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DENSITY DECONVOLUTION UNDER GENERAL ASSUMPTIONS ON
THE DISTRIBUTION OF MEASUREMENT ERRORS

BY DENIS BELOMESTNY1,3 AND ALEXANDER GOLDENSHLUGER2,3

1Faculty of Mathematics, Duisburg-Essen University, denis.belomestny@uni-due.de
2Department of Statistics, University of Haifa, goldensh@stat.haifa.ac.il

3Department of Computer Sciences, National Research University Higher School of Economics

In this paper, we study the problem of density deconvolution under gen-
eral assumptions on the measurement error distribution. Typically, deconvo-
lution estimators are constructed using Fourier transform techniques, and it is
assumed that the characteristic function of the measurement errors does not
have zeros on the real line. This assumption is rather strong and is not ful-
filled in many cases of interest. In this paper, we develop a methodology for
constructing optimal density deconvolution estimators in the general setting
that covers vanishing and nonvanishing characteristic functions of the mea-
surement errors. We derive upper bounds on the risk of the proposed estima-
tors and provide sufficient conditions under which zeros of the corresponding
characteristic function have no effect on estimation accuracy. Moreover, we
show that the derived conditions are also necessary in some specific problem
instances.
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HIGH-DIMENSIONAL NONPARAMETRIC DENSITY ESTIMATION VIA
SYMMETRY AND SHAPE CONSTRAINTS

BY MIN XU1 AND RICHARD J. SAMWORTH2

1Department of Statistics, Rutgers University, mx76@stat.rutgers.edu
2Statistical Laboratory, University of Cambridge r.samworth@statslab.cam.ac.uk

We tackle the problem of high-dimensional nonparametric density es-
timation by taking the class of log-concave densities on R

p and incorpo-
rating within it symmetry assumptions, which facilitate scalable estimation
algorithms and can mitigate the curse of dimensionality. Our main symme-
try assumption is that the super-level sets of the density are K-homothetic
(i.e., scalar multiples of a convex body K ⊆ R

p). When K is known,
we prove that the K-homothetic log-concave maximum likelihood estima-
tor based on n independent observations from such a density achieves the
minimax optimal rate of convergence with respect to, for example, squared
Hellinger loss, of order n−4/5, independent of p. Moreover, we show that the
estimator is adaptive in the sense that if the data generating density admits a
special form, then a nearly parametric rate may be attained. We also provide
worst case and adaptive risk bounds in cases where K is only known up to
a positive definite transformation, and where it is completely unknown and
must be estimated nonparametrically. Our estimation algorithms are fast even
when n and p are on the order of hundreds of thousands, and we illustrate the
strong finite-sample performance of our methods on simulated data.
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We investigate large-sample properties of treatment effect estimators un-
der unknown interference in randomized experiments. The inferential target
is a generalization of the average treatment effect estimand that marginalizes
over potential spillover effects. We show that estimators commonly used to
estimate treatment effects under no interference are consistent for the gener-
alized estimand for several common experimental designs under limited but
otherwise arbitrary and unknown interference. The rates of convergence de-
pend on the growth rate of the unit-average amount of interference and the
degree to which the interference aligns with dependencies in treatment as-
signment. Importantly for practitioners, the results imply that even if one er-
roneously assumes that units do not interfere in a setting with moderate inter-
ference, standard estimators are nevertheless likely to be close to an average
treatment effect if the sample is sufficiently large. Conventional confidence
statements may, however, not be accurate.
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For a nonlinear regression model, the information matrices of designs
depend on the parameter of the model. The adaptive Wynn algorithm for D-
optimal design estimates the parameter at each step on the basis of the ob-
served responses and employed design points so far, and selects the next de-
sign point as in the classical Wynn algorithm for D-optimal design. The name
“Wynn algorithm” is in honor of Henry P. Wynn who established the latter
“classical” algorithm in his 1970 paper (Ann. Math. Stat. 41 (1970) 1655–
1664). The asymptotics of the sequences of designs and maximum likelihood
estimates generated by the adaptive algorithm is studied for an important class
of nonlinear regression models: generalized linear models whose (univariate)
response variables follow a distribution from a one-parameter exponential
family. Under the assumptions of compactness of the experimental region
and of the parameter space together with some natural continuity assump-
tions, it is shown that the adaptive ML-estimators are strongly consistent and
the design sequence is asymptotically locally D-optimal at the true parameter
point. If the true parameter point is an interior point of the parameter space,
then under some smoothness assumptions the asymptotic normality of the
adaptive ML-estimators is obtained.

REFERENCES

[1] ATKINSON, A. C., FEDOROV, V. V., HERZBERG, A. M. and ZHANG, R. (2014). Elemental information
matrices and optimal experimental design for generalized regression models. J. Statist. Plann. Infer-
ence 144 81–91. MR3131364 https://doi.org/10.1016/j.jspi.2012.09.012

[2] ATKINSON, A. C. and WOODS, D. C. (2015). Designs for generalized linear models. In Handbook of
Design and Analysis of Experiments. Chapman & Hall/CRC Handb. Mod. Stat. Methods 471–514.
CRC Press, Boca Raton, FL. MR3699359

[3] BREIMAN, L. (1992). Probability. Classics in Applied Mathematics 7. SIAM, Philadelphia, PA.
MR1163370 https://doi.org/10.1137/1.9781611971286

[4] CHEN, K., HU, I. and YING, Z. (1999). Strong consistency of maximum quasi-likelihood estimators in
generalized linear models with fixed and adaptive designs. Ann. Statist. 27 1155–1163. MR1740117
https://doi.org/10.1214/aos/1017938919

[5] FAHRMEIR, L. and KAUFMANN, H. (1985). Consistency and asymptotic normality of the maximum likeli-
hood estimator in generalized linear models. Ann. Statist. 13 342–368. MR0773172 https://doi.org/10.
1214/aos/1176346597

[6] FEDOROV, V. V. (1972). Theory of Optimal Experiments. Academic Press, New York. MR0403103
[7] FREISE, F. (2016). On Convergence of the Maximum Likelihood Estimator in Adaptive Designs. Disserta-

tion, University of Magdeburg.
[8] FREISE, F., GAFFKE, N. and SCHWABE, R. (2019). Convergence of least squares estimators in the adaptive

