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DISTRIBUTED ESTIMATION OF PRINCIPAL EIGENSPACES

BY JIANQING FAN∗,1, DONG WANG∗, KAIZHENG WANG∗ AND ZIWEI ZHU†

Princeton University∗ and University of Michigan†

Principal component analysis (PCA) is fundamental to statistical ma-
chine learning. It extracts latent principal factors that contribute to the most
variation of the data. When data are stored across multiple machines, how-
ever, communication cost can prohibit the computation of PCA in a central
location and distributed algorithms for PCA are thus needed. This paper pro-
poses and studies a distributed PCA algorithm: each node machine computes
the top K eigenvectors and transmits them to the central server; the central
server then aggregates the information from all the node machines and con-
ducts a PCA based on the aggregated information. We investigate the bias
and variance for the resulting distributed estimator of the top K eigenvec-
tors. In particular, we show that for distributions with symmetric innovation,
the empirical top eigenspaces are unbiased, and hence the distributed PCA is
“unbiased.” We derive the rate of convergence for distributed PCA estimators,
which depends explicitly on the effective rank of covariance, eigengap, and
the number of machines. We show that when the number of machines is not
unreasonably large, the distributed PCA performs as well as the whole sam-
ple PCA, even without full access of whole data. The theoretical results are
verified by an extensive simulation study. We also extend our analysis to the
heterogeneous case where the population covariance matrices are different
across local machines but share similar top eigenstructures.
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ADDITIVE MODELS WITH TREND FILTERING

BY VEERANJANEYULU SADHANALA AND RYAN J. TIBSHIRANI

Carnegie Mellon University

We study additive models built with trend filtering, that is, additive mod-
els whose components are each regularized by the (discrete) total variation
of their kth (discrete) derivative, for a chosen integer k ≥ 0. This results in
kth degree piecewise polynomial components, (e.g., k = 0 gives piecewise
constant components, k = 1 gives piecewise linear, k = 2 gives piecewise
quadratic, etc.). Analogous to its advantages in the univariate case, additive
trend filtering has favorable theoretical and computational properties, thanks
in large part to the localized nature of the (discrete) total variation regularizer
that it uses. On the theory side, we derive fast error rates for additive trend
filtering estimates, and show these rates are minimax optimal when the under-
lying function is additive and has component functions whose derivatives are
of bounded variation. We also show that these rates are unattainable by addi-
tive smoothing splines (and by additive models built from linear smoothers, in
general). On the computational side, we use backfitting, to leverage fast uni-
variate trend filtering solvers; we also describe a new backfitting algorithm
whose iterations can be run in parallel, which (as far as we can tell) is the
first of its kind. Lastly, we present a number of experiments to examine the
empirical performance of trend filtering.
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SORTED CONCAVE PENALIZED REGRESSION

BY LONG FENG AND CUN-HUI ZHANG1

City University of Hong Kong and Rutgers University

The Lasso is biased. Concave penalized least squares estimation (PLSE)
takes advantage of signal strength to reduce this bias, leading to sharper er-
ror bounds in prediction, coefficient estimation and variable selection. For
prediction and estimation, the bias of the Lasso can be also reduced by tak-
ing a smaller penalty level than what selection consistency requires, but such
smaller penalty level depends on the sparsity of the true coefficient vector.
The sorted �1 penalized estimation (Slope) was proposed for adaptation to
such smaller penalty levels. However, the advantages of concave PLSE and
Slope do not subsume each other. We propose sorted concave penalized es-
timation to combine the advantages of concave and sorted penalizations. We
prove that sorted concave penalties adaptively choose the smaller penalty
level and at the same time benefits from signal strength, especially when a
significant proportion of signals are stronger than the corresponding adap-
tively selected penalty levels. A local convex approximation for sorted con-
cave penalties, which extends the local linear and quadratic approximations
for separable concave penalties, is developed to facilitate the computation of
sorted concave PLSE and proven to possess desired prediction and estima-
tion error bounds. Our analysis of prediction and estimation errors requires
the restricted eigenvalue condition on the design, not beyond, and provides
selection consistency under a required minimum signal strength condition in
addition. Thus, our results also sharpens existing results on concave PLSE by
removing the upper sparse eigenvalue component of the sparse Riesz condi-
tion.
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ACTIVE RANKING FROM PAIRWISE COMPARISONS AND WHEN
PARAMETRIC ASSUMPTIONS DO NOT HELP

BY REINHARD HECKEL∗,1, NIHAR B. SHAH†,2,3, KANNAN RAMCHANDRAN‡

AND MARTIN J. WAINWRIGHT‡,2

Rice University∗, Carnegie Mellon University† and University of California,
Berkeley‡

