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HIGH-DIMENSIONAL A-LEARNING FOR OPTIMAL DYNAMIC
TREATMENT REGIMES

BY CHENGCHUN SHI1, AILIN FAN, RUI SONG1 AND WENBIN LU2

North Carolina State University

Precision medicine is a medical paradigm that focuses on finding the
most effective treatment decision based on individual patient information.
For many complex diseases, such as cancer, treatment decisions need to be
tailored over time according to patients’ responses to previous treatments.
Such an adaptive strategy is referred as a dynamic treatment regime. A ma-
jor challenge in deriving an optimal dynamic treatment regime arises when
an extraordinary large number of prognostic factors, such as patient’s ge-
netic information, demographic characteristics, medical history and clinical
measurements over time are available, but not all of them are necessary for
making treatment decision. This makes variable selection an emerging need
in precision medicine.

In this paper, we propose a penalized multi-stage A-learning for deriving
the optimal dynamic treatment regime when the number of covariates is of the
nonpolynomial (NP) order of the sample size. To preserve the double robust-
ness property of the A-learning method, we adopt the Dantzig selector, which
directly penalizes the A-leaning estimating equations. Oracle inequalities of
the proposed estimators for the parameters in the optimal dynamic treatment
regime and error bounds on the difference between the value functions of the
estimated optimal dynamic treatment regime and the true optimal dynamic
treatment regime are established. Empirical performance of the proposed ap-
proach is evaluated by simulations and illustrated with an application to data
from the STAR*D study.
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TEST FOR HIGH-DIMENSIONAL REGRESSION COEFFICIENTS
USING REFITTED CROSS-VALIDATION VARIANCE ESTIMATION

BY HENGJIAN CUI∗,1, WENWEN GUO∗ AND WEI ZHONG†,2

Capital Normal University∗ and Xiamen University†

Testing a hypothesis for high-dimensional regression coefficients is of
fundamental importance in the statistical theory and applications. In this pa-
per, we develop a new test for the overall significance of coefficients in high-
dimensional linear regression models based on an estimated U-statistics of
order two. With the aid of the martingale central limit theorem, we prove
that the asymptotic distributions of the proposed test are normal under two
different distribution assumptions. Refitted cross-validation (RCV) variance
estimation is utilized to avoid the overestimation of the variance and enhance
the empirical power. We examine the finite-sample performances of the pro-
posed test via Monte Carlo simulations, which show that the new test based
on the RCV estimator achieves higher powers, especially for the sparse cases.
We also demonstrate an application by an empirical analysis of a microarray
data set on Yorkshire gilts.
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ARE DISCOVERIES SPURIOUS? DISTRIBUTIONS OF MAXIMUM
SPURIOUS CORRELATIONS AND THEIR APPLICATIONS

BY JIANQING FAN∗,†,1, QI-MAN SHAO‡,2 AND WEN-XIN ZHOU†,§,3

Fudan University∗, Princeton University†, Chinese University of Hong Kong‡

and University of California, San Diego§

Over the last two decades, many exciting variable selection methods have
been developed for finding a small group of covariates that are associated
with the response from a large pool. Can the discoveries from these data min-
ing approaches be spurious due to high dimensionality and limited sample
size? Can our fundamental assumptions about the exogeneity of the covari-
ates needed for such variable selection be validated with the data? To answer
these questions, we need to derive the distributions of the maximum spurious
correlations given a certain number of predictors, namely, the distribution of
the correlation of a response variable Y with the best s linear combinations
of p covariates X, even when X and Y are independent. When the covariance
matrix of X possesses the restricted eigenvalue property, we derive such dis-
tributions for both a finite s and a diverging s, using Gaussian approximation
and empirical process techniques. However, such a distribution depends on
the unknown covariance matrix of X. Hence, we use the multiplier bootstrap
procedure to approximate the unknown distributions and establish the consis-
tency of such a simple bootstrap approach. The results are further extended
to the situation where the residuals are from regularized fits. Our approach is
then used to construct the upper confidence limit for the maximum spurious
correlation and to test the exogeneity of the covariates. The former provides
a baseline for guarding against false discoveries and the latter tests whether
our fundamental assumptions for high-dimensional model selection are sta-
tistically valid. Our techniques and results are illustrated with both numerical
examples and real data analysis.
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ADAPTIVE ESTIMATION OF PLANAR CONVEX SETS

BY T. TONY CAI∗,1, ADITYANAND GUNTUBOYINA†,2 AND YUTING WEI†

University of Pennsylvania∗ and University of California, Berkeley†

In this paper, we consider adaptive estimation of an unknown planar
compact, convex set from noisy measurements of its support function. Both
the problem of estimating the support function at a point and that of estimat-
ing the whole convex set are studied. For pointwise estimation, we consider
the problem in a general nonasymptotic framework, which evaluates the per-
formance of a procedure at each individual set, instead of the worst case per-
formance over a large parameter space as in conventional minimax theory.
A data-driven adaptive estimator is proposed and is shown to be optimally
adaptive to every compact, convex set. For estimating the whole convex set,
we propose estimators that are shown to adaptively achieve the optimal rate
of convergence. In both of these problems, our analysis makes no smoothness
assumptions on the boundary of the unknown convex set.
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CONSISTENCY OF AIC AND BIC IN ESTIMATING THE NUMBER
OF SIGNIFICANT COMPONENTS IN HIGH-DIMENSIONAL

PRINCIPAL COMPONENT ANALYSIS

BY ZHIDONG BAI1, KWOK PUI CHOI2 AND YASUNORI FUJIKOSHI3

Northeast Normal University, National University of Singapore and
Hiroshima University

