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THE TWO-TO-INFINITY NORM AND SINGULAR SUBSPACE
GEOMETRY WITH APPLICATIONS TO HIGH-DIMENSIONAL

STATISTICS1

BY JOSHUA CAPE, MINH TANG AND CAREY E. PRIEBE

Johns Hopkins University

The singular value matrix decomposition plays a ubiquitous role through-
out statistics and related fields. Myriad applications including clustering, clas-
sification, and dimensionality reduction involve studying and exploiting the
geometric structure of singular values and singular vectors.

This paper provides a novel collection of technical and theoretical tools for
studying the geometry of singular subspaces using the two-to-infinity norm.
Motivated by preliminary deterministic Procrustes analysis, we consider a
general matrix perturbation setting in which we derive a new Procrustean
matrix decomposition. Together with flexible machinery developed for the
two-to-infinity norm, this allows us to conduct a refined analysis of the in-
duced perturbation geometry with respect to the underlying singular vectors
even in the presence of singular value multiplicity. Our analysis yields singu-
lar vector entrywise perturbation bounds for a range of popular matrix noise
models, each of which has a meaningful associated statistical inference task.
In addition, we demonstrate how the two-to-infinity norm is the preferred
norm in certain statistical settings. Specific applications discussed in this pa-
per include covariance estimation, singular subspace recovery, and multiple
graph inference.

Both our Procrustean matrix decomposition and the technical machinery
developed for the two-to-infinity norm may be of independent interest.
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analysis. Sankhyā A 79 254–297. MR3707422

[30] LE, C. M., LEVINA, E. and VERSHYNIN, R. (2016). Optimization via low-rank approximation
for community detection in networks. Ann. Statist. 44 373–400. MR3449772

[31] LEI, J. and RINALDO, A. (2015). Consistency of spectral clustering in stochastic block models.
Ann. Statist. 43 215–237. MR3285605

[32] LEVIN, K., ATHREYA, A., TANG, M., LYZINSKI, V. and PRIEBE, C. E. (2017). A central limit
theorem for an omnibus embedding of random dot product graphs. Preprint. Available at
arXiv:1705.09355.

[33] LU, L. and PENG, X. (2013). Spectra of edge-independent random graphs. Electron. J. Com-
bin. 20 1–18. MR3158266

[34] LYZINSKI, V. (2018). Information recovery in shuffled graphs via graph matching. IEEE Trans.
Inform. Theory 64 3254–3273. MR3798375

[35] LYZINSKI, V., PARK, Y., PRIEBE, C. E. and TROSSET, M. (2017). Fast embedding for JOFC
using the raw stress criterion. J. Comput. Graph. Statist. 26 786–802. MR3765344

[36] LYZINSKI, V., SUSSMAN, D. L., FISHKIND, D. E., PAO, H., CHEN, L., VOGELSTEIN, J. T.,
PARK, Y. and PRIEBE, C. E. (2015). Spectral clustering for divide-and-conquer graph
matching. Parallel Comput. 47 70–87. MR3371642

[37] LYZINSKI, V., SUSSMAN, D. L., TANG, M., ATHREYA, A. and PRIEBE, C. E. (2014). Perfect
clustering for stochastic blockmodel graphs via adjacency spectral embedding. Electron.
J. Stat. 8 2905–2922. MR3299126

[38] MAO, X., SARKAR, P. and CHAKRABARTI, D. (2017). Estimating mixed memberships with
sharp eigenvector deviations. Preprint. Available at arXiv:1709.00407.

[39] NADLER, B. (2008). Finite sample approximation results for principal component analysis:
A matrix perturbation approach. Ann. Statist. 36 2791–2817. MR2485013

[40] O’ROURKE, S., VU, V. and WANG, K. (2016). Eigenvectors of random matrices: A survey.
J. Combin. Theory Ser. A 144 361–442. MR3534074

[41] O’ROURKE, S., VU, V. and WANG, K. (2018). Random perturbation of low rank matrices:
Improving classical bounds. Linear Algebra Appl. 540 26–59. MR3739989

[42] PAUL, D. and AUE, A. (2014). Random matrix theory in statistics: A review. J. Statist. Plann.
Inference 150 1–29. MR3206718

[43] PRIEBE, C. E., MARCHETTE, D. J., MA, Z. and ADALI, S. (2013). Manifold matching:
Joint optimization of fidelity and commensurability. Braz. J. Probab. Stat. 27 377–400.
MR3064729

[44] REBROVA, E. and VERSHYNIN, R. (2018). Norms of random matrices: Local and global prob-
lems. Adv. Math. 324 40–83. MR3733881

[45] ROHE, K., CHATTERJEE, S. and YU, B. (2011). Spectral clustering and the high-dimensional
stochastic blockmodel. Ann. Statist. 39 1878–1915. MR2893856

