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EMPIRICAL BAYES ORACLE UNCERTAINTY QUANTIFICATION
FOR REGRESSION

BY EDUARD BELITSER! AND SUBHASHIS GHOSAL?

lDeparl‘ment of Mathematics, Vrije Universiteit Amsterdam, e.n.belitser@vu.nl

2Department of Statistics, North Carolina State University, sghosal @ stat.ncsu.edu

We propose an empirical Bayes method for high-dimensional linear re-
gression models. Following an oracle approach that quantifies the error lo-
cally for each possible value of the parameter, we show that an empirical
Bayes posterior contracts at the optimal rate at all parameters and leads to
uniform size-optimal credible balls with guaranteed coverage under an “ex-
cessive bias restriction” condition. This condition gives rise to a new slic-
ing of the entire space that is suitable for ensuring uniformity in uncertainty
quantification. The obtained results immediately lead to optimal contraction
and coverage properties for many conceivable classes simultaneously. The re-
sults are also extended to high-dimensional additive nonparametric regression
models.
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ASYMPTOTIC JOINT DISTRIBUTION OF EXTREME EIGENVALUES
AND TRACE OF LARGE SAMPLE COVARIANCE MATRIX IN
A GENERALIZED SPIKED POPULATION MODEL

BY ZENG L1', FANG HAN? AND JIANFENG YAO?

lDe‘partment of Statistics and Data Science, Southern University of Science and Technology, liz9 @sustech.edu.cn
2Department of Statistics, University of Washington, fanghan@uw.edu
3Departmem‘ of Statistics and Actuarial Science, University of Hong Kong, jeffyao@ hku.hk

This paper studies the joint limiting behavior of extreme eigenvalues and
trace of large sample covariance matrix in a generalized spiked population
model, where the asymptotic regime is such that the dimension and sample
size grow proportionally. The form of the joint limiting distribution is applied
to conduct Johnson—Graybill-type tests, a family of approaches testing for
signals in a statistical model. For this, higher order correction is further made,
helping alleviate the impact of finite-sample bias. The proof rests on deter-
mining the joint asymptotic behavior of two classes of spectral processes,
corresponding to the extreme and linear spectral statistics, respectively.
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A line of recent work has analyzed the behavior of the Expectation-
Maximization (EM) algorithm in the well-specified setting, in which the
population likelihood is locally strongly concave around its maximizing ar-
gument. Examples include suitably separated Gaussian mixture models and
mixtures of linear regressions. We consider over-specified settings in which
the number of fitted components is larger than the number of components in
the true distribution. Such mis-specified settings can lead to singularity in the
Fisher information matrix, and moreover, the maximum likelihood estimator

based on n i.i.d. samples in d dimensions can have a nonstandard O((d/n) %)
rate of convergence. Focusing on the simple setting of two-component mix-
tures fit to a d-dimensional Gaussian distribution, we study the behavior of
the EM algorithm both when the mixture weights are different (unbalanced
case), and are equal (balanced case). Our analysis reveals a sharp distinction
between these two cases: in the former, the EM algorithm converges geomet-

1
rically to a point at Euclidean distance of O((d/n)2) from the true parameter,
whereas in the latter case, the convergence rate is exponentially slower, and

the fixed point has a much lower O((d/n) i ) accuracy. Analysis of this singu-
lar case requires the introduction of some novel techniques: in particular, we
make use of a careful form of localization in the associated empirical process,
and develop a recursive argument to progressively sharpen the statistical rate.
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BY CHENG MAO!, ASHWIN PANANJADY? AND MARTIN J. WAINWRIGHT23
LSchool of Mathematics, Georgia Institute of Technology, cheng.mao@math.gatech.edu
2Department of EECS, University of California, Berkeley, ashwinpm@berkeley.edu
3Departmenl of Statistics, University of California, Berkeley, wainwrig @stat.berkeley.edu