Wynn algorithm for a class of nonlinear regression models. Preprint. Available at arXiv:1909.03763.
[9] FREISE, F., GAFFKE, N. and SCHWABE, R. (2021). Supplement to “The adaptive Wynn algorithm in gen-

eralized linear models with univariate response.” https://doi.org/10.1214/20-AOS1974SUPP.
[10] HALL, P. and HEYDE, C. C. (1980). Martingale Limit Theory and Its Application: Probability and Mathe-

matical Statistics. Academic Press, New York-London. MR0624435

MSC2020 subject classifications. Primary 62L05; secondary 62F12, 62J12.
Key words and phrases. Nonlinear regression, approximate design, D-optimality, adaptive estimation, strong

consistency, asymptotic normality.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/20-AOS1974
http://www.imstat.org
mailto:fritjof.freise@tiho-hannover.de
mailto:norbert.gaffke@ovgu.de
mailto:rainer.schwabe@ovgu.de
http://www.ams.org/mathscinet-getitem?mr=3131364
https://doi.org/10.1016/j.jspi.2012.09.012
http://www.ams.org/mathscinet-getitem?mr=3699359
http://www.ams.org/mathscinet-getitem?mr=1163370
https://doi.org/10.1137/1.9781611971286
http://www.ams.org/mathscinet-getitem?mr=1740117
https://doi.org/10.1214/aos/1017938919
http://www.ams.org/mathscinet-getitem?mr=0773172
https://doi.org/10.1214/aos/1176346597
http://www.ams.org/mathscinet-getitem?mr=0403103
http://arxiv.org/abs/arXiv:1909.03763
https://doi.org/10.1214/20-AOS1974SUPP
http://www.ams.org/mathscinet-getitem?mr=0624435
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/aos/1176346597


[11] HU, I. (1998). On sequential designs in nonlinear problems. Biometrika 85 496–503. MR1649131
https://doi.org/10.1093/biomet/85.2.496

[12] LAI, T. L. (1994). Asymptotic properties of nonlinear least squares estimates in stochastic regression mod-
els. Ann. Statist. 22 1917–1930. MR1329175 https://doi.org/10.1214/aos/1176325764

[13] LAI, T. L. and WEI, C. Z. (1982). Least squares estimates in stochastic regression models with applications
to identification and control of dynamic systems. Ann. Statist. 10 154–166. MR0642726

[14] PRONZATO, L. (2009). Asymptotic properties of nonlinear estimates in stochastic models with finite design
space. Statist. Probab. Lett. 79 2307–2313. MR2556381 https://doi.org/10.1016/j.spl.2009.07.025

[15] PRONZATO, L. (2010). One-step ahead adaptive D-optimal design on a finite design space is asymptotically
optimal. Metrika 71 219–238. MR2602189 https://doi.org/10.1007/s00184-008-0227-y

[16] PUKELSHEIM, F. (1993). Optimal Design of Experiments. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. Wiley, New York. MR1211416

[17] VENTER, J. H. (1967). An extension of the Robbins–Monro procedure. Ann. Math. Stat. 38 181–190.
MR0205396 https://doi.org/10.1214/aoms/1177699069

[18] WU, C.-F. (1981). Asymptotic theory of nonlinear least squares estimation. Ann. Statist. 9 501–513.
MR0615427

[19] WU, C. F. and WYNN, H. P. (1978). The convergence of general step-length algorithms for regular optimum
design criteria. Ann. Statist. 6 1273–1285. MR0523762

[20] WYNN, H. P. (1970). The sequential generation of D-optimum experimental designs. Ann. Math. Stat. 41
1655–1664. MR0267704 https://doi.org/10.1214/aoms/1177696809

http://www.ams.org/mathscinet-getitem?mr=1649131
https://doi.org/10.1093/biomet/85.2.496
http://www.ams.org/mathscinet-getitem?mr=1329175
https://doi.org/10.1214/aos/1176325764
http://www.ams.org/mathscinet-getitem?mr=0642726
http://www.ams.org/mathscinet-getitem?mr=2556381
https://doi.org/10.1016/j.spl.2009.07.025
http://www.ams.org/mathscinet-getitem?mr=2602189
https://doi.org/10.1007/s00184-008-0227-y
http://www.ams.org/mathscinet-getitem?mr=1211416
http://www.ams.org/mathscinet-getitem?mr=0205396
https://doi.org/10.1214/aoms/1177699069
http://www.ams.org/mathscinet-getitem?mr=0615427
http://www.ams.org/mathscinet-getitem?mr=0523762
http://www.ams.org/mathscinet-getitem?mr=0267704
https://doi.org/10.1214/aoms/1177696809


The Annals of Statistics
2021, Vol. 49, No. 2, 723–744
https://doi.org/10.1214/20-AOS1975
© Institute of Mathematical Statistics, 2021

OPTIMAL DISCLOSURE RISK ASSESSMENT

BY FEDERICO CAMERLENGHI1, STEFANO FAVARO2, ZACHARIE NAULET3 AND

FRANCESCA PANERO4

Dedicated to the memory of Chris Skinner

1Department of Economics, Management and Statistics, University of Milano–Bicocca, federico.camerlenghi@unimib.it
2Department of Economics and Statistics, Univeristy of Torino, stefano.favaro@unito.it

3Université Paris-Saclay, Laboratoire de mathématiques d’Orsay, zacharie.naulet@universite-paris-saclay.fr
4Department of Statistics, University of Oxford, francesca.panero@stats.ox.ac.uk

Protection against disclosure is a legal and ethical obligation for agen-
cies releasing microdata files for public use. Consider a microdata sample
of size n from a finite population of size n̄ = n + λn, with λ > 0, such that
each sample record contains two disjoint types of information: identifying
categorical information and sensitive information. Any decision about re-
leasing data is supported by the estimation of measures of disclosure risk,
which are defined as discrete functionals of the number of sample records
with a unique combination of values of identifying variables. The most com-
mon measure is arguably the number τ1 of sample unique records that are
population uniques. In this paper, we first study nonparametric estimation of
τ1 under the Poisson abundance model for sample records. We introduce a
class of linear estimators of τ1 that are simple, computationally efficient and
scalable to massive datasets, and we give uniform theoretical guarantees for
them. In particular, we show that they provably estimate τ1 all of the way up
to the sampling fraction (λ + 1)−1 ∝ (logn)−1, with vanishing normalized
mean-square error (NMSE) for large n. We then establish a lower bound for
the minimax NMSE for the estimation of τ1, which allows us to show that:
(i) (λ + 1)−1 ∝ (logn)−1 is the smallest possible sampling fraction for con-
sistently estimating τ1; (ii) estimators’ NMSE is near optimal, in the sense of
matching the minimax lower bound, for large n. This is the main result of our
paper, and it provides a rigorous answer to an open question about the feasi-
bility of nonparametric estimation of τ1 under the Poisson abundance model
and for a sampling fraction (λ + 1)−1 < 1/2.
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Exchangeable random graphs serve as an important probabilistic frame-
work for the statistical analysis of network data. In this work, we develop an
alternative parameterization for a large class of exchangeable random graphs,
where the nodes are independent random vectors in a linear space equipped
with an indefinite inner product, and the edge probability between two nodes
equals the inner product of the corresponding node vectors. Therefore, the
distribution of exchangeable random graphs in this subclass can be repre-
sented by a node sampling distribution on this linear space, which we call the
graph root distribution. We study existence and identifiability of such rep-
resentations, the topological relationship between the graph root distribution
and the exchangeable random graph sampling distribution and estimation of
graph root distributions.
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We consider the problem of nonparametric regression when the covariate
is d dimensional, where d ≥ 1. In this paper, we introduce and study two non-
parametric least squares estimators (LSEs) in this setting—the entirely mono-
tonic LSE and the constrained Hardy–Krause variation LSE. We show that
these two LSEs are natural generalizations of univariate isotonic regression
and univariate total variation denoising, respectively, to multiple dimensions.
We discuss the characterization and computation of these two LSEs obtained
from n data points. We provide a detailed study of their risk properties under
the squared error loss and fixed uniform lattice design. We show that the finite
sample risk of these LSEs is always bounded from above by n−2/3 modulo
logarithmic factors depending on d; thus these nonparametric LSEs avoid the
curse of dimensionality to some extent. We also prove nearly matching mini-
max lower bounds. Further, we illustrate that these LSEs are particularly use-
ful in fitting rectangular piecewise constant functions. Specifically, we show
that the risk of the entirely monotonic LSE is almost parametric (at most 1/n