We consider sequential or active ranking of a set of n items based on
noisy pairwise comparisons. Items are ranked according to the probability
that a given item beats a randomly chosen item, and ranking refers to par-
titioning the items into sets of prespecified sizes according to their scores.
This notion of ranking includes as special cases the identification of the top-k
items and the total ordering of the items. We first analyze a sequential ranking
algorithm that counts the number of comparisons won, and uses these counts
to decide whether to stop, or to compare another pair of items, chosen based
on confidence intervals specified by the data collected up to that point. We
prove that this algorithm succeeds in recovering the ranking using a number
of comparisons that is optimal up to logarithmic factors. This guarantee does
depend on whether or not the underlying pairwise probability matrix, satis-
fies a particular structural property, unlike a significant body of past work
on pairwise ranking based on parametric models such as the Thurstone or
Bradley–Terry–Luce models. It has been a long-standing open question as to
whether or not imposing these parametric assumptions allows for improved
ranking algorithms. For stochastic comparison models, in which the pairwise
probabilities are bounded away from zero, our second contribution is to re-
solve this issue by proving a lower bound for parametric models. This shows,
perhaps surprisingly, that these popular parametric modeling choices offer at
most logarithmic gains for stochastic comparisons.

REFERENCES

[1] AGGARWAL, C. C. (2016). Recommender Systems: The Textbook. Springer, Berlin.
[2] AILON, N. (2011). Active learning ranking from pairwise preferences with almost optimal

query complexity. In Advances in Neural Information Processing Systems 810–818.
[3] BALLINGER, T. P. and WILCOX, N. T. (1997). Decisions, error and heterogeneity. Econ. J.

107 1090–1105.
[4] BOYD, S. and VANDENBERGHE, L. (2004). Convex Optimization. Cambridge Univ. Press,

Cambridge.
[5] BRADLEY, R. A. and TERRY, M. E. (1952). Rank analysis of incomplete block designs. I. The

method of paired comparisons. Biometrika 39 324–345.
[6] BUBECK, S. and CESA-BIANCHI, N. (2012). Regret analysis of stochastic and nonstochastic

multi-armed bandit problems. Found. Trends Mach. Learn. 5.

MSC2010 subject classifications. 68T99.
Key words and phrases. Active learning, online learning, pairwise comparisons, ranking, multi-

armed bandits, Bradley–Terry–Luce model.

http://www.imstat.org/aos/
https://doi.org/10.1214/18-AOS1772
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html


[7] BUBECK, S., WANG, T. and VISWANATHAN, N. (2013). Multiple identifications in multi-
armed bandits. In International Conference on Machine Learning 258–265.

[8] BUSA-FEKETE, R., SZORENYI, B., CHENG, W., WENG, P. and HÜLLERMEIER, E. (2013).
Top-k selection based on adaptive sampling of noisy preferences. In International Con-
ference on Machine Learning 1094–1102.

[9] CHEN, S., LIN, T., KING, I., LYU, M. R. and CHEN, W. (2014). Combinatorial pure ex-
ploration of multi-armed bandits. In Advances in Neural Information Processing Systems
379–387.

[10] CHEN, X., GOPI, S., MAO, J. and SCHNEIDER, J. (2017). Competitive analysis of the top-K
ranking problem. In Proceedings of the Twenty-Eighth Annual ACM-SIAM Symposium
on Discrete Algorithms 1245–1264.

[11] CHEN, Y. and SUH, C. (2015). Spectral MLE: Top-k rank aggregation from pairwise compar-
isons. In International Conference on Machine Learning 371–380.

[12] DE BORDA, J. C. (1781). Mémoire sur les élections au scrutin. Histoire de l’Académie Royale
des Sciences.

[13] ERIKSSON, B. (2013). Learning to top-k search using pairwise comparisons. In International
Conference on Machine Learning 265–273.

[14] EVEN-DAR, E., MANNOR, S. and MANSOUR, Y. (2006). Action elimination and stopping
conditions for the multi-armed bandit and reinforcement learning problems. J. Mach.
Learn. Res. 7 1079–1105.

[15] HAJEK, B., OH, S. and XU, J. (2014). Minimax-optimal inference from partial rankings. In
Advances in Neural Information Processing Systems 1475–1483.

[16] HECKEL, R., SHAH, N. B., RAMCHANDRAN, K. and WAINWRIGHT, M. J. (2019). Supple-
ment to “Active ranking from pairwise comparisons and when parametric assumptions do
not help.” DOI:10.1214/18-AOS1772SUPP.