Many applications, including rank aggregation, crowd-labeling and
graphon estimation, can be modeled in terms of a bivariate isotonic matrix
with unknown permutations acting on its rows and/or columns. We consider
the problem of estimating an unknown matrix in this class, based on noisy
observations of (possibly, a subset of) its entries. We design and analyze
polynomial-time algorithms that improve upon the state of the art in two
distinct metrics, showing, in particular, that minimax optimal, computation-
ally efficient estimation is achievable in certain settings. Along the way, we
prove matching upper and lower bounds on the minimax radii of certain cone
testing problems, which may be of independent interest.!
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Testing mutual independence for high-dimensional observations is a fun-
damental statistical challenge. Popular tests based on linear and simple rank
correlations are known to be incapable of detecting nonlinear, nonmonotone
relationships, calling for methods that can account for such dependences. To
address this challenge, we propose a family of tests that are constructed us-
ing maxima of pairwise rank correlations that permit consistent assessment
of pairwise independence. Built upon a newly developed Cramér-type mod-
erate deviation theorem for degenerate U-statistics, our results cover a variety
of rank correlations including Hoeffding’s D, Blum—Kiefer—Rosenblatt’s R
and Bergsma—Dassios—Yanagimoto’s t*. The proposed tests are distribution-
free in the class of multivariate distributions with continuous margins, imple-
mentable without the need for permutation, and are shown to be rate-optimal
against sparse alternatives under the Gaussian copula model. As a by-product
of the study, we reveal an identity between the aforementioned three rank
correlation statistics, and hence make a step towards proving a conjecture of
Bergsma and Dassios.
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We consider the problem of minimax estimation of the entropy of a den-
sity over Lipschitz balls. Dropping the usual assumption that the density is
bounded away from zero, we obtain the minimax rates (n lnn)_s/ (s+d) 4
n~ 2 for0<s < 2 for densities supported on [0, l]d, where s is the smooth-
ness parameter and »n is the number of independent samples. We generalize
the results to densities with unbounded support: given an Orlicz functions
W of rapid growth (such as the subexponential and sub-Gaussian classes),
the minimax rates for densities with bounded W-Orlicz norm increase to
(nlnn)=3/6+d) (=1L (p))d(A=d/p(s+d) 4 n=1/2 \where p is the norm pa-
rameter in the Lipschitz ball. We also show that the integral-form plug-in
estimators with kernel density estimates fail to achieve the minimax rates,
and characterize their worst case performances over the Lipschitz ball.

One of the key steps in analyzing the bias relies on a novel application of
the Hardy—Littlewood maximal inequality, which also leads to a new inequal-
ity on the Fisher information that may be of independent interest.
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We study limit distributions for the tuning-free max—min block estima-
tor originally proposed in (Fokianos, Leucht and Neumann (2017)) in the
problem of multiple isotonic regression, under both fixed lattice design and
random design settings. We show that, if the regression function f; admits
vanishing derivatives up to order oy along the kth dimension (k=1,...,d)
at a fixed point xq € (0, l)d, and the errors have variance 02, then the max—
min block estimator fn satisfies

1
(1 /0 2) 22D (fr(x0) — folx0)) ~ C(fo. x0)-

Here, Dy, ny, depending on {o} and the design points, are the set of all
“effective dimensions” and the size of “effective samples” that drive the
asymptotic limiting distribution, respectively. If furthermore either {c;} are
relative primes to each other or all mixed derivatives of fy of certain crit-
ical order vanish at x(, then the limiting distribution can be represented as
C(f0,x0) =a K(fo, x0) - Dg, where K (fo, xg) is a constant depending on
the local structure of the regression function fj at x, and Dy, is a nonstan-
dard limiting distribution generalizing the well-known Chernoff distribution
in univariate problems. The above limit theorem is also shown to be opti-
mal both in terms of the local rate of convergence and the dependence on
the unknown regression function whenever such dependence is explicit (i.e.,
K (fo, xg)), for the full range of {«;} in a local asymptotic minimax sense.

There are two interesting features in our local theory. First, the max—min
block estimator automatically adapts to the local smoothness and the intrinsic
dimension of the isotonic regression function at the optimal rate. Second, the
optimally adaptive local rates are in general not the same in fixed lattice and
random designs. In fact, the local rate in the fixed lattice design case is no
slower than that in the random design case, and can be much faster when the
local smoothness levels of the isotonic regression function or the sizes of the
lattice differ substantially along different dimensions.
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An elaborate theory of predictions of a causal hypothesis consists of sev-
eral falsifiable statements derived from the causal hypothesis. Statistical tests
for the various pieces of the elaborate theory help to clarify how much the
causal hypothesis is corroborated. In practice, the degree of corroboration
of the causal hypothesis has been assessed by a verbal description of which
of the several tests provides evidence for which of the several predictions.
This verbal approach can miss quantitative patterns. In this paper, we de-
velop a quantitative approach. We first decompose these various tests of the
predictions into independent factors with different sources of potential biases.
Support for the causal hypothesis is enhanced when many of these evidence
factors support the predictions. A sensitivity analysis is used to assess the po-
tential bias that could make the finding of the tests spurious. Along with this
multiparameter sensitivity analysis, we consider the partial conjunctions of
the tests. These partial conjunctions quantify the evidence supporting various
fractions of the collection of predictions. A partial conjunction test involves
combining tests of the components in the partial conjunction. We find the
asymptotically optimal combination of tests in the context of a sensitivity
analysis. Our analysis of an elaborate theory of a causal hypothesis controls
for the familywise error rate.
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‘We propose a method to infer the presence and location of change-points
in the distribution of a sequence of independent data taking values in a general
metric space, where change-points are viewed as locations at which the dis-
tribution of the data sequence changes abruptly in terms of either its Fréchet
mean, Fréchet variance or both. The proposed method is based on compar-
isons of Fréchet variances before and after putative change-point locations
and does not require a tuning parameter, except for the specification of cut-off
intervals near the endpoints where change-points are assumed not to occur.
Our results include theoretical guarantees for consistency of the test under
contiguous alternatives when a change-point exists and also for consistency
of the estimated location of the change-point, if it exists, where, under the
null hypothesis of no change-point, the limit distribution of the proposed scan
function is the square of a standardized Brownian bridge. These consistency
results are applicable for a broad class of metric spaces under mild entropy
conditions. Examples include the space of univariate probability distributions
and the space of graph Laplacians for networks. Simulation studies demon-
strate the effectiveness of the proposed methods, both for inferring the pres-
ence of a change-point and estimating its location. We also develop theory
that justifies bootstrap-based inference and illustrate the new approach with
sequences of maternal fertility distributions and communication networks.
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We consider N independent stochastic processes (X;(¢),t € [0, T]),
i=1,..., N, defined by a one-dimensional stochastic differential equation,
which are continuously observed throughout a time interval [0, T'] where T
is fixed. We study nonparametric estimation of the drift function on a given
subset A of R. Projection estimators are defined on finite dimensional subsets
of L2(A, dx). We stress that the set A may be compact or not and the diffu-
sion coefficient may be bounded or not. A data-driven procedure to select the
dimension of the projection space is proposed where the dimension is chosen
within a random collection of models. Upper bounds of risks are obtained,
the assumptions are discussed and simulation experiments are reported.