up to logarithmic factors) when the true function is well approximable by a
rectangular piecewise constant entirely monotone function with not too many
constant pieces. A similar result is also shown to hold for the constrained
Hardy–Krause variation LSE for a simple subclass of rectangular piecewise
constant functions. We believe that the proposed LSEs yield a novel approach
to estimating multivariate functions using convex optimization that avoid the
curse of dimensionality to some extent.
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In Learn-As-you-GO (LAGO) adaptive studies, the intervention is a
complex multicomponent package, and is adapted in stages during the study
based on past outcome data. This design formalizes standard practice in pub-
lic health intervention studies. An effective intervention package is sought,
while minimizing intervention package cost. In LAGO study data, the in-
terventions in later stages depend upon the outcomes in the previous stages,
violating standard statistical theory. We develop an estimator for the interven-
tion effects, and prove consistency and asymptotic normality using a novel
coupling argument, ensuring the validity of the test for the hypothesis of no
overall intervention effect. We develop a confidence set for the optimal in-
tervention package and confidence bands for the success probabilities under
alternative package compositions. We illustrate our methods in the Better-
Birth Study, which aimed to improve maternal and neonatal outcomes among
157,689 births in Uttar Pradesh, India through a multicomponent intervention
package.
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NECESSARY AND SUFFICIENT CONDITIONS FOR VARIABLE SELECTION
CONSISTENCY OF THE LASSO IN HIGH DIMENSIONS
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This paper investigates conditions for variable selection consistency of
the LASSO in high dimensional regression models and gives necessary and
sufficient conditions for the same, potentially allowing the model dimension
p to grow arbitrarily fast as a function of the sample size n. These conditions
require both upper and lower bounds on the growth rate of the penalty pa-
rameter. It turns out that a variant of the irrepresentable Condition (IRC) of
(J. Mach. Learn. Res. 7 (2006) 2541–2563), herein called the lower irrepre-
sentable Condition (or LIRC), is determined by the lower bound considera-
tions while the upper bound considerations lead to a new condition, called the
upper irrepresentable Condition (or UIRC) in this paper. It is shown that the
LIRC together with the UIRC is necessary and sufficient for the variable se-
lection consistency of the LASSO, thereby settling a conjecture of (J. Mach.
Learn. Res. 7 (2006) 2541–2563). Further, it is shown that under some mild
regularity conditions, the penalty parameter must necessarily tend to infin-
ity at a certain minimal rate to ensure variable selection consistency of the
LASSO and that the corresponding LASSO estimators of the nonzero regres-
sion parameters cannot be

√
n-consistent (even for individual parameters).

Thus, under fairly general conditions, the LASSO with a single choice of
the penalty parameter cannot achieve both variable selection consistency and√

n-consistency simultaneously.
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Exchangeable arrays are natural tools to model common forms of depen-
dence between units of a sample. Jointly exchangeable arrays are well suited
to dyadic data, where observed random variables are indexed by two units
from the same population. Examples include trade flows between countries or
relationships in a network. Separately exchangeable arrays are well suited to
multiway clustering, where units sharing the same cluster (e.g., geographical
areas or sectors of activity when considering individual wages) may be de-
pendent in an unrestricted way. We prove uniform laws of large numbers and
central limit theorems for such exchangeable arrays. We obtain these results
under the same moment restrictions and conditions on the class of functions
as those typically assumed with i.i.d. data. We also show the convergence of
bootstrap processes adapted to such arrays.
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Hierarchical nonparametric processes are popular tools for defining pri-
ors on collections of probability distributions, which induce dependence
across multiple samples. In survival analysis problems, one is typically in-
terested in modeling the hazard rates, rather than the probability distribu-
tions themselves, and the currently available methodologies are not applica-
ble. Here, we fill this gap by introducing a novel, and analytically tractable,
class of multivariate mixtures whose distribution acts as a prior for the vector
of sample-specific baseline hazard rates. The dependence is induced through
a hierarchical specification of the mixing random measures that ultimately
corresponds to a composition of random discrete combinatorial structures.
Our theoretical results allow to develop a full Bayesian analysis for this class
of models, which can also account for right-censored survival data and co-
variates, and we also show posterior consistency. In particular, we empha-
size that the posterior characterization we achieve is the key for devising both
marginal and conditional algorithms for evaluating Bayesian inferences of in-
terest. The effectiveness of our proposal is illustrated through some synthetic
and real data examples.
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This paper investigates adaptive importance sampling algorithms for
which the policy, the sequence of distributions used to generate the particles,
is a mixture distribution between a flexible kernel density estimate (based
on the previous particles), and a “safe” heavy-tailed density. When the share
of samples generated according to the safe density goes to zero but not too
quickly, two results are established: (i) uniform convergence rates are derived
for the policy toward the target density; (ii) a central limit theorem is obtained
for the resulting integral estimates. The fact that the asymptotic variance is
the same as the variance of an “oracle” procedure with variance-optimal pol-
icy, illustrates the benefits of the approach. In addition, a subsampling step
(among the particles) can be conducted before constructing the kernel esti-
mate in order to decrease the computational effort without altering the per-
formance of the method. The practical behavior of the algorithms is illustrated
in a simulation study.
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Distributed statistical learning problems arise commonly when dealing
with large datasets. In this setup, datasets are partitioned over machines,
which compute locally, and communicate short messages. Communication is
often the bottleneck. In this paper, we study one-step and iterative weighted
parameter averaging in statistical linear models under data parallelism. We
do linear regression on each machine, send the results to a central server and
take a weighted average of the parameters. Optionally, we iterate, sending
back the weighted average and doing local ridge regressions centered at it.
How does this work compared to doing linear regression on the full data?
Here, we study the performance loss in estimation and test error, and confi-
dence interval length in high dimensions, where the number of parameters is
comparable to the training data size.