In this paper, we study the problem of estimating the number of signifi-
cant components in principal component analysis (PCA), which corresponds
to the number of dominant eigenvalues of the covariance matrix of p vari-
ables. Our purpose is to examine the consistency of the estimation criteria
AIC and BIC based on the model selection criteria by Akaike [In 2nd In-
ternational Symposium on Information Theory (1973) 267–281, Akadémia
Kiado] and Schwarz [Estimating the dimension of a model 6 (1978) 461–
464] under a high-dimensional asymptotic framework. Using random ma-
trix theory techniques, we derive sufficient conditions for the criterion to be
strongly consistent for the case when the dominant population eigenvalues
are bounded, and when the dominant eigenvalues tend to infinity. Moreover,
the asymptotic results are obtained without normality assumption on the pop-
ulation distribution. Simulation studies are also conducted, and results show
that the sufficient conditions in our theorems are essential.
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ON THE SYSTEMATIC AND IDIOSYNCRATIC VOLATILITY WITH
LARGE PANEL HIGH-FREQUENCY DATA1

BY XIN-BING KONG
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In this paper, we separate the integrated (spot) volatility of an individ-
ual Itô process into integrated (spot) systematic and idiosyncratic volatili-
ties, and estimate them by aggregation of local factor analysis (localization)
with large-dimensional high-frequency data. We show that, when both the
sampling frequency n and the dimensionality p go to infinity and p ≥ C

√
n

for some constant C, our estimators of High dimensional Itô process; com-
mon driving process; specific driving process, integrated High dimensional
Itô process, common driving process, specific driving process, systematic
and idiosyncratic volatilities are

√
n (n1/4 for spot estimates) consistent,

the best rate achieved in estimating the integrated (spot) volatility which is
readily identified even with univariate high-frequency data. However, when
Cn1/4 ≤ p < C

√
n, aggregation of n1/4-consistent local estimates of system-

atic and idiosyncratic volatilities results in p-consistent (not
√

n-consistent)
estimates of integrated systematic and idiosyncratic volatilities. Even more
interesting, when p < Cn1/4, the integrated estimate has the same conver-
gence rate as the spot estimate, both being p-consistent. This reveals a dis-
tinctive feature from aggregating local estimates in the low-dimensional high-
frequency data setting. We also present estimators of the integrated (spot)
idiosyncratic volatility matrices as well as their inverse matrices under some
sparsity assumption. We finally present a factor-based estimator of the inverse
of the spot volatility matrix. Numerical studies including the Monte Carlo ex-
periments and real data analysis justify the performance of our estimators.
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BALL DIVERGENCE: NONPARAMETRIC TWO SAMPLE TEST

BY WENLIANG PAN∗,1, YUAN TIAN∗, XUEQIN WANG∗,2 AND
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Sun Yat-sen University∗ and Yale University†

In this paper, we first introduce Ball Divergence, a novel measure of the
difference between two probability measures in separable Banach spaces, and
show that the Ball Divergence of two probability measures is zero if and only
if these two probability measures are identical without any moment assump-
tion. Using Ball Divergence, we present a metric rank test procedure to de-
tect the equality of distribution measures underlying independent samples.
It is therefore robust to outliers or heavy-tail data. We show that this multi-
variate two sample test statistic is consistent with the Ball Divergence, and
it converges to a mixture of χ2 distributions under the null hypothesis and
a normal distribution under the alternative hypothesis. Importantly, we prove
its consistency against a general alternative hypothesis. Moreover, this result
does not depend on the ratio of the two imbalanced sample sizes, ensuring
that can be applied to imbalanced data. Numerical studies confirm that our
test is superior to several existing tests in terms of Type I error and power.
We conclude our paper with two applications of our method: one is for vir-
tual screening in drug development process and the other is for genome wide
expression analysis in hormone replacement therapy.
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Quantile regression allows for broad (conditional) characterizations of a
response distribution beyond conditional means and is of increasing interest
in economic and financial applications. Because quantile regression estima-
tors have complex limiting distributions, several bootstrap methods for the in-
dependent data setting have been proposed, many of which involve smoothing
steps to improve bootstrap approximations. Currently, no similar advances in
smoothed bootstraps exist for quantile regression with dependent data. To
this end, we establish a smooth tapered block bootstrap procedure for ap-
proximating the distribution of quantile regression estimators for time series.
This bootstrap involves two rounds of smoothing in resampling: individual
observations are resampled via kernel smoothing techniques and resampled
data blocks are smoothed by tapering. The smooth bootstrap results in perfor-
mance improvements over previous unsmoothed versions of the block boot-
strap as well as normal approximations based on Powell’s kernel variance
estimator, which are common in application. Our theoretical results correct
errors in proofs for earlier and simpler versions of the (unsmoothed) mov-
ing blocks bootstrap for quantile regression and broaden the validity of block
bootstraps for this problem under weak conditions. We illustrate the smooth
bootstrap through numerical studies and examples.
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[12] GUTENBRUNNER, C., JUREČKOVÁ, J., KOENKER, R. and PORTNOY, S. (1993). Tests of
linear hypotheses based on regression rank scores. J. Nonparametr. Stat. 2 307–331.
MR1256383

[13] HAHN, J. (1995). Bootstrapping quantile regression estimators. Econometric Theory 11 105–
121. MR1325103

[14] HASAN, M. N. and KOENKER, R. W. (1997). Robust rank tests of the unit root hypothesis.
Econometrica 65 133–161. MR1433687

[15] HE, X., ZHU, Z.-Y. and FUNG, W.-K. (2002). Estimation in a semiparametric model for longi-
tudinal data with unspecified dependence structure. Biometrika 89 579–590. MR1929164

