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TESTING FOR STATIONARITY OF FUNCTIONAL TIME SERIES IN
THE FREQUENCY DOMAIN

BY ALEXANDER AUE1 AND ANNE VAN DELFT2

1Department of Statistics, University of California, aaue@ucdavis.edu
2Fakultät für Mathematik, Ruhr-Universität Bochum, Anne.vanDelft@rub.de

Interest in functional time series has spiked in the recent past with papers
covering both methodology and applications being published at a much in-
creased pace. This article contributes to the research in this area by proposing
a new stationarity test for functional time series based on frequency domain
methods. The proposed test statistics is based on joint dimension reduction
via functional principal components analysis across the spectral density oper-
ators at all Fourier frequencies, explicitly allowing for frequency-dependent
levels of truncation to adapt to the dynamics of the underlying functional time
series. The properties of the test are derived both under the null hypothesis of
stationary functional time series and under the smooth alternative of locally
stationary functional time series. The methodology is theoretically justified
through asymptotic results. Evidence from simulation studies and an appli-
cation to annual temperature curves suggests that the test works well in finite
samples.
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ON SPIKE AND SLAB EMPIRICAL BAYES MULTIPLE TESTING

BY ISMAËL CASTILLO* AND ÉTIENNE ROQUAIN**
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This paper explores a connection between empirical Bayes posterior dis-
tributions and false discovery rate (FDR) control. In the Gaussian sequence
model this work shows that empirical Bayes-calibrated spike and slab pos-
terior distributions allow a correct FDR control under sparsity. Doing so, it
offers a frequentist theoretical validation of empirical Bayes methods in the
context of multiple testing. Our theoretical results are illustrated with numer-
ical experiments.
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The mean field variational Bayes method is becoming increasingly pop-
ular in statistics and machine learning. Its iterative coordinate ascent varia-
tional inference algorithm has been widely applied to large scale Bayesian
inference. See Blei et al. (2017) for a recent comprehensive review. Despite
the popularity of the mean field method, there exist remarkably little funda-
mental theoretical justifications. To the best of our knowledge, the iterative
algorithm has never been investigated for any high-dimensional and complex
model. In this paper, we study the mean field method for community detec-
tion under the stochastic block model. For an iterative batch coordinate ascent
variational inference algorithm, we show that it has a linear convergence rate
and converges to the minimax rate within logn iterations. This complements
the results of Bickel et al. (2013) which studied the global minimum of the
mean field variational Bayes and obtained asymptotic normal estimation of
global model parameters. In addition, we obtain similar optimality results for
Gibbs sampling and an iterative procedure to calculate maximum likelihood
estimation, which can be of independent interest.
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Under mild Markov assumptions, sufficient conditions for strict minimax
optimality of sequential tests for multiple hypotheses under distributional un-
certainty are derived. First, the design of optimal sequential tests for simple
hypotheses is revisited, and it is shown that the partial derivatives of the cor-
responding cost function are closely related to the performance metrics of the
underlying sequential test. Second, an implicit characterization of the least
favorable distributions for a given testing policy is stated. By combining the
results on optimal sequential tests and least favorable distributions, sufficient
conditions for a sequential test to be minimax optimal under general distribu-
tional uncertainties are obtained. The cost function of the minimax optimal
test is further identified as a generalized f -dissimilarity and the least favor-
able distributions as those that are most similar with respect to this dissimilar-
ity. Numerical examples for minimax optimal sequential tests under different
uncertainties illustrate the theoretical results.
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This paper concerns statistical inference for longitudinal data with ul-
trahigh dimensional covariates. We first study the problem of constructing
confidence intervals and hypothesis tests for a low-dimensional parameter
of interest. The major challenge is how to construct a powerful test statistic
in the presence of high-dimensional nuisance parameters and sophisticated
within-subject correlation of longitudinal data. To deal with the challenge,
we propose a new quadratic decorrelated inference function approach which
simultaneously removes the impact of nuisance parameters and incorporates
the correlation to enhance the efficiency of the estimation procedure. When
the parameter of interest is of fixed dimension, we prove that the proposed es-
timator is asymptotically normal and attains the semiparametric information
bound, based on which we can construct an optimal Wald test statistic. We
further extend this result and establish the limiting distribution of the estima-
tor under the setting with the dimension of the parameter of interest growing
with the sample size at a polynomial rate. Finally, we study how to control
the false discovery rate (FDR) when a vector of high-dimensional regression
parameters is of interest. We prove that applying the Storey (J. R. Stat. Soc.
Ser. B. Stat. Methodol. 64 (2002) 479–498) procedure to the proposed test
statistics for each regression parameter controls FDR asymptotically in lon-
gitudinal data. We conduct simulation studies to assess the finite sample per-
formance of the proposed procedures. Our simulation results imply that the
newly proposed procedure can control both Type I error for testing a low di-
mensional parameter of interest and the FDR in the multiple testing problem.
We also apply the proposed procedure to a real data example.
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We study the problem of estimating a functional θ(P) of an unknown
probability distribution P ∈ P in which the original iid sample X1, . . . ,Xn