[46] RUDELSON, M. and VERSHYNIN, R. (2015). Delocalization of eigenvectors of random matri-
ces with independent entries. Duke Math. J. 164 2507–2538. MR3405592

[47] SARKAR, P. and BICKEL, P. J. (2015). Role of normalization in spectral clustering for stochas-
tic blockmodels. Ann. Statist. 43 962–990. MR3346694

[48] STEWART, G. W. and SUN, J. G. (1990). Matrix Perturbation Theory. Computer Science and
Scientific Computing. Academic Press, Boston, MA. MR1061154

[49] SUSSMAN, D. L., TANG, M., FISHKIND, D. E. and PRIEBE, C. E. (2012). A consistent adja-
cency spectral embedding for stochastic blockmodel graphs. J. Amer. Statist. Assoc. 107
1119–1128. MR3010899

[50] SUSSMAN, D. L., TANG, M. and PRIEBE, C. E. (2014). Consistent latent position estimation
and vertex classification for random dot product graphs. IEEE Trans. Pattern Anal. Mach.
Intell. 36 48–57.

http://www.ams.org/mathscinet-getitem?mr=3707422
http://www.ams.org/mathscinet-getitem?mr=3449772
http://www.ams.org/mathscinet-getitem?mr=3285605
http://arxiv.org/abs/arXiv:1705.09355
http://www.ams.org/mathscinet-getitem?mr=3158266
http://www.ams.org/mathscinet-getitem?mr=3798375
http://www.ams.org/mathscinet-getitem?mr=3765344
http://www.ams.org/mathscinet-getitem?mr=3371642
http://www.ams.org/mathscinet-getitem?mr=3299126
http://arxiv.org/abs/arXiv:1709.00407
http://www.ams.org/mathscinet-getitem?mr=2485013
http://www.ams.org/mathscinet-getitem?mr=3534074
http://www.ams.org/mathscinet-getitem?mr=3739989
http://www.ams.org/mathscinet-getitem?mr=3206718
http://www.ams.org/mathscinet-getitem?mr=3064729
http://www.ams.org/mathscinet-getitem?mr=3733881
http://www.ams.org/mathscinet-getitem?mr=2893856
http://www.ams.org/mathscinet-getitem?mr=3405592
http://www.ams.org/mathscinet-getitem?mr=3346694
http://www.ams.org/mathscinet-getitem?mr=1061154
http://www.ams.org/mathscinet-getitem?mr=3010899


[51] TANG, M., ATHREYA, A., SUSSMAN, D. L., LYZINSKI, V., PARK, Y. and PRIEBE, C. E.
(2017). A semiparametric two-sample hypothesis testing problem for random graphs.
J. Comput. Graph. Statist. 26 344–354. MR3640191

[52] TANG, M., ATHREYA, A., SUSSMAN, D. L., LYZINSKI, V. and PRIEBE, C. E. (2017). A non-
parametric two-sample hypothesis testing problem for random graphs. Bernoulli 23 1599–
1630. MR3624872

[53] TANG, M., CAPE, J. and PRIEBE, C. E. (2017). Asymptotically efficient estimators for
stochastic blockmodels: The naive MLE, the rank-constrained MLE, and the spectral.
Preprint. Available at arXiv:1710.10936.

[54] TANG, M. and PRIEBE, C. E. (2018). Limit theorems for eigenvectors of the normalized Lapla-
cian for random graphs. Ann. Statist. 46 2360–2415. MR3845021

[55] VERSHYNIN, R. (2018). High-dimensional probability: An introduction with applications in
data science. Online version 2018-02-09.

[56] VON LUXBURG, U. (2007). A tutorial on spectral clustering. Stat. Comput. 17 395–416.
MR2409803

[57] WEDIN, P. (1972). Perturbation bounds in connection with singular value decomposition. BIT
12 99–111. MR0309968

[58] WEYL, H. (1912). Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller
Differentialgleichungen (mit einer Anwendung auf die Theorie der Hohlraumstrahlung).
Math. Ann. 71 441–479. MR1511670

[59] YAO, J., ZHENG, S. and BAI, Z. (2015). Large Sample Covariance Matrices and High-
Dimensional Data Analysis. Cambridge Series in Statistical and Probabilistic Mathe-
matics 39. Cambridge Univ. Press, New York. MR3468554

[60] YOUNG, S. J. and SCHEINERMAN, E. R. (2007). Random dot product graph models for so-
cial networks. In Algorithms and Models for the Web-Graph. Lecture Notes in Computer
Science 4863 138–149. Springer, Berlin. MR2504912

