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APPROXIMATING FACES OF MARGINAL POLYTOPES IN
DISCRETE HIERARCHICAL MODELS

BY NANWEI WANG∗, JOHANNES RAUH∗,† AND HÉLÈNE MASSAM∗,1

York University∗ and Max Planck Institute for Mathematics in the Sciences†

The existence of the maximum likelihood estimate in a hierarchical log-
linear model is crucial to the reliability of inference for this model. Determin-
ing whether the estimate exists is equivalent to finding whether the sufficient
statistics vector t belongs to the boundary of the marginal polytope of the
model. The dimension of the smallest face Ft containing t determines the
dimension of the reduced model which should be considered for correct in-
ference. For higher-dimensional problems, it is not possible to compute Ft

exactly. Massam and Wang (2015) found an outer approximation to Ft us-
ing a collection of submodels of the original model. This paper refines the
methodology to find an outer approximation and devises a new methodology
to find an inner approximation. The inner approximation is given not in terms
of a face of the marginal polytope, but in terms of a subset of the vertices
of Ft .

Knowing Ft exactly indicates which cell probabilities have maximum
likelihood estimates equal to 0. When Ft cannot be obtained exactly, we can
use, first, the outer approximation F2 to reduce the dimension of the prob-
lem and then the inner approximation F1 to obtain correct estimates of cell
probabilities corresponding to elements of F1 and improve the estimates of
the remaining probabilities corresponding to elements in F2 \ F1. Using both
real-world and simulated data, we illustrate our results, and show that our
methodology scales to high dimensions.
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CHIME: CLUSTERING OF HIGH-DIMENSIONAL GAUSSIAN
MIXTURES WITH EM ALGORITHM AND ITS OPTIMALITY1

BY T. TONY CAI, JING MA AND LINJUN ZHANG

University of Pennsylvania

Unsupervised learning is an important problem in statistics and machine
learning with a wide range of applications. In this paper, we study cluster-
ing of high-dimensional Gaussian mixtures and propose a procedure, called
CHIME, that is based on the EM algorithm and a direct estimation method
for the sparse discriminant vector. Both theoretical and numerical properties
of CHIME are investigated. We establish the optimal rate of convergence for
the excess misclustering error and show that CHIME is minimax rate opti-
mal. In addition, the optimality of the proposed estimator of the discriminant
vector is also established. Simulation studies show that CHIME outperforms
the existing methods under a variety of settings. The proposed CHIME pro-
cedure is also illustrated in an analysis of a glioblastoma gene expression data
set and shown to have superior performance.

Clustering of Gaussian mixtures in the conventional low-dimensional
setting is also considered. The technical tools developed for the high-
dimensional setting are used to establish the optimality of the clustering pro-
cedure that is based on the classical EM algorithm.
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EXPONENTIAL ERGODICITY OF THE BOUNCY PARTICLE
SAMPLER

BY GEORGE DELIGIANNIDIS∗, ALEXANDRE BOUCHARD-CÔTÉ†,1 AND

ARNAUD DOUCET∗,2

University of Oxford∗ and University of British Columbia†

Nonreversible Markov chain Monte Carlo schemes based on piecewise
deterministic Markov processes have been recently introduced in applied
probability, automatic control, physics and statistics. Although these algo-
rithms demonstrate experimentally good performance and are accordingly in-
creasingly used in a wide range of applications, geometric ergodicity results
for such schemes have only been established so far under very restrictive as-
sumptions. We give here verifiable conditions on the target distribution under
which the Bouncy Particle Sampler algorithm introduced in [Phys. Rev. E 85
(2012) 026703, 1671–1691] is geometrically ergodic and we provide a cen-
tral limit theorem for the associated ergodic averages. This holds essentially
whenever the target satisfies a curvature condition and the growth of the neg-
ative logarithm of the target is at least linear and at most quadratic. For target
distributions with thinner tails, we propose an original modification of this
scheme that is geometrically ergodic. For targets with thicker tails, we extend
the idea pioneered in [Ann. Statist. 40 (2012) 3050–3076] in a random walk
Metropolis context. We establish geometric ergodicity of the Bouncy Particle
Sampler with respect to an appropriate transformation of the target. Mapping
the resulting process back to the original parameterization, we obtain a geo-
metrically ergodic piecewise deterministic Markov process.
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THE ZIG-ZAG PROCESS AND SUPER-EFFICIENT SAMPLING FOR
BAYESIAN ANALYSIS OF BIG DATA1

