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COMPUTATION OF MAXIMUM LIKELIHOOD ESTIMATES IN
CYCLIC STRUCTURAL EQUATION MODELS

BY MATHIAS DRTON*, CHRISTOPHER FOX% AND Y. SAMUEL WANG*
University of Washington™ and University of Chicago®

Software for computation of maximum likelihood estimates in linear
structural equation models typically employs general techniques from nonlin-
ear optimization, such as quasi-Newton methods. In practice, careful tuning
of initial values is often required to avoid convergence issues. As an alter-
native approach, we propose a block-coordinate descent method that cycles
through the considered variables, updating only the parameters related to a
given variable in each step. We show that the resulting block update problems
can be solved in closed form even when the structural equation model com-
prises feedback cycles. Furthermore, we give a characterization of the models
for which the block-coordinate descent algorithm is well defined, meaning
that for generic data and starting values all block optimization problems ad-
mit a unique solution. For the characterization, we represent each model by
its mixed graph (also known as path diagram), which leads to criteria that can
be checked in time that is polynomial in the number of considered variables.
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FRECHET REGRESSION FOR RANDOM OBJECTS WITH
EUCLIDEAN PREDICTORS

BY ALEXANDER PETERSEN AND HANS-GEORG MULLER!
University of California, Santa Barbara and University of California, Davis

Increasingly, statisticians are faced with the task of analyzing complex
data that are non-Euclidean and specifically do not lie in a vector space. To
address the need for statistical methods for such data, we introduce the con-
cept of Fréchet regression. This is a general approach to regression when
responses are complex random objects in a metric space and predictors are in
RP, achieved by extending the classical concept of a Fréchet mean to the no-
tion of a conditional Fréchet mean. We develop generalized versions of both
global least squares regression and local weighted least squares smoothing.
The target quantities are appropriately defined population versions of global
and local regression for response objects in a metric space. We derive asymp-
totic rates of convergence for the corresponding fitted regressions using ob-
served data to the population targets under suitable regularity conditions by
applying empirical process methods. For the special case of random objects
that reside in a Hilbert space, such as regression models with vector pre-
dictors and functional data as responses, we obtain a limit distribution. The
proposed methods have broad applicability. Illustrative examples include re-
sponses that consist of probability distributions and correlation matrices, and
we demonstrate both global and local Fréchet regression for demographic and
brain imaging data. Local Fréchet regression is also illustrated via a simula-
tion with response data which lie on the sphere.
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DIVIDE AND CONQUER IN NONSTANDARD PROBLEMS AND

THE SUPER-EFFICIENCY PHENOMENON
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We study how the divide and conquer principle works in non-standard
problems where rates of convergence are typically slower than /n and limit
distributions are non-Gaussian, and provide a detailed treatment for a variety
of important and well-studied problems involving nonparametric estimation
of a monotone function. We find that for a fixed model, the pooled estima-
tor, obtained by averaging nonstandard estimates across mutually exclusive
subsamples, outperforms the nonstandard monotonicity-constrained (global)
estimator based on the entire sample in the sense of pointwise estimation of
the function. We also show that, under appropriate conditions, if the number
of subsamples is allowed to increase at appropriate rates, the pooled esti-
mator is asymptotically normally distributed with a variance that is empir-
ically estimable from the subsample-level estimates. Further, in the context
of monotone regression, we show that this gain in efficiency under a fixed
model comes at a price—the pooled estimator’s performance, in a uniform
sense (maximal risk) over a class of models worsens as the number of sub-
samples increases, leading to a version of the super-efficiency phenomenon.
In the process, we develop analytical results for the order of the bias in iso-
tonic regression, which are of independent interest.
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RANK VERIFICATION FOR EXPONENTIAL FAMILIES

