A. (2012). Ordinal dominance curve based inference for stochastically

ordered distributions. J. R. Stat. Soc. Ser. B. Stat. Methodol. 74 825–847. MR2988908
DOBSON, N. and HUNT, C. (2013). Caffeine use in neonates: Indications, pharmacokinetics, clinical

effects, outcomes. NeoReviews 14 540–550.

MSC2010 subject classifications. Primary 62G10; secondary 62F30.
Key words and phrases. Brownian bridge, hazard rate ordering, least favorable distribution, order-

restricted inference, ordinal dominance curve, star-shaped ordering.

http://www.imstat.org/aos/
https://doi.org/10.1214/16-AOS1535
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1762906
http://www.ams.org/mathscinet-getitem?mr=0384214
http://www.ams.org/mathscinet-getitem?mr=3348455
http://www.ams.org/mathscinet-getitem?mr=2158617
http://www.ams.org/mathscinet-getitem?mr=1649205
http://www.ams.org/mathscinet-getitem?mr=2988908
http://www.ams.org/mathscinet/msc/msc2010.html


DYKSTRA, R., KOCHAR, S. and ROBERTSON, T. (1991). Statistical inference for uniform stochastic
ordering in several populations. Ann. Statist. 19 870–888. MR1105849

EL BARMI, H. and MCKEAGUE, I. (2016). Testing for uniform stochastic ordering via empirical
likelihood. Ann. Inst. Statist. Math. 68 955–976. MR3538581

EL BARMI, H. and MUKERJEE, H. (2016). Consistent estimation of survival functions under uni-
form stochastic ordering: The k-sample case. J. Multivariate Anal. 144 99–109. MR3434943

HSIEH, F. and TURNBULL, B. W. (1996). Nonparametric and semiparametric estimation of the
receiver operating characteristic curve. Ann. Statist. 24 25–40. MR1389878

KOMLÓS, J., MAJOR, P. and TUSNÁDY, G. (1975). An approximation of partial sums of indepen-
dent RV’s and the sample DF. I. Z. Wahrsch. Verw. Gebiete 32 111–131.

LEHMANN, E. and ROJO, J. (1992). Invariant directional orderings. Ann. Statist. 20 2100–2110.
MR1193328

MUKERJEE, H. (1996). Estimation of survival functions under uniform stochastic ordering. J. Amer.
Statist. Assoc. 91 1684–1689. MR1439110

PARK, C., LEE, C. and ROBERTSON, T. (1998). Goodness-of-fit test for uniform stochastic ordering
among several populations. Canad. J. Statist. 26 69–81.

ROJO, J. and SAMANIEGO, F. J. (1993). On estimating a survival curve subject to a uniform stochas-
tic ordering constraint. J. Amer. Statist. Assoc. 88 566–572. MR1224382

SCHMIDT, B., ROBERTS, R., DAVIS, P., DOYLE, L., BARRINGTON, K., OHLSSON, A., SOLI-
MANO, A. and TIN, W. (2006). Caffeine therapy for apnea of prematurity. N. Engl. J. Med. 354
2112–2121.

SHAKED, M. and SHANTHIKUMAR, J. (2007). Stochastic Orders. Springer, New York.
SHAPIRO, A. (1990). On concepts of directional differentiability. J. Optim. Theory Appl. 66 477–

487. MR1080259
SHAPIRO, A. (1991). Asymptotic analysis of stochastic programs. Ann. Oper. Res. 30 169–186.

MR1118896
TANG, C., WANG, D. and TEBBS, J. (2017). Supplement to “Nonparametric goodness-of-fit tests

for uniform stochastic ordering.” DOI:10.1214/16-AOS1535SUPP.
VAN DER VAART, A. and WELLNER, J. (1996). Weak Convergence and Empirical Processes.

Springer, New York.

http://www.ams.org/mathscinet-getitem?mr=1105849
http://www.ams.org/mathscinet-getitem?mr=3538581
http://www.ams.org/mathscinet-getitem?mr=3434943
http://www.ams.org/mathscinet-getitem?mr=1389878
http://www.ams.org/mathscinet-getitem?mr=1193328
http://www.ams.org/mathscinet-getitem?mr=1439110
http://www.ams.org/mathscinet-getitem?mr=1224382
http://www.ams.org/mathscinet-getitem?mr=1080259
http://www.ams.org/mathscinet-getitem?mr=1118896
https://doi.org/10.1214/16-AOS1535SUPP