[61] YU, Y., WANG, T. and SAMWORTH, R. J. (2015). A useful variant of the Davis–Kahan theo-
rem for statisticians. Biometrika 102 315–323. MR3371006

http://www.ams.org/mathscinet-getitem?mr=3640191
http://www.ams.org/mathscinet-getitem?mr=3624872
http://arxiv.org/abs/arXiv:1710.10936
http://www.ams.org/mathscinet-getitem?mr=3845021
http://www.ams.org/mathscinet-getitem?mr=2409803
http://www.ams.org/mathscinet-getitem?mr=0309968
http://www.ams.org/mathscinet-getitem?mr=1511670
http://www.ams.org/mathscinet-getitem?mr=3468554
http://www.ams.org/mathscinet-getitem?mr=2504912
http://www.ams.org/mathscinet-getitem?mr=3371006


The Annals of Statistics
2019, Vol. 47, No. 5, 2440–2471
https://doi.org/10.1214/18-AOS1753
© Institute of Mathematical Statistics, 2019

ISOTONIC REGRESSION IN GENERAL DIMENSIONS1

BY QIYANG HAN∗,2, TENGYAO WANG†,3, SABYASACHI CHATTERJEE‡,§ AND

RICHARD J. SAMWORTH†,3

University of Washington∗, University of Cambridge†, University of Chicago‡

and University of Illinois at Urbana-Champaign§

We study the least squares regression function estimator over the class
of real-valued functions on [0,1]d that are increasing in each coordinate. For
uniformly bounded signals and with a fixed, cubic lattice design, we estab-
lish that the estimator achieves the minimax rate of order n−min{2/(d+2),1/d}
in the empirical L2 loss, up to polylogarithmic factors. Further, we prove a
sharp oracle inequality, which reveals in particular that when the true regres-
sion function is piecewise constant on k hyperrectangles, the least squares
estimator enjoys a faster, adaptive rate of convergence of (k/n)min(1,2/d),
again up to polylogarithmic factors. Previous results are confined to the case
d ≤ 2. Finally, we establish corresponding bounds (which are new even in
the case d = 2) in the more challenging random design setting. There are two
surprising features of these results: first, they demonstrate that it is possible
for a global empirical risk minimisation procedure to be rate optimal up to
polylogarithmic factors even when the corresponding entropy integral for the
function class diverges rapidly; second, they indicate that the adaptation rate
for shape-constrained estimators can be strictly worse than the parametric
rate.
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PROPERTY TESTING IN HIGH-DIMENSIONAL ISING MODELS

BY MATEY NEYKOV AND HAN LIU1

Carnegie Mellon University and Northwestern University

This paper explores the information-theoretic limitations of graph prop-
erty testing in zero-field Ising models. Instead of learning the entire graph
structure, sometimes testing a basic graph property such as connectivity, cy-
cle presence or maximum clique size is a more relevant and attainable ob-
jective. Since property testing is more fundamental than graph recovery, any
necessary conditions for property testing imply corresponding conditions for
graph recovery, while custom property tests can be statistically and/or compu-
tationally more efficient than graph recovery based algorithms. Understand-
ing the statistical complexity of property testing requires the distinction of
ferromagnetic (i.e., positive interactions only) and general Ising models. Us-
ing combinatorial constructs such as graph packing and strong monotonicity,
we characterize how target properties affect the corresponding minimax up-
per and lower bounds within the realm of ferromagnets. On the other hand,
by studying the detection of an antiferromagnetic (i.e., negative interactions
only) Curie–Weiss model buried in Rademacher noise, we show that prop-
erty testing is strictly more challenging over general Ising models. In terms
of methodological development, we propose two types of correlation based
tests: computationally efficient screening for ferromagnets, and score type
tests for general models, including a fast cycle presence test. Our correlation
screening tests match the information-theoretic bounds for property testing in
ferromagnets in certain regimes.
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A KNOCKOFF FILTER FOR HIGH-DIMENSIONAL
SELECTIVE INFERENCE