is kept private even from the statistician via an α-local differential privacy
constraint. Let ωTV denote the modulus of continuity of the functional θ

over P with respect to total variation distance. For a large class of loss func-
tions l and a fixed privacy level α, we prove that the privatized minimax risk
is equivalent to l(ωTV(n−1/2)) to within constants, under regularity condi-
tions that are satisfied, in particular, if θ is linear and P is convex. Our re-
sults complement the theory developed by Donoho and Liu (1991) with the
nowadays highly relevant case of privatized data. Somewhat surprisingly, the
difficulty of the estimation problem in the private case is characterized by
ωTV, whereas, it is characterized by the Hellinger modulus of continuity if
the original data X1, . . . ,Xn are available. We also find that for locally private
estimation of linear functionals over a convex model a simple sample mean
estimator, based on independently and binary privatized observations, always
achieves the minimax rate. We further provide a general recipe for choosing
the functional parameter in the optimal binary privatization mechanisms and
illustrate the general theory in numerous examples. Our theory allows us to
quantify the price to be paid for local differential privacy in a large class of
estimation problems. This price appears to be highly problem specific.
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This paper develops a foundation of methodology and theory for the es-
timation of structured nonparametric regression models with Hilbertian re-
sponses. Our method and theory are focused on the additive model, while the
main ideas may be adapted to other structured models. For this, the notion
of Bochner integration is introduced for Banach-space-valued maps as a gen-
eralization of Lebesgue integration. Several statistical properties of Bochner
integrals, relevant for our method and theory and also of importance in their
own right, are presented for the first time. Our theory is complete. The ex-
istence of our estimators and the convergence of a practical algorithm that
evaluates the estimators are established. These results are nonasymptotic as
well as asymptotic. Furthermore, it is proved that the estimators achieve the
univariate rates in pointwise, L2 and uniform convergence, and that the es-
timators of the component maps converge jointly in distribution to Gaussian
random elements. Our numerical examples include the cases of functional,
density-valued and simplex-valued responses, demonstrating the validity of
our approach.
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This paper studies nonparametric estimation of parameters of multivari-
ate Hawkes processes. We consider the Bayesian setting and derive posterior
concentration rates. First, rates are derived for L1-metrics for stochastic in-
tensities of the Hawkes process. We then deduce rates for the L1-norm of
interactions functions of the process. Our results are exemplified by using
priors based on piecewise constant functions, with regular or random parti-
tions and priors based on mixtures of Betas distributions. We also present a
simulation study to illustrate our results and to study empirically the inference
on functional connectivity graphs of neurons
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Self-normalization has attracted considerable attention in the recent liter-
ature of time series analysis, but its scope of applicability has been limited to
low-/fixed-dimensional parameters for low-dimensional time series. In this
article, we propose a new formulation of self-normalization for inference
about the mean of high-dimensional stationary processes. Our original test
statistic is a U-statistic with a trimming parameter to remove the bias caused
by weak dependence. Under the framework of nonlinear causal processes, we
show the asymptotic normality of our U-statistic with the convergence rate
dependent upon the order of the Frobenius norm of the long-run covariance
matrix. The self-normalized test statistic is then constructed on the basis of
recursive subsampled U-statistics and its limiting null distribution is shown
to be a functional of time-changed Brownian motion, which differs from the
pivotal limit used in the low-dimensional setting. An interesting phenomenon
associated with self-normalization is that it works in the high-dimensional
context even if the convergence rate of original test statistic is unknown. We
also present applications to testing for bandedness of the covariance matrix
and testing for white noise for high-dimensional stationary time series and
compare the finite sample performance with existing methods in simulation
studies. At the root of our theoretical arguments, we extend the martingale ap-
proximation to the high-dimensional setting, which could be of independent
theoretical interest.
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We propose a unified framework for establishing existence of nonpara-
metric M-estimators, computing the corresponding estimates, and proving
their strong consistency when the class of functions is exceptionally rich. In
particular, the framework addresses situations where the class of functions
is complex involving information and assumptions about shape, pointwise
bounds, location of modes, height at modes, location of level-sets, values of
moments, size of subgradients, continuity, distance to a “prior” function, mul-
tivariate total positivity and any combination of the above. The class might
be engineered to perform well in a specific setting even in the presence of
little data. The framework views the class of functions as a subset of a par-
ticular metric space of upper semicontinuous functions under the Attouch–
Wets distance. In addition to allowing a systematic treatment of numerous M-
estimators, the framework yields consistency of plug-in estimators of modes
of densities, maximizers of regression functions, level-sets of classifiers and
related quantities, and also enables computation by means of approximating
parametric classes. We establish consistency through a one-sided law of large
numbers, here extended to sieves, that relaxes assumptions of uniform laws,
while ensuring global approximations even under model misspecification.
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We study the problem of variable selection for linear models under the
high-dimensional asymptotic setting, where the number of observations n