REFERENCES

ABRAMOWITZ, M. and STEGUN, 1. A. (1964). Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables. National Bureau of Standards Applied Mathematics Series 55. U.S. Government
Printing Office, Washington, D.C. MR0167642

BARAUD, Y., COMTE, F. and VIENNET, G. (2001). Model selection for (auto-)regression with dependent data.
ESAIM Probab. Stat. § 33-49. MR1845321 https://doi.org/10.1051/ps:2001101

BIRGE, L. and MASSART, P. (2007). Minimal penalties for Gaussian model selection. Probab. Theory Related
Fields 138 33—73. MR2288064 https://doi.org/10.1007/s00440-006-0011-8

CHALEYAT-MAUREL, M. and GENON-CATALOT, V. (2006). Computable infinite-dimensional filters with
applications to discretized diffusion processes. Stochastic Process. Appl. 116 1447-1467. MR2260743
https://doi.org/10.1016/j.spa.2006.03.004

COHEN, A., DAVENPORT, M. A. and LEVIATAN, D. (2013). On the stability and accuracy of least squares
approximations. Found. Comput. Math. 13 819-834. MR3105946 https://doi.org/10.1007/s10208-013-9142-3

COMTE, F. and GENON-CATALOT, V. (2018). Laguerre and Hermite bases for inverse problems. J. Korean Statist.
Soc. 47 273-296. MR3840862 https://doi.org/10.1016/j.jkss.2018.03.001

COMTE, F. and GENON-CATALOT, V. (2019). Regression function estimation on non compact support as a partly
inverse problem. Ann. Inst. Statist. Math. To appear. Available at https://doi.org/10.1007/s10463-019-00718-2.

COMTE, F. and GENON-CATALOT, V. (2020). Regression function estimation on non compact support in an
heteroscesdastic model. Metrika 83 93—128. MR4054254 https://doi.org/10.1007/s00184-019-00727-4

COMTE, F., GENON-CATALOT, V. and ROZENHOLC, Y. (2007). Penalized nonparametric mean square estima-
tion of the coefficients of diffusion processes. Bernoulli 13 514-543. MR2331262 https://doi.org/10.3150/
07-BEJ5173

COMTE, F., GENON-CATALOT, V. and SAMSON, A. (2013). Nonparametric estimation for stochastic differential
equations with random effects. Stochastic Process. Appl. 123 2522-2551. MR3054535 https://doi.org/10.1016/
j-spa.2013.04.009

DALALYAN, A. S. and KUTOYANTS, YU. A. (2003). Asymptotically efficient trend coefficient estimation for
ergodic diffusion. Math. Methods Statist. 11 402-427. MR1979742

DALALYAN, A. and REISS, M. (2006). Asymptotic statistical equivalence for scalar ergodic diffusions. Probab.
Theory Related Fields 134 248-282. MR2222384 https://doi.org/10.1007/s00440-004-0416-1

DALALYAN, A. and REISS, M. (2007). Asymptotic statistical equivalence for ergodic diffusions: The
multidimensional case. Probab. Theory Related Fields 137 25-47. MR2278451 https://doi.org/10.1007/
s00440-006-0502-7