BY RINA FOYGEL BARBER1 AND EMMANUEL J. CANDÈS2

University of Chicago and Stanford University

This paper develops a framework for testing for associations in a possibly
high-dimensional linear model where the number of features/variables may
far exceed the number of observational units. In this framework, the observa-
tions are split into two groups, where the first group is used to screen for a set
of potentially relevant variables, whereas the second is used for inference over
this reduced set of variables; we also develop strategies for leveraging infor-
mation from the first part of the data at the inference step for greater power.
In our work, the inferential step is carried out by applying the recently intro-
duced knockoff filter, which creates a knockoff copy—a fake variable serving
as a control—for each screened variable. We prove that this procedure con-
trols the directional false discovery rate (FDR) in the reduced model control-
ling for all screened variables; this says that our high-dimensional knockoff
procedure “discovers” important variables as well as the directions (signs) of
their effects, in such a way that the expected proportion of wrongly chosen
signs is below the user-specified level (thereby controlling a notion of Type S
error averaged over the selected set). This result is nonasymptotic, and holds
for any distribution of the original features and any values of the unknown
regression coefficients, so that inference is not calibrated under hypothesized
values of the effect sizes. We demonstrate the performance of our general
and flexible approach through numerical studies, showing more power than
existing alternatives. Finally, we apply our method to a genome-wide associ-
ation study to find locations on the genome that are possibly associated with
a continuous phenotype.
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We propose a general semi-supervised inference framework focused on
the estimation of the population mean. As usual in semi-supervised settings,
there exists an unlabeled sample of covariate vectors and a labeled sample
consisting of covariate vectors along with real-valued responses (“labels”).
Otherwise, the formulation is “assumption-lean” in that no major conditions
are imposed on the statistical or functional form of the data. We consider both
the ideal semi-supervised setting where infinitely many unlabeled samples
are available, as well as the ordinary semi-supervised setting in which only a
finite number of unlabeled samples is available.

Estimators are proposed along with corresponding confidence intervals
for the population mean. Theoretical analysis on both the asymptotic distri-
bution and �2-risk for the proposed procedures are given. Surprisingly, the
proposed estimators, based on a simple form of the least squares method,
outperform the ordinary sample mean. The simple, transparent form of the
estimator lends confidence to the perception that its asymptotic improvement
over the ordinary sample mean also nearly holds even for moderate size sam-
ples. The method is further extended to a nonparametric setting, in which
the oracle rate can be achieved asymptotically. The proposed estimators are
further illustrated by simulation studies and a real data example involving
estimation of the homeless population.
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DOUBLY PENALIZED ESTIMATION IN ADDITIVE REGRESSION
WITH HIGH-DIMENSIONAL DATA

BY ZHIQIANG TAN1 AND CUN-HUI ZHANG2

Rutgers University

Additive regression provides an extension of linear regression by model-
ing the signal of a response as a sum of functions of covariates of relatively
low complexity. We study penalized estimation in high-dimensional nonpara-
metric additive regression where functional semi-norms are used to induce
smoothness of component functions and the empirical L2 norm is used to
induce sparsity. The functional semi-norms can be of Sobolev or bounded
variation types and are allowed to be different amongst individual component
functions. We establish oracle inequalities for the predictive performance of
such methods under three simple technical conditions: a sub-Gaussian con-
dition on the noise, a compatibility condition on the design and the func-
tional classes under consideration and an entropy condition on the functional
classes. For random designs, the sample compatibility condition can be re-
placed by its population version under an additional condition to ensure suit-
able convergence of empirical norms. In homogeneous settings where the
complexities of the component functions are of the same order, our results
provide a spectrum of minimax convergence rates, from the so-called slow
rate without requiring the compatibility condition to the fast rate under the
hard sparsity or certain Lq sparsity to allow many small components in the
true regression function. These results significantly broaden and sharpen ex-
isting ones in the literature.
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We propose a new class of unit root tests that exploits invariance prop-
erties in the Locally Asymptotically Brownian Functional limit experiment
associated to the unit root model. The invariance structures naturally sug-
gest tests that are based on the ranks of the increments of the observations,
their average and an assumed reference density for the innovations. The tests
are semiparametric in the sense that they are valid, that is, have the correct
(asymptotic) size, irrespective of the true innovation density. For a correctly
specified reference density, our test is point-optimal and nearly efficient. For
arbitrary reference densities, we establish a Chernoff–Savage-type result, that
is, our test performs as well as commonly used tests under Gaussian innova-
tions but has improved power under other, for example, fat-tailed or skewed,
innovation distributions. To avoid nonparametric estimation, we propose a
simplified version of our test that exhibits the same asymptotic properties,
except for the Chernoff–Savage result that we are only able to demonstrate
by means of simulations.
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THE MIDDLE-SCALE ASYMPTOTICS OF WISHART MATRICES

BY DIDIER CHÉTELAT AND MARTIN T. WELLS1

École Polytechnique de Montréal and Cornell University

We study the behavior of a real p-dimensional Wishart random matrix
with n degrees of freedom when n,p → ∞ but p/n → 0. We establish the
existence of phase transitions when p grows at the order n(K+1)/(K+3) for
every K ∈ N, and derive expressions for approximating densities between
every two phase transitions. To do this, we make use of a novel tool we call
the F -conjugate of an absolutely continuous distribution, which is obtained
from the Fourier transform of the square root of its density. In the case of
the normalized Wishart distribution, this represents an extension of the t-
distribution to the space of real symmetric matrices.
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LINEAR HYPOTHESIS TESTING FOR HIGH DIMENSIONAL
GENERALIZED LINEAR MODELS