[16] HOROWITZ, J. L. (1998). Bootstrap methods for median regression models. Econometrica 66
1327–1351. MR1654307

[17] HUBER, P. J. (1967). The behavior of maximum likelihood estimates under nonstandard con-
ditions. In Proc. Fifth Berkeley Sympos. Math. Statist. and Probability (Berkeley, Calif.,
1965/66), Vol. I: Statistics 221–233. Univ. California Press, Berkeley, CA. MR0216620

[18] KATO, K. (2012). Asymptotic normality of Powell’s kernel estimator. Ann. Inst. Statist. Math.
64 255–273. MR2878905

[19] KOENKER, R. (1994). Confidence intervals for regression quantiles. In Asymptotic Statis-
tics (Prague, 1993) (P. Mandl and M. Hušková, eds.) 349–359. Physica, Heidelberg.
MR1311953

[20] KOENKER, R. (2013). quantreg: Quantile regression. R package version 5.05.
[21] KOENKER, R. and BASSETT, G. JR. (1978). Regression quantiles. Econometrica 46 33–50.

MR0474644
[22] KÜNSCH, H. R. (1989). The jackknife and the bootstrap for general stationary observations.

Ann. Statist. 17 1217–1241. MR1015147
[23] LAHIRI, S. N. (2002). On the jackknife-after-bootstrap method for dependent data and its

consistency properties. Econometric Theory 18 79–98. MR1885351
[24] LAHIRI, S. N. (2003). Resampling Methods for Dependent Data. Springer, New York.

MR2001447
[25] LAHIRI, S. N., FURUKAWA, K. and LEE, Y.-D. (2007). A nonparametric plug-in rule for

selecting optimal block lengths for block bootstrap methods. Stat. Methodol. 4 292–321.
MR2380557

[26] LIU, R. Y. and SINGH, K. (1992). Moving blocks jackknife and bootstrap capture weak de-
pendence. In Exploring the Limits of Bootstrap (East Lansing, MI, 1990) 225–248. Wiley,
New York. MR1197787

[27] PAPARODITIS, E. and POLITIS, D. N. (2001). Tapered block bootstrap. Biometrika 88 1105–
1119. MR1872222

[28] PARZEN, M. I., WEI, L. J. and YING, Z. (1994). A resampling method based on pivotal
estimating functions. Biometrika 81 341–350. MR1294895

http://www.ams.org/mathscinet-getitem?mr=2091566
http://www.ams.org/mathscinet-getitem?mr=2860339
http://www.ams.org/mathscinet-getitem?mr=1613422
http://www.ams.org/mathscinet-getitem?mr=2789438
http://www.ams.org/mathscinet-getitem?mr=3343010
https://doi.org/10.1214/17-AOS1580SUPP
http://www.ams.org/mathscinet-getitem?mr=1256383
http://www.ams.org/mathscinet-getitem?mr=1325103
http://www.ams.org/mathscinet-getitem?mr=1433687
http://www.ams.org/mathscinet-getitem?mr=1929164
http://www.ams.org/mathscinet-getitem?mr=1654307
http://www.ams.org/mathscinet-getitem?mr=0216620
http://www.ams.org/mathscinet-getitem?mr=2878905
http://www.ams.org/mathscinet-getitem?mr=1311953
http://www.ams.org/mathscinet-getitem?mr=0474644
http://www.ams.org/mathscinet-getitem?mr=1015147
http://www.ams.org/mathscinet-getitem?mr=1885351
http://www.ams.org/mathscinet-getitem?mr=2001447
http://www.ams.org/mathscinet-getitem?mr=2380557
http://www.ams.org/mathscinet-getitem?mr=1197787
http://www.ams.org/mathscinet-getitem?mr=1872222
http://www.ams.org/mathscinet-getitem?mr=1294895
https://doi.org/10.1214/17-AOS1580SUPP


[29] POLLARD, D. (1985). New ways to prove central limit theorems. Econometric Theory 1 295–
313.

[30] POWELL, J. L. (1991). Estimation of monotonic regression models under quantile restrictions.
In Nonparametric and Semiparametric Methods in Econometrics and Statistics (Durham,
NC, 1988) 357–384. Cambridge Univ. Press, Cambridge. MR1174980

[31] SERFLING, R. J. (1980). Approximation Theorems of Mathematical Statistics. Wiley, New
York. MR0595165

[32] SHAO, X. (2010). Extended tapered block bootstrap. Statist. Sinica 20 807–821. MR2682643
[33] SHEATHER, S. J. and JONES, M. C. (1991). A reliable data-based bandwidth selection

method for kernel density estimation. J. R. Stat. Soc. Ser. B. Stat. Methodol. 53 683–690.
MR1125725

[34] STOFFER, D. (2014). astsa: Applied statistical time series analysis. R package version 1.3.
[35] UMANTSEV, L. and CHERNOZHUKOV, V. (2001). Conditional value-at-risk: Aspects of mod-

eling and estimation. Empir. Econom. 26 271–292.
[36] VAN DEN GOORBERGH, R. W. J. and VLAAR, P. J. G. (1999). Value-at-risk analysis of stock

returns historical simulation, variance techniques or tail index estimation? DNB Staff
Reports (discontinued) No. 40, Netherlands Central Bank. Available at http://ideas.repec.
org/p/dnb/staffs/40.html.

