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VERONIKA ROČKOVÁ AND STÉPHANIE VAN DER PAS 2108
Double-slicing assisted sufficient dimension reduction for high-dimensional censored

data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . SHANSHAN DING, WEI QIAN AND LAN WANG 2132
Asymptotic frequentist coverage properties of Bayesian credible sets for sieve

priors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . JUDITH ROUSSEAU AND BOTOND SZABO 2155
Convergence rates of variational posterior distributions

FENGSHUO ZHANG AND CHAO GAO 2180
Two-sample hypothesis testing for inhomogeneous random graphs

DEBARGHYA GHOSHDASTIDAR, MAURILIO GUTZEIT,
ALEXANDRA CARPENTIER AND ULRIKE VON LUXBURG 2208

Beyond HC: More sensitive tests for rare/weak alternatives
THOMAS PORTER AND MICHAEL STEWART 2230

continued



ISSN 0090-5364 (print)
ISSN 2168-8966 (online)

THE ANNALS
of

STATISTICS
AN OFFICIAL JOURNAL OF THE

INSTITUTE OF MATHEMATICAL STATISTICS

Vol. 48, No. 4—August 2020

Articles—Continued from front cover

Minimax optimal rates for Mondrian trees and forests
JAOUAD MOURTADA, STÉPHANE GAÏFFAS AND ERWAN SCORNET 2253

Identifiability of nonparametric mixture models and Bayes optimal clustering
BRYON ARAGAM, CHEN DAN, ERIC P. XING AND PRADEEP RAVIKUMAR 2277

A test for separability in covariance operators of random surfaces
PRAMITA BAGCHI AND HOLGER DETTE 2303

A general approach for cure models in survival analysis
VALENTIN PATILEA AND INGRID VAN KEILEGOM 2323

Adaptive distributed methods under communication constraints
BOTOND SZABÓ AND HARRY VAN ZANTEN 2347

Bayesian analysis of the covariance matrix of a multivariate normal distribution with a
new class of priors . . . . . . . . . . . . . . . . . . . . . . . . . . JAMES O. BERGER, DONGCHU SUN

AND CHENGYUAN SONG 2381
Extending the validity of frequency domain bootstrap methods to general stationary

processes . . . . . . . . . . . . . . . . . . . . . . . . . . . MARCO MEYER, EFSTATHIOS PAPARODITIS
AND JENS-PETER KREISS 2404

Minimax estimation of large precision matrices with bandable Cholesky factor
YU LIU AND ZHAO REN 2428

Estimation and inference for precision matrices of nonstationary time series
XIUCAI DING AND ZHOU ZHOU 2455

Isotropic covariance functions on graphs and their edges
ETHAN ANDERES, JESPER MØLLER AND JAKOB G. RASMUSSEN 2478



THE ANNALS OF STATISTICS Vol. 48, No. 4, pp. 1875–2503 August 2020



INSTITUTE OF MATHEMATICAL STATISTICS

(Organized September 12, 1935)

The purpose of the Institute is to foster the development and dissemination of the theory and
applications of statistics and probability.

The Annals of Statistics [ISSN 0090-5364 (print); ISSN 2168-8966 (online)], Volume 48, Number 4, August
2020. Published bimonthly by the Institute of Mathematical Statistics, 3163 Somerset Drive, Cleveland, Ohio
44122, USA. Periodicals postage paid at Cleveland, Ohio, and at additional mailing offices.

POSTMASTER: Send address changes to The Annals of Statistics, Institute of Mathematical Statistics, Dues and
Subscriptions Office, 9650 Rockville Pike, Suite L 2310, Bethesda, Maryland 20814-3998, USA.

Copyright © 2020 by the Institute of Mathematical Statistics
Printed in the United States of America

IMS OFFICERS

President: Susan Murphy, Department of Statistics, Harvard University, Cambridge, Massachusetts 02138-2901,
USA

President-Elect: Regina Y. Liu, Department of Statistics, Rutgers University, Piscataway, New Jersey 08854-8019,
USA

Past President: Xiao-Li Meng, Department of Statistics, Harvard University, Cambridge, Massachusetts
02138-2901, USA

Executive Secretary: Edsel Peña, Department of Statistics, University of South Carolina, Columbia, South
Carolina 29208-001, USA

Treasurer: Zhengjun Zhang, Department of Statistics, University of Wisconsin, Madison, Wisconsin 53706-1510,
USA

Program Secretary: Ming Yuan, Department of Statistics, Columbia University, New York, NY 10027-5927, USA

IMS EDITORS

The Annals of Statistics. Editors: Richard J. Samworth, Statistical Laboratory, Centre for Mathematical Sciences,
University of Cambridge, Cambridge, CB3 0WB, UK. Ming Yuan, Department of Statistics, Columbia
University, New York, NY 10027, USA

The Annals of Applied Statistics. Editor-in-Chief : Karen Kafadar, Department of Statistics, University of Virginia,
Heidelberg Institute for Theoretical Studies, Charlottesville, VA 22904-4135, USA

The Annals of Probability. Editor: Amir Dembo, Department of Statistics and Department of Mathematics, Stan-
ford University, Stanford, California 94305, USA

The Annals of Applied Probability. Editors: François Delarue, Laboratoire J. A. Dieudonné, Université de Nice
Sophia-Antipolis, France-06108 Nice Cedex 2. Peter Friz, Institut für Mathematik, Technische Universität
Berlin, 10623 Berlin, Germany and Weierstrass-Institut für Angewandte Analysis und Stochastik, 10117
Berlin, Germany

Statistical Science. Editor: Sonia Petrone, Department of Decision Sciences, Università Bocconi, 20100 Milano
MI, Italy

The IMS Bulletin. Editor: Vlada Limic, UMR 7501 de l’Université de Strasbourg et du CNRS, 7 rue René
Descartes, 67084 Strasbourg Cedex, France



The Annals of Statistics
2020, Vol. 48, No. 4, 1875–1897
https://doi.org/10.1214/19-AOS1875
© Institute of Mathematical Statistics, 2020

NONPARAMETRIC REGRESSION USING DEEP NEURAL NETWORKS
WITH RELU ACTIVATION FUNCTION1

BY JOHANNES SCHMIDT-HIEBER

Department of Applied Mathematics, University of Twente, a.j.schmidt-hieber@utwente.nl

Consider the multivariate nonparametric regression model. It is shown
that estimators based on sparsely connected deep neural networks with ReLU
activation function and properly chosen network architecture achieve the min-
imax rates of convergence (up to logn-factors) under a general composition
assumption on the regression function. The framework includes many well-
studied structural constraints such as (generalized) additive models. While
there is a lot of flexibility in the network architecture, the tuning parame-
ter is the sparsity of the network. Specifically, we consider large networks
with number of potential network parameters exceeding the sample size. The
analysis gives some insights into why multilayer feedforward neural networks
perform well in practice. Interestingly, for ReLU activation function the depth
(number of layers) of the neural network architectures plays an important
role, and our theory suggests that for nonparametric regression, scaling the
network depth with the sample size is natural. It is also shown that under
the composition assumption wavelet estimators can only achieve suboptimal
rates.

REFERENCES

[1] ANTHONY, M. and BARTLETT, P. L. (1999). Neural Network Learning: Theoretical Foundations. Cam-
bridge Univ. Press, Cambridge. MR1741038 https://doi.org/10.1017/CBO9780511624216

[2] BACH, F. (2017). Breaking the curse of dimensionality with convex neutral networks. J. Mach. Learn. Res.
18 Art. ID 19. MR3634886

[3] BARAUD, Y. and BIRGÉ, L. (2014). Estimating composite functions by model selection. Ann. Inst. Henri
Poincaré Probab. Stat. 50 285–314. MR3161532 https://doi.org/10.1214/12-AIHP516

[4] BARRON, A. R. (1993). Universal approximation bounds for superpositions of a sigmoidal function. IEEE
Trans. Inf. Theory 39 930–945. MR1237720 https://doi.org/10.1109/18.256500

[5] BARRON, A. R. (1994). Approximation and estimation bounds for artificial neural networks. Mach. Learn.
14 115–133. https://doi.org/10.1007/BF00993164

[6] BAUER, B. and KOHLER, M. (2019). On deep learning as a remedy for the curse of dimensionality in non-
parametric regression. Ann. Statist. 47 2261–2285. MR3953451 https://doi.org/10.1214/18-AOS1747

[7] BÖLCSKEI, H., GROHS, P., KUTYNIOK, G. and PETERSEN, P. (2019). Optimal approximation
with sparsely connected deep neural networks. SIAM J. Math. Data Sci. 1 8–45. MR3949699
https://doi.org/10.1137/18M118709X

[8] CANDÈS, E. J. (2002). New ties between computational harmonic analysis and approximation theory. In
Approximation Theory, X (St. Louis, MO, 2001). Innov. Appl. Math. 87–153. Vanderbilt Univ. Press,
Nashville, TN. MR1924879

[9] CHOROMANSKA, A., HENAFF, M., MATHIEU, M., AROUS, G. B. and LECUN, Y. (2015). The loss surface
of multilayer networks. In Aistats. Proceedings of Machine Learning Research 38 192–204.