BY CHENGCHUN SHI∗,1, RUI SONG∗,1, ZHAO CHEN†,2 AND RUNZE LI‡,3

North Carolina State University∗, Fudan University† and
Pennsylvania State University‡

This paper is concerned with testing linear hypotheses in high dimen-
sional generalized linear models. To deal with linear hypotheses, we first
propose the constrained partial regularization method and study its statisti-
cal properties. We further introduce an algorithm for solving regularization
problems with folded-concave penalty functions and linear constraints. To
test linear hypotheses, we propose a partial penalized likelihood ratio test, a
partial penalized score test and a partial penalized Wald test. We show that
the limiting null distributions of these three test statistics are χ2 distribution
with the same degrees of freedom, and under local alternatives, they asymp-
totically follow noncentral χ2 distributions with the same degrees of freedom
and noncentral parameter, provided the number of parameters involved in the
test hypothesis grows to ∞ at a certain rate. Simulation studies are conducted
to examine the finite sample performance of the proposed tests. Empirical
analysis of a real data example is used to illustrate the proposed testing pro-
cedures.

REFERENCES

BENTKUS, V. (2004). A Lyapunov type bound in Rd . Teor. Veroyatn. Primen. 49 400–410.
MR2144310

BOYD, S., PARIKH, N., CHU, E., PELEATO, B. and ECKSTEIN, J. (2011). Distributed optimization
and statistical learning via the alternating direction method of multipliers. Found. Trends Mach.
Learn. 3 1–122.

BREHENY, P. and HUANG, J. (2011). Coordinate descent algorithms for nonconvex penalized regres-
sion, with applications to biological feature selection. Ann. Appl. Stat. 5 232–253. MR2810396

CANDES, E. and TAO, T. (2007). The Dantzig selector: Statistical estimation when p is much larger
than n. Ann. Statist. 35 2313–2351. MR2382644

DEZEURE, R., BÜHLMANN, P., MEIER, L. and MEINSHAUSEN, N. (2015). High-dimensional
inference: Confidence intervals, p-values and R-software hdi. Statist. Sci. 30 533–558.
MR3432840

FAN, J., GUO, S. and HAO, N. (2012). Variance estimation using refitted cross-validation in ultra-
high dimensional regression. J. R. Stat. Soc. Ser. B. Stat. Methodol. 74 37–65. MR2885839

FAN, J. and LI, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle
properties. J. Amer. Statist. Assoc. 96 1348–1360. MR1946581

FAN, J. and LV, J. (2010). A selective overview of variable selection in high dimensional feature
space. Statist. Sinica 20 101–148. MR2640659

MSC2010 subject classifications. Primary 62F03; secondary 62J12.
Key words and phrases. High dimensional testing, linear hypothesis, likelihood ratio statistics,

score test, Wald test.

http://www.imstat.org/aos/
https://doi.org/10.1214/18-AOS1761
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2144310
http://www.ams.org/mathscinet-getitem?mr=2810396
http://www.ams.org/mathscinet-getitem?mr=2382644
http://www.ams.org/mathscinet-getitem?mr=3432840
http://www.ams.org/mathscinet-getitem?mr=2885839
http://www.ams.org/mathscinet-getitem?mr=1946581
http://www.ams.org/mathscinet-getitem?mr=2640659
http://www.ams.org/mathscinet/msc/msc2010.html


FAN, J. and LV, J. (2011). Nonconcave penalized likelihood with NP-dimensionality. IEEE Trans.
Inform. Theory 57 5467–5484. MR2849368

FAN, J. and PENG, H. (2004). Nonconcave penalized likelihood with a diverging number of param-
eters. Ann. Statist. 32 928–961. MR2065194

FAN, Y. and TANG, C. Y. (2013). Tuning parameter selection in high dimensional penalized likeli-
hood. J. R. Stat. Soc. Ser. B. Stat. Methodol. 75 531–552. MR3065478

FANG, E. X., NING, Y. and LIU, H. (2017). Testing and confidence intervals for high dimensional
proportional hazards models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 1415–1437. MR3731669

GHOSH, B. K. (1973). Some monotonicity theorems for χ2, F and t distributions with applications.
J. Roy. Statist. Soc. Ser. B 35 480–492. MR0336872

LEE, J. D., SUN, D. L., SUN, Y. and TAYLOR, J. E. (2016). Exact post-selection inference, with
application to the lasso. Ann. Statist. 44 907–927. MR3485948

LOCKHART, R., TAYLOR, J., TIBSHIRANI, R. J. and TIBSHIRANI, R. (2014). A significance test
for the lasso. Ann. Statist. 42 413–468. MR3210970

MCCULLAGH, P. and NELDER, J. A. (1989). Generalized Linear Models, 2nd ed. [of MR0727836].
Chapman & Hall, London. MR3223057

NING, Y. and LIU, H. (2017). A general theory of hypothesis tests and confidence regions for sparse
high dimensional models. Ann. Statist. 45 158–195. MR3611489

SCHWARZ, G. (1978). Estimating the dimension of a model. Ann. Statist. 6 461–464. MR0468014
SHI, C., SONG, R., CHEN, Z. and LI, R. (2019). Supplement to “Linear hypothesis testing for high

dimensional generalized linear models.” DOI:10.1214/18-AOS1761SUPP.
SUN, T. and ZHANG, C.-H. (2013). Sparse matrix inversion with scaled lasso. J. Mach. Learn. Res.