BY KENNETH HUNG AND WILLIAM FITHIAN'
University of California, Berkeley

Many statistical experiments involve comparing multiple population
groups. For example, a public opinion poll may ask which of several political
candidates commands the most support; a social scientific survey may report
the most common of several responses to a question; or, a clinical trial may
compare binary patient outcomes under several treatment conditions to de-
termine the most effective treatment. Having observed the “winner” (largest
observed response) in a noisy experiment, it is natural to ask whether that
candidate, survey response or treatment is actually the “best” (stochastically
largest response). This article concerns the problem of rank verification—
post hoc significance tests of whether the orderings discovered in the data
reflect the population ranks. For exponential family models, we show under
mild conditions that an unadjusted two-tailed pairwise test comparing the
first two-order statistics (i.e., comparing the “winner” to the “runner-up”) is
a valid test of whether the winner is truly the best. We extend our analysis
to provide equally simple procedures to obtain lower confidence bounds on
the gap between the winning population and the others, and to verify ranks
beyond the first.
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SUB-GAUSSIAN ESTIMATORS OF THE MEAN
OF A RANDOM VECTOR
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We study the problem of estimating the mean of a random vector X given
asample of N independent, identically distributed points. We introduce a new
estimator that achieves a purely sub-Gaussian performance under the only
condition that the second moment of X exists. The estimator is based on a
novel concept of a multivariate median.
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COMBINATORIAL INFERENCE FOR GRAPHICAL MODELS
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We propose a new family of combinatorial inference problems for graph-
ical models. Unlike classical statistical inference where the main interest is
point estimation or parameter testing, combinatorial inference aims at test-
ing the global structure of the underlying graph. Examples include testing the
graph connectivity, the presence of a cycle of certain size, or the maximum
degree of the graph. To begin with, we study the information-theoretic limits
of a large family of combinatorial inference problems. We propose new con-
cepts including structural packing and buffer entropies to characterize how
the complexity of combinatorial graph structures impacts the corresponding
minimax lower bounds. On the other hand, we propose a family of novel and
practical structural testing algorithms to match the lower bounds. We provide
numerical results on both synthetic graphical models and brain networks to
illustrate the usefulness of these proposed methods.
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ESTIMATION AND PREDICTION USING GENERALIZED
WENDLAND COVARIANCE FUNCTIONS UNDER
FIXED DOMAIN ASYMPTOTICS

BY MORENO BEVILACQUA™ !4, TARIK FAOUZI', REINHARD FURRER*2 AND
EmiL10 Porcu$-I-3:4

Universidad de Valparaiso*, Uni\{ersidad del BioBio", University onurichi,
Newcastle University® and Universidad de Atacama'l

We study estimation and prediction of Gaussian random fields with co-
variance models belonging to the generalized Wendland (GW) class, under
fixed domain asymptotics. As for the Matérn case, this class allows for a con-
tinuous parameterization of smoothness of the underlying Gaussian random
field, being additionally compactly supported. The paper is divided into three
parts: first, we characterize the equivalence of two Gaussian measures with
GW covariance function, and we provide sufficient conditions for the equiv-
alence of two Gaussian measures with Matérn and GW covariance functions.
In the second part, we establish strong consistency and asymptotic distri-
bution of the maximum likelihood estimator of the microergodic parameter
associated to GW covariance model, under fixed domain asymptotics. The
third part elucidates the consequences of our results in terms of (misspec-
ified) best linear unbiased predictor, under fixed domain asymptotics. Our
findings are illustrated through a simulation study: the former compares the
finite sample behavior of the maximum likelihood estimation of the microer-
godic parameter with the given asymptotic distribution. The latter compares
the finite-sample behavior of the prediction and its associated mean square
error when using two equivalent Gaussian measures with Matérn and GW
covariance models, using covariance tapering as benchmark.
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CHEBYSHEV POLYNOMIALS, MOMENT MATCHING, AND
OPTIMAL ESTIMATION OF THE UNSEEN

BY YIHONG WU AND PENGKUN YANG
Yale University and University of lllinois at Urbana-Champaign

We consider the problem of estimating the support size of a discrete dis-
tribution whose minimum nonzero mass is at least % Under the independent
sampling model, we show that the sample complexity, that is, the minimal
sample size to achieve an additive error of ek with probability at least 0.1

is within universal constant factors of lo’; T log2 é, which improves the state-

of-the-art result of ﬁ in [In Advances in Neural Information Processing

Systems (2013) 2157-2165]. Similar characterization of the minimax risk is
also obtained. Our procedure is a linear estimator based on the Chebyshev
polynomial and its approximation-theoretic properties, which can be evalu-
ated in O (n + log2 k) time and attains the sample complexity within constant
factors. The superiority of the proposed estimator in terms of accuracy, com-
putational efficiency and scalability is demonstrated in a variety of synthetic
and real datasets.
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PARTIAL LEAST SQUARES PREDICTION IN
HIGH-DIMENSIONAL REGRESSION

BY R. DENNIS COOK AND LILIANA FORZANI

University of Minnesota and Facultad de Ingenieria Quimica, UNL,
Researcher of CONICET