[37] WEISS, A. A. (1991). Estimating nonlinear dynamic models using least absolute error estima-
tion. Econometric Theory 7 46–68. MR1101211

[38] ZHOU, Z. and SHAO, X. (2013). Inference for linear models with dependent errors. J. R. Stat.
Soc. Ser. B. Stat. Methodol. 75 323–343. MR3021390

http://www.ams.org/mathscinet-getitem?mr=1174980
http://www.ams.org/mathscinet-getitem?mr=0595165
http://www.ams.org/mathscinet-getitem?mr=2682643
http://www.ams.org/mathscinet-getitem?mr=1125725
http://ideas.repec.org/p/dnb/staffs/40.html
http://www.ams.org/mathscinet-getitem?mr=1101211
http://www.ams.org/mathscinet-getitem?mr=3021390
http://ideas.repec.org/p/dnb/staffs/40.html


The Annals of Statistics
2018, Vol. 46, No. 3, 1167–1196
https://doi.org/10.1214/17-AOS1581
© Institute of Mathematical Statistics, 2018

ASYMPTOTIC DISTRIBUTION-FREE TESTS FOR
SEMIPARAMETRIC REGRESSIONS WITH DEPENDENT DATA
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INGRID VAN KEILEGOM3

Indiana University, Universidade de Vigo and KU Leuven

This article proposes a new general methodology for constructing non-
parametric and semiparametric Asymptotically Distribution-Free (ADF) tests
for semiparametric hypotheses in regression models for possibly dependent
data coming from a strictly stationary process. Classical tests based on the dif-
ference between the estimated distributions of the restricted and unrestricted
regression errors are not ADF. In this article, we introduce a novel transfor-
mation of this difference that leads to ADF tests with well-known critical
values. The general methodology is illustrated with applications to testing
for parametric models against nonparametric or semiparametric alternatives,
and semiparametric constrained mean–variance models. Several Monte Carlo
studies and an empirical application show that the finite sample performance
of the proposed tests is satisfactory in moderate sample sizes.
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GRADIENT-BASED STRUCTURAL CHANGE DETECTION FOR
NONSTATIONARY TIME SERIES M-ESTIMATION

BY WEICHI WU AND ZHOU ZHOU1

University College London and University of Toronto

We consider structural change testing for a wide class of time series M-
estimation with nonstationary predictors and errors. Flexible predictor-error
relationships, including exogenous, state-heteroscedastic and autoregressive
regressions and their mixtures, are allowed. New uniform Bahadur represen-
tations are established with nearly optimal approximation rates. A CUSUM-
type test statistic based on the gradient vectors of the regression is considered.
In this paper, a simple bootstrap method is proposed and is proved to be con-
sistent for M-estimation structural change detection under both abrupt and
smooth nonstationarity and temporal dependence. Our bootstrap procedure
is shown to have certain asymptotically optimal properties in terms of accu-
racy and power. A public health time series dataset is used to illustrate our
methodology, and asymmetry of structural changes in high and low quantiles
is found.

REFERENCES

[1] ANDREWS, D. W. K. (1993). Tests for parameter instability and structural change with un-
known change point. Econometrica 61 821–856. MR1231678

[2] ARCONES, M. A. (1996). The Bahadur–Kiefer representation of Lp regression estimators.
Econometric Theory 12 257–283. MR1395032

[3] AUE, A. and HORVÁTH, L. (2013). Structural breaks in time series. J. Time Series Anal. 34
1–16. MR3008012

[4] BABU, G. J. (1989). Strong representations for LAD estimators in linear models. Probab. The-
ory Related Fields 83 547–558. MR1022629

[5] BAHADUR, R. R. (1966). A note on quantiles in large samples. Ann. Math. Stat. 37 577–580.
MR0189095

[6] BAI, J. (1996). Testing for parameter constancy in linear regressions: An empirical distribution
function approach. Econometrica 64 597–622. MR1385559

[7] BAI, J. and PERRON, P. (1998). Estimating and testing linear models with multiple structural
changes. Econometrica 66 47–78. MR1616121

[8] BOLLERSLEV, T. (1986). Generalized autoregressive conditional heteroskedasticity. J. Econo-
metrics 31 307–327. MR0853051

[9] BROWN, R. L., DURBIN, J. and EVANS, J. M. (1975). Techniques for testing the constancy of
regression relationships over time. J. Roy. Statist. Soc. Ser. B 37 149–192. MR0378310

[10] CAI, Z., FAN, J. and LI, R. (2000). Efficient estimation and inferences for varying-coefficient
models. J. Amer. Statist. Assoc. 95 888–902. MR1804446

[11] DETTE, H., WU, W. and ZHOU, Z. (2015). Change point analysis of second order character-
istics in non-stationary time series. Available at arXiv:1503.08610.

MSC2010 subject classifications. 62J20, 62M10, 62G09, 62G10.
Key words and phrases. M-estimation, piecewise local stationarity, bootstrap, structural change.

http://www.imstat.org/aos/
https://doi.org/10.1214/17-AOS1582
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1231678
http://www.ams.org/mathscinet-getitem?mr=1395032
http://www.ams.org/mathscinet-getitem?mr=3008012
http://www.ams.org/mathscinet-getitem?mr=1022629
http://www.ams.org/mathscinet-getitem?mr=0189095
http://www.ams.org/mathscinet-getitem?mr=1385559
http://www.ams.org/mathscinet-getitem?mr=1616121
http://www.ams.org/mathscinet-getitem?mr=0853051
http://www.ams.org/mathscinet-getitem?mr=0378310
http://www.ams.org/mathscinet-getitem?mr=1804446
http://arxiv.org/abs/arXiv:1503.08610
http://www.ams.org/mathscinet/msc/msc2010.html


[12] ENGLE, R. F. (1982). Autoregressive conditional heteroscedasticity with estimates of the vari-
ance of United Kingdom inflation. Econometrica 50 987–1007. MR0666121

[13] FAN, J. and ZHANG, W. (1999). Statistical estimation in varying coefficient models. Ann.
Statist. 27 1491–1518. MR1742497