[10] COHEN, A., DAUBECHIES, I. and VIAL, P. (1993). Wavelets on the interval and fast wavelet transforms.
Appl. Comput. Harmon. Anal. 1 54–81. MR1256527 https://doi.org/10.1006/acha.1993.1005

[11] CYBENKO, G. (1989). Approximation by superpositions of a sigmoidal function. Math. Control Signals
Systems 2 303–314. MR1015670 https://doi.org/10.1007/BF02551274

[12] GINÉ, E. and KOLTCHINSKII, V. (2006). Concentration inequalities and asymptotic results for ra-
tio type empirical processes. Ann. Probab. 34 1143–1216. MR2243881 https://doi.org/10.1214/
009117906000000070

MSC2020 subject classifications. 62G08.
Key words and phrases. Nonparametric regression, multilayer neural networks, ReLU activation function,

minimax estimation risk, additive models, wavelets.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/19-AOS1875
http://www.imstat.org
mailto:a.j.schmidt-hieber@utwente.nl
http://www.ams.org/mathscinet-getitem?mr=1741038
https://doi.org/10.1017/CBO9780511624216
http://www.ams.org/mathscinet-getitem?mr=3634886
http://www.ams.org/mathscinet-getitem?mr=3161532
https://doi.org/10.1214/12-AIHP516
http://www.ams.org/mathscinet-getitem?mr=1237720
https://doi.org/10.1109/18.256500
https://doi.org/10.1007/BF00993164
http://www.ams.org/mathscinet-getitem?mr=3953451
https://doi.org/10.1214/18-AOS1747
http://www.ams.org/mathscinet-getitem?mr=3949699
https://doi.org/10.1137/18M118709X
http://www.ams.org/mathscinet-getitem?mr=1924879
http://www.ams.org/mathscinet-getitem?mr=1256527
https://doi.org/10.1006/acha.1993.1005
http://www.ams.org/mathscinet-getitem?mr=1015670
https://doi.org/10.1007/BF02551274
http://www.ams.org/mathscinet-getitem?mr=2243881
https://doi.org/10.1214/009117906000000070
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/009117906000000070


[13] GLOROT, X., BORDES, A. and BENGIO, Y. (2011). Deep sparse rectifier neural networks. In Aistats. Pro-
ceedings of Machine Learning Research 15 315–323.

[14] GOODFELLOW, I., BENGIO, Y. and COURVILLE, A. (2016). Deep Learning. Adaptive Computation and
Machine Learning. MIT Press, Cambridge, MA. MR3617773
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I would like to congratulate Johannes Schmidt–Hieber on a very interest-
ing paper in which he considers regression functions belonging to the class of
so-called compositional functions and analyzes the ability of estimators based
on the multivariate nonparametric regression model of deep neural networks
to achieve minimax rates of convergence.

In my discussion, I will first regard such a type of result from the general
viewpoint of the theoretical foundations of deep neural networks. This will
be followed by a discussion from the viewpoint of expressivity, optimization
and generalization. Finally, I will consider some specific aspects of the main
result.
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We study accuracy of bootstrap procedures for estimation of quantiles of
a smooth function of a sum of independent sub-Gaussian random vectors. We
establish higher-order approximation bounds with error terms depending on
a sample size and a dimension explicitly. These results lead to improvements
of accuracy of a weighted bootstrap procedure for general log-likelihood ra-
tio statistics. The key element of our proofs of the bootstrap accuracy is a
multivariate higher-order Berry–Esseen inequality. We consider a problem of
approximation of distributions of two sums of zero mean independent ran-
dom vectors, such that summands with the same indices have equal moments
up to at least the second order. The derived approximation bound is uniform
on the sets of all Euclidean balls. The presented approach extends classical
Berry–Esseen type inequalities to higher-order approximation bounds. The
theoretical results are illustrated with numerical experiments.
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ON THE VALIDITY OF THE FORMAL EDGEWORTH EXPANSION
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BY JOHN E. KOLASSA1 AND TODD A. KUFFNER2

1Department of Statistics and Biostatistics, Rutgers University, kolassa@stat.rutgers.edu
2Department of Mathematics and Statistics, Washington University in St. Louis, kuffner@wustl.edu

We consider a fundamental open problem in parametric Bayesian the-
ory, namely the validity of the formal Edgeworth expansion of the posterior
density. While the study of valid asymptotic expansions for posterior dis-
tributions constitutes a rich literature, the validity of the formal Edgeworth
expansion has not been rigorously established. Several authors have claimed
connections of various posterior expansions with the classical Edgeworth ex-
pansion, or have simply assumed its validity. Our main result settles this open
problem. We also prove a lemma concerning the order of posterior cumulants
which is of independent interest in Bayesian parametric theory. The most
relevant literature is synthesized and compared to the newly-derived Edge-
worth expansions. Numerical investigations illustrate that our expansion has
the behavior expected of an Edgeworth expansion, and that it has better per-
formance than the other existing expansion which was previously claimed to
be of Edgeworth type.
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MODEL SELECTION FOR HIGH-DIMENSIONAL LINEAR REGRESSION
WITH DEPENDENT OBSERVATIONS
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We investigate the prediction capability of the orthogonal greedy algo-
rithm (OGA) in high-dimensional regression models with dependent obser-
vations. The rates of convergence of the prediction error of OGA are obtained
under a variety of sparsity conditions. To prevent OGA from overfitting, we
introduce a high-dimensional Akaike’s information criterion (HDAIC) to de-
termine the number of OGA iterations. A key contribution of this work is
to show that OGA, used in conjunction with HDAIC, can achieve the opti-
mal convergence rate without knowledge of how sparse the underlying high-
dimensional model is.
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The method of moments (Philos. Trans. R. Soc. Lond. Ser. A 185 (1894)
71–110) is one of the most widely used methods in statistics for parame-
ter estimation, by means of solving the system of equations that match the
population and estimated moments. However, in practice and especially for
the important case of mixture models, one frequently needs to contend with
the difficulties of non-existence or nonuniqueness of statistically meaningful
solutions, as well as the high computational cost of solving large polyno-
mial systems. Moreover, theoretical analyses of the method of moments are
mainly confined to asymptotic normality style of results established under
strong assumptions.