grows at the same rate as the number of predictors p. We consider two-stage
variable selection techniques (TVS) in which the first stage uses bridge esti-
mators to obtain an estimate of the regression coefficients, and the second
stage simply thresholds this estimate to select the “important” predictors.
The asymptotic false discovery proportion (AFDP) and true positive propor-
tion (ATPP) of these TVS are evaluated. We prove that for a fixed ATPP,
in order to obtain a smaller AFDP, one should pick a bridge estimator with
smaller asymptotic mean square error in the first stage of TVS. Based on
such principled discovery, we present a sharp comparison of different TVS,
via an in-depth investigation of the estimation properties of bridge estima-
tors. Rather than “orderwise” error bounds with loose constants, our analysis
focuses on precise error characterization. Various interesting signal-to-noise
ratio and sparsity settings are studied. Our results offer new and thorough in-
sights into high-dimensional variable selection. For instance, we prove that
a TVS with Ridge in its first stage outperforms TVS with other bridge esti-
mators in large noise settings; two-stage LASSO becomes inferior when the
signal is rare and weak. As a by-product, we show that two-stage methods
outperform some standard variable selection techniques, such as LASSO and
Sure Independence Screening, under certain conditions.
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PERMUTATION METHODS FOR FACTOR ANALYSIS AND PCA
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Researchers often have datasets measuring features xij of samples, such
as test scores of students. In factor analysis and PCA, these features are
thought to be influenced by unobserved factors, such as skills. Can we de-
termine how many components affect the data? This is an important problem,
because decisions made here have a large impact on all downstream data anal-
ysis. Consequently, many approaches have been developed. Parallel Analysis
is a popular permutation method: it randomly scrambles each feature of the
data. It selects components if their singular values are larger than those of the
permuted data. Despite widespread use, as well as empirical evidence for its
accuracy, it currently has no theoretical justification.