[14] FAN, J. and ZHANG, W. (2000). Simultaneous confidence bands and hypothesis testing in
varying-coefficient models. Scand. J. Stat. 27 715–731. MR1804172

[15] HANSEN, B. E. (2000). Testing for structural change in conditional models. J. Econometrics
97 93–115. MR1788819

[16] HE, X. and ZHU, L.-X. (2003). A lack-of-fit test for quantile regression. J. Amer. Statist. Assoc.
98 1013–1022. MR2041489

[17] JUHL, T. and XIAO, Z. (2009). Tests for changing mean with monotonic power. J. Economet-
rics 148 14–24. MR2494814

[18] KIEFER, J. (1967). On Bahadur’s representation of sample quantiles. Ann. Math. Stat. 38 1323–
1342. MR0217844

[19] LAHIRI, S. N. (2003). Resampling Methods for Dependent Data. Springer, New York.
MR2001447

[20] MCCABE, B. P. M. and HARRISON, M. J. (1980). Testing the constancy of regression relation-
ships over time using least squares residuals. J. R. Stat. Soc. Ser. C. Appl. Stat. 29 142–
148.

[21] PLOBERGER, W. and KRÄMER, W. (1992). The CUSUM test with OLS residuals. Economet-
rica 60 271–285. MR1162619

[22] POLITIS, D. N., ROMANO, J. P. and WOLF, M. (1999). Subsampling. Springer, New York.
MR1707286

[23] PORTNOY, S. (1991). Asymptotic behavior of regression quantiles in nonstationary, dependent
cases. J. Multivariate Anal. 38 100–113. MR1128939

[24] POWELL, J. L. (1991). Estimation of monotonic regression models under quantile restrictions.
In Nonparametric and Semiparametric Methods in Econometrics and Statistics (Durham,
NC, 1988). Internat. Sympos. Econom. Theory Econometrics 357–384. Cambridge Univ.
Press, Cambridge. MR1174980

[25] PRÁŠKOVÁ, Z. and CHOCHOLA, O. (2014). M-procedures for detection of a change under
weak dependence. J. Statist. Plann. Inference 149 60–76. MR3199894

[26] QU, Z. (2008). Testing for structural change in regression quantiles. J. Econometrics 146 170–
184. MR2459652

[27] SU, L. and WHITE, H. (2010). Testing structural change in partially linear models. Economet-
ric Theory 26 1761–1806. MR2738016

[28] TONG, H. (1990). Nonlinear Time Series: A Dynamical System Approach. Oxford Statistical
Science Series 6. Oxford Univ. Press, New York. MR1079320

[29] WU, W. and ZHOU, Z. (2018). Supplement to “Gradient-based structural change detection for
nonstationary time series M-estimation.” DOI:10.1214/17-AOS1582SUPP.

[30] WU, W. B. (2007). M-estimation of linear models with dependent errors. Ann. Statist. 35 495–
521. MR2336857

[31] ZHANG, T. and WU, W. B. (2012). Inference of time-varying regression models. Ann. Statist.
40 1376–1402. MR3015029

[32] ZHOU, Z. (2013). Heteroscedasticity and autocorrelation robust structural change detection.
J. Amer. Statist. Assoc. 108 726–740. MR3174655

[33] ZHOU, Z. and WU, W. B. (2010). Simultaneous inference of linear models with time varying
coefficients. J. R. Stat. Soc. Ser. B. Stat. Methodol. 72 513–531. MR2758526

http://www.ams.org/mathscinet-getitem?mr=0666121
http://www.ams.org/mathscinet-getitem?mr=1742497
http://www.ams.org/mathscinet-getitem?mr=1804172
http://www.ams.org/mathscinet-getitem?mr=1788819
http://www.ams.org/mathscinet-getitem?mr=2041489
http://www.ams.org/mathscinet-getitem?mr=2494814
http://www.ams.org/mathscinet-getitem?mr=0217844
http://www.ams.org/mathscinet-getitem?mr=2001447
http://www.ams.org/mathscinet-getitem?mr=1162619
http://www.ams.org/mathscinet-getitem?mr=1707286
http://www.ams.org/mathscinet-getitem?mr=1128939
http://www.ams.org/mathscinet-getitem?mr=1174980
http://www.ams.org/mathscinet-getitem?mr=3199894
http://www.ams.org/mathscinet-getitem?mr=2459652
http://www.ams.org/mathscinet-getitem?mr=2738016
http://www.ams.org/mathscinet-getitem?mr=1079320
https://doi.org/10.1214/17-AOS1582SUPP
http://www.ams.org/mathscinet-getitem?mr=2336857
http://www.ams.org/mathscinet-getitem?mr=3015029
http://www.ams.org/mathscinet-getitem?mr=3174655
http://www.ams.org/mathscinet-getitem?mr=2758526


The Annals of Statistics
2018, Vol. 46, No. 3, 1225–1254
https://doi.org/10.1214/17-AOS1583
© Institute of Mathematical Statistics, 2018