MSC2020 subject classifications. 62G07, 62MO5.
Key words and phrases. Diffusion process, Hermite basis, Laguerre basis, model selection, nonparametric drift
estimation, projection estimators.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/19-AOS1933
http://www.imstat.org
mailto:fabienne.comte@parisdescartes.fr
mailto:valentine.genon-catalot@parisdescartes.fr
http://www.ams.org/mathscinet-getitem?mr=0167642
http://www.ams.org/mathscinet-getitem?mr=1845321
https://doi.org/10.1051/ps:2001101
http://www.ams.org/mathscinet-getitem?mr=2288064
https://doi.org/10.1007/s00440-006-0011-8
http://www.ams.org/mathscinet-getitem?mr=2260743
https://doi.org/10.1016/j.spa.2006.03.004
http://www.ams.org/mathscinet-getitem?mr=3105946
https://doi.org/10.1007/s10208-013-9142-3
http://www.ams.org/mathscinet-getitem?mr=3840862
https://doi.org/10.1016/j.jkss.2018.03.001
https://doi.org/10.1007/s10463-019-00718-2
http://www.ams.org/mathscinet-getitem?mr=4054254
https://doi.org/10.1007/s00184-019-00727-4
http://www.ams.org/mathscinet-getitem?mr=2331262
https://doi.org/10.3150/07-BEJ5173
http://www.ams.org/mathscinet-getitem?mr=3054535
https://doi.org/10.1016/j.spa.2013.04.009
http://www.ams.org/mathscinet-getitem?mr=1979742
http://www.ams.org/mathscinet-getitem?mr=2222384
https://doi.org/10.1007/s00440-004-0416-1
http://www.ams.org/mathscinet-getitem?mr=2278451
https://doi.org/10.1007/s00440-006-0502-7
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.3150/07-BEJ5173
https://doi.org/10.1016/j.spa.2013.04.009
https://doi.org/10.1007/s00440-006-0502-7

DELATTRE, M., GENON-CATALOT, V. and LAREDO, C. (2018). Parametric inference for discrete observa-
tions of diffusion processes with mixed effects. Stochastic Process. Appl. 128 1929-1957. MR3797649
https://doi.org/10.1016/j.spa.2017.08.016

DELATTRE, M., GENON-CATALOT, V. and SAMSON, A. (2013). Maximum likelihood estimation for stochastic
differential equations with random effects. Scand. J. Stat. 40 322-343. MR3066417 https://doi.org/10.1111/j.
1467-9469.2012.00813.x

DELATTRE, M. and LAVIELLE, M. (2013). Coupling the SAEM algorithm and the extended Kalman filter for
maximum likelihood estimation in mixed-effects diffusion models. Stat. Interface 6 519-532. MR3164656
https://doi.org/10.4310/S11.2013.v6.n4.a10

DENIS, C., DION, C. and MARTINEZ, M. (2018). Consistent procedures for multiclass classification of discrete
diffusion paths. Scand. J. Stat. . To appear. https://doi.org/10.1111/sjos.12415

DioN, C. and GENON-CATALOT, V. (2016). Bidimensional random effect estimation in mixed stochas-
tic differential model. Stat. Inference Stoch. Process. 19 131-158. MR3506629 https://doi.org/10.1007/
s11203-015-9122-0

DITLEVSEN, S. and DE GAETANO, A. (2005). Mixed effects in stochastic differential equation models. REVSTAT
3 137-153. MR2259358

HOFFMANN, M. (1999). Adaptive estimation in diffusion processes. Stochastic Process. Appl. 719 135-163.
MR1670522 https://doi.org/10.1016/S0304-4149(98)00074-X

HsiAo0, C. (2003). Analysis of Panel Data, 2nd ed. Econometric Society Monographs 34. Cambridge Univ. Press,
Cambridge. MR1962511 https://doi.org/10.1017/CB0O9780511754203

IAcus, S. M. (2008). Simulation and Inference for Stochastic Differential Equations: With R Examples. Springer
Series in Statistics. Springer, New York. MR2410254 https://doi.org/10.1007/978-0-387-75839-8

INDRITZ, J. (1961). An inequality for Hermite polynomials. Proc. Amer. Math. Soc. 12 981-983. MR0132852
https://doi.org/10.2307/2034406

KESSLER, M., LINDNER, A. and S@RENSEN, M., eds. (2012). Statistical Methods for Stochastic Differential
Equations. Monographs on Statistics and Applied Probability 124. CRC Press, Boca Raton, FL. MR2975799

KUTOYANTS, YU. A. (1984). Parameter Estimation for Stochastic Processes. Research and Exposition in Math-
ematics 6. Heldermann, Berlin. MR0777685

KUTOYANTS, Y. A. (2004). Statistical Inference for Ergodic Diffusion Processes. Springer Series in Statistics.
Springer, London. MR2144185 https://doi.org/10.1007/978-1-4471-3866-2

OVERGAARD, R., JONSSON, N., TORN@E, C. and MADSEN, H. (2005). Non-linear mixed effects models with
stochastic differential equations: Implementation of an estimation algorithm. J. Pharmacokinet. Pharmacodyn.
32 85-107.