This paper considers estimating a k-component Gaussian location mix-
ture with a common (possibly unknown) variance parameter. To overcome
the aforementioned theoretic and algorithmic hurdles, a crucial step is to de-
noise the moment estimates by projecting to the truncated moment space (via
semidefinite programming) before solving the method of moments equations.
Not only does this regularization ensure existence and uniqueness of solu-
tions, it also yields fast solvers by means of Gauss quadrature. Furthermore,
by proving new moment comparison theorems in the Wasserstein distance
via polynomial interpolation and majorization techniques, we establish the
statistical guarantees and adaptive optimality of the proposed procedure, as
well as oracle inequality in misspecified models. These results can also be
viewed as provable algorithms for generalized method of moments (Econo-
metrica 50 (1982) 1029–1054) which involves nonconvex optimization and
lacks theoretical guarantees.
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It is well known that, without restricting treatment effect heterogeneity,
instrumental variable (IV) methods only identify “local” effects among com-
pliers, that is, those subjects who take treatment only when encouraged by the
IV. Local effects are controversial since they seem to only apply to an uniden-
tified subgroup; this has led many to denounce these effects as having little
policy relevance. However, we show that such pessimism is not always war-
ranted: it can be possible to accurately predict who compliers are, and obtain
tight bounds on more generalizable effects in identifiable subgroups. We pro-
pose methods for doing so and study estimation error and asymptotic proper-
ties, showing that these tasks can sometimes be accomplished even with very
weak IVs. We go on to introduce a new measure of IV quality called “sharp-
ness,” which reflects the variation in compliance explained by covariates, and
captures how well one can identify compliers and obtain tight bounds on
identifiable subgroup effects. We develop an estimator of sharpness and show
that it is asymptotically efficient under weak conditions. Finally, we explore
finite-sample properties via simulation, and apply the methods to study can-
vassing effects on voter turnout. We propose that sharpness should be pre-
sented alongside strength to assess IV quality.
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A dynamical model consists of a continuous self-map T : X → X of
a compact state space X and a continuous observation function f : X → R.
This paper considers the fitting of a parametrized family of dynamical models
to an observed real-valued stochastic process using empirical risk minimiza-
tion. The limiting behavior of the minimum risk parameters is studied in a
general setting. We establish a general convergence theorem for minimum
risk estimators and ergodic observations. We then study conditions under
which empirical risk minimization can effectively separate signal from noise
in an additive observational noise model. The key condition in the latter re-
sults is that the family of dynamical models has limited complexity, which is
quantified through a notion of entropy for families of infinite sequences that
connects covering number based entropies with topological entropy studied
in dynamical systems. We establish close connections between entropy and
limiting average mean widths for stationary processes, and discuss several
examples of dynamical models.
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This work introduces a novel estimation method, called LOVE, of the en-
tries and structure of a loading matrix A in a latent factor model X = AZ+E,
for an observable random vector X ∈ R

p , with correlated unobservable fac-
tors Z ∈ R

K , with K unknown, and uncorrelated noise E. Each row of A is
scaled, and allowed to be sparse. In order to identify the loading matrix A, we
require the existence of pure variables, which are components of X that are
associated, via A, with one and only one latent factor. Despite the fact that
the number of factors K , the number of the pure variables and their location
are all unknown, we only require a mild condition on the covariance matrix
of Z, and a minimum of only two pure variables per latent factor to show
that A is uniquely defined, up to signed permutations. Our proofs for model
identifiability are constructive, and lead to our novel estimation method of
the number of factors and of the set of pure variables, from a sample of size
n of observations on X. This is the first step of our LOVE algorithm, which
is optimization-free, and has low computational complexity of order p2. The
second step of LOVE is an easily implementable linear program that esti-
mates A. We prove that the resulting estimator is near minimax rate optimal
for A, with respect to the ‖ ‖∞,q loss, for q ≥ 1, up to logarithmic factors in
p, and that it can be minimax-rate optimal in many cases of interest.

The model structure is motivated by the problem of overlapping variable
clustering, ubiquitous in data science. We define the population level clus-
ters as groups of those components of X that are associated, via the matrix
A, with the same unobservable latent factor, and multifactor association is
allowed. Clusters are respectively anchored by the pure variables, and form
overlapping subgroups of the p-dimensional random vector X. The Latent
model approach to OVErlapping clustering is reflected in the name of our
algorithm, LOVE.

The third step of LOVE estimates the clusters from the support of the
columns of the estimated A. We guarantee cluster recovery with zero false
positive proportion, and with false negative proportion control. The practi-
cal relevance of LOVE is illustrated through the analysis of a RNA-seq data
set, devoted to determining the functional annotation of genes with unknown
function.
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PARTIAL IDENTIFIABILITY OF RESTRICTED LATENT CLASS MODELS
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Latent class models have wide applications in social and biological sci-
ences. In many applications, prespecified restrictions are imposed on the
parameter space of latent class models, through a design matrix, to reflect
practitioners’ assumptions about how the observed responses depend on sub-
jects’ latent traits. Though widely used in various fields, such restricted latent
class models suffer from nonidentifiability due to their discreteness nature
and complex structure of restrictions. This work addresses the fundamental
identifiability issue of restricted latent class models by developing a general
framework for strict and partial identifiability of the model parameters. Un-
der correct model specification, the developed identifiability conditions only
depend on the design matrix and are easily checkable, which provide useful
practical guidelines for designing statistically valid diagnostic tests. Further-
more, the new theoretical framework is applied to establish, for the first time,
identifiability of several designs from cognitive diagnosis applications.
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Since their inception in the 1980s, regression trees have been one of the
more widely used nonparametric prediction methods. Tree-structured meth-
ods yield a histogram reconstruction of the regression surface, where the bins
correspond to terminal nodes of recursive partitioning. Trees are powerful,
yet susceptible to overfitting. Strategies against overfitting have traditionally
relied on pruning greedily grown trees. The Bayesian framework offers an
alternative remedy against overfitting through priors. Roughly speaking, a
good prior charges smaller trees where overfitting does not occur. While the
consistency of random histograms, trees and their ensembles has been stud-
ied quite extensively, the theoretical understanding of the Bayesian counter-
parts has been missing. In this paper, we take a step toward understanding
why/when do Bayesian trees and forests not overfit. To address this ques-
tion, we study the speed at which the posterior concentrates around the true
smooth regression function. We propose a spike-and-tree variant of the pop-
ular Bayesian CART prior and establish new theoretical results showing that
regression trees (and forests) (a) are capable of recovering smooth regression
surfaces (with smoothness not exceeding one), achieving optimal rates up to
a log factor, (b) can adapt to the unknown level of smoothness and (c) can
perform effective dimension reduction when p > n. These results provide
a piece of missing theoretical evidence explaining why Bayesian trees (and
additive variants thereof ) have worked so well in practice.

REFERENCES

[1] ANDERSON, T. W. (1966). Some nonparametric multivariate procedures based on statistically equivalent
blocks. In Multivariate Analysis (Proc. Internat. Sympos., Dayton, Ohio, 1965) 5–27. Academic Press,
New York. MR0214250

[2] BENTLEY, J. L. (1975). Multidimensional binary search trees used for associative searching. Commun. ACM
18 509–517.

[3] BHATTACHARYA, A., PATI, D. and DUNSON, D. (2014). Anisotropic function estimation using multi-
bandwidth Gaussian processes. Ann. Statist. 42 352–381. MR3189489 https://doi.org/10.1214/
13-AOS1192

[4] BIAU, G. (2012). Analysis of a random forests model. J. Mach. Learn. Res. 13 1063–1095. MR2930634
[5] BIAU, G., DEVROYE, L. and LUGOSI, G. (2008). Consistency of random forests and other averaging clas-

sifiers. J. Mach. Learn. Res. 9 2015–2033. MR2447310
[6] BIAU, G. and SCORNET, E. (2016). A random forest guided tour. TEST 25 197–227. MR3493512

https://doi.org/10.1007/s11749-016-0481-7
[7] BLEICH, J., KAPELNER, A., GEORGE, E. I. and JENSEN, S. T. (2014). Variable selection for BART: An

application to gene regulation. Ann. Appl. Stat. 8 1750–1781. MR3271352 https://doi.org/10.1214/
14-AOAS755

[8] BREIMAN, L. (2001). Random forests. Mach. Learn. 45 5–32.
[9] BREIMAN, L., FRIEDMAN, J. H., OLSHEN, R. A. and STONE, C. J. (1984). Classification and Regression

Trees. Wadsworth Statistics/Probability Series. Wadsworth, Belmont, CA. MR0726392
[10] CASTILLO, I. (2017). Pólya tree posterior distributions on densities. Ann. Inst. Henri Poincaré Probab. Stat.