We find the performance loss in one-step weighted averaging, and also
give results for iterative averaging. We also find that different problems are
affected differently by the distributed framework. Estimation error and con-
fidence interval length increases a lot, while prediction error increases much
less. We rely on recent results from random matrix theory, where we develop
a new calculus of deterministic equivalents as a tool of broader interest.

REFERENCES

AGARWAL, A., CHAPELLE, O., DUDÍK, M. and LANGFORD, J. (2014). A reliable effective terascale linear
learning system. J. Mach. Learn. Res. 15 1111–1133. MR3195340

ALI, A., KOLTER, J. Z. and TIBSHIRANI, R. J. (2019). A continuous-time view of early stopping for least
squares regression. In Proceedings of Machine Learning Research 89 1370–1378.

BAI, Z. and SILVERSTEIN, J. W. (2009). Spectral Analysis of Large Dimensional Random Matrices. Springer
Series in Statistics. Springer, New York. MR2567175 https://doi.org/10.1007/978-1-4419-0661-8

BANERJEE, M. and DUROT, C. (2018). Removing the curse of superefficiency: An effective strategy for dis-
tributed computing in isotonic regression. Preprint. Available at arXiv:1806.08542.

BANERJEE, M., DUROT, C. and SEN, B. (2019). Divide and conquer in nonstandard problems and the super-
efficiency phenomenon. Ann. Statist. 47 720–757. MR3909948 https://doi.org/10.1214/17-AOS1633

BATTEY, H., FAN, J., LIU, H., LU, J. and ZHU, Z. (2018). Distributed testing and estimation under sparse high
dimensional models. Ann. Statist. 46 1352–1382. MR3798006 https://doi.org/10.1214/17-AOS1587

BEKKERMAN, R., BILENKO, M. and LANGFORD, J. (2011). Scaling up Machine Learning: Parallel and Dis-
tributed Approaches. Cambridge Univ. Press, Cambridge.

BERTSEKAS, D. P. and TSITSIKLIS, J. N. (1989). Parallel and Distributed Computation: Numerical Methods
23. Prentice Hall, Englewood Cliffs, NJ.

BOYD, S. and VANDENBERGHE, L. (2004). Convex Optimization. Cambridge Univ. Press, Cambridge.
MR2061575 https://doi.org/10.1017/CBO9780511804441

BOYD, S., PARIKH, N., CHU, E., PELEATO, B. and ECKSTEIN, J. (2011). Distributed optimization and statistical
learning via the alternating direction method of multipliers. Found. Trends Mach. Learn. 3 1–122.

BRAVERMAN, M., GARG, A., MA, T., NGUYEN, H. L. and WOODRUFF, D. P. (2016). Communication
lower bounds for statistical estimation problems via a distributed data processing inequality. In STOC’16—
Proceedings of the 48th Annual ACM SIGACT Symposium on Theory of Computing 1011–1020. ACM, New
York. MR3536632 https://doi.org/10.1145/2897518.2897582

MSC2020 subject classifications. Primary 62J05; secondary 65Y05, 68W10, 68W15.
Key words and phrases. Linear regression, distributed learning, parallel computation, random matrix theory,

high dimensional.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/20-AOS1984
http://www.imstat.org
mailto:dobriban@wharton.upenn.edu
mailto:yuesheng@sas.upenn.edu
http://www.ams.org/mathscinet-getitem?mr=3195340
http://www.ams.org/mathscinet-getitem?mr=2567175
https://doi.org/10.1007/978-1-4419-0661-8
http://arxiv.org/abs/arXiv:1806.08542
http://www.ams.org/mathscinet-getitem?mr=3909948
https://doi.org/10.1214/17-AOS1633
http://www.ams.org/mathscinet-getitem?mr=3798006
https://doi.org/10.1214/17-AOS1587
http://www.ams.org/mathscinet-getitem?mr=2061575
https://doi.org/10.1017/CBO9780511804441
http://www.ams.org/mathscinet-getitem?mr=3536632
https://doi.org/10.1145/2897518.2897582
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


CHEN, X., LIU, W. and ZHANG, Y. First-order newton-type estimator for distributed estimation and inference.
Preprint. Available at arXiv:1811.11368.

CHEN, X., LIU, W. and ZHANG, Y. (2019). Quantile regression under memory constraint. Ann. Statist. 47 3244–
3273. MR4025741 https://doi.org/10.1214/18-AOS1777

CHEN, X. and XIE, M. (2014). A split-and-conquer approach for analysis of extraordinarily large data. Statist.
Sinica 24 1655–1684. MR3308656

CHU, C.-T., KIM, S. K., LIN, Y.-A., YU, Y., BRADSKI, G., OLUKOTUN, K. and NG, A. Y. (2007). Map-reduce
for machine learning on multicore. In Advances in Neural Information Processing Systems 281–288.

COUILLET, R. and DEBBAH, M. (2011). Random Matrix Methods for Wireless Communications. Cambridge
Univ. Press, Cambridge. MR2884783 https://doi.org/10.1017/CBO9780511994746

COUILLET, R., DEBBAH, M. and SILVERSTEIN, J. W. (2011). A deterministic equivalent for the analy-
sis of correlated MIMO multiple access channels. IEEE Trans. Inf. Theory 57 3493–3514. MR2817033
https://doi.org/10.1109/TIT.2011.2133151

DAVIS, C. (1957). All convex invariant functions of Hermitian matrices. Arch. Math. 8 276–278. MR0090572
https://doi.org/10.1007/BF01898787

DEAN, J. and GHEMAWAT, S. (2008). Mapreduce: Simplified data processing on large clusters. Commun. ACM
51 107–113.

DOBRIBAN, E. and SHENG, Y. (2019). One-shot distributed ridge regression in high dimensions. Preprint. Avail-
able at arXiv:1903.09321.