BY JORIS BIERKENS, PAUL FEARNHEAD AND GARETH ROBERTS

Delft University of Technology, Lancaster University and University of Warwick

Standard MCMC methods can scale poorly to big data settings due to the
need to evaluate the likelihood at each iteration. There have been a number
of approximate MCMC algorithms that use sub-sampling ideas to reduce this
computational burden, but with the drawback that these algorithms no longer
target the true posterior distribution. We introduce a new family of Monte
Carlo methods based upon a multidimensional version of the Zig-Zag process
of [Ann. Appl. Probab. 27 (2017) 846–882], a continuous-time piecewise de-
terministic Markov process. While traditional MCMC methods are reversible
by construction (a property which is known to inhibit rapid convergence) the
Zig-Zag process offers a flexible nonreversible alternative which we observe
to often have favourable convergence properties. We show how the Zig-Zag
process can be simulated without discretisation error, and give conditions for
the process to be ergodic. Most importantly, we introduce a sub-sampling
version of the Zig-Zag process that is an example of an exact approximate
scheme, that is, the resulting approximate process still has the posterior as
its stationary distribution. Furthermore, if we use a control-variate idea to re-
duce the variance of our unbiased estimator, then the Zig-Zag process can
be super-efficient: after an initial preprocessing step, essentially independent
samples from the posterior distribution are obtained at a computational cost
which does not depend on the size of the data.
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ESTIMATION OF LARGE COVARIANCE AND PRECISION
MATRICES FROM TEMPORALLY DEPENDENT OBSERVATIONS

BY HAI SHU1 AND BIN NAN1

University of Michigan and University of California, Irvine

We consider the estimation of large covariance and precision matri-
ces from high-dimensional sub-Gaussian or heavier-tailed observations with
slowly decaying temporal dependence. The temporal dependence is allowed
to be long-range so with longer memory than those considered in the current
literature. We show that several commonly used methods for independent
observations can be applied to the temporally dependent data. In particular,
the rates of convergence are obtained for the generalized thresholding es-
timation of covariance and correlation matrices, and for the constrained �1
minimization and the �1 penalized likelihood estimation of precision matrix.
Properties of sparsistency and sign-consistency are also established. A gap-
block cross-validation method is proposed for the tuning parameter selection,
which performs well in simulations. As a motivating example, we study the
brain functional connectivity using resting-state fMRI time series data with
long-range temporal dependence.
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BOOTSTRAP TUNING IN GAUSSIAN ORDERED MODEL
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BY VLADIMIR SPOKOINY∗,†,‡,§,¶ AND NIKLAS WILLRICH∗
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The paper focuses on the problem of model selection in linear Gaussian
regression with unknown possibly inhomogeneous noise. For a given fam-
ily of linear estimators {˜θm,m ∈ M}, ordered by their variance, we offer a
new “smallest accepted” approach motivated by Lepski’s device and the mul-
tiple testing idea. The procedure selects the smallest model which satisfies
the acceptance rule based on comparison with all larger models. The method
is completely data-driven and does not use any prior information about the
variance structure of the noise: its parameters are adjusted to the underlying
possibly heterogeneous noise by the so-called “propagation condition” using
a wild bootstrap method. The validity of the bootstrap calibration is proved
for finite samples with an explicit error bound. We provide a comprehensive
theoretical study of the method, describe in details the set of possible values
of the selected model m̂ ∈ M and establish some oracle error bounds for the
corresponding estimator ̂θ =˜θ m̂.
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LEPSKIĬ, O. V. (1991). Asymptotically minimax adaptive estimation. I. Upper bounds. Optimally
adaptive estimates. Teor. Veroyatn. Primen. 36 645–659. MR1147167
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SEQUENTIAL CHANGE-POINT DETECTION BASED ON
NEAREST NEIGHBORS

BY HAO CHEN1

University of California, Davis

We propose a new framework for the detection of change-points in on-
line, sequential data analysis. The approach utilizes nearest neighbor infor-
mation and can be applied to sequences of multivariate observations or non-
Euclidean data objects, such as network data. Different stopping rules are
explored, and one specific rule is recommended due to its desirable proper-
ties. An accurate analytic approximation of the average run length is derived
for the recommended rule, making it an easy off-the-shelf approach for real
multivariate/object sequential data monitoring applications. Simulations re-
veal that the new approach has better performance than likelihood-based ap-
proaches for high dimensional data. The new approach is illustrated through
a real dataset in detecting global structural changes in social networks.
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PREDICTION WHEN FITTING SIMPLE MODELS TO
HIGH-DIMENSIONAL DATA1

BY LUKAS STEINBERGER AND HANNES LEEB
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We study linear subset regression in the context of a high-dimensional
linear model. Consider y = ϑ + θ ′z + ε with univariate response y and a d-
vector of random regressors z, and a submodel where y is regressed on a set of
p explanatory variables that are given by x = M ′z, for some d ×p matrix M .
Here, “high-dimensional” means that the number d of available explanatory
variables in the overall model is much larger than the number p of variables in
the submodel. In this paper, we present Pinsker-type results for prediction of
y given x. In particular, we show that the mean squared prediction error of the
best linear predictor of y given x is close to the mean squared prediction error
of the corresponding Bayes predictor E[y‖x], provided only that p/ logd is
small. We also show that the mean squared prediction error of the (feasible)
least-squares predictor computed from n independent observations of (y, x)

is close to that of the Bayes predictor, provided only that both p/ logd and
p/n are small. Our results hold uniformly in the regression parameters and
over large collections of distributions for the design variables z.