14 3385–3418. MR3144466
TAYLOR, J., LOCKHART, R., TIBSHIRANI, R. J. and TIBSHIRANI, R. (2015). Exact Post-Selection

Inference for Sequential Regression Procedures. Preprint. Available at arXiv:1401.3889.
TIBSHIRANI, R. (1996). Regression shrinkage and selection via the lasso. J. Roy. Statist. Soc. Ser. B

58 267–288. MR1379242
VAN DE GEER, S., BÜHLMANN, P., RITOV, Y. and DEZEURE, R. (2014). On asymptotically op-

timal confidence regions and tests for high-dimensional models. Ann. Statist. 42 1166–1202.
MR3224285

WANG, S. and CUI, H. (2013). Partial penalized likelihood ratio test under sparse case. Preprint.
Available at arXiv:1312.3723.

ZHANG, C.-H. (2010). Nearly unbiased variable selection under minimax concave penalty. Ann.
Statist. 38 894–942. MR2604701

ZHANG, X. and CHENG, G. (2017). Simultaneous inference for high-dimensional linear models.
J. Amer. Statist. Assoc. 112 757–768. MR3671768

http://www.ams.org/mathscinet-getitem?mr=2849368
http://www.ams.org/mathscinet-getitem?mr=2065194
http://www.ams.org/mathscinet-getitem?mr=3065478
http://www.ams.org/mathscinet-getitem?mr=3731669
http://www.ams.org/mathscinet-getitem?mr=0336872
http://www.ams.org/mathscinet-getitem?mr=3485948
http://www.ams.org/mathscinet-getitem?mr=3210970
http://www.ams.org/mathscinet-getitem?mr=3223057
http://www.ams.org/mathscinet-getitem?mr=3611489
http://www.ams.org/mathscinet-getitem?mr=0468014
https://doi.org/10.1214/18-AOS1761SUPP
http://www.ams.org/mathscinet-getitem?mr=3144466
http://arxiv.org/abs/arXiv:1401.3889
http://www.ams.org/mathscinet-getitem?mr=1379242
http://www.ams.org/mathscinet-getitem?mr=3224285
http://arxiv.org/abs/arXiv:1312.3723
http://www.ams.org/mathscinet-getitem?mr=2604701
http://www.ams.org/mathscinet-getitem?mr=3671768


The Annals of Statistics
2019, Vol. 47, No. 5, 2704–2733
https://doi.org/10.1214/18-AOS1762
© Institute of Mathematical Statistics, 2019

AN OPERATOR THEORETIC APPROACH TO
NONPARAMETRIC MIXTURE MODELS1

BY ROBERT A. VANDERMEULEN AND CLAYTON D. SCOTT

Technische Universität Kaiserslautern and University of Michigan

When estimating finite mixture models, it is common to make assump-
tions on the mixture components, such as parametric assumptions. In this
work, we make no distributional assumptions on the mixture components and
instead assume that observations from the mixture model are grouped, such
that observations in the same group are known to be drawn from the same
mixture component. We precisely characterize the number of observations
n per group needed for the mixture model to be identifiable, as a function
of the number m of mixture components. In addition to our assumption-free
analysis, we also study the settings where the mixture components are either
linearly independent or jointly irreducible. Furthermore, our analysis consid-
ers two kinds of identifiability, where the mixture model is the simplest one
explaining the data, and where it is the only one. As an application of these re-
sults, we precisely characterize identifiability of multinomial mixture models.
Our analysis relies on an operator-theoretic framework that associates mix-
ture models in the grouped-sample setting with certain infinite-dimensional
tensors. Based on this framework, we introduce a general spectral algorithm
for recovering the mixture components.
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PHASE TRANSITION IN THE SPIKED RANDOM TENSOR WITH
RADEMACHER PRIOR1