PiccHINI, U., DE GAETANO, A. and DITLEVSEN, S. (2010). Stochastic differential mixed-effects models.
Scand. J. Stat. 37 67-90. MR2675940 https://doi.org/10.1111/j.1467-9469.2009.00665.x

PiccHINI, U. and DITLEVSEN, S. (2011). Practical estimation of high dimensional stochastic differential mixed-
effects models. Comput. Statist. Data Anal. 55 1426-1444. MR2741425 https://doi.org/10.1016/j.csda.2010.
10.003

RAMSAY, J. O. and SILVERMAN, B. W. (2007). Applied Functional Data Analysis: Methods and Case Studies
Springer, New York.

REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 293. Springer, Berlin.
MR1725357 https://doi.org/10.1007/978-3-662-06400-9

ROGERS, L. C. G. (1985). Smooth transition densities for one-dimensional diffusions. Bull. Lond. Math. Soc. 17
157-161. MR0806242 https://doi.org/10.1112/blms/17.2.157

ROGERS, L. C. G. and WILLIAMS, D. (1990). Diffusions, Markov Processes, and Martingales. Vol. 2: Ito Cal-
culus. Wiley, Chichester.

SZEGO, G. (1975). Orthogonal Polynomials: Colloquium Publications, Vol. XXIII, 4th ed. Amer. Math. Soc.,
Providence, R.I. MR0372517

TROPP, J. A. (2012). User-friendly tail bounds for sums of random matrices. Found. Comput. Math. 12 389-434.
MR2946459 https://doi.org/10.1007/s10208-011-9099-z

WANG, J.-L., CHIOU, J.-M. and MUELLER, H.-G. (2016). Review of functional data analysis. Annu. Rev. Stat.
Appl. 3257-295.


http://www.ams.org/mathscinet-getitem?mr=3797649
https://doi.org/10.1016/j.spa.2017.08.016
http://www.ams.org/mathscinet-getitem?mr=3066417
https://doi.org/10.1111/j.1467-9469.2012.00813.x
http://www.ams.org/mathscinet-getitem?mr=3164656
https://doi.org/10.4310/SII.2013.v6.n4.a10
https://doi.org/10.1111/sjos.12415
http://www.ams.org/mathscinet-getitem?mr=3506629
https://doi.org/10.1007/s11203-015-9122-0
http://www.ams.org/mathscinet-getitem?mr=2259358
http://www.ams.org/mathscinet-getitem?mr=1670522
https://doi.org/10.1016/S0304-4149(98)00074-X
http://www.ams.org/mathscinet-getitem?mr=1962511
https://doi.org/10.1017/CBO9780511754203
http://www.ams.org/mathscinet-getitem?mr=2410254
https://doi.org/10.1007/978-0-387-75839-8
http://www.ams.org/mathscinet-getitem?mr=0132852
https://doi.org/10.2307/2034406
http://www.ams.org/mathscinet-getitem?mr=2975799
http://www.ams.org/mathscinet-getitem?mr=0777685
http://www.ams.org/mathscinet-getitem?mr=2144185
https://doi.org/10.1007/978-1-4471-3866-2
http://www.ams.org/mathscinet-getitem?mr=2675940
https://doi.org/10.1111/j.1467-9469.2009.00665.x
http://www.ams.org/mathscinet-getitem?mr=2741425
https://doi.org/10.1016/j.csda.2010.10.003
http://www.ams.org/mathscinet-getitem?mr=1725357
https://doi.org/10.1007/978-3-662-06400-9
http://www.ams.org/mathscinet-getitem?mr=0806242
https://doi.org/10.1112/blms/17.2.157
http://www.ams.org/mathscinet-getitem?mr=0372517
http://www.ams.org/mathscinet-getitem?mr=2946459
https://doi.org/10.1007/s10208-011-9099-z
https://doi.org/10.1111/j.1467-9469.2012.00813.x
https://doi.org/10.1007/s11203-015-9122-0
https://doi.org/10.1016/j.csda.2010.10.003

The Annals of Statistics

2020, Vol. 48, No. 6, 3366-3394
https://doi.org/10.1214/19-A0S 1934

© Institute of Mathematical Statistics, 2020

DISTANCE-BASED AND RKHS-BASED DEPENDENCE METRICS IN HIGH
DIMENSION

BY CHANGBO ZHU", XIANYANG ZHANG?2, SHUN YAO® AND XIAOFENG SHAO!T

1Department of Statistics, University of Illinois at Urbana-Champaign, *changbOZ@illinois. edu; Txshao@illinois.edu
2Departmem of Statistics, Texas A&M University, zhangxiany @ stat.tamu.edu