REFERENCES

ABADIE, A., IMBENS, G. W. and ZHENG, F. (2014). Inference for misspecified models with fixed
regressors. J. Amer. Statist. Assoc. 109 1601–1614. MR3293613

BACHOC, F., LEEB, H. and PÖTSCHER, B. M. (2015). Valid confidence intervals for post-model-
selection prediction. Arxiv preprint. Available at arXiv:1412.4605.

BERAN, R. and DÜMBGEN, L. (1998). Modulation of estimators and confidence sets. Ann. Statist.
26 1826–1856. MR1673280

BERK, R., BROWN, L., BUJA, A., ZHANG, K. and ZHAO, L. (2013). Valid post-selection inference.
Ann. Statist. 41 802–837. MR3099122

BRANNATH, W. and SCHARPENBERG, M. (2014). Interpretation of linear regression coefficients
under mean model miss-specification. Arxiv preprint. Available at arXiv:1409.8544.

BÜHLMANN, P. and VAN DE GEER, S. (2011). Statistics for High-Dimensional Data: Methods,
Theory and Applications. Springer Series in Statistics. Springer, Heidelberg. MR2807761

BUJA, A. R., BROWN, L. D., GEORGE, E., PITKIN, E., TRASKIN, M., ZHAN, K. and ZHAO, L.
(2014). A conspiracy of random predictors and model violations against classical inference in
regression. Arxiv preprint. Available at arXiv:1404.1578.

DIACONIS, P. and FREEDMAN, D. (1984). Asymptotics of graphical projection pursuit. Ann. Statist.
12 793–815. MR0751274

DÜMBGEN, L. and DEL CONTE-ZERIAL, P. (2013). On low-dimensional projections of high-
dimensional distributions. In From Probability to Statistics and Back: High-Dimensional Models
and Processes. Inst. Math. Stat. (IMS) Collect. 9 91–104. IMS, Beachwood, OH. MR3186751

MSC2010 subject classifications. Primary 62H99; secondary 62F99, 62G99.
Key words and phrases. Pinsker theorem, best linear predictor, Bayes predictor, linear subset re-

gression, non-Gaussian data, high-dimensional models, small sample size.

http://www.imstat.org/aos/
https://doi.org/10.1214/18-AOS1719
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3293613
http://arxiv.org/abs/arXiv:1412.4605
http://www.ams.org/mathscinet-getitem?mr=1673280
http://www.ams.org/mathscinet-getitem?mr=3099122
http://arxiv.org/abs/arXiv:1409.8544
http://www.ams.org/mathscinet-getitem?mr=2807761
http://arxiv.org/abs/arXiv:1404.1578
http://www.ams.org/mathscinet-getitem?mr=0751274
http://www.ams.org/mathscinet-getitem?mr=3186751
http://www.ams.org/mathscinet/msc/msc2010.html


EATON, M. L. (1986). A characterization of spherical distributions. J. Multivariate Anal. 20 272–
276. MR0866075

EL KAROUI, N. (2010). The spectrum of kernel random matrices. Ann. Statist. 38 1–50. MR2589315
GREENSHTEIN, E. and RITOV, Y. (2004). Persistence in high-dimensional linear predictor selection

and the virtue of overparametrization. Bernoulli 10 971–988. MR2108039
HALL, P. and LI, K.-C. (1993). On almost linearity of low-dimensional projections from high-

dimensional data. Ann. Statist. 21 867–889. MR1232523
HUBER, P. J. (1967). The behavior of maximum likelihood estimates under nonstandard conditions.