[17] HUNTER, D. R. (2004). MM algorithms for generalized Bradley–Terry models. Ann. Statist.
32 384–406.

[18] JAMIESON, K., KATARIYA, S., DESHPANDE, A. and NOWAK, R. (2015). Sparse dueling ban-
dits. In International Conference on Artificial Intelligence and Statistics 416–424.

[19] JAMIESON, K., MALLOY, M., NOWAK, R. and BUBECK, S. (2014). lil’ UCB: An optimal
exploration algorithm for multi-armed bandits. In Conference on Learning Theory 423–
439.

[20] JAMIESON, K. and NOWAK, R. (2011). Active ranking using pairwise comparisons. In Ad-
vances in Neural Information Processing Systems 2240–2248.

[21] JOE, H. (1988). Majorization, entropy and paired comparisons. Ann. Statist. 16 915–925.
MR0947585

[22] KALYANAKRISHNAN, S., TEWARI, A., AUER, P. and STONE, P. (2012). PAC subset selection
in stochastic multi-armed bandits. In International Conference on Machine Learning 655–
662.

[23] KAUFMANN, E., CAPPÉ, O. and GARIVIER, A. (2016). On the complexity of best-arm iden-
tification in multi-armed bandit models. J. Mach. Learn. Res. 17 Paper No. 1, 42.

[24] LANDAU, H. G. (1953). On dominance relations and the structure of animal societies. III. The
condition for a score structure. Bull. Math. Biophys. 15 143–148.

[25] LUCE, R. D. (1959). Individual Choice Behavior: A Theoretical Analysis. Wiley, New York.
[26] MAYSTRE, L. and GROSSGLAUSER, M. (2015). Robust active ranking from sparse noisy com-

parisons. Available at arXiv:1502.05556.
[27] NEGAHBAN, S. N., OH, S. and SHAH, D. (2012). Iterative ranking from pair-wise compar-

isons. In Advances in Neural Information Processing Systems 2474–2482.
[28] PAULSON, E. (1964). A sequential procedure for selecting the population with the largest mean

from k normal populations. Ann. Math. Stat. 35 174–180.

https://doi.org/10.1214/18-AOS1772SUPP
http://www.ams.org/mathscinet-getitem?mr=0947585
http://arxiv.org/abs/arXiv:1502.05556


[29] PIECH, C., HUANG, J., CHEN, Z., DO, C., NG, A. and KOLLER, D. (2013). Tuned models of
peer assessment in MOOCs. In International Conference on Educational Data Mining.

[30] SALGANIK, M. J. and LEVY, K. E. C. (2015). Wiki surveys: Open and quantifiable social data
collection. PLoS ONE 10 e0123483.

[31] SHAH, N. B., BALAKRISHNAN, S., BRADLEY, J., PAREKH, A., RAMCHANDRAN, K. and
WAINWRIGHT, M. J. (2016). Estimation from pairwise comparisons: Sharp minimax
bounds with topology dependence. J. Mach. Learn. Res. 17 Paper No. 58, 47.

[32] SHAH, N. B., BALAKRISHNAN, S., GUNTUBOYINA, A. and WAINWRIGHT, M. J. (2017).
Stochastically transitive models for pairwise comparisons: Statistical and computational
issues. IEEE Trans. Inform. Theory 63 934–959.

[33] SHAH, N. B., BRADLEY, J. K., PAREKH, A., WAINWRIGHT, M. J. and RAMCHANDRAN, K.
(2013). A case for ordinal peer-evaluation in MOOCs. In NIPS Workshop on Data Driven
Education.

[34] SHAH, N. B. and WAINWRIGHT, M. J. (2017). Simple, robust and optimal ranking from pair-
wise comparisons. J. Mach. Learn. Res. 18 Paper No. 199, 38.

[35] SOUFIANI, H., PARKES, D. and XIA, L. (2014). Computing parametric ranking models via
rank-breaking. In International Conference on Machine Learning 360–368.

[36] SZÖRÉNYI, B., BUSA-FEKETE, R., PAUL, A. and HÜLLERMEIER, E. (2015). Online rank
elicitation for Plackett–Luce: A dueling bandits approach. In Advances in Neural Infor-
mation Processing Systems 604–612.