MODERATE DEVIATIONS AND NONPARAMETRIC
INFERENCE FOR MONOTONE FUNCTIONS

BY FUQING GAO1, JIE XIONG2 AND XINGQIU ZHAO3

Wuhan University, University of Macau and
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This paper considers self-normalized limits and moderate deviations of
nonparametric maximum likelihood estimators for monotone functions. We
obtain their self-normalized Cramér-type moderate deviations and limit dis-
tribution theorems for the nonparametric maximum likelihood estimator in
the current status model and the Grenander-type estimator. As applications of
the results, we present a new procedure to construct asymptotical confidence
intervals and asymptotical rejection regions of hypothesis testing for mono-
tone functions. The theoretical results can guarantee that the new test has
the probability of type II error tending to 0 exponentially. Simulation studies
also show that the new nonparametric test works well for the most commonly
used parametric survival functions such as exponential and Weibull survival
distributions.
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UNIFORM ASYMPTOTIC INFERENCE AND THE BOOTSTRAP
AFTER MODEL SELECTION
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Recently, Tibshirani et al. [J. Amer. Statist. Assoc. 111 (2016) 600–620]
proposed a method for making inferences about parameters defined by model
selection, in a typical regression setting with normally distributed errors.
Here, we study the large sample properties of this method, without assum-
ing normality. We prove that the test statistic of Tibshirani et al. (2016) is
asymptotically valid, as the number of samples n grows and the dimension d

of the regression problem stays fixed. Our asymptotic result holds uniformly
over a wide class of nonnormal error distributions. We also propose an effi-
cient bootstrap version of this test that is provably (asymptotically) conser-
vative, and in practice, often delivers shorter intervals than those from the
original normality-based approach. Finally, we prove that the test statistic of
Tibshirani et al. (2016) does not enjoy uniform validity in a high-dimensional
setting, when the dimension d is allowed grow.
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DETECTION THRESHOLDS FOR THE β-MODEL
ON SPARSE GRAPHS
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In this paper, we study sharp thresholds for detecting sparse signals in
β-models for potentially sparse random graphs. The results demonstrate in-
teresting interplay between graph sparsity, signal sparsity and signal strength.
In regimes of moderately dense signals, irrespective of graph sparsity, the
detection thresholds mirror corresponding results in independent Gaussian
sequence problems. For sparser signals, extreme graph sparsity implies that
all tests are asymptotically powerless, irrespective of the signal strength. On
the other hand, sharp detection thresholds are obtained, up to matching con-
stants, on denser graphs. The phase transitions mentioned above are sharp.
As a crucial ingredient, we study a version of the higher criticism test which
is provably sharp up to optimal constants in the regime of sparse signals. The
theoretical results are further verified by numerical simulations.
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KARWA, V. and SLAVKOVIĆ, A. (2016). Inference using noisy degrees: Differentially private β-
model and synthetic graphs. Ann. Statist. 44 87–112. MR3449763

LAURITZEN, S. L. (2002). Rasch models with exchangeable rows and columns. Research Report
Series, No. R-02-2005, Dept. Mathematical Sciences, Aalborg Univ.

LAURITZEN, S. L. (2008). Exchangeable Rasch matrices. Rend. Mat. Appl. (7) 28 83–95.
MR2463441

MUKHERJEE, R., MUKHERJEE, S. and SEN, S. (2018). Supplement to “Detection thresholds for
the β-model on sparse graphs.” DOI:10.1214/17-AOS1585SUPP.

MUKHERJEE, R., PILLAI, N. S. and LIN, X. (2015). Hypothesis testing for high-dimensional sparse
binary regression. Ann. Statist. 43 352–381. MR3311863

OGAWA, M., HARA, H. and TAKEMURA, A. (2013). Graver basis for an undirected graph and its
application to testing the beta model of random graphs. Ann. Inst. Statist. Math. 65 191–212.
MR3011620

PERRY, P. O. and WOLFE, P. J. (2012). Null models for network data. Available at arXiv:1201.5871.
PETROVIĆ, S., RINALDO, A. and FIENBERG, S. E. (2010). Algebraic statistics for a directed ran-

dom graph model with reciprocation. In Algebraic Methods in Statistics and Probability II. Con-
temp. Math. 516 261–283. Amer. Math. Soc., Providence, RI. MR2730754
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In quantum optics, the quantum state of a light beam is represented
through the Wigner function, a density on R

2, which may take negative values
but must respect intrinsic positivity constraints imposed by quantum physics.
In the framework of noisy quantum homodyne tomography with efficiency
parameter 1/2 < η ≤ 1, we study the theoretical performance of a kernel es-
timator of the Wigner function. We prove that it is minimax efficient, up to
a logarithmic factor in the sample size, for the L∞-risk over a class of in-
finitely differentiable functions. We also compute the lower bound for the
L2-risk. We construct an adaptive estimator, that is, which does not depend
on the smoothness parameters, and prove that it attains the minimax rates for
the corresponding smoothness of the class of functions up to a logarithmic
factor in the sample size. Finite sample behaviour of our adaptive procedure
is explored through numerical experiments.
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GUŢĂ, M. and ARTILES, L. (2007). Minimax estimation of the Wigner function in quantum homo-
dyne tomography with ideal detectors. Math. Methods Statist. 16 1–15. MR2319467

HELSTROM, C. W. (1976). Quantum Detection and Estimation Theory. Academic Press, New York.
HESSE, C. H. and MEISTER, A. (2004). Optimal iterative density deconvolution. J. Nonparametr.

Stat. 16 879–900. MR2094745
HOLEVO, A. S. (1982). Probabilistic and Statistical Aspects of Quantum Theory. North-Holland