The Annals of Statistics
2017, Vol. 45, No. 6, 2590–2617
https://doi.org/10.1214/16-AOS1536
© Institute of Mathematical Statistics, 2017

SELECTING THE NUMBER OF PRINCIPAL COMPONENTS:
ESTIMATION OF THE TRUE RANK OF A NOISY MATRIX

BY YUNJIN CHOI∗, JONATHAN TAYLOR†,1 AND ROBERT TIBSHIRANI†,2

National University of Singapore∗ and Stanford University†

Principal component analysis (PCA) is a well-known tool in multivariate
statistics. One significant challenge in using PCA is the choice of the num-
ber of principal components. In order to address this challenge, we propose
distribution-based methods with exact type 1 error controls for hypothesis
testing and construction of confidence intervals for signals in a noisy matrix
with finite samples. Assuming Gaussian noise, we derive exact type 1 error
controls based on the conditional distribution of the singular values of a Gaus-
sian matrix by utilizing a post-selection inference framework, and extending
the approach of [Taylor, Loftus and Tibshirani (2013)] in a PCA setting. In
simulation studies, we find that our proposed methods compare well to exist-
ing approaches.
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EXTENDED CONDITIONAL INDEPENDENCE AND APPLICATIONS
IN CAUSAL INFERENCE

BY PANAYIOTA CONSTANTINOU AND A. PHILIP DAWID

University of Warwick and University of Cambridge

The goal of this paper is to integrate the notions of stochastic conditional
independence and variation conditional independence under a more general
notion of extended conditional independence. We show that under appropri-
ate assumptions the calculus that applies for the two cases separately (axioms
of a separoid) still applies for the extended case. These results provide a rig-
orous basis for a wide range of statistical concepts, including ancillarity and
sufficiency, and, in particular, the Decision Theoretic framework for statistical
causality, which uses the language and calculus of conditional independence
in order to express causal properties and make causal inferences.
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A WEIGHT-RELAXED MODEL AVERAGING APPROACH FOR
HIGH-DIMENSIONAL GENERALIZED LINEAR MODELS
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Model averaging has long been proposed as a powerful alternative to
model selection in regression analysis. However, how well it performs in
high-dimensional regression is still poorly understood. Recently, Ando and
Li [J. Amer. Statist. Assoc. 109 (2014) 254–265] introduced a new method
of model averaging that allows the number of predictors to increase as the
sample size increases. One notable feature of Ando and Li’s method is the
relaxation on the total model weights so that weak signals can be efficiently
combined from high-dimensional linear models. It is natural to ask if Ando
and Li’s method and results can be extended to nonlinear models. Because
all candidate models should be treated as working models, the existence of
a theoretical target of the quasi maximum likelihood estimator under model
misspecification needs to be established first. In this paper, we consider gen-
eralized linear models as our candidate models. We establish a general re-
sult to show the existence of pseudo-true regression parameters under model
misspecification. We derive proper conditions for the leave-one-out cross-
validation weight selection to achieve asymptotic optimality. Technically,
the pseudo true target parameters between working models are not linearly
linked. To overcome the encountered difficulties, we employ a novel strategy
of decomposing and bounding the bias and variance terms in our proof. We
conduct simulations to illustrate the merits of our model averaging procedure
over several existing methods, including the lasso and group lasso methods,
the Akaike and Bayesian information criterion model-averaging methods and
some other state-of-the-art regularization methods.
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STRUCTURAL SIMILARITY AND DIFFERENCE TESTING ON
MULTIPLE SPARSE GAUSSIAN GRAPHICAL MODELS1

BY WEIDONG LIU

Shanghai Jiao Tong University

We present a new framework on inferring structural similarities and
differences among multiple high-dimensional Gaussian graphical models
(GGMs) corresponding to the same set of variables under distinct experimen-
tal conditions. The new framework adopts the partial correlation coefficients
to characterize the potential changes of dependency strengths between two
variables. A hierarchical method has been further developed to recover edges
with different or similar dependency strengths across multiple GGMs. In par-
ticular, we first construct two-sample test statistics for testing the equality of
partial correlation coefficients and conduct large-scale multiple tests to esti-
mate the substructure of differential dependencies. After removing differen-
tial substructure from original GGMs, a follow-up multiple testing procedure
is used to detect the substructure of similar dependencies among GGMs. In
each step, false discovery rate is controlled asymptotically at a desired level.
Power results are proved, which demonstrate that our method is more pow-
erful on finding common edges than the common approach that separately
estimates GGMs. The performance of the proposed hierarchical method is
illustrated on simulated datasets.
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ESTIMATING A PROBABILITY MASS FUNCTION
WITH UNKNOWN LABELS1