In Proc. Fifth Berkeley Sympos. Math. Statist. and Probability (Berkeley, Calif., 1965/66), Vol. I:
Statistics 221–233. Univ. California Press, Berkeley, CA. MR0216620

LEE, J. D., SUN, D. L., SUN, Y. and TAYLOR, J. E. (2016). Exact post-selection inference, with
application to the lasso. Ann. Statist. 44 907–927. MR3485948

LEEB, H. (2008). Evaluation and selection of models for out-of-sample prediction when the sample
size is small relative to the complexity of the data-generating process. Bernoulli 14 661–690.
MR2537807

LEEB, H. (2009). Conditional predictive inference post model selection. Ann. Statist. 37 2838–2876.
MR2541449

LEEB, H. (2013). On the conditional distributions of low-dimensional projections from high-
dimensional data. Ann. Statist. 41 464–483. MR3099110

LEEB, H., PÖTSCHER, B. M. and EWALD, K. (2015). On various confidence intervals post-model-
selection. Statist. Sci. 30 216–227. MR3353104

PINSKER, M. S. (1980). Optimal filtration of square-integrable signals in Gaussian noise. Probl. Inf.
Transm. 16 120–133. MR0624591

ROSENTHAL, H. P. (1970). On the subspaces of Lp (p > 2) spanned by sequences of independent
random variables. Israel J. Math. 8 273–303. MR0271721

SRIVASTAVA, N. and VERSHYNIN, R. (2013). Covariance estimation for distributions with 2 + ε

moments. Ann. Probab. 41 3081–3111. MR3127875
STEINBERGER, L. (2015). Statistical inference in high-dimensional linear regression based on sim-

ple working models. Ph.D. thesis, Univ. Vienna.
STEINBERGER, L. and LEEB, H. (2018). On conditional moments of high-dimensional random

vectors given lower-dimensional projections. Bernoulli 24 565–591. MR3706769
TAYLOR, J., LOCKHART, R., TIBSHIRANI, R. J. and TIBSHIRANI, R. (2014). Exact post-

selection inference for forward stepwise least angle regression. Arxiv preprint. Available at
arXiv:1401.3889.

http://www.ams.org/mathscinet-getitem?mr=0866075
http://www.ams.org/mathscinet-getitem?mr=2589315
http://www.ams.org/mathscinet-getitem?mr=2108039
http://www.ams.org/mathscinet-getitem?mr=1232523
http://www.ams.org/mathscinet-getitem?mr=0216620
http://www.ams.org/mathscinet-getitem?mr=3485948
http://www.ams.org/mathscinet-getitem?mr=2537807
http://www.ams.org/mathscinet-getitem?mr=2541449
http://www.ams.org/mathscinet-getitem?mr=3099110
http://www.ams.org/mathscinet-getitem?mr=3353104
http://www.ams.org/mathscinet-getitem?mr=0624591
http://www.ams.org/mathscinet-getitem?mr=0271721
http://www.ams.org/mathscinet-getitem?mr=3127875
http://www.ams.org/mathscinet-getitem?mr=3706769
http://arxiv.org/abs/arXiv:1401.3889


The Annals of Statistics
2019, Vol. 47, No. 3, 1443–1474
https://doi.org/10.1214/18-AOS1720
© Institute of Mathematical Statistics, 2019

TWO-SAMPLE AND ANOVA TESTS FOR HIGH DIMENSIONAL
MEANS1

BY SONG XI CHEN, JUN LI AND PING-SHOU ZHONG
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This paper considers testing the equality of two high dimensional means.
Two approaches are utilized to formulate L2-type tests for better power per-
formance when the two high dimensional mean vectors differ only in sparsely
populated coordinates and the differences are faint. One is to conduct thresh-
olding to remove the nonsignal bearing dimensions for variance reduction of
the test statistics. The other is to transform the data via the precision matrix
for signal enhancement. It is shown that the thresholding and data transfor-
mation lead to attractive detection boundaries for the tests. Furthermore, we
demonstrate explicitly the effects of precision matrix estimation on the detec-
tion boundary for the test with thresholding and data transformation. Exten-
sion to multi-sample ANOVA tests is also investigated. Numerical studies are
performed to confirm the theoretical findings and demonstrate the practical
implementations.
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We consider inference post-model-selection in linear regression. In this
setting, Berk et al. [Ann. Statist. 41 (2013a) 802–837] recently introduced a
class of confidence sets, the so-called PoSI intervals, that cover a certain non-
standard quantity of interest with a user-specified minimal coverage prob-
ability, irrespective of the model selection procedure that is being used. In
this paper, we generalize the PoSI intervals to confidence intervals for post-
model-selection predictors.
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A fundamental assumption used in causal inference with observational
data is that treatment assignment is ignorable given measured confounding
variables. This assumption of no missing confounders is plausible if a large
number of baseline covariates are included in the analysis, as we often have
no prior knowledge of which variables can be important confounders. Thus,
estimation of treatment effects with a large number of covariates has received
considerable attention in recent years. Most existing methods require speci-
fying certain parametric models involving the outcome, treatment and con-
founding variables, and employ a variable selection procedure to identify
confounders. However, selection of a proper set of confounders depends on
correct specification of the working models. The bias due to model misspeci-
fication and incorrect selection of confounding variables can yield misleading
results. We propose a robust and efficient approach for inference about the
average treatment effect via a flexible modeling strategy incorporating pe-
nalized variable selection. Specifically, we consider an estimator constructed
based on an efficient influence function that involves a propensity score and
an outcome regression. We then propose a new sparse sufficient dimension
reduction method to estimate these two functions without making restrictive
parametric modeling assumptions. The proposed estimator of the average
treatment effect is asymptotically normal and semiparametrically efficient
without the need for variable selection consistency. The proposed methods
are illustrated via simulation studies and a biomedical application.
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THE MAXIMUM LIKELIHOOD THRESHOLD OF A PATH
DIAGRAM1
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Linear structural equation models postulate noisy linear relationships be-
tween variables of interest. Each model corresponds to a path diagram, which
is a mixed graph with directed edges that encode the domains of the lin-
ear functions and bidirected edges that indicate possible correlations among
noise terms. Using this graphical representation, we determine the maximum
likelihood threshold, that is, the minimum sample size at which the likelihood
function of a Gaussian structural equation model is almost surely bounded.
Our result allows the model to have feedback loops and is based on decom-
posing the path diagram with respect to the connected components of its
bidirected part. We also prove that if the sample size is below the threshold,
then the likelihood function is almost surely unbounded. Our work clarifies,
in particular, that standard likelihood inference is applicable to sparse high-
dimensional models even if they feature feedback loops.