In this paper, we show that parallel analysis (or permutation methods)
consistently select the large components in certain high-dimensional factor
models. However, when the signals are too large, the smaller components are
not selected. The intuition is that permutations keep the noise invariant, while
“destroying” the low-rank signal. This provides justification for permutation
methods. Our work also uncovers drawbacks of permutation methods, and
paves the way to improvements.
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High dimensional statistics deals with the challenge of extracting struc-
tured information from complex model settings. Compared with a large num-
ber of frequentist methodologies, there are rather few theoretically optimal
Bayes methods for high dimensional models. This paper provides a unified
approach to both Bayes high dimensional statistics and Bayes nonparametrics
in a general framework of structured linear models. With a proposed two-step
prior, we prove a general oracle inequality for posterior contraction under an
abstract setting that allows model misspecification. The general result can
be used to derive new results on optimal posterior contraction under many
complex model settings including recent works for stochastic block model,
graphon estimation and dictionary learning. It can also be used to improve
upon posterior contraction results in literature including sparse linear regres-
sion and nonparametric aggregation. The key of the success lies in the novel
two-step prior distribution: one for model structure, that is, model selection,
and the other one for model parameters. The prior on the parameters of a
model is an elliptical Laplace distribution that is capable of modeling sig-
nals with large magnitude, and the prior on the model structure involves a
factor that compensates the effect of the normalizing constant of the ellipti-
cal Laplace distribution, which is important to attain rate-optimal posterior
contraction.
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ASYMPTOTIC DISTRIBUTION AND DETECTION THRESHOLDS FOR
TWO-SAMPLE TESTS BASED ON GEOMETRIC GRAPHS

BY BHASWAR B. BHATTACHARYA

Department of Statistics, The Wharton School, University of Pennsylvania, bhaswar@wharton.upenn.edu

In this paper, we consider the problem of testing the equality of two mul-
tivariate distributions based on geometric graphs constructed using the inter-
point distances between the observations. These include the tests based on
the minimum spanning tree and the K-nearest neighbor (NN) graphs, among
others. These tests are asymptotically distribution-free, universally consistent
and computationally efficient, making them particularly useful in modern ap-
plications. However, very little is known about the power properties of these
tests. In this paper, using the theory of stabilizing geometric graphs, we de-
rive the asymptotic distribution of these tests under general alternatives, in the
Poissonized setting. Using this, the detection threshold and the limiting local
power of the test based on the K-NN graph are obtained, where interesting
exponents depending on dimension emerge. This provides a way to compare
and justify the performance of these tests in different examples.
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Sequential Monte Carlo methods, also known as particle methods, are
a popular set of techniques for approximating high-dimensional probability
distributions and their normalizing constants. These methods have found nu-
merous applications in statistics and related fields; for example, for inference
in nonlinear non-Gaussian state space models, and in complex static models.
Like many Monte Carlo sampling schemes, they rely on proposal distribu-
tions which crucially impact their performance. We introduce here a class of
controlled sequential Monte Carlo algorithms, where the proposal distribu-
tions are determined by approximating the solution to an associated optimal
control problem using an iterative scheme. This method builds upon a num-
ber of existing algorithms in econometrics, physics and statistics for inference
in state space models, and generalizes these methods so as to accommodate
complex static models. We provide a theoretical analysis concerning the fluc-
tuation and stability of this methodology that also provides insight into the
properties of related algorithms. We demonstrate significant gains over state-
of-the-art methods at a fixed computational complexity on a variety of appli-
cations.
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We propose a new Monte Carlo method for sampling from multimodal
distributions. The idea of this technique is based on splitting the task into two:
finding the modes of a target distribution π and sampling, given the knowl-
edge of the locations of the modes. The sampling algorithm relies on steps of
two types: local ones, preserving the mode; and jumps to regions associated
with different modes. Besides, the method learns the optimal parameters of
the algorithm, while it runs, without requiring user intervention. Our tech-
nique should be considered as a flexible framework, in which the design of
moves can follow various strategies known from the broad MCMC literature.