BY DRAGI ANEVSKI2, RICHARD D. GILL AND STEFAN ZOHREN3

Lund University, Leiden University and University of Oxford

In the context of a species sampling problem, we discuss a nonparametric
maximum likelihood estimator for the underlying probability mass function.
The estimator is known in the computer science literature as the high profile
estimator. We prove strong consistency and derive the rates of convergence,
for an extended model version of the estimator. We also study a sieved esti-
mator for which similar consistency results are derived. Numerical computa-
tion of the sieved estimator is of great interest for practical problems, such as
forensic DNA analysis, and we present a computational algorithm based on
the stochastic approximation of the expectation maximisation algorithm. As
an interesting byproduct of the numerical analyses, we introduce an algorithm
for bounded isotonic regression for which we also prove convergence.

REFERENCES

[1] ACHARYA, J., ORLITSKY, A. and PAN, S. (2009). The maximum likelihood probability of
unique-singleton, ternary, and length-7 patterns. In IIEEE International Symposium on
Information Theory 1135–1139.

[2] ANEVSKI, D. and FOUGÈRES, A.-L. (2007). Limit properties of the monotone rearrange-
ment for density and regression function estimation. Lund University. Available at
arXiv:0710.4617v1.

[3] ANEVSKI, D., GILL, R. D. and ZOHREN, S. (2017). Supplement to “Estimating a probability
mass function with unknown labels.” DOI:10.1214/17-AOS1542SUPP.

[4] BALABDAOUI, F., RUFIBACH, K. and SANTAMBROGIO, F. (2010). Least-squares estima-
tion of two-ordered monotone regression curves. J. Nonparametr. Stat. 22 1019–1037.
MR2738880

[5] DVORETZKY, A., KIEFER, J. and WOLFOWITZ, J. (1956). Asymptotic minimax character of
the sample distribution function and of the classical multinomial estimator. Ann. Math.
Stat. 27 642–669. MR0083864

[6] EFRON, B. and THISTED, R. (1976). Estimating the number of unseen species: How many
words did Shakespeare know? Biometrika 63 435–447.

[7] ESTY, W. W. (1982). Confidence intervals for the coverage of low coverage samples. Ann.
Statist. 10 190–196. MR0642730

[8] ESTY, W. W. (1983). A normal limit law for a nonparametric estimator of the coverage of a
random sample. Ann. Statist. 11 905–912. MR0707940

[9] FISHER, R. A., CORBET, A. S. and WILLIAMS, C. B. (1943). The relation between the num-
ber of species and the number of individuals in a random sample of an animal population.
J. Anim. Ecol. 12.

MSC2010 subject classifications. 62G05, 62G20, 65C60, 62P10.
Key words and phrases. NPMLE, high profile, probability mass function, strong consistency,

sieve, ordered, monotone rearrangement, nonparametric, SA-EM, rates.

http://www.imstat.org/aos/
https://doi.org/10.1214/17-AOS1542
http://www.imstat.org
http://arxiv.org/abs/arXiv:0710.4617v1
https://doi.org/10.1214/17-AOS1542SUPP
http://www.ams.org/mathscinet-getitem?mr=2738880
http://www.ams.org/mathscinet-getitem?mr=0083864
http://www.ams.org/mathscinet-getitem?mr=0642730
http://www.ams.org/mathscinet-getitem?mr=0707940
http://www.ams.org/mathscinet/msc/msc2010.html


[10] GOOD, I. J. (1953). The population frequencies of species and the estimation of population
parameters. Biometrika 40 237–264. MR0061330

[11] GOOD, I. J. and TOULMIN, G. H. (1956). The population frequencies of species and the esti-
mation of population parameters. Biometrika 43 45–63.

[12] HARDY, G. H., LITTLEWOOD, J. E. and PÓLYA, G. (1952). Inequalities, 2nd ed. Cambridge
University Press, Cambridge.