[37] THURSTONE, L. (1927). A law of comparative judgment. Psychol. Rev. 34 273–286.
[38] TVERSKY, A. and EDWARD RUSSO, J. (1969). Substitutability and similarity in binary

choices. J. Math. Psych. 6 1–12.
[39] URVOY, T., CLEROT, F., FÉRAUD, R. and NAAMANE, S. (2013). Generic exploration and

K-armed voting bandits. In International Conference on Machine Learning 91–99.
[40] YUE, Y., BRODER, J., KLEINBERG, R. and JOACHIMS, T. (2012). The K-armed dueling

bandits problem. J. Comput. System Sci. 78 1538–1556.
[41] YUE, Y. and JOACHIMS, T. (2011). Beat the mean bandit. In International Conference on

Machine Learning 241–248.



The Annals of Statistics
2019, Vol. 47, No. 6, 3127–3156
https://doi.org/10.1214/18-AOS1773
© Institute of Mathematical Statistics, 2019

RANDOMIZED INCOMPLETE U -STATISTICS IN HIGH
DIMENSIONS2

BY XIAOHUI CHEN1 AND KENGO KATO
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This paper studies inference for the mean vector of a high-dimensional
U -statistic. In the era of big data, the dimension d of the U -statistic and the
sample size n of the observations tend to be both large, and the computa-
tion of the U -statistic is prohibitively demanding. Data-dependent inferen-
tial procedures such as the empirical bootstrap for U -statistics is even more
computationally expensive. To overcome such a computational bottleneck,
incomplete U -statistics obtained by sampling fewer terms of the U -statistic
are attractive alternatives. In this paper, we introduce randomized incomplete
U -statistics with sparse weights whose computational cost can be made inde-
pendent of the order of the U -statistic. We derive nonasymptotic Gaussian ap-
proximation error bounds for the randomized incomplete U -statistics in high
dimensions, namely in cases where the dimension d is possibly much larger
than the sample size n, for both nondegenerate and degenerate kernels. In ad-
dition, we propose generic bootstrap methods for the incomplete U -statistics
that are computationally much less demanding than existing bootstrap meth-
ods, and establish finite sample validity of the proposed bootstrap methods.
Our methods are illustrated on the application to nonparametric testing for the
pairwise independence of a high-dimensional random vector under weaker
assumptions than those appearing in the literature.
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ADAPTIVE ESTIMATION OF THE RANK OF THE COEFFICIENT
MATRIX IN HIGH-DIMENSIONAL MULTIVARIATE

RESPONSE REGRESSION MODELS

BY XIN BING AND MARTEN H. WEGKAMP1

Cornell University

We consider the multivariate response regression problem with a regres-
sion coefficient matrix of low, unknown rank. In this setting, we analyze a
new criterion for selecting the optimal reduced rank. This criterion differs
notably from the one proposed in Bunea, She and Wegkamp (Ann. Statist.
39 (2011) 1282–1309) in that it does not require estimation of the unknown
variance of the noise, nor does it depend on a delicate choice of a tuning pa-
rameter. We develop an iterative, fully data-driven procedure, that adapts to
the optimal signal-to-noise ratio. This procedure finds the true rank in a few
steps with overwhelming probability. At each step, our estimate increases,
while at the same time it does not exceed the true rank. Our finite sample
results hold for any sample size and any dimension, even when the number
of responses and of covariates grow much faster than the number of observa-
tions. We perform an extensive simulation study that confirms our theoretical
findings. The new method performs better and is more stable than the pro-
cedure of Bunea, She and Wegkamp (Ann. Statist. 39 (2011) 1282–1309) in
both low- and high-dimensional settings.
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STATISTICAL INFERENCE FOR AUTOREGRESSIVE MODELS
UNDER HETEROSCEDASTICITY OF UNKNOWN FORM

BY KE ZHU1

University of Hong Kong

This paper provides an entire inference procedure for the autoregressive
model under (conditional) heteroscedasticity of unknown form with a finite
variance. We first establish the asymptotic normality of the weighted least
absolute deviations estimator (LADE) for the model. Second, we develop
the random weighting (RW) method to estimate its asymptotic covariance
matrix, leading to the implementation of the Wald test. Third, we construct
a portmanteau test for model checking, and use the RW method to obtain
its critical values. As a special weighted LADE, the feasible adaptive LADE
(ALADE) is proposed and proved to have the same efficiency as its infeasible
counterpart. The importance of our entire methodology based on the feasible
ALADE is illustrated by simulation results and the real data analysis on three
U.S. economic data sets.
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ON PARTIAL-SUM PROCESSES OF ARMAX RESIDUALS