BY WEI-KUO CHEN

University of Minnesota

We consider the problem of detecting a deformation from a symmetric
Gaussian random p-tensor (p ≥ 3) with a rank-one spike sampled from the
Rademacher prior. Recently, in Lesieur et al. (Barbier, Krzakala, Macris, Mi-
olane and Zdeborová (2017)), it was proved that there exists a critical thresh-
old βp so that when the signal-to-noise ratio exceeds βp , one can distinguish
the spiked and unspiked tensors and weakly recover the prior via the mini-
mal mean-square-error method. On the other side, Perry, Wein and Bandeira
(Perry, Wein and Bandeira (2017)) proved that there exists a β ′

p < βp such
that any statistical hypothesis test cannot distinguish these two tensors, in
the sense that their total variation distance asymptotically vanishes, when the
signa-to-noise ratio is less than β ′

p . In this work, we show that βp is indeed
the critical threshold that strictly separates the distinguishability and indistin-
guishability between the two tensors under the total variation distance. Our
approach is based on a subtle analysis of the high temperature behavior of
the pure p-spin model with Ising spin, arising initially from the field of spin
glasses. In particular, we identify the signal-to-noise criticality βp as the crit-
ical temperature, distinguishing the high and low temperature behavior, of the
Ising pure p-spin mean-field spin glass model.
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DISTANCE MULTIVARIANCE: NEW DEPENDENCE
MEASURES FOR RANDOM VECTORS

BY BJÖRN BÖTTCHER, MARTIN KELLER-RESSEL1 AND RENÉ L. SCHILLING

TU Dresden

We introduce two new measures for the dependence of n ≥ 2 random
variables: distance multivariance and total distance multivariance. Both mea-
sures are based on the weighted L2-distance of quantities related to the char-
acteristic functions of the underlying random variables. These extend distance
covariance (introduced by Székely, Rizzo and Bakirov) from pairs of ran-
dom variables to n-tuplets of random variables. We show that total distance
multivariance can be used to detect the independence of n random variables
and has a simple finite-sample representation in terms of distance matrices
of the sample points, where distance is measured by a continuous negative
definite function. Under some mild moment conditions, this leads to a test
for independence of multiple random vectors which is consistent against all
alternatives.
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A UNIFIED TREATMENT OF MULTIPLE TESTING WITH PRIOR
KNOWLEDGE USING THE P-FILTER1

BY AADITYA K. RAMDAS∗, RINA F. BARBER†,
MARTIN J. WAINWRIGHT‡ AND MICHAEL I. JORDAN‡

Carnegie Mellon University∗, University of Chicago† and
University of California, Berkeley‡

There is a significant literature on methods for incorporating knowledge
into multiple testing procedures so as to improve their power and precision.
Some common forms of prior knowledge include (a) beliefs about which hy-
potheses are null, modeled by nonuniform prior weights; (b) differing im-
portances of hypotheses, modeled by differing penalties for false discoveries;
(c) multiple arbitrary partitions of the hypotheses into (possibly overlapping)
groups and (d) knowledge of independence, positive or arbitrary dependence
between hypotheses or groups, suggesting the use of more aggressive or con-
servative procedures. We present a unified algorithmic framework called p-
filter for global null testing and false discovery rate (FDR) control that
allows the scientist to incorporate all four types of prior knowledge (a)–(d)
simultaneously, recovering a variety of known algorithms as special cases.
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EXACT LOWER BOUNDS FOR THE AGNOSTIC
PROBABLY-APPROXIMATELY-CORRECT (PAC)

MACHINE LEARNING MODEL

BY ARYEH KONTOROVICH AND IOSIF PINELIS

Ben-Gurion University and Michigan Technological University

We provide an exact nonasymptotic lower bound on the minimax ex-
pected excess risk (EER) in the agnostic probably-approximately-correct
(PAC) machine learning classification model and identify minimax learning
algorithms as certain maximally symmetric and minimally randomized “vot-
ing” procedures. Based on this result, an exact asymptotic lower bound on
the minimax EER is provided. This bound is of the simple form c∞/

√
ν as

ν → ∞, where c∞ = 0.16997 . . . is a universal constant, ν = m/d, m is the
size of the training sample and d is the Vapnik–Chervonenkis dimension of
the hypothesis class. It is shown that the differences between these asymp-
totic and nonasymptotic bounds, as well as the differences between these
two bounds and the maximum EER of any learning algorithms that minimize
the empirical risk, are asymptotically negligible, and all these differences are
due to ties in the mentioned “voting” procedures. A few easy to compute
nonasymptotic lower bounds on the minimax EER are also obtained, which
are shown to be close to the exact asymptotic lower bound c∞/

√
ν even for

rather small values of the ratio ν = m/d. As an application of these results,
we substantially improve existing lower bounds on the tail probability of the
excess risk. Among the tools used are Bayes estimation and apparently new
identities and inequalities for binomial distributions.
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EIGENVALUE DISTRIBUTIONS OF VARIANCE COMPONENTS
ESTIMATORS IN HIGH-DIMENSIONAL