REFERENCES

ANDERSON, T. W. (2003). An Introduction to Multivariate Statistical Analysis, 3rd ed. Wiley, Hobo-
ken, NJ. MR1990662

ANDERSSON, S. A., MADIGAN, D. and PERLMAN, M. D. (1997). A characterization of Markov
equivalence classes for acyclic digraphs. Ann. Statist. 25 505–541. MR1439312

BARBER, R. F., DRTON, M. and WEIHS, L. (2015). SEMID: Identifiability of linear structural
equation models. R package version 0.2.

BARNDORFF-NIELSEN, O. (1978). Information and Exponential Families in Statistical Theory. Wi-
ley, Chichester. MR0489333

BUHL, S. L. (1993). On the existence of maximum likelihood estimators for graphical Gaussian
models. Scand. J. Stat. 20 263–270. MR1241392

DAHL, J., VANDENBERGHE, L. and ROYCHOWDHURY, V. (2008). Covariance selection for non-
chordal graphs via chordal embedding. Optim. Methods Softw. 23 501–520. MR2440363

DIESTEL, R. (2010). Graph Theory, 4th ed. Graduate Texts in Mathematics 173. Springer, Heidel-
berg. MR2744811

DRTON, M. (2009). Likelihood ratio tests and singularities. Ann. Statist. 37 979–1012. MR2502658
DRTON, M. (2016). Algebraic problems in structural equation modeling. Available at

arXiv:1612.05994.
DRTON, M., FOX, C. and WANG, Y. S. (2018). Computation of maximum likelihood estimates in

cyclic structural equation models. Ann. Statist. To appear. Available at arXiv:1610.03434.

MSC2010 subject classifications. 62H12, 62J05.
Key words and phrases. Covariance matrix, graphical model, maximum likelihood, normal distri-

bution, path diagram, structural equation model.

http://www.imstat.org/aos/
https://doi.org/10.1214/18-AOS1724
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1990662
http://www.ams.org/mathscinet-getitem?mr=1439312
http://www.ams.org/mathscinet-getitem?mr=0489333
http://www.ams.org/mathscinet-getitem?mr=1241392
http://www.ams.org/mathscinet-getitem?mr=2440363
http://www.ams.org/mathscinet-getitem?mr=2744811
http://www.ams.org/mathscinet-getitem?mr=2502658
http://arxiv.org/abs/arXiv:1612.05994
http://arxiv.org/abs/arXiv:1610.03434
http://www.ams.org/mathscinet/msc/msc2010.html


DRTON, M. and RICHARDSON, T. S. (2008). Graphical methods for efficient likelihood inference
in Gaussian covariance models. J. Mach. Learn. Res. 9 893–914. MR2417257

DRTON, M. and YU, J. (2010). On a parametrization of positive semidefinite matrices with zeros.
SIAM J. Matrix Anal. Appl. 31 2665–2680. MR2740626

EVANS, R. J. and RICHARDSON, T. S. (2016). Smooth, identifiable supermodels of discrete DAG
models with latent variables. Available at arXiv:1511.06813.