3 Quantitative Researcher, Point72 Asset Management, cnshunyao @ gmail.com

In this paper, we study distance covariance, Hilbert—Schmidt covari-
ance (aka Hilbert—Schmidt independence criterion [In Advances in Neu-
ral Information Processing Systems (2008) 585-592]) and related indepen-
dence tests under the high dimensional scenario. We show that the sample
distance/Hilbert—Schmidt covariance between two random vectors can be ap-
proximated by the sum of squared componentwise sample cross-covariances
up to an asymptotically constant factor, which indicates that the standard
distance/Hilbert—Schmidt covariance based test can only capture linear de-
pendence in high dimension. Under the assumption that the components
within each high dimensional vector are weakly dependent, the distance cor-
relation based 7 test developed by Székely and Rizzo (J. Multivariate Anal.
117 (2013) 193-213) for independence is shown to have trivial limiting power
when the two random vectors are nonlinearly dependent but component-
wisely uncorrelated. This new and surprising phenomenon, which seems
to be discovered and carefully studied for the first time, is further con-
firmed in our simulation study. As a remedy, we propose tests based on an
aggregation of marginal sample distance/Hilbert—-Schmidt covariances and
show their superior power behavior against their joint counterparts in sim-
ulations. We further extend the distance correlation based ¢ test to those
based on Hilbert—Schmidt covariance and marginal distance/Hilbert—Schmidt
covariance. A novel unified approach is developed to analyze the studen-
tized sample distance/Hilbert—Schmidt covariance as well as the studentized
sample marginal distance covariance under both null and alternative hy-
pothesis. Our theoretical and simulation results shed light on the limitation
of distance/Hilbert—Schmidt covariance when used jointly in the high di-
mensional setting and suggest the aggregation of marginal distance/Hilbert—
Schmidt covariance as a useful alternative.
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The distance standard deviation, which arises in distance correlation
analysis of multivariate data, is studied as a measure of spread. The asymp-
totic distribution of the empirical distance standard deviation is derived under
the assumption of finite second moments. Applications are provided to hy-
pothesis testing on a data set from materials science and to multivariate sta-
tistical quality control. The distance standard deviation is compared to clas-
sical scale measures for inference on the spread of heavy-tailed distributions.
Inequalities for the distance variance are derived, proving that the distance
standard deviation is bounded above by the classical standard deviation and
by Gini’s mean difference. New expressions for the distance standard devi-
ation are obtained in terms of Gini’s mean difference and the moments of
spacings of order statistics. It is also shown that the distance standard devia-
tion satisfies the axiomatic properties of a measure of spread.
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In this work, we generalize the Cramér—von Mises statistic via projection
averaging to obtain a robust test for the multivariate two-sample problem.
The proposed test is consistent against all fixed alternatives, robust to heavy-
tailed data and minimax rate optimal against a certain class of alternatives.
Our test statistic is completely free of tuning parameters and is computation-
ally efficient even in high dimensions. When the dimension tends to infinity,
the proposed test is shown to have comparable power to the existing high-
dimensional mean tests under certain location models. As a by-product of
our approach, we introduce a new metric called the angular distance which
can be thought of as a robust alternative to the Euclidean distance. Using the
angular distance, we connect the proposed method to the reproducing ker-
nel Hilbert space approach. In addition to the Cramér—von Mises statistic,
we demonstrate that the projection-averaging technique can be used to define
robust multivariate tests in many other problems.
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Conditional value-at-risk is a popular risk measure in risk management.
We study the inference problem of conditional value-at-risk under a linear
predictive regression model. We derive the asymptotic distribution of the
least squares estimator for the conditional value-at-risk. Our results relax the
model assumptions made in (Oper. Res. 60 (2012) 739-756) and correct their
mistake in the asymptotic variance expression. We show that the asymptotic
variance depends on the quantile density function of the unobserved error
and whether the model has a predictor with infinite variance, which makes it
challenging to actually quantify the uncertainty of the conditional risk mea-
sure. To make the inference feasible, we then propose a smooth empirical
likelihood based method for constructing a confidence interval for the condi-
tional value-at-risk based on either independent errors or GARCH errors. Our
approach not only bypasses the challenge of directly estimating the asymp-
totic variance but also does not need to know whether there exists an infinite
variance predictor in the predictive model. Furthermore, we apply the same
idea to the quantile regression method, which allows infinite variance pre-
dictors and generalizes the parameter estimation in (Econometric Theory 22
(2006) 173-205) to conditional value-at-risk in the Supplementary Material.
We demonstrate the finite sample performance of the derived confidence in-
tervals through numerical studies before applying them to real data.
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While traditional multiple testing procedures prohibit adaptive analysis
choices made by users, Goeman and Solari (Statist. Sci. 26 (2011) 584-597)
proposed a simultaneous inference framework that allows users such flexibil-
ity while preserving high-probability bounds on the false discovery propor-
tion (FDP) of the chosen set. In this paper, we propose a new class of such
simultaneous FDP bounds, tailored for nested sequences of rejection sets.
While most existing simultaneous FDP bounds are based on closed testing
using global null tests based on sorted p-values, we additionally consider the
setting where side information can be leveraged to boost power, the variable
selection setting where knockoff statistics can be used to order variables, and
the online setting where decisions about rejections must be made as data ar-
rives. Our finite-sample, closed form bounds are based on repurposing the
FDP estimates from false discovery rate (FDR) controlling procedures de-
signed for each of the above settings. These results establish a novel connec-
tion between the parallel literatures of simultaneous FDP bounds and FDR
control methods, and use proof techniques employing martingales and filtra-
tions that are new to both these literatures. We demonstrate the utility of our
results by augmenting a recent knockoffs analysis of the UK Biobank dataset.
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This paper considers cluster detection in Block Markov Chains (BMCs).
These Markov chains are characterized by a block structure in their transition
matrix. More precisely, the n possible states are divided into a finite num-
ber of K groups or clusters, such that states in the same cluster exhibit the
same transition rates to other states. One observes a trajectory of the Markov
chain, and the objective is to recover, from this observation only, the (ini-
tially unknown) clusters. In this paper, we devise a clustering procedure that
accurately, efficiently and provably detects the clusters. We first derive a fun-
damental information-theoretical lower bound on the detection error rate sat-
isfied under any clustering algorithm. This bound identifies the parameters of
the BMC, and trajectory lengths, for which it is possible to accurately detect
the clusters. We next develop two clustering algorithms that can together ac-
curately recover the cluster structure from the shortest possible trajectories,
whenever the parameters allow detection. These algorithms thus reach the
fundamental detectability limit, and are optimal in that sense.
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MODEL SELECTION AND LOCAL GEOMETRY
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We consider problems in model selection caused by the geometry of
models close to their points of intersection. In some cases—including com-
mon classes of causal or graphical models, as well as time series models—
distinct models may nevertheless have identical tangent spaces. This has two
immediate consequences: first, in order to obtain constant power to reject one
model in favour of another we need local alternative hypotheses that decrease
to the null at a slower rate than the usual parametric n=1/2 (typically we will
require n~ 14 or slower); in other words, to distinguish between the models
we need large effect sizes or very large sample sizes. Second, we show that
under even weaker conditions on their tangent cones, models in these classes
cannot be made simultaneously convex by a reparameterization.