RANDOM EFFECTS MODELS

BY ZHOU FAN1 AND IAIN M. JOHNSTONE2

Yale University and Stanford University

We study the spectra of MANOVA estimators for variance component
covariance matrices in multivariate random effects models. When the di-
mensionality of the observations is large and comparable to the number of
realizations of each random effect, we show that the empirical spectra of
such estimators are well approximated by deterministic laws. The Stieltjes
transforms of these laws are characterized by systems of fixed-point equa-
tions, which are numerically solvable by a simple iterative procedure. Our
proof uses operator-valued free probability theory, and we establish a general
asymptotic freeness result for families of rectangular orthogonally invariant
random matrices, which is of independent interest. Our work is motivated in
part by the estimation of components of covariance between multiple pheno-
typic traits in quantitative genetics, and we specialize our results to common
experimental designs that arise in this application.
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TEST FOR HIGH-DIMENSIONAL CORRELATION MATRICES

BY SHURONG ZHENG∗,1, GUANGHUI CHENG†, JIANHUA GUO∗,2 AND

HONGTU ZHU‡,3

Northeast Normal University∗, Guangzhou University† and University of North
Carolina, Chapel Hill‡

Testing correlation structures has attracted extensive attention in the lit-
erature due to both its importance in real applications and several major the-
oretical challenges. The aim of this paper is to develop a general framework
of testing correlation structures for the one , two and multiple sample testing
problems under a high-dimensional setting when both the sample size and
data dimension go to infinity. Our test statistics are designed to deal with both
the dense and sparse alternatives. We systematically investigate the asymp-
totic null distribution, power function and unbiasedness of each test statistic.
Theoretically, we make great efforts to deal with the nonindependency of all
random matrices of the sample correlation matrices. We use simulation stud-
ies and real data analysis to illustrate the versatility and practicability of our
test statistics.
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In this paper, we consider the local asymptotics of the nonparametric
function in a partially linear model, within the framework of the divide-
and-conquer estimation. Unlike the fixed-dimensional setting in which the
parametric part does not affect the nonparametric part, the high-dimensional
setting makes the issue more complicated. In particular, when a sparsity-
inducing penalty such as lasso is used to make the estimation of the linear
part feasible, the bias introduced will propagate to the nonparametric part.
We propose a novel approach for estimation of the nonparametric function
and establish the local asymptotics of the estimator. The result is useful for
massive data with possibly different linear coefficients in each subpopulation
but common nonparametric function. Some numerical illustrations are also
presented.
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INFERENCE FOR THE MODE OF A LOG-CONCAVE DENSITY

BY CHARLES R. DOSS1 AND JON A. WELLNER2
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We study a likelihood ratio test for the location of the mode of a log-
concave density. Our test is based on comparison of the log-likelihoods cor-
responding to the unconstrained maximum likelihood estimator of a log-
concave density and the constrained maximum likelihood estimator where
the constraint is that the mode of the density is fixed, say at m. The con-
strained estimation problem is studied in detail in Doss and Wellner (2018).
Here, the results of that paper are used to show that, under the null hypothesis
(and strict curvature of − logf at the mode), the likelihood ratio statistic is
asymptotically pivotal: that is, it converges in distribution to a limiting dis-
tribution which is free of nuisance parameters, thus playing the role of the
χ2

1 distribution in classical parametric statistical problems. By inverting this
family of tests, we obtain new (likelihood ratio based) confidence intervals
for the mode of a log-concave density f . These new intervals do not de-
pend on any smoothing parameters. We study the new confidence intervals
via Monte Carlo methods and illustrate them with two real data sets. The new
intervals seem to have several advantages over existing procedures. Software
implementing the test and confidence intervals is available in the R package
logcondens.mode.
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In this paper, new tests for the independence of two high-dimensional
vectors are investigated. We consider the case where the dimension of the
vectors increases with the sample size and propose multivariate analysis of
variance-type statistics for the hypothesis of a block diagonal covariance ma-
trix. The asymptotic properties of the new test statistics are investigated un-
der the null hypothesis and the alternative hypothesis using random matrix
theory. For this purpose, we study the weak convergence of linear spectral
statistics of central and (conditionally) noncentral Fisher matrices. In partic-
ular, a central limit theorem for linear spectral statistics of large dimensional
(conditionally) noncentral Fisher matrices is derived which is then used to
analyse the power of the tests under the alternative.

The theoretical results are illustrated by means of a simulation study
where we also compare the new tests with several alternative, in particular
with the commonly used corrected likelihood ratio test. It is demonstrated
that the latter test does not keep its nominal level, if the dimension of one sub-
vector is relatively small compared to the dimension of the other sub-vector.
On the other hand, the tests proposed in this paper provide a reasonable ap-
proximation of the nominal level in such situations. Moreover, we observe
that one of the proposed tests is most powerful under a variety of correlation
scenarios.
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