53 2074–2102. MR3729648 https://doi.org/10.1214/16-AIHP784

MSC2020 subject classifications. 62G08, 62G20.
Key words and phrases. Additive regression, asymptotic minimaxity, BART, Bayesian CART, posterior con-

centration, recursive partitioning, regression trees.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/19-AOS1879
http://www.imstat.org
mailto:veronika.rockova@chicagobooth.edu
mailto:svdpas@math.leidenuniv.nl
http://www.ams.org/mathscinet-getitem?mr=0214250
http://www.ams.org/mathscinet-getitem?mr=3189489
https://doi.org/10.1214/13-AOS1192
http://www.ams.org/mathscinet-getitem?mr=2930634
http://www.ams.org/mathscinet-getitem?mr=2447310
http://www.ams.org/mathscinet-getitem?mr=3493512
https://doi.org/10.1007/s11749-016-0481-7
http://www.ams.org/mathscinet-getitem?mr=3271352
https://doi.org/10.1214/14-AOAS755
http://www.ams.org/mathscinet-getitem?mr=0726392
http://www.ams.org/mathscinet-getitem?mr=3729648
https://doi.org/10.1214/16-AIHP784
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/13-AOS1192
https://doi.org/10.1214/14-AOAS755


[11] CASTILLO, I. and ROUSSEAU, J. (2015). A Bernstein–von Mises theorem for smooth functionals in semi-
parametric models. Ann. Statist. 43 2353–2383. MR3405597 https://doi.org/10.1214/15-AOS1336

[12] CASTILLO, I., SCHMIDT-HIEBER, J. and VAN DER VAART, A. (2015). Bayesian linear regression with
sparse priors. Ann. Statist. 43 1986–2018. MR3375874 https://doi.org/10.1214/15-AOS1334

[13] CASTILLO, I. and VAN DER VAART, A. (2012). Needles and straw in a haystack: Posterior concentra-
tion for possibly sparse sequences. Ann. Statist. 40 2069–2101. MR3059077 https://doi.org/10.1214/
12-AOS1029

[14] CHIPMAN, H., GEORGE, E. I. and MCCULLOCH, R. E. (1997). Bayesian CART model search. J. Amer.
Statist. Assoc. 93 935–960.

[15] CHIPMAN, H. A., GEORGE, E. I. and MCCULLOCH, R. E. (2010). BART: Bayesian additive regression
trees. Ann. Appl. Stat. 4 266–298. MR2758172 https://doi.org/10.1214/09-AOAS285

[16] CORAM, M. and LALLEY, S. P. (2006). Consistency of Bayes estimators of a binary regression function.
Ann. Statist. 34 1233–1269. MR2278357 https://doi.org/10.1214/009053606000000236

[17] DE JONGE, R. and VAN ZANTEN, H. (2013). Semiparametric Bernstein–von Mises for the error standard
deviation. Electron. J. Stat. 7 217–243. MR3020419 https://doi.org/10.1214/13-EJS768

[18] DENISON, D. G. T., MALLICK, B. K. and SMITH, A. F. M. (1998). A Bayesian CART algorithm.
Biometrika 85 363–377. MR1649118 https://doi.org/10.1093/biomet/85.2.363

[19] DEVROYE, L. and GYÖRFI, L. (1985). Distribution free exponential bound for the L1 error of partitioning-
estimates of a regression function. In Probability and Statistical Decision Theory, Vol. A (Bad Tatz-
mannsdorf, 1983) 67–76. Reidel, Dordrecht. MR0851019

[20] DEVROYE, L., GYÖRFI, L. and LUGOSI, G. (1996). A Probabilistic Theory of Pattern Recognition. Ap-
plications of Mathematics (New York) 31. Springer, New York. MR1383093 https://doi.org/10.1007/
978-1-4612-0711-5

[21] DONOHO, D. L. (1997). CART and best-ortho-basis: A connection. Ann. Statist. 25 1870–1911.
MR1474073 https://doi.org/10.1214/aos/1069362377

[22] ENGEL, J. (1994). A simple wavelet approach to nonparametric regression from recursive partitioning
schemes. J. Multivariate Anal. 49 242–254. MR1276437 https://doi.org/10.1006/jmva.1994.1024

[23] GHOSAL, S., GHOSH, J. K. and VAN DER VAART, A. W. (2000). Convergence rates of posterior distribu-
tions. Ann. Statist. 28 500–531. MR1790007 https://doi.org/10.1214/aos/1016218228

[24] GHOSAL, S. and VAN DER VAART, A. (2007). Convergence rates of posterior distributions for non-i.i.d.
observations. Ann. Statist. 35 192–223. MR2332274 https://doi.org/10.1214/009053606000001172

[25] GORDON, L. and OLSHEN, R. A. (1980). Consistent nonparametric regression from recursive partition-
ing schemes. J. Multivariate Anal. 10 611–627. MR0599694 https://doi.org/10.1016/0047-259X(80)
90074-3

[26] GORDON, L. and OLSHEN, R. A. (1984). Almost surely consistent nonparametric regression from re-
cursive partitioning schemes. J. Multivariate Anal. 15 147–163. MR0763592 https://doi.org/10.1016/
0047-259X(84)90022-8

[27] KPOTUFE, S. (2010). The Curse of Dimension in Nonparametric Regression. ProQuest LLC, Ann Arbor,
MI. Ph.D. thesis, University of California, San Diego. MR2794782

[28] LIAN, H. (2007). Consistency of Bayesian estimation of a step function. Statist. Probab. Lett. 77 19–24.
MR2339014 https://doi.org/10.1016/j.spl.2006.05.007

[29] LINERO, A. R. (2018). Bayesian regression trees for high-dimensional prediction and variable selection.
J. Amer. Statist. Assoc. 113 626–636. MR3832214 https://doi.org/10.1080/01621459.2016.1264957

[30] LINERO, A. R. and YANG, Y. (2018). Bayesian regression tree ensembles that adapt to smoothness and spar-
sity. J. R. Stat. Soc. Ser. B. Stat. Methodol. 80 1087–1110. Available at arXiv:1707.09461. MR3874311
https://doi.org/10.1111/rssb.12293

[31] LIU, L. and WONG, W. H. (2015). Multivariate density estimation via adaptive partitioning (ii): Posterior
concentration. Preprint. Available at arXiv:1508.04812.
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This paper provides a unified framework and an efficient algorithm for
analyzing high-dimensional survival data under weak modeling assumptions.
In particular, it imposes neither parametric distributional assumption nor lin-
ear regression assumption. It only assumes that the survival time T depends
on a high-dimensional covariate vector X through low-dimensional linear
combinations of covariates �T X. The censoring time is allowed to be con-
ditionally independent of the survival time given the covariates. This general
framework includes many popular parametric and semiparametric survival
regression models as special cases. The proposed algorithm produces a num-
ber of practically useful outputs with theoretical guarantees, including a con-
sistent estimate of the sufficient dimension reduction subspace of T | X, a
uniformly consistent Kaplan–Meier-type estimator of the conditional distri-
bution function of T and a consistent estimator of the conditional quantile
survival time. Our asymptotic results significantly extend the classical theory
of sufficient dimension reduction for censored data (particularly that of Li,
Wang and Chen in Ann. Statist. 27 (1999) 1–23) and the celebrated nonpara-
metric Kaplan–Meier estimator to the setting where the number of covariates
p diverges exponentially fast with the sample size n. We demonstrate the
promising performance of the proposed new estimators through simulations
and a real data example.
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We investigate the frequentist coverage properties of (certain) Bayesian
credible sets in a general, adaptive, nonparametric framework. It is well
known that the construction of adaptive and honest confidence sets is not
possible in general. To overcome this problem (in context of sieve type of
priors), we introduce an extra assumption on the functional parameters, the
so-called “general polished tail” condition. We then show that under stan-
dard assumptions, both the hierarchical and empirical Bayes methods, result
in honest confidence sets for sieve type of priors in general settings and we
characterize their size. We apply the derived abstract results to various exam-
ples, including the nonparametric regression model, density estimation using
exponential families of priors, density estimation using histogram priors and
the nonparametric classification model, for which we show that their size is
near minimax adaptive with respect to the considered specific pseudometrics.
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We study convergence rates of variational posterior distributions for non-
parametric and high-dimensional inference. We formulate general conditions
on prior, likelihood and variational class that characterize the convergence
rates. Under similar “prior mass and testing” conditions considered in the lit-
erature, the rate is found to be the sum of two terms. The first term stands for
the convergence rate of the true posterior distribution, and the second term is
contributed by the variational approximation error. For a class of priors that
admit the structure of a mixture of product measures, we propose a novel
prior mass condition, under which the variational approximation error of the
mean-field class is dominated by convergence rate of the true posterior. We
demonstrate the applicability of our general results for various models, prior
distributions and variational classes by deriving convergence rates of the cor-
responding variational posteriors.
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The study of networks leads to a wide range of high-dimensional infer-
ence problems. In many practical applications, one needs to draw inference
from one or few large sparse networks. The present paper studies hypothesis
testing of graphs in this high-dimensional regime, where the goal is to test
between two populations of inhomogeneous random graphs defined on the
same set of n vertices. The size of each population m is much smaller than n,
and can even be a constant as small as 1. The critical question in this context
is whether the problem is solvable for small m.