In order to design an adaptive scheme that facilitates both local and jump
moves, we introduce an auxiliary variable representing each mode, and we
define a new target distribution π̃ on an augmented state space X × I, where
X is the original state space of π and I is the set of the modes. As the al-
gorithm runs and updates its parameters, the target distribution π̃ also keeps
being modified. This motivates a new class of algorithms, Auxiliary Variable
Adaptive MCMC. We prove general ergodic results for the whole class before
specialising to the case of our algorithm.
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Modern data-driven approaches to modeling make extensive use of co-
variate/model selection. Such selection incurs a cost: it invalidates classical
statistical inference. A conservative remedy to the problem was proposed by
Berk et al. (Ann. Statist. 41 (2013) 802–837) and further extended by Ba-
choc, Preinerstorfer and Steinberger (2016). These proposals, labeled “PoSI
methods,” provide valid inference after arbitrary model selection. They are
computationally NP-hard and have limitations in their theoretical justifica-
tions. We therefore propose computationally efficient confidence regions,
named “UPoSI”1 and prove large-p asymptotics for them. We do this for
linear OLS regression allowing misspecification of the normal linear model,
for both fixed and random covariates, and for independent as well as some
types of dependent data. We start by proving a general equivalence result for
the post-selection inference problem and a simultaneous inference problem
in a setting that strips inessential features still present in a related result of
Berk et al. (Ann. Statist. 41 (2013) 802–837). We then construct valid PoSI
confidence regions that are the first to have vastly improved computational ef-
ficiency in that the required computation times grow only quadratically rather
than exponentially with the total number p of covariates. These are also the
first PoSI confidence regions with guaranteed asymptotic validity when the
total number of covariates p diverges (almost exponentially) with the sample
size n. Under standard tail assumptions, we only require (logp)7 = o(n) and
k = o(

√
n/ logp) where k (≤ p) is the largest number of covariates (model

size) considered for selection. We study various properties of these confi-
dence regions, including their Lebesgue measures, and compare them theo-
retically with those proposed previously.
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Motivated by the fact that circular or spherical data are often much con-
centrated around a location θθθ , we consider inference about θθθ under high
concentration asymptotic scenarios for which the probability of any fixed
spherical cap centered at θθθ converges to one as the sample size n diverges to
infinity. Rather than restricting to Fisher–von Mises–Langevin distributions,
we consider a much broader, semiparametric, class of rotationally symmet-
ric distributions indexed by the location parameter θθθ , a scalar concentration
parameter κ and a functional nuisance f . We determine the class of distribu-
tions for which high concentration is obtained as κ diverges to infinity. For
such distributions, we then consider inference (point estimation, confidence
zone estimation, hypothesis testing) on θθθ in asymptotic scenarios where κn