FOYGEL, R., DRAISMA, J. and DRTON, M. (2012). Half-trek criterion for generic identifiability of
linear structural equation models. Ann. Statist. 40 1682–1713. MR3015040

GRACE, J. B., ANDERSON, T. M., SEABLOOM, E. W., BORER, E. T., ADLER, P. B., HAR-
POLE, W. S., HAUTIER, Y., HILLEBRAND, H., LIND, E. M., PÄRTEL, M., BAKKER, J. D.,
BUCKLEY, Y. M., CRAWLEY, M. J., DAMSCHEN, E. I., DAVIES, K. F., FAY, P. A., FIRN, J.,
GRUNER, D. S., HECTOR, A., KNOPS, J. M. H., MACDOUGALL, A. S., MELBOURNE, B. A.,
MORGAN, J. W., ORROCK, J. L., PROBER, S. M. and SMITH, M. D. (2016). Integrative mod-
elling reveals mechanisms linking productivity and plant species richness. Nature 529 390–393.

GRONE, R., JOHNSON, C. R., DE SÁ, E. M. and WOLKOWICZ, H. (1984). Positive definite com-
pletions of partial Hermitian matrices. Linear Algebra Appl. 58 109–124. MR0739282

GROSS, E. and SULLIVANT, S. (2018). The maximum likelihood threshold of a graph. Bernoulli 24
386–407. MR3706762

HORN, R. A. and JOHNSON, C. R. (1990). Matrix Analysis. Cambridge Univ. Press, Cambridge.
MR1084815

KAUERMANN, G. (1996). On a dualization of graphical Gaussian models. Scand. J. Stat. 23 105–
116. MR1380485

LAURITZEN, S. L. (1996). Graphical Models. Oxford Statistical Science Series 17. Clarendon Press,
New York. MR1419991

MAATHUIS, M. H., COLOMBO, D., KALISCH, M. and BÜHLMANN, P. (2010). Predicting causal
effects in large-scale systems from observational data. Nat. Methods 7 247–248.

OKAMOTO, M. (1973). Distinctness of the eigenvalues of a quadratic form in a multivariate sample.
Ann. Statist. 1 763–765. MR0331643

PEARL, J. (2009). Causality: Models, Reasoning, and Inference, 2nd ed. Cambridge Univ. Press,
Cambridge. MR2548166

SPIRTES, P., GLYMOUR, C. and SCHEINES, R. (2000). Causation, Prediction, and Search, 2nd ed.
MIT Press, Cambridge, MA. MR1815675

UHLER, C. (2012). Geometry of maximum likelihood estimation in Gaussian graphical models. Ann.
Statist. 40 238–261. MR3014306

WOODBURY, M. A. (1950). Inverting Modified Matrices. Statistical Research Group, Memo. Rep.
42. Princeton Univ., Princeton, NJ. MR0038136

WRIGHT, S. (1921). Correlation and causation. J. Agricultural Research 20 557–585.
WRIGHT, S. (1934). The method of path coefficients. Ann. Math. Stat. 5 161–215.

http://www.ams.org/mathscinet-getitem?mr=2417257
http://www.ams.org/mathscinet-getitem?mr=2740626
http://arxiv.org/abs/arXiv:1511.06813
http://www.ams.org/mathscinet-getitem?mr=3015040
http://www.ams.org/mathscinet-getitem?mr=0739282
http://www.ams.org/mathscinet-getitem?mr=3706762
http://www.ams.org/mathscinet-getitem?mr=1084815
http://www.ams.org/mathscinet-getitem?mr=1380485
http://www.ams.org/mathscinet-getitem?mr=1419991
http://www.ams.org/mathscinet-getitem?mr=0331643
http://www.ams.org/mathscinet-getitem?mr=2548166
http://www.ams.org/mathscinet-getitem?mr=1815675
http://www.ams.org/mathscinet-getitem?mr=3014306
http://www.ams.org/mathscinet-getitem?mr=0038136


The Annals of Statistics
2019, Vol. 47, No. 3, 1554–1584
https://doi.org/10.1214/18-AOS1725
© Institute of Mathematical Statistics, 2019