We answer this question from a minimax testing perspective. Let P , Q be
the population adjacencies of two sparse inhomogeneous random graph mod-
els, and d be a suitably defined distance function. Given a population of m

graphs from each model, we derive minimax separation rates for the problem
of testing P = Q against d(P,Q) > ρ. We observe that if m is small, then the
minimax separation is too large for some popular choices of d, including to-
tal variation distance between corresponding distributions. This implies that
some models that are widely separated in d cannot be distinguished for small
m, and hence, the testing problem is generally not solvable in these cases.

We also show that if m > 1, then the minimax separation is relatively small
if d is the Frobenius norm or operator norm distance between P and Q. For
m = 1, only the latter distance provides small minimax separation. Thus, for
these distances, the problem is solvable for small m. We also present near-
optimal two-sample tests in both cases, where tests are adaptive with respect
to sparsity level of the graphs.
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Higher criticism (HC) is a popular method for large-scale inference prob-
lems based on identifying unusually high proportions of small p-values. It
has been shown to enjoy a lower-order optimality property in a simple nor-
mal location mixture model which is shared by the ‘tailor-made’ parametric
generalised likelihood ratio test (GLRT) for the same model; however, HC
has also been shown to perform well outside this ‘narrow’ model.

We develop a higher-order framework for analysing the power of these and
similar procedures, which reveals the perhaps unsurprising fact that the GLRT
enjoys an edge in power over HC for the normal location mixture model. We
also identify a similar parametric mixture model to which HC is similarly
‘tailor-made’ and show that the situation is (at least partly) reversed there.
We also show that in the normal location mixture model a procedure based
on the empirical moment-generating function enjoys the same local power
properties as the GLRT and may be recommended as an easy to implement
(and interpret), complementary procedure to HC. Some other practical advice
regarding the implementation of these procedures is provided. Finally, we
provide some simulation results to help interpret our theoretical findings.
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CSÖRGŐ, M., CSÖRGŐ, S., HORVÁTH, L. and MASON, D. M. (1986). Weighted empirical and quantile pro-
cesses. Ann. Probab. 14 31–85. MR0815960

DARLING, D. A. and ERDÖS, P. (1956). A limit theorem for the maximum of normalized sums of independent
random variables. Duke Math. J. 23 143–155. MR0074712

MSC2020 subject classifications. Primary 62F03; secondary 62G30, 62G32, 62F05.
Key words and phrases. Higher criticism, sparse normal means, phi-divergence, multiple comparisons, mix-

ture model.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/19-AOS1885
http://www.imstat.org
mailto:thomas.porter@outlook.com.au
mailto:michael.stewart@sydney.edu.au
http://www.ams.org/mathscinet-getitem?mr=3613606
https://doi.org/10.1007/s11749-016-0499-x
http://www.ams.org/mathscinet-getitem?mr=1325392
http://www.ams.org/mathscinet-getitem?mr=0521531
https://doi.org/10.1007/BF00533250
http://www.ams.org/mathscinet-getitem?mr=2108040
https://doi.org/10.3150/bj/1106314847
http://www.ams.org/mathscinet-getitem?mr=2867452
https://doi.org/10.1111/j.1467-9868.2011.00778.x
http://www.ams.org/mathscinet-getitem?mr=3181520
https://doi.org/10.1109/TIT.2014.2304295
http://www.ams.org/mathscinet-getitem?mr=0065087
https://doi.org/10.1214/aoms/1177728725
http://www.ams.org/mathscinet-getitem?mr=0815960
http://www.ams.org/mathscinet-getitem?mr=0074712
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


DONOHO, D. (2017). 50 years of data science. J. Comput. Graph. Statist. 26 745–766. MR3765335
https://doi.org/10.1080/10618600.2017.1384734

DONOHO, D. and JIN, J. (2004). Higher criticism for detecting sparse heterogeneous mixtures. Ann. Statist. 32
962–994. MR2065195 https://doi.org/10.1214/009053604000000265

DONOHO, D. and JIN, J. (2008). Higher criticism thresholding: Optimal feature selection when useful features
are rare and weak. Proc. Natl. Acad. Sci. USA 105 14790–14795.

DONOHO, D. and JIN, J. (2015). Higher criticism for large-scale inference, especially for rare and weak effects.
Statist. Sci. 30 1–25. MR3317751 https://doi.org/10.1214/14-STS506

GONTSCHARUK, V. and FINNER, H. (2017). Asymptotics of goodness-of-fit tests based on minimum p-value
statistics. Comm. Statist. Theory Methods 46 2332–2342. MR3576717 https://doi.org/10.1080/03610926.
2015.1041985

GONTSCHARUK, V., LANDWEHR, S. and FINNER, H. (2015). The intermediates take it all: Asymptotics of
higher criticism statistics and a powerful alternative based on equal local levels. Biom. J. 57 159–180.
MR3298224 https://doi.org/10.1002/bimj.201300255

HALL, P. (1991). On convergence rates of suprema. Probab. Theory Related Fields 89 447–455. MR1118558
https://doi.org/10.1007/BF01199788

HALL, P. and JIN, J. (2010). Innovated higher criticism for detecting sparse signals in correlated noise. Ann.
Statist. 38 1686–1732. MR2662357 https://doi.org/10.1214/09-AOS764

HARTIGAN, J. A. (1985). A failure of likelihood asymptotics for normal mixtures. In Proceedings of the Berke-
ley Conference in Honor of Jerzy Neyman and Jack Kiefer, Vol. II (Berkeley, Calif., 1983). Wadsworth
Statist./Probab. Ser. 807–810. Wadsworth, Belmont, CA. MR0822066

INGSTER, Y. I. (1997). Some problems of hypothesis testing leading to infinitely divisible distributions. Math.
Methods Statist. 6 47–69. MR1456646

INGSTER, Y. I. (2001). Adaptive detection of a signal of growing dimension. I. Math. Methods Statist. 10 395–
421. MR1887340

INGSTER, Y. I. (2002). Adaptive detection of a signal of growing dimension. II. Math. Methods Statist. 11 37–68.
MR1900973

JAESCHKE, D. (1979). The asymptotic distribution of the supremum of the standardized empirical distribution
function on subintervals. Ann. Statist. 7 108–115. MR0515687

JAGER, L. and WELLNER, J. A. (2007). Goodness-of-fit tests via phi-divergences. Ann. Statist. 35 2018–2053.
MR2363962 https://doi.org/10.1214/0009053607000000244

JIN, J. and KE, Z. T. (2016). Rare and weak effects in large-scale inference: Methods and phase diagrams. Statist.
Sinica 26 1–34. MR3468343

LAURENT, B., MARTEAU, C. and MAUGIS-RABUSSEAU, C. (2016). Non-asymptotic detection of two-
component mixtures with unknown means. Bernoulli 22 242–274. MR3449782 https://doi.org/10.3150/
14-BEJ657

LEADBETTER, M. R. and ROOTZÉN, H. (1988). Extremal theory for stochastic processes. Ann. Probab. 16 431–
478. MR0929071

LI, J. and SIEGMUND, D. (2015). Higher criticism: p-values and criticism. Ann. Statist. 43 1323–1350.
MR3346705 https://doi.org/10.1214/15-AOS1312

LIU, X. and SHAO, Y. (2004). Asymptotics for the likelihood ratio test in a two-component normal mixture
model. J. Statist. Plann. Inference 123 61–81. MR2058122 https://doi.org/10.1016/S0378-3758(03)00138-1

MOSCOVICH, A., NADLER, B. and SPIEGELMAN, C. (2016). On the exact Berk–Jones statistics and their p-
value calculation. Electron. J. Stat. 10 2329–2354. MR3544289 https://doi.org/10.1214/16-EJS1172

PORTER, T. and STEWART, M. (2020). Supplement to “Beyond HC: More sensitive tests for rare/weak alterna-
tives.” https://doi.org/10.1214/19-AOS1885SUPP.