DOBRIBAN, E. and SHENG, Y. (2021). Supplement to “Distributed linear regression by averaging.”
https://doi.org/10.1214/20-AOS1984SUPP

DONOHO, D. and MONTANARI, A. (2016). High dimensional robust M-estimation: Asymptotic variance via
approximate message passing. Probab. Theory Related Fields 166 935–969. MR3568043 https://doi.org/10.
1007/s00440-015-0675-z

DUCHI, J. C., AGARWAL, A. and WAINWRIGHT, M. J. (2012). Dual averaging for distributed optimiza-
tion: Convergence analysis and network scaling. IEEE Trans. Automat. Control 57 592–606. MR2932818
https://doi.org/10.1109/TAC.2011.2161027

DUCHI, J. C., JORDAN, M. I., WAINWRIGHT, M. J. and ZHANG, Y. (2014). Optimality guarantees for dis-
tributed statistical estimation. Preprint. Available at arXiv:1405.0782.

EL KAROUI, N., BEAN, D., BICKEL, P. J., LIM, C. and YU, B. (2013). On robust regression with high-
dimensional predictors. Proc. Natl. Acad. Sci. USA 110 14557–14562.

FAN, J., GUO, Y. and WANG, K. (2019). Communication-efficient accurate statistical estimation. Preprint. Avail-
able at arXiv:1906.04870.

FAN, J., WANG, D., WANG, K. and ZHU, Z. (2019). Distributed estimation of principal eigenspaces. Ann. Statist.
47 3009–3031. MR4025733 https://doi.org/10.1214/18-AOS1713

HACHEM, W., LOUBATON, P. and NAJIM, J. (2007). Deterministic equivalents for certain functionals of large
random matrices. Ann. Appl. Probab. 17 875–930. MR2326235 https://doi.org/10.1214/105051606000000925

HUO, X. and CAO, S. (2019). Aggregated inference. Wiley Interdiscip. Rev.: Comput. Stat. 11 e1451, 13.
MR3897175 https://doi.org/10.1002/wics.1451

JORDAN, M. I., LEE, J. D. and YANG, Y. (2019). Communication-efficient distributed statistical inference.
J. Amer. Statist. Assoc. 114 668–681. MR3963171 https://doi.org/10.1080/01621459.2018.1429274

LEE, J. D., LIU, Q., SUN, Y. and TAYLOR, J. E. (2017). Communication-efficient sparse regression. J. Mach.
Learn. Res. 18 Paper No. 5, 30. MR3625709

LEWIS, A. S. (1996). Convex analysis on the Hermitian matrices. SIAM J. Optim. 6 164–177. MR1377729
https://doi.org/10.1137/0806009

LIN, S.-B., GUO, X. and ZHOU, D.-X. (2017). Distributed learning with regularized least squares. J. Mach.
Learn. Res. 18 Paper No. 92, 31. MR3714255 https://doi.org/10.1016/j.physletb.2016.11.035

LIU, Q. and IHLER, A. T. (2014). Distributed estimation, information loss and exponential families. In Advances
in Neural Information Processing Systems 1098–1106.

MARCHENKO, V. A. and PASTUR, L. A. (1967). Distribution of eigenvalues in certain sets of random matrices.
Mat. Sb. (N.S.) 72 (114) 507–536. MR0208649

MARDIA, K. V., KENT, J. T. and BIBBY, J. M. (1979). Multivariate Analysis. Probability and Mathematical
Statistics: A Series of Monographs and Textbooks. Academic Press, London. MR0560319

MCDONALD, R., MOHRI, M., SILBERMAN, N., WALKER, D. and MANN, G. S. (2009). Efficient large-scale
distributed training of conditional maximum entropy models. In Advances in Neural Information Processing
Systems 1231–1239.

MÜLLER, A. and DEBBAH, M. (2016). Random matrix theory tutorial—Introduction to deterministic equivalents.
Traitement Signal 33 223–248.
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This paper is concerned with estimating the column space of an unknown
low-rank matrix A� ∈R

d1×d2 , given noisy and partial observations of its en-
tries. There is no shortage of scenarios where the observations—while being
too noisy to support faithful recovery of the entire matrix—still convey suffi-
cient information to enable reliable estimation of the column space of interest.
This is particularly evident and crucial for the highly unbalanced case where
the column dimension d2 far exceeds the row dimension d1, which is the focal
point of the current paper.

We investigate an efficient spectral method, which operates upon the sam-
ple Gram matrix with diagonal deletion. While this algorithmic idea has been
studied before, we establish new statistical guarantees for this method in
terms of both �2 and �2,∞ estimation accuracy, which improve upon prior
results if d2 is substantially larger than d1. To illustrate the effectiveness of
our findings, we derive matching minimax lower bounds with respect to the
noise levels, and develop consequences of our general theory for three appli-
cations of practical importance: (1) tensor completion from noisy data, (2)
covariance estimation/principal component analysis with missing data and
(3) community recovery in bipartite graphs. Our theory leads to improved
performance guarantees for all three cases.
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TRANSPORTATION BETWEEN PROBABILITY MEASURES
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This paper is devoted to the stochastic approximation of entropically reg-
ularized Wasserstein distances between two probability measures, also known
as Sinkhorn divergences. The semi-dual formulation of such regularized op-
timal transportation problems can be rewritten as a nonstrongly concave opti-
misation problem. It allows to implement a Robbins–Monro stochastic algo-
rithm to estimate the Sinkhorn divergence using a sequence of data sampled
from one of the two distributions. Our main contribution is to establish the
almost sure convergence and the asymptotic normality of a new recursive es-
timator of the Sinkhorn divergence between two probability measures in the
discrete and semi-discrete settings. We also study the rate of convergence of
the expected excess risk of this estimator in the absence of strong concavity of
the objective function. Numerical experiments on synthetic and real datasets
are also provided to illustrate the usefulness of our approach for data analysis.

REFERENCES

[1] ABID, B. K. and GOWER, R. M. (2018). Greedy stochastic algorithms for entropy-regularized optimal
transport problems. In Proceedings of the 21th International Conference on Artificial Intelligence and
Statistics, Lanzarote, Spain.

[2] ALTSCHULER, J., WEED, J. and RIGOLLET, P. (2017). Near-linear time approximation algorithms for
optimal transport via Sinkhorn iteration. In Proceedings of the 31st International Conference on Neural
Information Processing Systems (USA, 2017), NIPS ’17 1961–1971. Curran Associates, Red Hook.

[3] ALTSCHULER, J., WEED, J. and RIGOLLET, P. (2017). Near-linear time approximation algorithms for opti-
mal transport via Sinkhorn iteration. In Advances in Neural Information Processing Systems 30: Annual
Conference on Neural Information Processing Systems 2017, 4–9 December 2017, Long Beach, CA,
USA 1961–1971.