CONVEX REGULARIZATION FOR HIGH-DIMENSIONAL
MULTIRESPONSE TENSOR REGRESSION

BY GARVESH RASKUTTI∗,1, MING YUAN∗,†,2 AND HAN CHEN∗,2
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In this paper, we present a general convex optimization approach for
solving high-dimensional multiple response tensor regression problems un-
der low-dimensional structural assumptions. We consider using convex and
weakly decomposable regularizers assuming that the underlying tensor lies
in an unknown low-dimensional subspace. Within our framework, we derive
general risk bounds of the resulting estimate under fairly general dependence
structure among covariates. Our framework leads to upper bounds in terms of
two very simple quantities, the Gaussian width of a convex set in tensor space
and the intrinsic dimension of the low-dimensional tensor subspace. To the
best of our knowledge, this is the first general framework that applies to mul-
tiple response problems. These general bounds provide useful upper bounds
on rates of convergence for a number of fundamental statistical models of in-
terest including multiresponse regression, vector autoregressive models, low-
rank tensor models and pairwise interaction models. Moreover, in many of
these settings we prove that the resulting estimates are minimax optimal. We
also provide a numerical study that both validates our theoretical guarantees
and demonstrates the breadth of our framework.
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LARGE SAMPLE THEORY FOR MERGED DATA FROM
MULTIPLE SOURCES

BY TAKUMI SAEGUSA

University of Maryland

We develop large sample theory for merged data from multiple sources.
Main statistical issues treated in this paper are (1) the same unit potentially
appears in multiple datasets from overlapping data sources, (2) duplicated
items are not identified and (3) a sample from the same data source is de-
pendent due to sampling without replacement. We propose and study a new
weighted empirical process and extend empirical process theory to a depen-
dent and biased sample with duplication. Specifically, we establish the uni-
form law of large numbers and uniform central limit theorem over a class of
functions along with several empirical process results under conditions identi-
cal to those in the i.i.d. setting. As applications, we study infinite-dimensional
M-estimation and develop its consistency, rates of convergence and asymp-
totic normality. Our theoretical results are illustrated with simulation studies
and a real data example.
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FOR WEIGHTED SUMS

BY SERGEY G. BOBKOV1

University of Minnesota and National Research University Higher School of
Economics

Let Fn denote the distribution function of the normalized sum of n i.i.d.
random variables. In this paper, polynomial rates of approximation of Fn by
the corrected normal laws are considered in the model where the underlying
distribution has a convolution structure. As a basic tool, the convergence part
of Khinchine’s theorem in metric theory of Diophantine approximations is
extended to the class of product characteristic functions.
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DISTRIBUTED INFERENCE FOR QUANTILE
REGRESSION PROCESSES

BY STANISLAV VOLGUSHEV∗,1, SHIH-KANG CHAO†,2 AND

GUANG CHENG†,2,3
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The increased availability of massive data sets provides a unique op-
portunity to discover subtle patterns in their distributions, but also imposes
overwhelming computational challenges. To fully utilize the information con-
tained in big data, we propose a two-step procedure: (i) estimate conditional
quantile functions at different levels in a parallel computing environment;
(ii) construct a conditional quantile regression process through projection
based on these estimated quantile curves. Our general quantile regression
framework covers both linear models with fixed or growing dimension and
series approximation models. We prove that the proposed procedure does not
sacrifice any statistical inferential accuracy provided that the number of dis-
tributed computing units and quantile levels are chosen properly. In particu-
lar, a sharp upper bound for the former and a sharp lower bound for the latter
are derived to capture the minimal computational cost from a statistical per-
spective. As an important application, the statistical inference on conditional
distribution functions is considered. Moreover, we propose computationally
efficient approaches to conducting inference in the distributed estimation set-
ting described above. Those approaches directly utilize the availability of
estimators from subsamples and can be carried out at almost no additional
computational cost. Simulations confirm our statistical inferential theory.
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GAUSSIAN APPROXIMATION OF MAXIMA OF WIENER
FUNCTIONALS AND ITS APPLICATION TO

HIGH-FREQUENCY DATA1
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This paper establishes an upper bound for the Kolmogorov distance be-
tween the maximum of a high-dimensional vector of smooth Wiener func-
tionals and the maximum of a Gaussian random vector. As a special case, we
show that the maximum of multiple Wiener–Itô integrals with common or-
ders is well approximated by its Gaussian analog in terms of the Kolmogorov
distance if their covariance matrices are close to each other and the maxi-
mum of the fourth cumulants of the multiple Wiener–Itô integrals is close
to zero. This may be viewed as a new kind of fourth moment phenomenon,
which has attracted considerable attention in the recent studies of probability.
This type of Gaussian approximation result has many potential applications
to statistics. To illustrate this point, we present two statistical applications in
high-frequency financial econometrics: One is the hypothesis testing problem
for the absence of lead-lag effects and the other is the construction of uniform
confidence bands for spot volatility.
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CAUSAL DANTZIG: FAST INFERENCE IN LINEAR STRUCTURAL
EQUATION MODELS WITH HIDDEN VARIABLES UNDER