SHORACK, G. R. and WELLNER, J. A. (1986). Empirical Processes with Applications to Statistics. Wiley Se-
ries in Probability and Mathematical Statistics: Probability and Mathematical Statistics. Wiley, New York.
MR0838963

STEPANOVA, N. and PAVLENKO, T. (2018). Goodness-of-fit tests based on sup-functionals of weighted empirical
processes. Teor. Veroyatn. Primen. 63 358–388. MR3796493 https://doi.org/10.4213/tvp5160

TUKEY, J. W. (1976). T13 N: The higher criticism. Technical report.
TUKEY, J. W. (1989). Higher criticism for individual significances in several tables or parts of tables. Technical

report.
TUKEY, J. W. (1994). The problem of multiple comparisons. In The Collected Works of John W. Tukey. Vol. VIII

lxii+475+i10. CRC Press, New York.
WALTHER, G. (2013). The average likelihood ratio for large-scale multiple testing and detecting sparse mixtures.

In From Probability to Statistics and Back: High-Dimensional Models and Processes. Inst. Math. Stat. (IMS)
Collect. 9 317–326. IMS, Beachwood, OH. MR3202643 https://doi.org/10.1214/12-IMSCOLL923

http://www.ams.org/mathscinet-getitem?mr=3765335
https://doi.org/10.1080/10618600.2017.1384734
http://www.ams.org/mathscinet-getitem?mr=2065195
https://doi.org/10.1214/009053604000000265
http://www.ams.org/mathscinet-getitem?mr=3317751
https://doi.org/10.1214/14-STS506
http://www.ams.org/mathscinet-getitem?mr=3576717
https://doi.org/10.1080/03610926.2015.1041985
http://www.ams.org/mathscinet-getitem?mr=3298224
https://doi.org/10.1002/bimj.201300255
http://www.ams.org/mathscinet-getitem?mr=1118558
https://doi.org/10.1007/BF01199788
http://www.ams.org/mathscinet-getitem?mr=2662357
https://doi.org/10.1214/09-AOS764
http://www.ams.org/mathscinet-getitem?mr=0822066
http://www.ams.org/mathscinet-getitem?mr=1456646
http://www.ams.org/mathscinet-getitem?mr=1887340
http://www.ams.org/mathscinet-getitem?mr=1900973
http://www.ams.org/mathscinet-getitem?mr=0515687
http://www.ams.org/mathscinet-getitem?mr=2363962
https://doi.org/10.1214/0009053607000000244
http://www.ams.org/mathscinet-getitem?mr=3468343
http://www.ams.org/mathscinet-getitem?mr=3449782
https://doi.org/10.3150/14-BEJ657
http://www.ams.org/mathscinet-getitem?mr=0929071
http://www.ams.org/mathscinet-getitem?mr=3346705
https://doi.org/10.1214/15-AOS1312
http://www.ams.org/mathscinet-getitem?mr=2058122
https://doi.org/10.1016/S0378-3758(03)00138-1
http://www.ams.org/mathscinet-getitem?mr=3544289
https://doi.org/10.1214/16-EJS1172
https://doi.org/10.1214/19-AOS1885SUPP
http://www.ams.org/mathscinet-getitem?mr=0838963
http://www.ams.org/mathscinet-getitem?mr=3796493
https://doi.org/10.4213/tvp5160
http://www.ams.org/mathscinet-getitem?mr=3202643
https://doi.org/10.1214/12-IMSCOLL923
https://doi.org/10.1080/03610926.2015.1041985
https://doi.org/10.3150/14-BEJ657


WELLNER, J. A. and KOLTCHINSKII, V. (2003). A note on the asymptotic distribution of Berk–Jones type statis-
tics under the null hypothesis. In High Dimensional Probability, III (Sandjberg, 2002). Progress in Probability
55 321–332. Birkhäuser, Basel. MR2033896

http://www.ams.org/mathscinet-getitem?mr=2033896


The Annals of Statistics
2020, Vol. 48, No. 4, 2253–2276
https://doi.org/10.1214/19-AOS1886
© Institute of Mathematical Statistics, 2020

MINIMAX OPTIMAL RATES FOR MONDRIAN TREES AND FORESTS

BY JAOUAD MOURTADA1,*, STÉPHANE GAÏFFAS2 AND ERWAN SCORNET1,**

1CMAP, École polytechnique, *jaouad.mourtada@polytechnique.edu; **erwan.scornet@polytechnique.edu
2LPMA—Université Paris Diderot, stephane.gaiffas@lpsm.paris

Introduced by Breiman (Mach. Learn. 45 (2001) 5–32), Random Forests
are widely used classification and regression algorithms. While being initially
designed as batch algorithms, several variants have been proposed to handle
online learning. One particular instance of such forests is the Mondrian forest
(In Adv. Neural Inf. Process. Syst. (2014) 3140–3148; In Proceedings of the
19th International Conference on Artificial Intelligence and Statistics (AIS-
TATS) (2016)), whose trees are built using the so-called Mondrian process,
therefore allowing to easily update their construction in a streaming fashion.
In this paper we provide a thorough theoretical study of Mondrian forests
in a batch learning setting, based on new results about Mondrian partitions.
Our results include consistency and convergence rates for Mondrian trees and
forests, that turn out to be minimax optimal on the set of s-Hölder function
with s ∈ (0,1] (for trees and forests) and s ∈ (1,2] (for forests only), assum-
ing a proper tuning of their complexity parameter in both cases. Furthermore,
we prove that an adaptive procedure (to the unknown s ∈ (0,2]) can be con-
structed by combining Mondrian forests with a standard model aggregation
algorithm. These results are the first demonstrating that some particular ran-
dom forests achieve minimax rates in arbitrary dimension. Owing to their
remarkably simple distributional properties, which lead to minimax rates,
Mondrian trees are a promising basis for more sophisticated yet theoretically
sound random forests variants.

REFERENCES

[1] ARLOT, S. (2008). V-fold cross-validation improved: V-fold penalization. ArXiv preprint. Available at
arXiv:0802.0566.

[2] ARLOT, S. and GENUER, R. (2014). Analysis of purely random forests bias. ArXiv preprint. Available at
arXiv:1407.3939.

[3] ATHEY, S., TIBSHIRANI, J. and WAGER, S. (2019). Generalized random forests. Ann. Statist. 47 1148–
1178. MR3909963 https://doi.org/10.1214/18-AOS1709

[4] AUDIBERT, J.-Y. (2008). Progressive mixture rules are deviation suboptimal. In Adv. Neural Inf. Process.
Syst 20 41–48.

[5] BIAU, G. (2012). Analysis of a random forests model. J. Mach. Learn. Res. 13 1063–1095. MR2930634
[6] BIAU, G., DEVROYE, L. and LUGOSI, G. (2008). Consistency of random forests and other averaging clas-

sifiers. J. Mach. Learn. Res. 9 2015–2033. MR2447310
[7] BIAU, G. and SCORNET, E. (2016). A random forest guided tour. TEST 25 197–227. MR3493512

https://doi.org/10.1007/s11749-016-0481-7
[8] BREIMAN, L. (2001). Random forests. Mach. Learn. 45 5–32.
[9] BREIMAN, L. (2010). Some infinity theory for predictor ensembles. Technical Report 577, Statistics De-

partment, Univ. California Berkeley.
[10] CHIPMAN, H. A., GEORGE, E. I. and MCCULLOCH, R. E. (2010). BART: Bayesian additive regression

trees. Ann. Appl. Stat. 4 266–298. MR2758172 https://doi.org/10.1214/09-AOAS285
[11] CLÉMENÇON, S., DEPECKER, M. and VAYATIS, N. (2013). Ranking forests. J. Mach. Learn. Res. 14 39–

73. MR3033325
[12] CUI, Y., ZHU, R., ZHOU, M. and KOSOROK, M. (2017). Some asymptotic results of survival tree and forest

models. ArXiv preprint. Available at arXiv:1707.09631.