BY STEFFEN GRØNNEBERG AND BENJAMIN HOLCBLAT

BI Norwegian Business School and Université du Luxembourg, LSF

We establish general and versatile results regarding the limit behavior of
the partial-sum process of ARMAX residuals. Illustrations include ARMA
with seasonal dummies, misspecified ARMAX models with autocorrelated
errors, nonlinear ARMAX models, ARMA with a structural break, a wide
range of ARMAX models with infinite-variance errors, weak GARCH mod-
els and the consistency of kernel estimation of the density of ARMAX errors.
Our results identify the limit distributions, and provide a general algorithm to
obtain pivot statistics for CUSUM tests.
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QUANTILE REGRESSION UNDER MEMORY CONSTRAINT

BY XI CHEN∗,1 WEIDONG LIU†,2 AND YICHEN ZHANG∗

New York University∗ and Shanghai Jiao Tong University†

This paper studies the inference problem in quantile regression (QR) for
a large sample size n but under a limited memory constraint, where the mem-
ory can only store a small batch of data of size m. A natural method is the
naive divide-and-conquer approach, which splits data into batches of size m,
computes the local QR estimator for each batch and then aggregates the es-
timators via averaging. However, this method only works when n = o(m2)

and is computationally expensive. This paper proposes a computationally ef-
ficient method, which only requires an initial QR estimator on a small batch
of data and then successively refines the estimator via multiple rounds of ag-
gregations. Theoretically, as long as n grows polynomially in m, we establish
the asymptotic normality for the obtained estimator and show that our estima-
tor with only a few rounds of aggregations achieves the same efficiency as the
QR estimator computed on all the data. Moreover, our result allows the case
that the dimensionality p goes to infinity. The proposed method can also be
applied to address the QR problem under distributed computing environment
(e.g., in a large-scale sensor network) or for real-time streaming data.
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SAMPLING AND ESTIMATION FOR (SPARSE) EXCHANGEABLE
GRAPHS1

BY VICTOR VEITCH AND DANIEL M. ROY

Columbia University and University of Toronto

Sparse exchangeable graphs on R+, and the associated graphex frame-
work for sparse graphs, generalize exchangeable graphs on N, and the asso-
ciated graphon framework for dense graphs. We develop the graphex frame-
work as a tool for statistical network analysis by identifying the sampling
scheme that is naturally associated with the models of the framework, for-
malizing two natural notions of consistent estimation of the parameter (the
graphex) underlying these models, and identifying general consistent esti-
mators in each case. The sampling scheme is a modification of independent
vertex sampling that throws away vertices that are isolated in the sampled
subgraph. The estimators are variants of the empirical graphon estimator,
which is known to be a consistent estimator for the distribution of dense ex-
changeable graphs; both can be understood as graph analogues to the empir-
ical distribution in the i.i.d. sequence setting. Our results may be viewed as
a generalization of consistent estimation via the empirical graphon from the
dense graph regime to also include sparse graphs.
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HYPOTHESIS TESTING ON LINEAR STRUCTURES OF
HIGH-DIMENSIONAL COVARIANCE MATRIX
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Northeast Normal University∗, Fudan University†, Pennsylvania State
University‡ and Capital Normal University§

This paper is concerned with test of significance on high-dimensional co-
variance structures, and aims to develop a unified framework for testing com-
monly used linear covariance structures. We first construct a consistent esti-
mator for parameters involved in the linear covariance structure, and then de-
velop two tests for the linear covariance structures based on entropy loss and
quadratic loss used for covariance matrix estimation. To study the asymptotic
properties of the proposed tests, we study related high-dimensional random
matrix theory, and establish several highly useful asymptotic results. With the
aid of these asymptotic results, we derive the limiting distributions of these
two tests under the null and alternative hypotheses. We further show that the
quadratic loss based test is asymptotically unbiased. We conduct Monte Carlo
simulation study to examine the finite sample performance of the two tests.
Our simulation results show that the limiting null distributions approximate
their null distributions quite well, and the corresponding asymptotic critical
values keep Type I error rate very well. Our numerical comparison implies
that the proposed tests outperform existing ones in terms of controlling Type I
error rate and power. Our simulation indicates that the test based on quadratic
loss seems to have better power than the test based on entropy loss.
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ON OPTIMAL DESIGNS FOR NONREGULAR MODELS

BY YI LIN∗, RYAN MARTIN† AND MIN YANG∗

University of Illinois at Chicago∗ and North Carolina State University†

Classically, Fisher information is the relevant object in defining optimal
experimental designs. However, for models that lack certain regularity, the
Fisher information does not exist, and hence, there is no notion of design op-
timality available in the literature. This article seeks to fill the gap by propos-
ing a so-called Hellinger information, which generalizes Fisher information
in the sense that the two measures agree in regular problems, but the former
also exists for certain types of nonregular problems. We derive a Hellinger
information inequality, showing that Hellinger information defines a lower
bound on the local minimax risk of estimators. This provides a connection
between features of the underlying model—in particular, the design—and
the performance of estimators, motivating the use of this new Hellinger in-
formation for nonregular optimal design problems. Hellinger optimal designs
are derived for several nonregular regression problems, with numerical re-
sults empirically demonstrating the efficiency of these designs compared to
alternatives.