We study the asymptotic behavior of predictions from partial least
squares (PLS) regression as the sample size and number of predictors diverge
in various alignments. We show that there is a range of regression scenarios
where PLS predictions have the usual root-n convergence rate, even when the
sample size is substantially smaller than the number of predictors, and an even
wider range where the rate is slower but may still produce practically use-
ful results. We show also that PLS predictions achieve their best asymptotic
behavior in abundant regressions where many predictors contribute informa-
tion about the response. Their asymptotic behavior tends to be undesirable
in sparse regressions where few predictors contribute information about the
response.
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SIGNAL ALIASING IN GAUSSIAN RANDOM FIELDS FOR
EXPERIMENTS WITH QUALITATIVE FACTORS
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Signal aliasing is an inevitable consequence of using fractional facto-
rial designs. Unlike linear models with fixed factorial effects, for Gaussian
random field models advocated in some Bayesian design and computer ex-
periment literature, the issue of signal aliasing has not received comparable
attention. In the present article, this issue is tackled for experiments with qual-
itative factors. The signals in a Gaussian random field can be characterized
by the random effects identified from the covariance function. The aliasing
severity of the signals is determined by two key elements: (i) the aliasing pat-
tern, which depends only on the chosen design, and (ii) the effect priority,
which is related to the variances of the random effects and depends on the
model parameters. We first apply this framework to study the signal-aliasing
problem for regular fractional factorial designs. For general factorial designs
including nonregular ones, we propose an aliasing severity index to quantify
the severity of signal aliasing. We also observe that the aliasing severity index
is highly correlated with the prediction variance.
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CROSS: EFFICIENT LOW-RANK TENSOR COMPLETION

BY ANRU ZHANG!
University of Wisconsin-Madison

The completion of tensors, or high-order arrays, attracts significant at-
tention in recent research. Current literature on tensor completion primar-
ily focuses on recovery from a set of uniformly randomly measured en-
tries, and the required number of measurements to achieve recovery is not
guaranteed to be optimal. In addition, the implementation of some previ-
ous methods are NP-hard. In this article, we propose a framework for low-
rank tensor completion via a novel tensor measurement scheme that we
name Cross. The proposed procedure is efficient and easy to implement.
In particular, we show that a third-order tensor of Tucker rank-(rq,ro,73)
in p1-by-py-by-p3 dimensional space can be recovered from as few as
rirars +ri(p1 —r1) +ra(pa — ) + r3(p3 — r3) noiseless measurements,
which matches the sample complexity lower bound. In the case of noisy mea-
surements, we also develop a theoretical upper bound and the matching min-
imax lower bound for recovery error over certain classes of low-rank tensors
for the proposed procedure. The results can be further extended to fourth or
higher-order tensors. Simulation studies show that the method performs well
under a variety of settings. Finally, the procedure is illustrated through a real
dataset in neuroimaging.

REFERENCES

AGARWAL, A., NEGAHBAN, S. and WAINWRIGHT, M. J. (2012). Noisy matrix decomposition via
convex relaxation: Optimal rates in high dimensions. Ann. Statist. 40 1171-1197. MR2985947
BARAK, B. and MOITRA, A. (2016). Noisy tensor completion via the sum-of-squares hierarchy. In
29th Annual Conference on Learning Theory 417-445.

BHOJANAPALLI, S. and SANGHAVI, S. (2015). A new sampling technique for tensors. Preprint.
Available at arXiv:1502.05023.

Cal, T., CAl, T. T. and ZHANG, A. (2016). Structured matrix completion with applications to
genomic data integration. J. Amer. Statist. Assoc. 111 621-633. MR3538692

Cal, T. T. and ZHOU, W.-X. (2016). Matrix completion via max-norm constrained optimization.
Electron. J. Stat. 10 1493-1525. MR3507371

CAIAFA, C. F. and CICHOCKI, A. (2010). Generalizing the column-row matrix decomposition to
multi-way arrays. Linear Algebra Appl. 433 557-573. MR2653820

CAIAFA, C. F. and CICHOCKI, A. (2015). Stable, robust, and super fast reconstruction of tensors
using multi-way projections. IEEE Trans. Signal Process. 63 780-793. MR3299461

CANDES, E. J. and PLAN, Y. (2011). Tight oracle inequalities for low-rank matrix recovery from
a minimal number of noisy random measurements. /[EEE Trans. Inform. Theory 57 2342-2359.
MR2809094

MSC2010 subject classifications. Primary 62H12; secondary 62C20.
Key words and phrases. Cross tensor measurement, denoising, minimax rate-optimal, neuroimag-
ing, tensor completion.