This shows that Bayesian network models, amongst others, cannot be
learned directly with a convex method similar to the graphical lasso. How-
ever, we are able to use our results to suggest methods for model selection
that learn the tangent space directly, rather than the model itself. In particular,
we give a generic algorithm for learning Bayesian network models.
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Hamiltonian Monte Carlo (HMC) is currently one of the most popular
Markov Chain Monte Carlo algorithms to sample smooth distributions over
continuous state space. This paper discusses the irreducibility and geometric
ergodicity of the HMC algorithm. We consider cases where the number of
steps of the Stormer—Verlet integrator is either fixed or random. Under mild
conditions on the potential U associated with target distribution 7, we first
show that the Markov kernel associated to the HMC algorithm is irreducible
and positive recurrent. Under more stringent conditions, we then establish
that the Markov kernel is Harris recurrent. We provide verifiable conditions
on U under which the HMC sampler is geometrically ergodic. Finally, we
illustrate our results on several examples.
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The paper introduces a new test for testing structures of covariances for
high dimensional vectors and the data dimension can be much larger than the
sample size. Under proper normalization, central and noncentral limit theo-
rems are established. The asymptotic theory is attained without imposing any
explicit restriction between data dimension and sample size. To facilitate the
related statistical inference, we propose the balanced Rademacher weighted
differencing scheme, which is also the delete-half jackknife, to approximate
the distribution of the proposed test statistics. We also develop a new test-
ing procedure for substructures of precision matrices. The simulation results
show that the tests outperform the exiting methods both in terms of size and
power. Our test procedure is applied to a colorectal cancer dataset.
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Consider the heteroscedastic nonparametric regression model with ran-
dom design

Yi=fX)+VY2Xpe, i=1,2,....n,

with f(-) and V(-) @- and B-Holder smooth, respectively. We show that the
minimax rate of estimating V (-) under both local and global squared risks is
of the order
___S8ap _ 2B
n dept2etB \yp 2B+1 ,

where a V b := max{a, b} for any two real numbers a, b. This result extends
the fixed design rate n—4  n=2B/2B+D derived in (Ann. Statist. 36 (2008)
646-664) in a nontrivial manner, as indicated by the appearances of both «
and B in the first term. In the special case of constant variance, we show that
the minimax rate is n=8¢/@+D =1 for variance estimation, which further
implies the same rate for quadratic functional estimation and thus unifies the
minimax rate under the nonparametric regression model with those under the
density model and the white noise model. To achieve the minimax rate, we
develop a U-statistic-based local polynomial estimator and a lower bound that
is constructed over a specified distribution family of randomness designed for
both ¢; and X;.
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Fitting a function by using linear combinations of a large number N of
“simple” components is one of the most fruitful ideas in statistical learn-
ing. This idea lies at the core of a variety of methods, from two-layer neu-
ral networks to kernel regression, to boosting. In general, the resulting risk
minimization problem is nonconvex and is solved by gradient descent or its
variants. Unfortunately, little is known about global convergence properties
of these approaches.