REFERENCES

BERNARDO, J.-M. (1979). Reference posterior distributions for Bayesian inference. J. Roy. Statist.
Soc. Ser. B 41 113–147. MR0547240

BIEDERMANN, S., DETTE, H. and HOFFMANN, P. (2009). Constrained optimal discrimination de-
signs for Fourier regression models. Ann. Inst. Statist. Math. 61 143–157. MR2481031

BIEDERMANN, S., DETTE, H. and WOODS, D. C. (2011). Optimal design for additive partially
nonlinear models. Biometrika 98 449–458. MR2806440

BIEDERMANN, S., DETTE, H. and ZHU, W. (2006). Optimal designs for dose-response models with
restricted design spaces. J. Amer. Statist. Assoc. 101 747–759. MR2256185

CHERNOZHUKOV, V. and HONG, H. (2004). Likelihood estimation and inference in a class of non-
regular econometric models. Econometrica 72 1445–1480. MR2077489

COUSINEAU, D. (2009). Fitting the three-parameter Weibull distribution: Review and evaluation of
existing and new methods. IEEE Trans. Dielectr. Electr. Insul. 16 281–288.

DETTE, H., KONSTANTINOU, M. and ZHIGLJAVSKY, A. (2017). A new approach to optimal designs
for correlated observations. Ann. Statist. 45 1579–1608. MR3670189

DETTE, H. and MELAS, V. B. (2011). A note on the de la Garza phenomenon for locally optimal
designs. Ann. Statist. 39 1266–1281. MR2816354

DETTE, H., PEPELYSHEV, A. and ZHIGLJAVSKY, A. (2016). Optimal designs in regression with
correlated errors. Ann. Statist. 44 113–152. MR3449764

DETTE, H. and SCHORNING, K. (2013). Complete classes of designs for nonlinear regression mod-
els and principal representations of moment spaces. Ann. Statist. 41 1260–1267. MR3113810

MSC2010 subject classifications. Primary 62K05; secondary 62B10.
Key words and phrases. E-optimality, experimental design, Fisher information, Hellinger dis-

tance, information inequality.

http://www.imstat.org/aos/
https://doi.org/10.1214/18-AOS1780
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=0547240
http://www.ams.org/mathscinet-getitem?mr=2481031
http://www.ams.org/mathscinet-getitem?mr=2806440
http://www.ams.org/mathscinet-getitem?mr=2256185
http://www.ams.org/mathscinet-getitem?mr=2077489
http://www.ams.org/mathscinet-getitem?mr=3670189
http://www.ams.org/mathscinet-getitem?mr=2816354
http://www.ams.org/mathscinet-getitem?mr=3449764
http://www.ams.org/mathscinet-getitem?mr=3113810
http://www.ams.org/mathscinet/msc/msc2010.html


DETTE, H. and TITOFF, S. (2009). Optimal discrimination designs. Ann. Statist. 37 2056–2082.
MR2533479

DETTE, H., BRETZ, F., PEPELYSHEV, A. and PINHEIRO, J. (2008). Optimal designs for dose-
finding studies. J. Amer. Statist. Assoc. 103 1225–1237. MR2462895

DETTE, H., GUCHENKO, R., MELAS, V. B. and WONG, W. K. (2018). Optimal discrimination
designs for semiparametric models. Biometrika 105 185–197. MR3768873

DE LA GARZA, A. (1954). Spacing of information in polynomial regression. Ann. Math. Stat. 25
123–130. MR0060777

DROR, H. A. and STEINBERG, D. M. (2006). Robust experimental design for multivariate general-
ized linear models. Technometrics 48 520–529. MR2328621

FELLER, C., SCHORNING, K., DETTE, H., BERMANN, G. and BORNKAMP, B. (2017). Opti-
mal designs for dose response curves with common parameters. Ann. Statist. 45 2102–2132.
MR3718163

GOTWALT, C. M., JONES, B. A. and STEINBERG, D. M. (2009). Fast computation of designs robust
to parameter uncertainty for nonlinear settings. Technometrics 51 88–95. MR2664866

HARMAN, R. and BENKOVÁ, E. (2017). Barycentric algorithm for computing D-optimal size- and
cost-constrained designs of experiments. Metrika 80 201–225. MR3597582