http://www.imstat.org/aos/
https://doi.org/10.1214/18-AOS1694
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2985947
http://arxiv.org/abs/arXiv:1502.05023
http://www.ams.org/mathscinet-getitem?mr=3538692
http://www.ams.org/mathscinet-getitem?mr=3507371
http://www.ams.org/mathscinet-getitem?mr=2653820
http://www.ams.org/mathscinet-getitem?mr=3299461
http://www.ams.org/mathscinet-getitem?mr=2809094
http://www.ams.org/mathscinet/msc/msc2010.html

CANDES, E. J. and TA0, T. (2010). The power of convex relaxation: Near-optimal matrix comple-
tion. IEEE Trans. Inform. Theory 56 2053-2080. MR2723472

CA0, Y. and XIE, Y. (2016). Poisson matrix recovery and completion. IEEE Trans. Signal Process.
64 1609-1620. MR3548877

CAO, Y., ZHANG, A. and LI, H. (2017). Multi-sample Estimation of Bacterial Composition Matrix
in Metagenomics Data. Preprint. Available at arXiv:1706.02380.

GANDY, S., RECHT, B. and YAMADA, I. (2011). Tensor completion and low-n-rank tensor recovery
via convex optimization. Inverse Probl. 27 025010. MR2765628

GUHANIYOGI, R., QAMAR, S. and DUNSON, D. B. (2017). Bayesian tensor regression. J. Mach.
Learn. Res. 18 79. MR3714242

HILLAR, C. J. and LiM, L.-H. (2013). Most tensor problems are NP-hard. J. ACM 60 45.
MR3144915

JAIN, P. and OH, S. (2014). Provable tensor factorization with missing data. In Advances in Neural
Information Processing Systems 1 1431-1439. MIT Press, Cambridge, MA.
JIANG, X., RASKUTTI, G. and WILLETT, R. (2015). Minimax optimal rates for Poisson inverse
problems with physical constraints. IEEE Trans. Inform. Theory 61 4458-4474. MR3372365
JOHNDROW, J. E., BHATTACHARYA, A. and DUNSON, D. B. (2017). Tensor decompositions and
sparse log-linear models. Ann. Statist. 45 1-38. MR3611485

KARATZOGLOU, A., AMATRIAIN, X., BALTRUNAS, L. and OLIVER, N. (2010). Multiverse recom-
mendation: N-dimensional tensor factorization for context-aware collaborative filtering. In Pro-
ceedings of the Fourth ACM Conference on Recommender Systems 79-86. ACM, New York.

KESHAVAN, R. H., MONTANARI, A. and OH, S. (2010). Matrix completion from a few entries.
IEEE Trans. Inform. Theory 56 2980-2998. MR2683452

KLoPP, O. (2014). Noisy low-rank matrix completion with general sampling distribution. Bernoulli
20 282-303. MR3160583

KoLpA, T. G. and BADER, B. W. (2009). Tensor decompositions and applications. SIAM Rev. 51
455-500. MR2535056

KOLTCHINSKII, V., LOUNICI, K. and TSYBAKOV, A. B. (2011). Nuclear-norm penalization and
optimal rates for noisy low-rank matrix completion. Ann. Statist. 39 2302-2329. MR2906869

KRESSNER, D., STEINLECHNER, M. and VANDEREYCKEN, B. (2014). Low-rank tensor comple-
tion by Riemannian optimization. BIT 54 447-468. MR3223510

KRISHNAMURTHY, A. and SINGH, A. (2013). Low-rank matrix and tensor completion via adaptive
sampling. In Advances in Neural Information Processing Systems 836—844.

L1, N. and L1, B. (2010). Tensor completion for on-board compression of hyperspectral images. In
2010 IEEE International Conference on Image Processing 517-520. IEEE, New York.

L1, L. and ZHANG, X. (2017). Parsimonious tensor response regression. J. Amer. Statist. Assoc. 112
1131-1146. MR3735365

L1, X., ZHoU, H. and L1, L. (2013). Tucker tensor regression and neuroimaging analysis. Preprint.
Available at arXiv:1304.5637.

L1, L., CHEN, Z., WANG, G., CHU, J. and GAO, H. (2014). A tensor PRISM algorithm for multi-
energy CT reconstruction and comparative studies. J. X-Ray Sci. Technol. 22 147-163.

L1u, J., MUSIALSKI, P., WONKA, P. and YE, J. (2013). Tensor completion for estimating missing
values in visual data. IEEE Trans. Pattern Anal. Mach. Intell. 35 208-220.

MAHONEY, M. W., MAGGIONI, M. and DRINEAS, P. (2008). Tensor-CUR decompositions for
tensor-based data. SIAM J. Matrix Anal. Appl. 30 957-987. MR2447438

Mu, C., HUANG, B., WRIGHT, J. and GOLDFARB, D. (2014). Square deal: Lower bounds and
improved relaxations for tensor recovery. In ICML 73-81.