[4] ARJOVSKY, M., CHINTALA, S. and BOTTOU, L. (2017). Wasserstein generative adversarial networks. In
Proceedings of the 34th International Conference on Machine Learning, ICML 2017, Sydney, NSW,
Australia, 6–11 August 2017 214–223.

[5] BACH, F. (2014). Adaptivity of averaged stochastic gradient descent to local strong convexity for logistic
regression. J. Mach. Learn. Res. 15 595–627. MR3190851

[6] BACH, F. R. and MOULINES, E. (2011). Non-asymptotic analysis of stochastic approximation algorithms
for machine learning. In Advances in Neural Information Processing Systems 24: 25th Annual Confer-
ence on Neural Information Processing Systems 2011. Proceedings of a Meeting Held 12–14 December
2011, Granada, Spain 451–459.

[7] BERCU, B. and BIGOT, J. (2021). Supplement to “Asymptotic distribution and convergence rates of stochas-
tic algorithms for entropic optimal transportation between probability measures.” https://doi.org/10.
1214/20-AOS1987SUPP

[8] BIGOT, J., CAZELLES, E. and PAPADAKIS, N. (2017). Central limit theorems for Sinkhorn divergence
between probability distributions on finite spaces and statistical applications. Preprint. Available at
arXiv:1711.08947.

[9] BIGOT, J., GOUET, R., KLEIN, T. and LÓPEZ, A. (2017). Geodesic PCA in the Wasserstein space by
convex PCA. Ann. Inst. Henri Poincaré Probab. Stat. 53 1–26. MR3606732 https://doi.org/10.1214/
15-AIHP706

MSC2020 subject classifications. Primary 62G05; secondary 62G20.
Key words and phrases. Stochastic optimisation, convergence of random variables, optimal transport, entropic

regularization, Sinkhorn divergence, Wasserstein distance.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/20-AOS1987
http://www.imstat.org
mailto:bernard.bercu@u-bordeaux.fr
mailto:jeremie.bigot@u-bordeaux.fr
http://www.ams.org/mathscinet-getitem?mr=3190851
https://doi.org/10.1214/20-AOS1987SUPP
http://arxiv.org/abs/arXiv:1711.08947
http://www.ams.org/mathscinet-getitem?mr=3606732
https://doi.org/10.1214/15-AIHP706
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/20-AOS1987SUPP
https://doi.org/10.1214/15-AIHP706


[10] BRENIER, Y. (1991). Polar factorization and monotone rearrangement of vector-valued functions. Comm.
Pure Appl. Math. 44 375–417. MR1100809 https://doi.org/10.1002/cpa.3160440402

[11] CATTIAUX, P. and GAMBOA, F. (1999). Large deviations and variational theorems for marginal problems.
Bernoulli 5 81–108. MR1673564 https://doi.org/10.2307/3318614

[12] CHIZAT, L., PEYRÉ, G., SCHMITZER, B. and VIALARD, F.-X. (2018). Scaling algorithms for unbalanced
optimal transport problems. Math. Comp. 87 2563–2609. MR3834678 https://doi.org/10.1090/mcom/
3303

[13] CSISZÁR, I. (1975). I -divergence geometry of probability distributions and minimization problems. Ann.
Probab. 3 146–158. MR0365798 https://doi.org/10.1214/aop/1176996454

[14] CUESTA, J. A. and MATRÁN, C. (1989). Notes on the Wasserstein metric in Hilbert spaces. Ann. Probab.
17 1264–1276. MR1009457

[15] CUTURI, M. (2013). Sinkhorn distances: Lightspeed computation of optimal transport. In Advances in Neu-
ral Information Processing Systems 26 (C. J. C. Burges, L. Bottou, M. Welling, Z. Ghahramani and
K. Q. Weinberger, eds.) 2292–2300. Curran Associates, Red Hook.

[16] CUTURI, M. and PEYRÉ, G. (2016). A smoothed dual approach for variational Wasserstein problems. SIAM
J. Imaging Sci. 9 320–343. MR3466197 https://doi.org/10.1137/15M1032600

[17] CUTURI, M. and PEYRÉ, G. (2017). Computational Optimal Transport. Available at https://
optimaltransport.github.io/book/.

[18] DEL BARRIO, E., CUESTA-ALBERTOS, J. A., MATRÁN, C. and RODRÍGUEZ-RODRÍGUEZ, J. M. (1999).
Tests of goodness of fit based on the L2-Wasserstein distance. Ann. Statist. 27 1230–1239. MR1740113
https://doi.org/10.1214/aos/1017938923

[19] DEL BARRIO, E., GINÉ, E. and UTZET, F. (2005). Asymptotics for L2 functionals of the empirical quantile
process, with applications to tests of fit based on weighted Wasserstein distances. Bernoulli 11 131–
189. MR2121458 https://doi.org/10.3150/bj/1110228245

[20] DEL BARRIO, E. and LOUBES, J.-M. (2019). Central limit theorems for empirical transportation cost in
general dimension. Ann. Probab. 47 926–951. MR3916938 https://doi.org/10.1214/18-AOP1275

[21] EVANS, S. N. and MATSEN, F. A. (2012). The phylogenetic Kantorovich–Rubinstein metric for en-
vironmental sequence samples. J. R. Stat. Soc. Ser. B. Stat. Methodol. 74 569–592. MR2925374
https://doi.org/10.1111/j.1467-9868.2011.01018.x

[22] FREITAG, G. and MUNK, A. (2005). On Hadamard differentiability in k-sample semiparametric models—
With applications to the assessment of structural relationships. J. Multivariate Anal. 94 123–158.
MR2161214 https://doi.org/10.1016/j.jmva.2004.03.006

[23] FROGNER, C., ZHANG, C., MOBAHI, H., ARAYA, M. and POGGIO, T. A. (2015). Learning with a Wasser-
stein loss. In Advances in Neural Information Processing Systems 2053–2061.

[24] GENEVAY, A. (2019). Entropy-regularized optimal transport for machine learning. Ph.D. thesis, Univ. Paris-
Dauphine.

[25] GENEVAY, A., CUTURI, M., PEYRÉ, G. and BACH, F. (2016). Stochastic optimization for large-scale
optimal transport. In Advances in Neural Information Processing Systems 29 (D. D. Lee, M. Sugiyama,
U. V. Luxburg, I. Guyon and R. Garnett, eds.) 3440–3448. Curran Associates, Red Hook.

[26] GENEVAY, A., PEYRE, G. and CUTURI, M. (2018). Learning generative models with Sinkhorn divergences.
In Proceedings of the Twenty-First International Conference on Artificial Intelligence and Statistics
(A. Storkey and F. Perez-Cruz, eds.). Proceedings of Machine Learning Research, PMLR 84 1608–
1617.