diverges to infinity at an arbitrary rate with the sample size n. Our asymp-
totic investigation reveals that, interestingly, optimal inference procedures on
θθθ show consistency rates that depend on f . Using asymptotics “à la Le Cam,”
we show that the spherical mean is, at any f , a parametrically superefficient
estimator of θθθ and that the Watson and Wald tests for H0 : θθθ = θθθ0 enjoy
similar, nonstandard, optimality properties. We illustrate our results through
simulations and treat a real data example. On a technical point of view, our
asymptotic derivations require challenging expansions of rotationally sym-
metric functionals for large arguments of f .
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We develop a semiparametric Bayesian approach for estimating the mean
response in a missing data model with binary outcomes and a nonparamet-
rically modelled propensity score. Equivalently, we estimate the causal ef-
fect of a treatment, correcting nonparametrically for confounding. We show
that standard Gaussian process priors satisfy a semiparametric Bernstein–
von Mises theorem under smoothness conditions. We further propose a
novel propensity score-dependent prior that provides efficient inference un-
der strictly weaker conditions. We also show that it is theoretically preferable
to model the covariate distribution with a Dirichlet process or Bayesian boot-
strap, rather than modelling its density.
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RELAXING THE ASSUMPTIONS OF KNOCKOFFS BY CONDITIONING
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The recent paper Candès et al. (J. R. Stat. Soc. Ser. B. Stat. Methodol.
80 (2018) 551–577) introduced model-X knockoffs, a method for variable
selection that provably and nonasymptotically controls the false discovery
rate with no restrictions or assumptions on the dimensionality of the data
or the conditional distribution of the response given the covariates. The one
requirement for the procedure is that the covariate samples are drawn inde-
pendently and identically from a precisely-known (but arbitrary) distribution.
The present paper shows that the exact same guarantees can be made with-
out knowing the covariate distribution fully, but instead knowing it only up
to a parametric model with as many as �(n∗p) parameters, where p is the
dimension and n∗ is the number of covariate samples (which may exceed
the usual sample size n of labeled samples when unlabeled samples are also
available). The key is to treat the covariates as if they are drawn conditionally
on their observed value for a sufficient statistic of the model. Although this
idea is simple, even in Gaussian models conditioning on a sufficient statistic
leads to a distribution supported on a set of zero Lebesgue measure, requir-
ing techniques from topological measure theory to establish valid algorithms.
We demonstrate how to do this for three models of interest, with simulations
showing the new approach remains powerful under the weaker assumptions.
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This paper establishes the first analytical formula for nonlinear shrinkage
estimation of large-dimensional covariance matrices. We achieve this by iden-
tifying and mathematically exploiting a deep connection between nonlinear
shrinkage and nonparametric estimation of the Hilbert transform of the sam-
ple spectral density. Previous nonlinear shrinkage methods were of numeri-
cal nature: QuEST requires numerical inversion of a complex equation from
random matrix theory whereas NERCOME is based on a sample-splitting
scheme. The new analytical method is more elegant and also has more poten-
tial to accommodate future variations or extensions. Immediate benefits are
(i) that it is typically 1000 times faster with basically the same accuracy as
QuEST and (ii) that it accommodates covariance matrices of dimension up to
10,000 and more. The difficult case where the matrix dimension exceeds the
sample size is also covered.
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The conditional particle filter (CPF) is a promising algorithm for general
hidden Markov model smoothing. Empirical evidence suggests that the vari-
ant of CPF with backward sampling (CBPF) performs well even with long
time series. Previous theoretical results have not been able to demonstrate
the improvement brought by backward sampling, whereas we provide rates
showing that CBPF can remain effective with a fixed number of particles
independent of the time horizon. Our result is based on analysis of a new
coupling of two CBPFs, the coupled conditional backward sampling parti-
cle filter (CCBPF). We show that CCBPF has good stability properties in the
sense that with fixed number of particles, the coupling time in terms of itera-
tions increases only linearly with respect to the time horizon under a general
(strong mixing) condition. The CCBPF is useful not only as a theoretical tool,
but also as a practical method that allows for unbiased estimation of smooth-
ing expectations, following the recent developments by Jacob, Lindsten and
Schön (2020). Unbiased estimation has many advantages, such as enabling
the construction of asymptotically exact confidence intervals and straightfor-
ward parallelisation.
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Mean square error (MSE) of the estimator can be used to evaluate the
performance of a regression model. In this paper, we derive the asymptotic
MSE of l1-penalized robust estimators in the limit of both sample size n and
dimension p going to infinity with fixed ratio n/p → δ. We focus on the l1-
penalized least absolute deviation and l1-penalized Huber’s regressions. Our
analytic study shows the appearance of a sharp phase transition in the two-
dimensional sparsity-undersampling phase space. We derive the explicit for-
mula of the phase boundary. Remarkably, the phase boundary is identical to
the phase transition curve of LASSO which is also identical to the previously
known Donoho–Tanner phase transition for sparse recovery. Our derivation
is based on the asymptotic analysis of the generalized approximation pass-
ing (GAMP) algorithm. We establish the asymptotic MSE of the l1-penalized
robust estimator by connecting it to the asymptotic MSE of the correspond-
ing GAMP estimator. Our results provide some theoretical insight into the
high-dimensional regression methods. Extensive computational experiments
have been conducted to validate the correctness of our analytic results. We
obtain fairly good agreement between theoretical prediction and numerical
simulations on finite-size systems.
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