Series in Statistics and Probability 1. North-Holland, Amsterdam. MR0681693
JOHNSTONE, I. M. and RAIMONDO, M. (2004). Periodic boxcar deconvolution and Diophantine

approximation. Ann. Statist. 32 1781–1804. MR2102493

http://www.ams.org/mathscinet-getitem?mr=2323764
http://www.ams.org/mathscinet-getitem?mr=2294787
http://www.ams.org/mathscinet-getitem?mr=1890640
http://www.ams.org/mathscinet-getitem?mr=2336856
http://www.ams.org/mathscinet-getitem?mr=2742504
http://www.ams.org/mathscinet-getitem?mr=0997599
http://www.ams.org/mathscinet-getitem?mr=2421941
http://www.ams.org/mathscinet-getitem?mr=2045631
http://www.ams.org/mathscinet-getitem?mr=1224414
http://www.ams.org/mathscinet-getitem?mr=1165601
http://www.ams.org/mathscinet-getitem?mr=1126324
http://www.ams.org/mathscinet-getitem?mr=1232507
http://www.ams.org/mathscinet-getitem?mr=0151473
http://www.ams.org/mathscinet-getitem?mr=1955344
http://www.ams.org/mathscinet-getitem?mr=2546757
http://www.ams.org/mathscinet-getitem?mr=1715444
http://www.ams.org/mathscinet-getitem?mr=2319467
http://www.ams.org/mathscinet-getitem?mr=2094745
http://www.ams.org/mathscinet-getitem?mr=0681693
http://www.ams.org/mathscinet-getitem?mr=2102493


JOHNSTONE, I. M. and SILVERMAN, B. W. (1990). Speed of estimation in positron emission to-
mography and related inverse problems. Ann. Statist. 18 251–280. MR1041393

JOHNSTONE, I. M., KERKYACHARIAN, G., PICARD, D. and RAIMONDO, M. (2004). Wavelet de-
convolution in a periodic setting. J. R. Stat. Soc. Ser. B. Stat. Methodol. 66 547–573. MR2088290

KLEMELÄ, J. and MAMMEN, E. (2010). Empirical risk minimization in inverse problems. Ann.
Statist. 38 482–511. MR2589328

KOROSTELËV, A. P. and TSYBAKOV, A. B. (1991). Optimal rates of convergence of estimates in a
probabilistic formulation of the tomography problem. Problemy Peredachi Informatsii 27 92–103.
MR1294566

KOROSTELËV, A. P. and TSYBAKOV, A. B. (1993). Minimax Theory of Image Reconstruction.
Lecture Notes in Statistics 82. Springer, New York. MR1226450

KRASIKOV, I. (2007). Inequalities for orthonormal Laguerre polynomials. J. Approx. Theory 144
1–26. MR2287374

LEONHARDT, U. (1997). Measuring the Quantum State of Light. Cambridge Univ. Press, Cam-
bridge.

LEONHARDT, U., PAUL, H. and D’ARIANO, G. M. (1995). Tomographic reconstruction of the
density matrix via pattern functions. Phys. Rev. A (3) 52 4899–4907.
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This paper studies hypothesis testing and parameter estimation in the
context of the divide-and-conquer algorithm. In a unified likelihood-based
framework, we propose new test statistics and point estimators obtained by
aggregating various statistics from k subsamples of size n/k, where n is the
sample size. In both low dimensional and sparse high dimensional settings,
we address the important question of how large k can be, as n grows large,
such that the loss of efficiency due to the divide-and-conquer algorithm is
negligible. In other words, the resulting estimators have the same inferential
efficiencies and estimation rates as an oracle with access to the full sample.
Thorough numerical results are provided to back up the theory.

REFERENCES

BATTEY, H., FAN, J., LIU, H., LU, J. and ZHU, Z. (2018). Supplement to “Distributed testing and
estimation under sparse high dimensional models.” DOI:10.1214/17-AOS1587SUPP.

BICKEL, P. J. (1975). One-step Huber estimates in the linear model. J. Amer. Statist. Assoc. 70
428–434. MR0386168

BÜHLMANN, P. and VAN DE GEER, S. (2011). Statistics for High-Dimensional Data: Methods,
Theory and Applications. Springer, Heidelberg. MR2807761

CANDES, E. and TAO, T. (2007). The Dantzig selector: Statistical estimation when p is much larger
than n. Ann. Statist. 35 2313–2351. MR2382644

CHEN, X. and XIE, M. (2014). A split-and-conquer approach for analysis of extraordinarily large
data. Statist. Sinica 24 1655–1684. MR3308656

CHERNOZHUKOV, V., CHETVERIKOV, D. and KATO, K. (2013). Gaussian approximations and mul-
tiplier bootstrap for maxima of sums of high-dimensional random vectors. Ann. Statist. 41 2786–
2819. MR3161448

COX, D. R. and HINKLEY, D. V. (1974). Theoretical Statistics. Chapman & Hall, London.
MR0370837

FAN, J., GUO, S. and HAO, N. (2012). Variance estimation using refitted cross-validation in ultra-
high dimensional regression. J. R. Stat. Soc. Ser. B. Stat. Methodol. 74 37–65. MR2885839

FAN, J., HAN, F. and LIU, H. (2014). Challenges of big data analysis. Nat. Sci. Rev. 1 293–314.
FAN, J. and LI, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle

properties. J. Amer. Statist. Assoc. 96 1348–1360. MR1946581
FAN, J. and LV, J. (2011). Nonconcave penalized likelihood with NP-dimensionality. IEEE Trans.

Inform. Theory 57 5467–5484. MR2849368
FAN, J. and SONG, R. (2010). Sure independence screening in generalized linear models with NP-

dimensionality. Ann. Statist. 38 3567–3604. MR2766861

MSC2010 subject classifications. Primary 62F05, 62F10; secondary 62F12.
Key words and phrases. Divide and conquer, debiasing, massive data, thresholding.

http://www.imstat.org/aos/
https://doi.org/10.1214/17-AOS1587
http://www.imstat.org
https://doi.org/10.1214/17-AOS1587SUPP
http://www.ams.org/mathscinet-getitem?mr=0386168
http://www.ams.org/mathscinet-getitem?mr=2807761
http://www.ams.org/mathscinet-getitem?mr=2382644
http://www.ams.org/mathscinet-getitem?mr=3308656
http://www.ams.org/mathscinet-getitem?mr=3161448
http://www.ams.org/mathscinet-getitem?mr=0370837
http://www.ams.org/mathscinet-getitem?mr=2885839
http://www.ams.org/mathscinet-getitem?mr=1946581
http://www.ams.org/mathscinet-getitem?mr=2849368
http://www.ams.org/mathscinet-getitem?mr=2766861
http://www.ams.org/mathscinet/msc/msc2010.html