[27] GODICHON-BAGGIONI, A. (2019). Lp and almost sure rates of convergence of averaged stochastic gra-
dient algorithms: Locally strongly convex objective. ESAIM Probab. Stat. 23 841–873. MR4045544
https://doi.org/10.1051/ps/2019011

[28] GRAMFORT, A., PEYRÉ, G. and CUTURI, M. (2015). Fast optimal transport averaging of neuroimaging
data. In International Conference on Information Processing in Medical Imaging 261–272. Springer,
Berlin.

[29] HARTMANN, V. and SCHUHMACHER, D. (2018). Semi-discrete optimal transport—The case p = 1.
Preprint. Available at arXiv:1706.07650.

[30] KITAGAWA, J., MÉRIGOT, Q. and THIBERT, B. (2019). Convergence of a Newton algorithm for semi-
discrete optimal transport. J. Eur. Math. Soc. (JEMS) 21 2603–2651. MR3985609 https://doi.org/10.
4171/JEMS/889

[31] KLATT, M., TAMELING, C. and MUNK, A. (2020). Empirical regularized optimal transport: Statistical
theory and applications. SIAM J. Math. Data Sci. 2 419–443. MR4105566 https://doi.org/10.1137/
19M1278788

[32] LÉONARD, C. (2014). A survey of the Schrödinger problem and some of its connections with optimal
transport. Discrete Contin. Dyn. Syst. 34 1533–1574. MR3121631 https://doi.org/10.3934/dcds.2014.
34.1533

http://www.ams.org/mathscinet-getitem?mr=1100809
https://doi.org/10.1002/cpa.3160440402
http://www.ams.org/mathscinet-getitem?mr=1673564
https://doi.org/10.2307/3318614
http://www.ams.org/mathscinet-getitem?mr=3834678
https://doi.org/10.1090/mcom/3303
http://www.ams.org/mathscinet-getitem?mr=0365798
https://doi.org/10.1214/aop/1176996454
http://www.ams.org/mathscinet-getitem?mr=1009457
http://www.ams.org/mathscinet-getitem?mr=3466197
https://doi.org/10.1137/15M1032600
https://optimaltransport.github.io/book/
http://www.ams.org/mathscinet-getitem?mr=1740113
https://doi.org/10.1214/aos/1017938923
http://www.ams.org/mathscinet-getitem?mr=2121458
https://doi.org/10.3150/bj/1110228245
http://www.ams.org/mathscinet-getitem?mr=3916938
https://doi.org/10.1214/18-AOP1275
http://www.ams.org/mathscinet-getitem?mr=2925374
https://doi.org/10.1111/j.1467-9868.2011.01018.x
http://www.ams.org/mathscinet-getitem?mr=2161214
https://doi.org/10.1016/j.jmva.2004.03.006
http://www.ams.org/mathscinet-getitem?mr=4045544
https://doi.org/10.1051/ps/2019011
http://arxiv.org/abs/arXiv:1706.07650
http://www.ams.org/mathscinet-getitem?mr=3985609
https://doi.org/10.4171/JEMS/889
http://www.ams.org/mathscinet-getitem?mr=4105566
https://doi.org/10.1137/19M1278788
http://www.ams.org/mathscinet-getitem?mr=3121631
https://doi.org/10.3934/dcds.2014.34.1533
https://doi.org/10.1090/mcom/3303
https://optimaltransport.github.io/book/
https://doi.org/10.4171/JEMS/889
https://doi.org/10.1137/19M1278788
https://doi.org/10.3934/dcds.2014.34.1533


[33] MÉRIGOT, Q., MEYRON, J. and THIBERT, B. (2018). An algorithm for optimal transport between a simplex
soup and a point cloud. SIAM J. Imaging Sci. 11 1363–1389. MR3805844 https://doi.org/10.1137/
17M1137486

[34] MUNK, A. and CZADO, C. (1998). Nonparametric validation of similar distributions and assessment of
goodness of fit. J. R. Stat. Soc. Ser. B. Stat. Methodol. 60 223–241. MR1625620 https://doi.org/10.
1111/1467-9868.00121

[35] PELLETIER, M. (1998). On the almost sure asymptotic behaviour of stochastic algorithms. Stochastic Pro-
cess. Appl. 78 217–244. MR1654569 https://doi.org/10.1016/S0304-4149(98)00029-5

[36] PELLETIER, M. (1998). Weak convergence rates for stochastic approximation with application to multiple
targets and simulated annealing. Ann. Appl. Probab. 8 10–44. MR1620405 https://doi.org/10.1214/
aoap/1027961032

[37] POLYAK, B. T. and JUDITSKY, A. B. (1992). Acceleration of stochastic approximation by averaging. SIAM
J. Control Optim. 30 838–855. MR1167814 https://doi.org/10.1137/0330046

[38] R CORE TEAM (2018). R: A Language and Environment for Statistical Computing. R Foundation for Sta-
tistical Computing, Vienna, Austria.

[39] RABIN, J. and PAPADAKIS, N. (2015). Convex color image segmentation with optimal transport distances.
In Scale Space and Variational Methods in Computer Vision. Lecture Notes in Computer Science 9087
256–269. Springer, Cham. MR3394935 https://doi.org/10.1007/978-3-319-18461-6_21

[40] RIPPL, T., MUNK, A. and STURM, A. (2016). Limit laws of the empirical Wasserstein distance: Gaussian
distributions. J. Multivariate Anal. 151 90–109. MR3545279 https://doi.org/10.1016/j.jmva.2016.06.
005

[41] ROBBINS, H. and MONRO, S. (1951). A stochastic approximation method. Ann. Math. Stat. 22 400–407.
MR0042668 https://doi.org/10.1214/aoms/1177729586

[42] ROLET, A., CUTURI, M. and PEYRÉ, G. (2016). Fast dictionary learning with a smoothed Wasserstein loss.
In Proc. International Conference on Artificial Intelligence and Statistics (AISTATS).

[43] SEGUY, V. and CUTURI, M. (2015). Principal geodesic analysis for probability measures under the optimal
transport metric. In Advances in Neural Information Processing Systems 28 (C. Cortes, N. Lawrence,
D. Lee, M. Sugiyama and R. Garnett, eds.) 3294–3302. Curran Associates, Red Hook.