NEGAHBAN, S. and WAINWRIGHT, M. J. (2011). Estimation of (near) low-rank matrices with noise
and high-dimensional scaling. Ann. Statist. 39 1069-1097. MR2816348

NEGAHBAN, S. and WAINWRIGHT, M. J. (2012). Restricted strong convexity and weighted matrix
completion: Optimal bounds with noise. J. Mach. Learn. Res. 13 1665-1697. MR2930649


http://www.ams.org/mathscinet-getitem?mr=2723472
http://www.ams.org/mathscinet-getitem?mr=3548877
http://arxiv.org/abs/arXiv:1706.02380
http://www.ams.org/mathscinet-getitem?mr=2765628
http://www.ams.org/mathscinet-getitem?mr=3714242
http://www.ams.org/mathscinet-getitem?mr=3144915
http://www.ams.org/mathscinet-getitem?mr=3372365
http://www.ams.org/mathscinet-getitem?mr=3611485
http://www.ams.org/mathscinet-getitem?mr=2683452
http://www.ams.org/mathscinet-getitem?mr=3160583
http://www.ams.org/mathscinet-getitem?mr=2535056
http://www.ams.org/mathscinet-getitem?mr=2906869
http://www.ams.org/mathscinet-getitem?mr=3223510
http://www.ams.org/mathscinet-getitem?mr=3735365
http://arxiv.org/abs/arXiv:1304.5637
http://www.ams.org/mathscinet-getitem?mr=2447438
http://www.ams.org/mathscinet-getitem?mr=2816348
http://www.ams.org/mathscinet-getitem?mr=2930649

NowaK, R. D. and KoLACzYK, E. D. (2000). A statistical multiscale framework for Poisson in-
verse problems. IEEE Trans. Inform. Theory 46 1811-1825. MR1790322

OSELEDETS, 1. V., SAVOSTIANOV, D. V. and TYRTYSHNIKOV, E. E. (2008). Tucker dimensionality
reduction of three-dimensional arrays in linear time. SIAM J. Matrix Anal. Appl. 30 939-956.
MR2447437

OSELEDETS, I. V. and TYRTYSHNIKOV, E. E. (2009). Breaking the curse of dimensionality, or how
to use SVD in many dimensions. STAM J. Sci. Comput. 31 3744-3759. MR2556560

PIMENTEL-ALARCON, D. L., BOSTON, N. and NOWAK, R. D. (2016). A characterization of de-
terministic sampling patterns for low-rank matrix completion. /EEE J. Sel. Top. Signal Process.
10 623-636.

RASKUTTI, G., YUAN, M. and CHEN, H. (2017). Convex regularization for high-dimensional multi-
response tensor regression. Preprint. Available at arXiv:1512.01215v2.

RAUHUT, H., SCHNEIDER, R. and STOJANAC, Z. (2017). Low rank tensor recovery via iterative
hard thresholding. Linear Algebra Appl. 523 220-262. MR3624675

RECHT, B. (2011). A simpler approach to matrix completion. J. Mach. Learn. Res. 12 3413-3430.
MR2877360

RENDLE, S. and SCHMIDT-THIEME, L. (2010). Pairwise interaction tensor factorization for person-
alized tag recommendation. In Proceedings of the Third ACM International Conference on Web
Search and Data Mining 81-90. ACM, New York.

RICHARD, E. and MONTANARI, A. (2014). A statistical model for tensor PCA. In Advances in
Neural Information Processing Systems 2897-2905.

ROHDE, A. and TSYBAKOV, A. B. (2011). Estimation of high-dimensional low-rank matrices. Ann.
Statist. 39 887-930. MR2816342

RUDELSON, M. and VERSHYNIN, R. (2007). Sampling from large matrices: An approach through
geometric functional analysis. J. ACM 54 21. MR2351844

SEMERCI, O., HAO, N., KILMER, M. E. and MILLER, E. L. (2014). Tensor-based formulation and
nuclear norm regularization for multienergy computed tomography. IEEE Trans. Image Process.
23 1678-1693. MR3191324

SHAH, P., RA0, N. and TANG, G. (2015). Optimal low-rank tensor recovery from separable mea-
surements: Four contractions suffice. Preprint. Available at arXiv:1505.04085.

SREBRO, N. and SHRAIBMAN, A. (2005). Rank, trace-norm and max-norm. In Learning Theory.
Lecture Notes in Computer Science 3559 545-560. Springer, Berlin. MR2203286

SUN, W. W. and L1, L. (2016). Sparse low-rank tensor response regression. Preprint. Available at
arXiv:1609.04523.