HIROSE, H. and LAI, T. L. (1997). Inference from grouped data in three-parameter Weibull models
with applications to breakdown-voltage experiments. Technometrics 39 199–210. MR1452348
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A SMEARY CENTRAL LIMIT THEOREM FOR MANIFOLDS
WITH APPLICATION TO HIGH-DIMENSIONAL SPHERES1

BY BENJAMIN ELTZNER AND STEPHAN F. HUCKEMANN

Felix-Bernstein-Institut für Mathematische Statistik in den Biowissenschaften and
Georg-August-Universität Göttingen

The (CLT) central limit theorems for generalized Fréchet means (data
descriptors assuming values in manifolds, such as intrinsic means, geodesics,
etc.) on manifolds from the literature are only valid if a certain empirical pro-
cess of Hessians of the Fréchet function converges suitably, as in the proof
of the prototypical BP-CLT [Ann. Statist. 33 (2005) 1225–1259]. This is not
valid in many realistic scenarios and we provide for a new very general CLT.
In particular, this includes scenarios where, in a suitable chart, the sample
mean fluctuates asymptotically at a scale nα with exponents α < 1/2 with
a nonnormal distribution. As the BP-CLT yields only fluctuations that are,
rescaled with n1/2, asymptotically normal, just as the classical CLT for ran-
dom vectors, these lower rates, somewhat loosely called smeariness, had to
date been observed only on the circle. We make the concept of smeariness
on manifolds precise, give an example for two-smeariness on spheres of ar-
bitrary dimension, and show that smeariness, although “almost never” oc-
curring, may have serious statistical implications on a continuum of sample
scenarios nearby. In fact, this effect increases with dimension, striking in par-
ticular in high dimension low sample size scenarios.
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Testing for white noise is a classical yet important problem in statistics,
especially for diagnostic checks in time series modeling and linear regres-
sion. For high-dimensional time series in the sense that the dimension p is
large in relation to the sample size T , the popular omnibus tests including
the multivariate Hosking and Li–McLeod tests are extremely conservative,
leading to substantial power loss. To develop more relevant tests for high-
dimensional cases, we propose a portmanteau-type test statistic which is the
sum of squared singular values of the first q lagged sample autocovariance
matrices. It, therefore, encapsulates all the serial correlations (up to the time
lag q) within and across all component series. Using the tools from ran-
dom matrix theory and assuming both p and T diverge to infinity, we de-
rive the asymptotic normality of the test statistic under both the null and a
specific VMA(1) alternative hypothesis. As the actual implementation of the
test requires the knowledge of three characteristic constants of the popula-
tion cross-sectional covariance matrix and the value of the fourth moment
of the standardized innovations, nontrivial estimations are proposed for these
parameters and their integration leads to a practically usable test. Extensive
simulation confirms the excellent finite-sample performance of the new test
with accurate size and satisfactory power for a large range of finite (p,T )

combinations, therefore, ensuring wide applicability in practice. In partic-
ular, the new tests are consistently superior to the traditional Hosking and
Li–McLeod tests.
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MINIMAX POSTERIOR CONVERGENCE RATES AND MODEL
SELECTION CONSISTENCY IN HIGH-DIMENSIONAL DAG

MODELS BASED ON SPARSE CHOLESKY FACTORS
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In this paper we study the high-dimensional sparse directed acyclic graph
(DAG) models under the empirical sparse Cholesky prior. Among our results,
strong model selection consistency or graph selection consistency is obtained
under more general conditions than those in the existing literature. Compared
to Cao, Khare and Ghosh [Ann. Statist. (2019) 47 319–348], the required
conditions are weakened in terms of the dimensionality, sparsity and lower
bound of the nonzero elements in the Cholesky factor. Furthermore, our result
does not require the irrepresentable condition, which is necessary for Lasso-
type methods. We also derive the posterior convergence rates for precision
matrices and Cholesky factors with respect to various matrix norms. The ob-
tained posterior convergence rates are the fastest among those of the existing
Bayesian approaches. In particular, we prove that our posterior convergence
rates for Cholesky factors are the minimax or at least nearly minimax de-
pending on the relative size of true sparseness for the entire dimension. The
simulation study confirms that the proposed method outperforms the compet-
ing methods.
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BOOTSTRAPPING AND SAMPLE SPLITTING FOR
HIGH-DIMENSIONAL, ASSUMPTION-LEAN INFERENCE