ADDITIVE INTERVENTIONS
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NICOLAI MEINSHAUSEN

ETH Zürich

Causal inference is known to be very challenging when only observa-
tional data are available. Randomized experiments are often costly and im-
practical and in instrumental variable regression the number of instruments
has to exceed the number of causal predictors. It was recently shown in Peters,
Bühlmann and Meinshausen (2016) (J. R. Stat. Soc. Ser. B. Stat. Methodol. 78
947–1012) that causal inference for the full model is possible when data from
distinct observational environments are available, exploiting that the condi-
tional distribution of a response variable is invariant under the correct causal
model. Two shortcomings of such an approach are the high computational
effort for large-scale data and the assumed absence of hidden confounders.
Here, we show that these two shortcomings can be addressed if one is will-
ing to make a more restrictive assumption on the type of interventions that
generate different environments. Thereby, we look at a different notion of
invariance, namely inner-product invariance. By avoiding a computationally
cumbersome reverse-engineering approach such as in Peters, Bühlmann and
Meinshausen (2016), it allows for large-scale causal inference in linear struc-
tural equation models. We discuss identifiability conditions for the causal pa-
rameter and derive asymptotic confidence intervals in the low-dimensional
setting. In the case of nonidentifiability, we show that the solution set of
causal Dantzig has predictive guarantees under certain interventions. We de-
rive finite-sample bounds in the high-dimensional setting and investigate its
performance on simulated datasets.
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NONPENALIZED VARIABLE SELECTION IN HIGH-DIMENSIONAL
LINEAR MODEL SETTINGS VIA GENERALIZED

FIDUCIAL INFERENCE

BY JONATHAN P. WILLIAMS AND JAN HANNIG

University of North Carolina at Chapel Hill

Standard penalized methods of variable selection and parameter estima-
tion rely on the magnitude of coefficient estimates to decide which variables
to include in the final model. However, coefficient estimates are unreliable
when the design matrix is collinear. To overcome this challenge, an entirely
new perspective on variable selection is presented within a generalized fidu-
cial inference framework. This new procedure is able to effectively account
for linear dependencies among subsets of covariates in a high-dimensional
setting where p can grow almost exponentially in n, as well as in the clas-
sical setting where p ≤ n. It is shown that the procedure very naturally as-
signs small probabilities to subsets of covariates which include redundancies
by way of explicit L0 minimization. Furthermore, with a typical sparsity as-
sumption, it is shown that the proposed method is consistent in the sense that
the probability of the true sparse subset of covariates converges in probabil-
ity to 1 as n → ∞, or as n → ∞ and p → ∞. Very reasonable conditions
are needed, and little restriction is placed on the class of possible subsets of
covariates to achieve this consistency result.
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SUPER-RESOLUTION ESTIMATION OF CYCLIC ARRIVAL RATES

BY NINGYUAN CHEN∗,1, DONALD K. K. LEE†

AND SAHAND N. NEGAHBAN†,2

HKUST∗ and Yale University†

Exploiting the fact that most arrival processes exhibit cyclic behaviour,
we propose a simple procedure for estimating the intensity of a nonhomoge-
neous Poisson process. The estimator is the super-resolution analogue to Shao
(2010) and Shao and Lii [J. R. Stat. Soc. Ser. B. Stat. Methodol. 73 (2011) 99–
122], which is a sum of p sinusoids where p and the amplitude and phase of
each wave are not known and need to be estimated. This results in an inter-
pretable yet flexible specification that is suitable for use in modelling as well
as in high resolution simulations.

Our estimation procedure sits in between classic periodogram methods
and atomic/total variation norm thresholding. Through a novel use of window
functions in the point process domain, our approach attains super-resolution
without semidefinite programming. Under suitable conditions, finite sample
guarantees can be derived for our procedure. These resolve some open ques-
tions and expand existing results in spectral estimation literature.
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SEQUENTIAL MULTIPLE TESTING WITH GENERALIZED ERROR
CONTROL: AN ASYMPTOTIC OPTIMALITY THEORY1

BY YANGLEI SONG AND GEORGIOS FELLOURIS

University of Illinois, Urbana–Champaign

The sequential multiple testing problem is considered under two gener-
alized error metrics. Under the first one, the probability of at least k mistakes,
of any kind, is controlled. Under the second, the probabilities of at least k1
false positives and at least k2 false negatives are simultaneously controlled.
For each formulation, the optimal expected sample size is characterized, to a
first-order asymptotic approximation as the error probabilities go to 0, and a
novel multiple testing procedure is proposed and shown to be asymptotically
efficient under every signal configuration. These results are established when
the data streams for the various hypotheses are independent and each local
log-likelihood ratio statistic satisfies a certain strong law of large numbers. In
the special case of i.i.d. observations in each stream, the gains of the proposed
sequential procedures over fixed-sample size schemes are quantified.
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