SUN, W. W., Lu, J., L1U, H. and CHENG, G. (2017). Provable sparse tensor decomposition. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 79 899-916. MR3641413

TUCKER, L. R. (1966). Some mathematical notes on three-mode factor analysis. Psychometrika 31
279-311. MR0205395

WAGNER, A. and ZUK, O. (2015). Low-rank matrix recovery from row-and-column affine measure-
ments. In Proceedings of the 32nd International Conference on Machine Learning (ICML-15)
2012-2020.

WANG, Y. and SINGH, A. (2015). Provably correct algorithms for matrix column subset selection
with selectively sampled data. Preprint. Available at arXiv:1505.04343.

WETZSTEIN, G., LANMAN, D., HIRSCH, M. and RASKAR, R. (2012). Tensor displays: Compres-
sive light field synthesis using multilayer displays with directional backlighting.

YUAN, M. and ZHANG, C.-H. (2016). On tensor completion via nuclear norm minimization. Found.
Comput. Math. 16 1031-1068. MR3529132

YUAN, M. and ZHANG, C.-H. (2017). Incoherent tensor norms and their applications in higher
order tensor completion. /IEEE Trans. Inform. Theory 63 6753—6766. MR3707566

ZHANG, A. (2019). Supplement to “Cross: Efficient low-rank tensor completion.” DOI:10.1214/
18-A0S1694SUPP.


http://www.ams.org/mathscinet-getitem?mr=1790322
http://www.ams.org/mathscinet-getitem?mr=2447437
http://www.ams.org/mathscinet-getitem?mr=2556560
http://arxiv.org/abs/arXiv:1512.01215v2
http://www.ams.org/mathscinet-getitem?mr=3624675
http://www.ams.org/mathscinet-getitem?mr=2877360
http://www.ams.org/mathscinet-getitem?mr=2816342
http://www.ams.org/mathscinet-getitem?mr=2351844
http://www.ams.org/mathscinet-getitem?mr=3191324
http://arxiv.org/abs/arXiv:1505.04085
http://www.ams.org/mathscinet-getitem?mr=2203286
http://arxiv.org/abs/arXiv:1609.04523
http://www.ams.org/mathscinet-getitem?mr=3641413
http://www.ams.org/mathscinet-getitem?mr=0205395
http://arxiv.org/abs/arXiv:1505.04343
http://www.ams.org/mathscinet-getitem?mr=3529132
http://www.ams.org/mathscinet-getitem?mr=3707566
https://doi.org/10.1214/18-AOS1694SUPP
https://doi.org/10.1214/18-AOS1694SUPP

ZHANG, A. and XIA, D. (2017). Tensor SVD: Statistical and computational limits. IEEE Trans.
Inform. Theory 64 7311-7338.

ZHoU, H., L1, L. and ZHU, H. (2013). Tensor regression with applications in neuroimaging data
analysis. J. Amer. Statist. Assoc. 108 540-552. MR3174640


http://www.ams.org/mathscinet-getitem?mr=3174640

The Annals of Statistics

2019, Vol. 47, No. 2, 965-993
https://doi.org/10.1214/18-A0S 1698

© Institute of Mathematical Statistics, 2019

(1]
(2]

(3]

(4]
(5]
(6]
(7]

COVARIATE BALANCING PROPENSITY SCORE
BY TAILORED LOSS FUNCTIONS'

BY QINGYUAN ZHAO
University of Pennsylvania

In observational studies, propensity scores are commonly estimated by
maximum likelihood but may fail to balance high-dimensional pretreatment
covariates even after specification search. We introduce a general framework
that unifies and generalizes several recent proposals to improve covariate
balance when designing an observational study. Instead of the likelihood
function, we propose to optimize special loss functions—covariate balancing
scoring rules (CBSR)—to estimate the propensity score. A CBSR is uniquely
determined by the link function in the GLM and the estimand (a weighted av-
erage treatment effect). We show CBSR does not lose asymptotic efficiency
in estimating the weighted average treatment effect compared to the Bernoulli
likelihood, but CBSR is much more robust in finite samples. Borrowing tools
developed in statistical learning, we propose practical strategies to balance
covariate functions in rich function classes. This is useful to estimate the
maximum bias of the inverse probability weighting (IPW) estimators and
construct honest confidence intervals in finite samples. Lastly, we provide
several numerical examples to demonstrate the tradeoff of bias and variance
in the IPW-type estimators and the tradeoff in balancing different function
classes of the covariates.
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CONES: GENERALIZED LIKELIHOOD RATIO TESTS
AND MINIMAX RADII