JAVANMARD, A. and MONTANARI, A. (2014). Confidence intervals and hypothesis testing for high-
dimensional regression. J. Mach. Learn. Res. 15 2869–2909. MR3277152

KALLENBERG, O. (1997). Foundations of Modern Probability. Springer, New York. MR1464694
KLEINER, A., TALWALKAR, A., SARKAR, P. and JORDAN, M. I. (2014). A scalable bootstrap for

massive data. J. R. Stat. Soc. Ser. B. Stat. Methodol. 76 795–816. MR3248677
LEE, J. D., LIU, Q., SUN, Y. and TAYLOR, J. E. (2017). Communication-efficient sparse regression.

J. Mach. Learn. Res. 18 Paper No. 5. MR3625709
LIU, Q. and IHLER, A. T. (2014). Distributed estimation, information loss and exponential fam-

ilies. In Advances in Neural Information Processing Systems 27 (Z. Ghahramani, M. Welling,
C. Cortes, N. D. Lawrence and K. Q. Weinberger, eds.) 1098–1106. MIT Press, Cambridge, MA.

LOH, P.-L. and WAINWRIGHT, M. J. (2013). Regularized M-estimators with nonconvexity: Sta-
tistical and algorithmic theory for local optima. In Advances in Neural Information Processing
Systems 26 (C. J. C. Burges, L. Bottou, M. Welling, Z. Ghahramani and K. Q. Weinberger, eds.)
476–484. Curran Associates Inc., Red Hook, NY.

LOH, P.-L. and WAINWRIGHT, M. J. (2015). Regularized M-estimators with nonconvexity: Statis-
tical and algorithmic theory for local optima. J. Mach. Learn. Res. 16 559–616. MR3335800

MEINSHAUSEN, N. and BÜHLMANN, P. (2006). High-dimensional graphs and variable selection
with the lasso. Ann. Statist. 34 1436–1462. MR2278363

NEGAHBAN, S. N., YU, B., WAINWRIGHT, M. J. and RAVIKUMAR, P. (2009). A unified frame-
work for high-dimensional analysis of M-estimators with decomposable regularizers. In Ad-
vances in Neural Information Processing Systems 22 (Y. Bengio, D. Schuurmans, J. D. Lafferty,
C. K. I. Williams and A. Culotta, eds.) 1348–1356. Curran Associates Inc., Red Hook, NY.

NING, Y. and LIU, H. (2017). A general theory of hypothesis tests and confidence regions for sparse
high dimensional models. Ann. Statist. 45 158–195. MR3611489

ROSENBLATT, J. D. and NADLER, B. (2016). On the optimality of averaging in distributed statistical
learning. Inf. Inference 5 379–404. MR3609865

TIBSHIRANI, R. (1996). Regression shrinkage and selection via the lasso. J. R. Stat. Soc. Ser. B. Stat.
Methodol. 58 267–288. MR1379242

VAN DE GEER, S., BÜHLMANN, P., RITOV, Y. and DEZEURE, R. (2014). On asymptotically op-
timal confidence regions and tests for high-dimensional models. Ann. Statist. 42 1166–1202.
MR3224285

WANG, Z., LIU, H. and ZHANG, T. (2014). Optimal computational and statistical rates of conver-
gence for sparse nonconvex learning problems. Ann. Statist. 42 2164–2201. MR3269977

ZHANG, C.-H. (2010). Nearly unbiased variable selection under minimax concave penalty. Ann.
Statist. 38 894–942. MR2604701

ZHANG, Y., DUCHI, J. and WAINWRIGHT, M. (2015). Divide and conquer kernel ridge regres-
sion: A distributed algorithm with minimax optimal rates. J. Mach. Learn. Res. 16 3299–3340.
MR3450540

ZHANG, C.-H. and ZHANG, T. (2012). A general theory of concave regularization for high-
dimensional sparse estimation problems. Statist. Sci. 27 576–593. MR3025135

ZHANG, C.-H. and ZHANG, S. S. (2014). Confidence intervals for low dimensional parameters in
high dimensional linear models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 76 217–242. MR3153940

ZHAO, T., CHENG, G. and LIU, H. (2016). A partially linear framework for massive heterogeneous
data. Ann. Statist. 44 1400–1437. MR3519928

http://www.ams.org/mathscinet-getitem?mr=3277152
http://www.ams.org/mathscinet-getitem?mr=1464694
http://www.ams.org/mathscinet-getitem?mr=3248677
http://www.ams.org/mathscinet-getitem?mr=3625709
http://www.ams.org/mathscinet-getitem?mr=3335800
http://www.ams.org/mathscinet-getitem?mr=2278363
http://www.ams.org/mathscinet-getitem?mr=3611489
http://www.ams.org/mathscinet-getitem?mr=3609865
http://www.ams.org/mathscinet-getitem?mr=1379242
http://www.ams.org/mathscinet-getitem?mr=3224285
http://www.ams.org/mathscinet-getitem?mr=3269977
http://www.ams.org/mathscinet-getitem?mr=2604701
http://www.ams.org/mathscinet-getitem?mr=3450540
http://www.ams.org/mathscinet-getitem?mr=3025135
http://www.ams.org/mathscinet-getitem?mr=3153940
http://www.ams.org/mathscinet-getitem?mr=3519928