BY ALESSANDRO RINALDO, LARRY WASSERMAN AND MAX G’SELL

Carnegie Mellon University

Several new methods have been recently proposed for performing valid
inference after model selection. An older method is sample splitting: use part
of the data for model selection and the rest for inference. In this paper, we
revisit sample splitting combined with the bootstrap (or the Normal approx-
imation). We show that this leads to a simple, assumption-lean approach to
inference and we establish results on the accuracy of the method. In fact, we
find new bounds on the accuracy of the bootstrap and the Normal approx-
imation for general nonlinear parameters with increasing dimension which
we then use to assess the accuracy of regression inference. We define new
parameters that measure variable importance and that can be inferred with
greater accuracy than the usual regression coefficients. Finally, we elucidate
an inference-prediction trade-off: splitting increases the accuracy and robust-
ness of inference but can decrease the accuracy of the predictions.
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JOINT CONVERGENCE OF SAMPLE AUTOCOVARIANCE
MATRICES WHEN p/n → 0 WITH APPLICATION

BY MONIKA BHATTACHARJEE1 AND ARUP BOSE2

University of Florida and Indian Statistical Institute

Consider a high-dimensional linear time series model where the dimen-
sion p and the sample size n grow in such a way that p/n → 0. Let �̂u

be the uth order sample autocovariance matrix. We first show that the LSD
of any symmetric polynomial in {�̂u, �̂∗

u,u ≥ 0} exists under independence
and moment assumptions on the driving sequence together with weak as-
sumptions on the coefficient matrices. This LSD result, with some additional
effort, implies the asymptotic normality of the trace of any polynomial in
{�̂u, �̂∗

u,u ≥ 0}. We also study similar results for several independent MA
processes.

We show applications of the above results to statistical inference problems
such as in estimation of the unknown order of a high-dimensional MA process
and in graphical and significance tests for hypotheses on coefficient matrices
of one or several such independent processes.
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TRACY–WIDOM LIMIT FOR KENDALL’S TAU

BY ZHIGANG BAO1

Hong Kong University of Science and Technology

In this paper, we study a high-dimensional random matrix model from
nonparametric statistics called the Kendall rank correlation matrix, which is
a natural multivariate extension of the Kendall rank correlation coefficient.
We establish the Tracy–Widom law for its largest eigenvalue. It is the first
Tracy–Widom law for a nonparametric random matrix model, and also the
first Tracy–Widom law for a high-dimensional U-statistic.
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INTRINSIC RIEMANNIAN FUNCTIONAL DATA ANALYSIS1

BY ZHENHUA LIN∗ AND FANG YAO†

National University of Singapore∗ and Peking University†

In this work we develop a novel and foundational framework for ana-
lyzing general Riemannian functional data, in particular a new development
of tensor Hilbert spaces along curves on a manifold. Such spaces enable us
to derive Karhunen–Loève expansion for Riemannian random processes. This
framework also features an approach to compare objects from different tensor
Hilbert spaces, which paves the way for asymptotic analysis in Riemannian
functional data analysis. Built upon intrinsic geometric concepts such as vec-
tor field, Levi-Civita connection and parallel transport on Riemannian man-
ifolds, the developed framework applies to not only Euclidean submanifolds
but also manifolds without a natural ambient space. As applications of this
framework, we develop intrinsic Riemannian functional principal component
analysis (iRFPCA) and intrinsic Riemannian functional linear regression (iR-
FLR) that are distinct from their traditional and ambient counterparts. We also
provide estimation procedures for iRFPCA and iRFLR, and investigate their
asymptotic properties within the intrinsic geometry. Numerical performance
is illustrated by simulated and real examples.
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DETECTING RELEVANT CHANGES IN THE MEAN OF
NONSTATIONARY PROCESSES—A MASS EXCESS APPROACH1

BY HOLGER DETTE∗ AND WEICHI WU†,∗

Ruhr-Universität Bochum∗ and Tsinghua University†

This paper considers the problem of testing if a sequence of means
(μt )t=1,...,n of a nonstationary time series (Xt )t=1,...,n is stable in the sense
that the difference of the means μ1 and μt between the initial time t = 1 and
any other time is smaller than a given threshold, that is |μ1 − μt | ≤ c for all
t = 1, . . . , n. A test for hypotheses of this type is developed using a bias cor-
rected monotone rearranged local linear estimator and asymptotic normality
of the corresponding test statistic is established. As the asymptotic variance
depends on the location of the roots of the equation |μ1 − μt | = c a new
bootstrap procedure is proposed to obtain critical values and its consistency
is established. As a consequence we are able to quantitatively describe rele-
vant deviations of a nonstationary sequence from its initial value. The results
are illustrated by means of a simulation study and by analyzing data exam-
ples.
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