BY YUTING WEI, MARTIN J. WAINWRIGHT! AND
ADITYANAND GUNTUBOYINAZ

University of California, Berkeley

We consider a compound testing problem within the Gaussian sequence
model in which the null and alternative are specified by a pair of closed, con-
vex cones. Such cone testing problem arises in various applications, including
detection of treatment effects, trend detection in econometrics, signal detec-
tion in radar processing and shape-constrained inference in nonparametric
statistics. We provide a sharp characterization of the GLRT testing radius up
to a universal multiplicative constant in terms of the geometric structure of the
underlying convex cones. When applied to concrete examples, this result re-
veals some interesting phenomena that do not arise in the analogous problems
of estimation under convex constraints. In particular, in contrast to estimation
error, the testing error no longer depends purely on the problem complexity
via a volume-based measure (such as metric entropy or Gaussian complex-
ity); other geometric properties of the cones also play an important role. In
order to address the issue of optimality, we prove information-theoretic lower
bounds for the minimax testing radius again in terms of geometric quanti-
ties. Our general theorems are illustrated by examples including the cases of
monotone and orthant cones, and involve some results of independent inter-
est.
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NONPARAMETRIC IMPLIED LEVY DENSITIES!

BY LIKUAN QIN AND VIKTOR TODOROV
Northwestern University

This paper develops a nonparametric estimator for the Lévy density of
an asset price, following an It semimartingale, implied by short-maturity
options. The asymptotic setup is one in which the time to maturity of the
available options decreases, the mesh of the available strike grid shrinks and
the strike range expands. The estimation is based on aggregating the ob-
served option data into nonparametric estimates of the conditional charac-
teristic function of the return distribution, the derivatives of which allow to
infer the Fourier transform of a known transform of the Lévy density in a
way which is robust to the level of the unknown diffusive volatility of the as-
set price. The Lévy density estimate is then constructed via Fourier inversion.
We derive an asymptotic bound for the integrated squared error of the esti-
mator in the general case as well as its probability limit in the special Lévy
case. We further show rate optimality of our Lévy density estimator in a min-
imax sense. An empirical application to market index options reveals relative
stability of the left tail decay during high and low volatility periods.
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ON MODEL SELECTION FROM A FINITE FAMILY OF POSSIBLY
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of Electronic Science & Technology* and London School of Economics®

Consider finite parametric time series models. “I have n observations and
k models, which model should I choose on the basis of the data alone” is a
frequently asked question in many practical situations. This poses the key
problem of selecting a model from a collection of candidate models, none of
which is necessarily the true data generating process (DGP). Although exist-
ing literature on model selection is vast, there is a serious lacuna in that the
above problem does not seem to have received much attention. In fact, exist-
ing model selection criteria have avoided addressing the above problem di-
rectly, either by assuming that the true DGP is included among the candidate
models and aiming at choosing this DGP, or by assuming that the true DGP
can be asymptotically approximated by an increasing sequence of candidate
models and aiming at choosing the candidate having the best predictive capa-
bility in some asymptotic sense. In this article, we propose a misspecification-
resistant information criterion (MRIC) to address the key problem directly.
We first prove the asymptotic efficiency of MRIC whether the true DGP is
among the candidates or not, within the fixed-dimensional framework. We
then extend this result to the high-dimensional case in which the number of
candidate variables is much larger than the sample size. In particular, we show
that MRIC can be used in conjunction with a high-dimensional model selec-
tion method to select the (asymptotically) best predictive model across several
high-dimensional misspecified time series models.
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ESTIMATING THE ALGORITHMIC VARIANCE OF RANDOMIZED
ENSEMBLES VIA THE BOOTSTRAP'

By MILES E. LOPES
University of California, Davis

Although the methods of bagging and random forests are some of the
most widely used prediction methods, relatively little is known about their
algorithmic convergence. In particular, there are not many theoretical guar-
antees for deciding when an ensemble is “large enough”—so that its accu-
racy is close to that of an ideal infinite ensemble. Due to the fact that bagging
and random forests are randomized algorithms, the choice of ensemble size
is closely related to the notion of “algorithmic variance” (i.e., the variance
of prediction error due only to the training algorithm). In the present work,
we propose a bootstrap method to estimate this variance for bagging, random
forests and related methods in the context of classification. To be specific,
suppose the training dataset is fixed, and let the random variable ERR; de-
note the prediction error of a randomized ensemble of size . Working under
a “first-order model” for randomized ensembles, we prove that the centered
law of ERR; can be consistently approximated via the proposed method as
t — o0o. Meanwhile, the computational cost of the method is quite modest,
by virtue of an extrapolation technique. As a consequence, the method offers
a practical guideline for deciding when the algorithmic fluctuations of ERR;
are negligible.
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EFFICIENT NONPARAMETRIC BAYESIAN INFERENCE FOR
X-RAY TRANSFORMS