MSC2020 subject classifications. Primary 62G05; secondary 62G08, 62C20, 62H30.
Key words and phrases. Random forests, minimax rates, nonparametric estimation, supervised learning.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/19-AOS1886
http://www.imstat.org
mailto:jaouad.mourtada@polytechnique.edu
mailto:erwan.scornet@polytechnique.edu
mailto:stephane.gaiffas@lpsm.paris
http://arxiv.org/abs/arXiv:0802.0566
http://arxiv.org/abs/arXiv:1407.3939
http://www.ams.org/mathscinet-getitem?mr=3909963
https://doi.org/10.1214/18-AOS1709
http://www.ams.org/mathscinet-getitem?mr=2930634
http://www.ams.org/mathscinet-getitem?mr=2447310
http://www.ams.org/mathscinet-getitem?mr=3493512
https://doi.org/10.1007/s11749-016-0481-7
http://www.ams.org/mathscinet-getitem?mr=2758172
https://doi.org/10.1214/09-AOAS285
http://www.ams.org/mathscinet-getitem?mr=3033325
http://arxiv.org/abs/arXiv:1707.09631
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[13] DENIL, M., MATHESON, D. and DE FREITAS, N. (2013). Consistency of online random forests. In Pro-
ceedings of the 30th Annual International Conference on Machine Learning (ICML) 1256–1264.

[14] DENIL, M., MATHESON, D. and DE FREITAS, N. (2014). Narrowing the gap: Random forests in theory and
in practice. In Proceedings of the 31st Annual International Conference on Machine Learning (ICML)
665–673.

[15] DEVROYE, L., GYÖRFI, L. and LUGOSI, G. (1996). A Probabilistic Theory of Pattern Recognition. Ap-
plications of Mathematics (New York) 31. Springer, New York. MR1383093 https://doi.org/10.1007/
978-1-4612-0711-5

[16] DOMINGOS, P. and HULTEN, G. (2000). Mining high-speed data streams. In Proceedings of the Conference
on Knowledge Discovery and Data Mining (KDD) 71–80.

[17] FERNÁNDEZ-DELGADO, M., CERNADAS, E., BARRO, S. and AMORIM, D. (2014). Do we need hun-
dreds of classifiers to solve real world classification problems? J. Mach. Learn. Res. 15 3133–3181.
MR3277155

[18] GENUER, R. (2012). Variance reduction in purely random forests. J. Nonparametr. Stat. 24 543–562.
MR2968888 https://doi.org/10.1080/10485252.2012.677843

[19] GEURTS, P., ERNST, D. and WEHENKEL, L. (2006). Extremely randomized trees. Mach. Learn. 63 3–42.
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Motivated by problems in data clustering, we establish general condi-
tions under which families of nonparametric mixture models are identifiable
by introducing a novel framework involving clustering overfitted parametric
(i.e., misspecified) mixture models. These identifiability conditions general-
ize existing conditions in the literature and are flexible enough to include, for
example, mixtures of infinite Gaussian mixtures. In contrast to the recent lit-
erature, we allow for general nonparametric mixture components and instead
impose regularity assumptions on the underlying mixing measure. As our
primary application we apply these results to partition-based clustering, gen-
eralizing the notion of a Bayes optimal partition from classical parametric
model-based clustering to nonparametric settings. Furthermore, this frame-
work is constructive, so that it yields a practical algorithm for learning iden-
tified mixtures, which is illustrated through several examples on real data.
The key conceptual device in the analysis is the convex, metric geometry of
probability measures on metric spaces and its connection to the Wasserstein
convergence of mixing measures. The result is a flexible framework for non-
parametric clustering with formal consistency guarantees.
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The assumption of separability is a simplifying and very popular as-
sumption in the analysis of spatiotemporal or hypersurface data structures.
It is often made in situations where the covariance structure cannot be easily
estimated, for example, because of a small sample size or because of com-
putational storage problems. In this paper we propose a new and very simple
test to validate this assumption. Our approach is based on a measure of sep-
arability which is zero in the case of separability and positive otherwise. We
derive the asymptotic distribution of a corresponding estimate under the null
hypothesis and the alternative and develop an asymptotic and a bootstrap test
which are very easy to implement. In particular, our approach does neither
require projections on subspaces generated by the eigenfunctions of the co-
variance operator nor distributional assumptions as recently used by (Ann.
Statist. 45 (2017) 1431–1461) and (Biometrika 104 425–437) to construct
tests for separability. We investigate the finite sample performance by means
of a simulation study and also provide a comparison with the currently avail-
able methodology. Finally, the new procedure is illustrated analyzing a data
example.
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In survival analysis it often happens that some subjects under study do
not experience the event of interest; they are considered to be “cured.” The
population is thus a mixture of two subpopulations, one of cured subjects
and one of “susceptible” subjects. We propose a novel approach to estimate
a mixture cure model when covariates are present and the lifetime is subject
to random right censoring. We work with a parametric model for the cure
proportion, while the conditional survival function of the uncured subjects is
unspecified. The approach is based on an inversion which allows us to write
the survival function as a function of the distribution of the observable vari-
ables. This leads to a very general class of models which allows a flexible and
rich modeling of the conditional survival function. We show the identifiability
of the proposed model as well as the consistency and the asymptotic normal-
ity of the model parameters. We also consider in more detail the case where
kernel estimators are used for the nonparametric part of the model. The new
estimators are compared with the estimators from a Cox mixture cure model
via simulations. Finally, we apply the new model on a medical data set.
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We study estimation methods under communication constraints in a dis-
tributed version of the nonparametric random design regression model. We
derive minimax lower bounds and exhibit methods that attain those bounds.
Moreover, we show that adaptive estimation is possible in this setting.
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Bayesian analysis for the covariance matrix of a multivariate normal dis-
tribution has received a lot of attention in the last two decades. In this paper,
we propose a new class of priors for the covariance matrix, including both
inverse Wishart and reference priors as special cases. The main motivation
for the new class is to have available priors—both subjective and objective—
that do not “force eigenvalues apart,” which is a criticism of inverse Wishart
and Jeffreys priors. Extensive comparison of these “shrinkage priors” with
inverse Wishart and Jeffreys priors is undertaken, with the new priors seem-
ing to have considerably better performance. A number of curious facts about
the new priors are also observed, such as that the posterior distribution will
be proper with just three vector observations from the multivariate normal
distribution—regardless of the dimension of the covariance matrix—and that
useful inference about features of the covariance matrix can be possible. Fi-
nally, a new MCMC algorithm is developed for this class of priors and is
shown to be computationally effective for matrices of up to 100 dimensions.
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EXTENDING THE VALIDITY OF FREQUENCY DOMAIN BOOTSTRAP
METHODS TO GENERAL STATIONARY PROCESSES
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2Department of Mathematics and Statistics, University of Cyprus, stathisp@ucy.ac.cy

Existing frequency domain methods for bootstrapping time series have
a limited range. Essentially, these procedures cover the case of linear time
series with independent innovations, and some even require the time series
to be Gaussian. In this paper we propose a new frequency domain bootstrap
method—the hybrid periodogram bootstrap (HPB)—which is consistent for
a much wider range of stationary, even nonlinear, processes and which can be
applied to a large class of periodogram-based statistics. The HPB is designed
to combine desirable features of different frequency domain techniques while
overcoming their respective limitations. It is capable to imitate the weak de-
pendence structure of the periodogram by invoking the concept of convolved
subsampling in a novel way that is tailor-made for periodograms. We show
consistency for the HPB procedure for a general class of stationary time se-
ries, ranging clearly beyond linear processes, and for spectral means and ratio
statistics on which we mainly focus. The finite sample performance of the
new bootstrap procedure is illustrated via simulations.
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MINIMAX ESTIMATION OF LARGE PRECISION MATRICES WITH
BANDABLE CHOLESKY FACTOR