[13] JANKOWSKI, H. K. and WELLNER, J. A. (2009). Estimation of a discrete monotone distribu-
tion. Electron. J. Stat. 3 1567–1605. MR2578839

[14] LIEB, E. H. and LOSS, M. (1997). Analysis. Graduate Studies in Mathematics 14. Amer. Math.
Soc., Providence, RI. MR1415616

[15] MAO, C. X. and LINDSAY, B. G. (2002). A Poisson model for the coverage problem with a
genomic application. Biometrika 89 669–681. MR1929171

[16] MASSART, P. (1990). The tight constant in the Dvoretzky–Kiefer–Wolfowitz inequality. Ann.
Probab. 18 1269–1283.

[17] ORLITSKY, A. and PAN, S. (2009). The maximum likelihood probability of skewed patterns.
In IEEE International Symposium on Information Theory.

[18] ORLITSKY, A., SAJAMA, S., SANTHANAM, N. P., VISWANATHAN, K. and ZHANG, J. (2004).
Algorithms for modeling distributions over large alphabets. In Information Theory, 2004.
ISIT 2004. Proceedings. International Symposium on Information Theory 304.

[19] ORLITSKY, A., SAJAMA, S., SANTHANAM, N. P., VISWANATHAN, K. and ZHANG, J. (2004).
On modeling profiles instead of values. In Proceeding UAI’04 Proceedings of the 20th
Conference on Uncertainty in Artificial Intelligence 426–435.

[20] ORLITSKY, A., SAJAMA, S., SANTHANAM, N. P., VISWANATHAN, K. and ZHANG, J. (2005).
Convergence of profile based estimators. In Information Theory, 2005. ISIT 2005. Pro-
ceedings. International Symposium on Information Theory 1843–1847.

[21] ORLITSKY, A., SANTHANAM, N. P., VISWANATHAN, K. and ZHANG, J. (2004). On modeling
profiles instead of values. In Proceedings of the Twentieth Conference Annual Conference
on Uncertainty in Artificial Intelligence (UAI-04) 426–435. AUAI Press, Arlington, VA.

[22] RAMANUJAN, S. and HARDY, G. H. (1918). Asymptotic formulae in combinatorial analysis.
Proc. Lond. Math. Soc. 17 75–115.

[23] ROBERTSON, T., WRIGHT, F. T. and DYKSTRA, R. L. (1988). Order Restricted Statistical
Inference. Wiley, New York.

[24] VAN EEDEN, C. (1957). Maximum likelihood estimation of partially or completely ordered
parameters. ii. Indag. Math. 60 201–211.

[25] VONTOBEL, P. O. (2012). The Bethe permanent of a non-negative matrix. IEEE Trans. Inform.
Theory 59 1866–1901.

[26] VONTOBEL, P. O. (2014). The Bethe and Sinkhorn approximations of the pattern maximum
likelihood estimate and their connections to the Valiant–Valiant estimate. In Proceedings
of Information Theory and Applications Workshop (ITA), 9–14 Feb.

[27] ZHANG, C.-H. and ZHANG, Z. (2009). Asymptotic normality of a nonparametric estimator of
sample coverage. Ann. Statist. 37 2582–2595. MR2543704

http://www.ams.org/mathscinet-getitem?mr=0061330
http://www.ams.org/mathscinet-getitem?mr=2578839
http://www.ams.org/mathscinet-getitem?mr=1415616
http://www.ams.org/mathscinet-getitem?mr=1929171
http://www.ams.org/mathscinet-getitem?mr=2543704


The Annals of Statistics
2017, Vol. 45, No. 6, 2736–2763
https://doi.org/10.1214/17-AOS1546
© Institute of Mathematical Statistics, 2017

OPTIMAL SEQUENTIAL DETECTION IN MULTI-STREAM DATA

BY HOCK PENG CHAN1

National University of Singapore

Consider a large number of detectors each generating a data stream. The
task is to detect online, distribution changes in a small fraction of the data
streams. Previous approaches to this problem include the use of mixture like-
lihood ratios and sum of CUSUMs. We provide here extensions and modifi-
cations of these approaches that are optimal in detecting normal mean shifts.
We show how the (optimal) detection delay depends on the fraction of data
streams undergoing distribution changes as the number of detectors goes to
infinity. There are three detection domains. In the first domain for moderately
large fractions, immediate detection is possible. In the second domain for
smaller fractions, the detection delay grows logarithmically with the number
of detectors, with an asymptotic constant extending those in sparse normal
mixture detection. In the third domain for even smaller fractions, the detec-
tion delay lies in the framework of the classical detection delay formula of
Lorden. We show that the optimal detection delay is achieved by the sum
of detectability score transformations of either the partial scores or CUSUM
scores of the data streams.
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