BY FRANCOIS MONARD*!, RICHARD NICKL"2 AND
GABRIEL P. PATERNAINT3

University of California, Santa Cruz* and University of Cambridge’

We consider the statistical inverse problem of recovering a function
f: M — R, where M is a smooth compact Riemannian manifold with
boundary, from measurements of general X-ray transforms I, (f) of f, cor-
rupted by additive Gaussian noise. For M equal to the unit disk with “flat”
geometry and a = O this reduces to the standard Radon transform, but our
general setting allows for anisotropic media M and can further model lo-
cal “attenuation” effects—both highly relevant in practical imaging problems
such as SPECT tomography. We study a nonparametric Bayesian inference
method based on standard Gaussian process priors for f. The posterior recon-
struction of f corresponds to a Tikhonov regulariser with a reproducing ker-
nel Hilbert space norm penalty that does not require the calculation of the sin-
gular value decomposition of the forward operator /,. We prove Bernstein—
von Mises theorems for a large family of one-dimensional linear functionals
of f, and they entail that posterior-based inferences such as credible sets
are valid and optimal from a frequentist point of view. In particular we de-
rive the asymptotic distribution of smooth linear functionals of the Tikhonov
regulariser, which attains the semiparametric information lower bound. The
proofs rely on an invertibility result for the “Fisher information™ operator
I*I, between suitable function spaces, a result of independent interest that
relies on techniques from microlocal analysis. We illustrate the performance
of the proposed method via simulations in various settings.
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GENERALIZED RANDOM FORESTS
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We propose generalized random forests, a method for nonparametric sta-
tistical estimation based on random forests (Breiman [Mach. Learn. 45 (2001)
5-32]) that can be used to fit any quantity of interest identified as the solution
to a set of local moment equations. Following the literature on local maxi-
mum likelihood estimation, our method considers a weighted set of nearby
training examples; however, instead of using classical kernel weighting func-
tions that are prone to a strong curse of dimensionality, we use an adaptive
weighting function derived from a forest designed to express heterogeneity
in the specified quantity of interest. We propose a flexible, computationally
efficient algorithm for growing generalized random forests, develop a large
sample theory for our method showing that our estimates are consistent and
asymptotically Gaussian and provide an estimator for their asymptotic vari-
ance that enables valid confidence intervals. We use our approach to develop
new methods for three statistical tasks: nonparametric quantile regression,
conditional average partial effect estimation and heterogeneous treatment ef-
fect estimation via instrumental variables. A software implementation, gr £
for R and C++, is available from CRAN.
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A CLASSIFICATION CRITERION FOR DEFINITIVE
SCREENING DESIGNS
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A conference design is a rectangular matrix with orthogonal columns,
one zero in each column, at most one zero in each row and —1’s and +1’s
elsewhere. A definitive screening design can be constructed by folding over
a conference design and adding a row vector of zeroes. We prove that, for
a given even number of rows, there is just one isomorphism class for con-
ference designs with two or three columns. Next, we derive all isomorphism
classes for conference designs with four columns. Based on our results, we
propose a classification criterion for definitive screening designs founded on
projections into four factors. We illustrate the potential of the criterion by
studying designs with 24 and 82 factors.
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challenges of data have grown, and computational tools have made
substantial progress. This comprehensive treatment, blending
theory and practice, will be the standard resource for statisticians
and applied researchers. Assuming only basic knowledge of (non-
measure-theoretic) probability and statistical inference, the book
is accessible to the wide range of researchers who use statistical
modelling techniques. Guiding readers through the main concepts
and results, it covers both the probability and the statistics sides
of the subject, in the univariate and multivariate settings. The
theoretical development is complemented by numerousillustrations
and applications to a range of fields including quantitative finance,
medical statistics, environmental risk studies, and industrial and
business efficiency.

The author’s freely available R package sn, available from CRAN,
equips readers to put the methods into action with their own data.

Cambridge University Press, in conjunction with the Institute of Mathematical Statistics,
established the IMS Monographs and IMS Textbooks series of high-quality books. The Series
Editors are Xiao-Li Meng, Susan Holmes, Ben Hambly, D. R. Cox and Alan Agresti.