Here, we consider the problem of learning a concave function f on a com-
pact convex domain 2 C RY, using linear combinations of “bump-like” com-
ponents (neurons). The parameters to be fitted are the centers of N bumps,
and the resulting empirical risk minimization problem is highly nonconvex.
We prove that, in the limit in which the number of neurons diverges, the evolu-
tion of gradient descent converges to a Wasserstein gradient flow in the space
of probability distributions over 2. Further, when the bump width § tends
to 0, this gradient flow has a limit which is a viscous porous medium equa-
tion. Remarkably, the cost function optimized by this gradient flow exhibits a
special property known as displacement convexity, which implies exponential
convergence rates for N — oo, § — 0.

Surprisingly, this asymptotic theory appears to capture well the behavior
for moderate values of §, N. Explaining this phenomenon, and understand-
ing the dependence on §, N in a quantitative manner remains an outstanding
challenge.
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The Bonferroni adjustment, or the union bound, is commonly used to
study rate optimality properties of statistical methods in high-dimensional
problems. However, in practice, the Bonferroni adjustment is overly conser-
vative. The extreme value theory has been proven to provide more accurate
multiplicity adjustments in a number of settings, but only on an ad hoc basis.
Recently, Gaussian approximation has been used to justify bootstrap adjust-
ments in large scale simultaneous inference in some general settings when
n > (log p)7, where p is the multiplicity of the inference problem and » is the
sample size. The thrust of this theory is the validity of the Gaussian approx-
imation for maxima of sums of independent random vectors in high dimen-
sion. In this paper, we reduce the sample size requirement to n >> (log p)5
for the consistency of the empirical bootstrap and the multiplier/wild boot-
strap in the Kolmogorov—Smirnov distance, possibly in the regime where the
Gaussian approximation is not available. New comparison and anticoncen-
tration theorems, which are of considerable interest in and of themselves, are
developed as existing ones interweaved with Gaussian approximation are no
longer applicable or strong enough to produce desired results.
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In this paper, we study minimax and adaptation rates in general isotonic
regression. For uniform deterministic and random designs in [0, 1]‘1 with
d >2 and N(0, 1) noise, the minimax rate for the ¢, risk is known to be
bounded from below by n~1/4 when the unknown mean function f is non-
decreasing and its range is bounded by a constant, while the least squares
estimator (LSE) is known to nearly achieve the minimax rate up to a fac-
tor (logn)?Y where n is the sample size, y = 4 in the lattice design and
y = max{9/2, d* +d+ 1)/2} in the random design. Moreover, the LSE
is known to achieve the adaptation rate (K/ n)_z/ d{l Vv log(n/K )}27/ when
f is piecewise constant on K hyperrectangles in a partition of [0, 14.

Due to the minimax theorem, the LSE is identical on every design point to
both the max-min and min-max estimators over all upper and lower sets con-
taining the design point. This motivates our consideration of estimators which
lie in-between the max-min and min-max estimators over possibly smaller
classes of upper and lower sets, including a subclass of block estimators. Un-
der a gth moment condition on the noise, we develop £, risk bounds for such
general estimators for isotonic regression on graphs. For uniform determinis-
tic and random designs in [0, l]d with d > 3, our £, risk bound for the block
estimator matches the minimax rate n~1/4 when the range of f is bounded
and achieves the near parametric adaptation rate (K /n){1Vvlog(n/K )}‘1 when
f is K-piecewise constant. Furthermore, the block estimator possesses the
following oracle property in variable selection: When f depends on only a
subset S of variables, the ¢, risk of the block estimator automatically achieves
up to a poly-logarithmic factor the minimax rate based on the oracular knowl-
edge of S.
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ROBUST BAYES-LIKE ESTIMATION: RHO-BAYES ESTIMATION
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We observe n independent random variables with joint distribution P
and pretend that they are i.i.d. with some common density s (with respect to
a known measure p) that we wish to estimate. We consider a density model S
for s that we endow with a prior distribution 77 (with support in S) and build
a robust alternative to the classical Bayes posterior distribution which pos-
sesses similar concentration properties around s whenever the data are truly
i.i.d. and their density s belongs to the model S. Furthermore, in this case, the
Hellinger distance between the classical and the robust posterior distributions
tends to 0, as the number of observations tends to infinity, under suitable as-
sumptions on the model and the prior. However, unlike what happens with the
classical Bayes posterior distribution, we show that the concentration prop-
erties of this new posterior distribution are still preserved when the model is
misspecified or when the data are not i.i.d. but the marginal densities of their
joint distribution are close enough in Hellinger distance to the model S.
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