BY YU LIU* AND ZHAO REN**
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The last decade has witnessed significant methodological and theoretical
advances in estimating large precision matrices. In particular, there are sci-
entific applications such as longitudinal data, meteorology and spectroscopy
in which the ordering of the variables can be interpreted through a bandable
structure on the Cholesky factor of the precision matrix. However, the mini-
max theory has still been largely unknown, as opposed to the well established
minimax results over the corresponding bandable covariance matrices. In this
paper we focus on two commonly used types of parameter spaces and develop
the optimal rates of convergence under both the operator norm and the Frobe-
nius norm. A striking phenomenon is found. Two types of parameter spaces
are fundamentally different under the operator norm but enjoy the same rate
optimality under the Frobenius norm which is in sharp contrast to the equiva-
lence of corresponding two types of bandable covariance matrices under both
norms. This fundamental difference is established by carefully constructing
the corresponding minimax lower bounds. Two new estimation procedures
are developed. For the operator norm our optimal procedure is based on a
novel local cropping estimator, targeting on all principle submatrices of the
precision matrix, while for the Frobenius norm our optimal procedure relies
on a delicate regression-based thresholding rule. Lepski’s method is consid-
ered to achieve optimal adaptation. We further establish rate optimality in
the nonparanormal model. Numerical studies are carried out to confirm our
theoretical findings.
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[35] LEPSKIĬ, O. V. (1991). Asymptotically minimax adaptive estimation. I. Upper bounds. Optimally adaptive

estimates. Teor. Veroyatn. Primen. 36 645–659. MR1147167 https://doi.org/10.1137/1136085

http://www.ams.org/mathscinet-getitem?mr=2847949
https://doi.org/10.1198/jasa.2011.tm10560
http://www.ams.org/mathscinet-getitem?mr=2847973
https://doi.org/10.1198/jasa.2011.tm10155
http://www.ams.org/mathscinet-getitem?mr=2953494
https://doi.org/10.1214/11-STS355
http://www.ams.org/mathscinet-getitem?mr=3476606
https://doi.org/10.1214/13-AOS1171
http://www.ams.org/mathscinet-getitem?mr=3055254
https://doi.org/10.1007/s00440-012-0422-7
http://www.ams.org/mathscinet-getitem?mr=3466172
https://doi.org/10.1214/15-EJS1081
http://www.ams.org/mathscinet-getitem?mr=2676885
https://doi.org/10.1214/09-AOS752
http://www.ams.org/mathscinet-getitem?mr=3097607
https://doi.org/10.1214/12-AOS998
http://www.ams.org/mathscinet-getitem?mr=2399568
https://doi.org/10.1137/060670985
http://www.ams.org/mathscinet-getitem?mr=1400080
https://doi.org/10.1006/acha.1996.0017
http://arxiv.org/abs/arXiv:math/0309355
http://www.ams.org/mathscinet-getitem?mr=2485011
https://doi.org/10.1214/07-AOS559
http://www.ams.org/mathscinet-getitem?mr=3601731
https://doi.org/10.1080/01621459.2015.1113973
http://www.ams.org/mathscinet-getitem?mr=2301751
https://doi.org/10.1016/j.jmva.2006.08.003
http://www.ams.org/mathscinet-getitem?mr=2277742
https://doi.org/10.1093/biomet/93.1.85
http://www.ams.org/mathscinet-getitem?mr=1863961
https://doi.org/10.1214/aos/1009210544
http://www.ams.org/mathscinet-getitem?mr=2751448
https://doi.org/10.1198/jasa.2009.0121
http://www.ams.org/mathscinet-getitem?mr=2572459
https://doi.org/10.1214/09-AOS720
http://arxiv.org/abs/arXiv:1707.01143
http://www.ams.org/mathscinet-getitem?mr=1147167
https://doi.org/10.1137/1136085
https://doi.org/10.1198/jasa.2011.tm10155
https://doi.org/10.1214/13-AOS1171
https://doi.org/10.1007/s00440-012-0422-7
https://doi.org/10.1016/j.jmva.2006.08.003
https://doi.org/10.1093/biomet/93.1.85
https://doi.org/10.1198/jasa.2009.0121


[36] LEVINA, E., ROTHMAN, A. and ZHU, J. (2008). Sparse estimation of large covariance matrices via a nested
Lasso penalty. Ann. Appl. Stat. 2 245–263. MR2415602 https://doi.org/10.1214/07-AOAS139

[37] LIU, H., LAFFERTY, J. and WASSERMAN, L. (2009). The nonparanormal: Semiparametric estimation of
high dimensional undirected graphs. J. Mach. Learn. Res. 10 2295–2328. MR2563983

[38] LIU, Y. and REN, Z. (2020). Supplement to “Minimax estimation of large precision matrices with bandable
Cholesky factor.” https://doi.org/10.1214/19-AOS1893SUPP.

[39] MEINSHAUSEN, N. and BÜHLMANN, P. (2006). High-dimensional graphs and variable selection with the
lasso. Ann. Statist. 34 1436–1462. MR2278363 https://doi.org/10.1214/009053606000000281

[40] MINSKER, S. (2018). Sub-Gaussian estimators of the mean of a random matrix with heavy-tailed entries.
Ann. Statist. 46 2871–2903. MR3851758 https://doi.org/10.1214/17-AOS1642

[41] MITRA, R. and ZHANG, C.-H. (2014). Multivariate analysis of nonparametric estimates of large correlation
matrices. Preprint. Available at arXiv:1403.6195.

[42] PADMANABHAN, N., WHITE, M., ZHOU, H. H. and O’CONNELL, R. (2016). Estimating sparse precision
matrices. Mon. Not. R. Astron. Soc. 460 1567–1576.

[43] PAUL, D. (2007). Asymptotics of sample eigenstructure for a large dimensional spiked covariance model.
Statist. Sinica 17 1617–1642. MR2399865

[44] RAVIKUMAR, P., WAINWRIGHT, M. J., RASKUTTI, G. and YU, B. (2011). High-dimensional covari-
ance estimation by minimizing �1-penalized log-determinant divergence. Electron. J. Stat. 5 935–980.
MR2836766 https://doi.org/10.1214/11-EJS631

[45] REN, Z., SUN, T., ZHANG, C.-H. and ZHOU, H. H. (2015). Asymptotic normality and optimalities in esti-
mation of large Gaussian graphical models. Ann. Statist. 43 991–1026. MR3346695 https://doi.org/10.
1214/14-AOS1286

[46] ROTHMAN, A. J., BICKEL, P. J., LEVINA, E. and ZHU, J. (2008). Sparse permutation invariant covariance
estimation. Electron. J. Stat. 2 494–515. MR2417391 https://doi.org/10.1214/08-EJS176
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We consider the estimation of and inference on precision matrices of a
rich class of univariate locally stationary linear and nonlinear time series,
assuming that only one realization of the time series is observed. Using a
Cholesky decomposition technique, we show that the precision matrices can
be directly estimated via a series of least squares linear regressions with
smoothly time-varying coefficients. The method of sieves is utilized for the
estimation and is shown to be optimally adaptive in terms of estimation ac-
curacy and efficient in terms of computational complexity. We establish an
asymptotic theory for a class of L2 tests based on the nonparametric sieve
estimators. The latter are used for testing whether the precision matrices are
diagonal or banded. A Gaussian approximation result is established for a wide
class of quadratic forms of nonstationary and possibly nonlinear processes of
diverging dimensions which is of interest by itself.
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ISOTROPIC COVARIANCE FUNCTIONS ON GRAPHS AND THEIR EDGES
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We develop parametric classes of covariance functions on linear net-
works and their extension to graphs with Euclidean edges, that is, graphs with
edges viewed as line segments or more general sets with a coordinate system
allowing us to consider points on the graph which are vertices or points on
an edge. Our covariance functions are defined on the vertices and edge points
of these graphs and are isotropic in the sense that they depend only on the
geodesic distance or on a new metric called the resistance metric (which ex-
tends the classical resistance metric developed in electrical network theory
on the vertices of a graph to the continuum of edge points). We discuss the
advantages of using the resistance metric in comparison with the geodesic
metric as well as the restrictions these metrics impose on the investigated
covariance functions. In particular, many of the commonly used isotropic co-
variance functions in the spatial statistics literature (the power exponential,
Matérn, generalized Cauchy and Dagum classes) are shown to be valid with
respect to the resistance metric for any graph with Euclidean edges, whilst
they are only valid with respect to the geodesic metric in more special cases.
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