[44] SOMMERFELD, M. and MUNK, A. (2018). Inference for empirical Wasserstein distances on finite spaces.
J. R. Stat. Soc. Ser. B. Stat. Methodol. 80 219–238. MR3744719 https://doi.org/10.1111/rssb.12236

[45] VILLANI, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathematics 58. Amer. Math.
Soc., Providence, RI. MR1964483 https://doi.org/10.1090/gsm/058

[46] VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Springer, Berlin. MR2459454
https://doi.org/10.1007/978-3-540-71050-9

[47] YE, J., WU, P., WANG, J. Z. and LI, J. (2017). Fast discrete distribution clustering using Wasser-
stein barycenter with sparse support. IEEE Trans. Signal Process. 65 2317–2332. MR3620352
https://doi.org/10.1109/TSP.2017.2659647

http://www.ams.org/mathscinet-getitem?mr=3805844
https://doi.org/10.1137/17M1137486
http://www.ams.org/mathscinet-getitem?mr=1625620
https://doi.org/10.1111/1467-9868.00121
http://www.ams.org/mathscinet-getitem?mr=1654569
https://doi.org/10.1016/S0304-4149(98)00029-5
http://www.ams.org/mathscinet-getitem?mr=1620405
https://doi.org/10.1214/aoap/1027961032
http://www.ams.org/mathscinet-getitem?mr=1167814
https://doi.org/10.1137/0330046
http://www.ams.org/mathscinet-getitem?mr=3394935
https://doi.org/10.1007/978-3-319-18461-6_21
http://www.ams.org/mathscinet-getitem?mr=3545279
https://doi.org/10.1016/j.jmva.2016.06.005
http://www.ams.org/mathscinet-getitem?mr=0042668
https://doi.org/10.1214/aoms/1177729586
http://www.ams.org/mathscinet-getitem?mr=3744719
https://doi.org/10.1111/rssb.12236
http://www.ams.org/mathscinet-getitem?mr=1964483
https://doi.org/10.1090/gsm/058
http://www.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
http://www.ams.org/mathscinet-getitem?mr=3620352
https://doi.org/10.1109/TSP.2017.2659647
https://doi.org/10.1137/17M1137486
https://doi.org/10.1111/1467-9868.00121
https://doi.org/10.1214/aoap/1027961032
https://doi.org/10.1016/j.jmva.2016.06.005


The Annals of Statistics
2021, Vol. 49, No. 2, 988–1010
https://doi.org/10.1214/20-AOS1988
© Institute of Mathematical Statistics, 2021

MULTISCALE GEOMETRIC FEATURE EXTRACTION FOR
HIGH-DIMENSIONAL AND NON-EUCLIDEAN DATA WITH APPLICATIONS
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1Department of Mathematics and Statistics, Pomona College, gabriel.chandler@pomona.edu
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A method for extracting multiscale geometric features from a data cloud
is proposed and analyzed. Based on geometric considerations, we map each
pair of data points into a real-valued feature function defined on the unit inter-
val. Further statistical analysis is then based on the collection of feature func-
tions. The potential of the method is illustrated by different applications, in-
cluding classification and anomaly detection. Connections to other concepts,
such as random set theory, localized depth measures and nonlinear dimension
reduction, are also explored.
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For nonparametric univariate regression under a monotonicity constraint
on the regression function f , we study the coverage of a Bayesian credible
interval for f (x0), where x0 is an interior point. Analysis of the posterior
becomes a lot more tractable by considering a “projection-posterior” distri-
bution based on a finite random series of step functions with normal basis
coefficients as a prior for f . A sample f from the resulting conjugate poste-
rior distribution is projected on the space of monotone increasing functions
to obtain a monotone function f ∗ closest to f , inducing the “projection-
posterior.” We use projection-posterior samples to obtain credible intervals
for f (x0). We obtain the asymptotic coverage of the credible interval thus
constructed and observe that it is free of nuisance parameters involving the
true function. We observe a very interesting phenomenon that the coverage
is typically higher than the nominal credibility level, the opposite of a phe-
nomenon observed by Cox (Ann. Statist. 21 (1993) 903–923) in the Gaussian
sequence model. We further show that a recalibration gives the right asymp-
totic coverage by starting from a lower credibility level that can be explicitly
calculated.
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We consider the problem of learning an unknown function f� on the
d-dimensional sphere with respect to the square loss, given i.i.d. samples
{(yi ,xi )}i≤n where xi is a feature vector uniformly distributed on the sphere
and yi = f�(xi ) + εi . We study two popular classes of models that can be
regarded as linearizations of two-layers neural networks around a random
initialization: the random features model of Rahimi–Recht (RF); the neural
tangent model of Jacot–Gabriel–Hongler (NT). Both these models can also
be regarded as randomized approximations of kernel ridge regression (with
respect to different kernels), and enjoy universal approximation properties
when the number of neurons N diverges, for a fixed dimension d.

We consider two specific regimes: the infinite-sample finite-width regime,
in which n = ∞ while d and N are large but finite, and the infinite-width
finite-sample regime in which N = ∞ while d and n are large but finite. In the
first regime, we prove that if d�+δ ≤ N ≤ d�+1−δ for small δ > 0, then RF
effectively fits a degree-� polynomial in the raw features, and NT fits a degree-
(� + 1) polynomial. In the second regime, both RF and NT reduce to kernel
methods with rotationally invariant kernels. We prove that, if the sample size
satisfies d�+δ ≤ n ≤ d�+1−δ , then kernel methods can fit at most a degree-�
polynomial in the raw features. This lower bound is achieved by kernel ridge
regression, and near-optimal prediction error is achieved for vanishing ridge
regularization.
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A confidence sequence is a sequence of confidence intervals that is uni-
formly valid over an unbounded time horizon. Our work develops confidence
sequences whose widths go to zero, with nonasymptotic coverage guarantees
under nonparametric conditions. We draw connections between the Cramér–
Chernoff method for exponential concentration, the law of the iterated log-
arithm (LIL) and the sequential probability ratio test—our confidence se-
quences are time-uniform extensions of the first; provide tight, nonasymptotic
characterizations of the second; and generalize the third to nonparametric
settings, including sub-Gaussian and Bernstein conditions, self-normalized
processes and matrix martingales. We illustrate the generality of our proof
techniques by deriving an empirical-Bernstein bound growing at a LIL rate,
as well as a novel upper LIL for the maximum eigenvalue of a sum of random
matrices. Finally, we apply our methods to covariance matrix estimation and
to estimation of sample average treatment effect under the Neyman–Rubin
potential outcomes model.
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We study the detection of a sparse change in a high-dimensional mean
vector as a minimax testing problem. Our first main contribution is to derive
the exact minimax testing rate across all parameter regimes for n indepen-
dent, p-variate Gaussian observations. This rate exhibits a phase transition
when the sparsity level is of order

√
p log log(8n) and has a very delicate de-

pendence on the sample size: in a certain sparsity regime, it involves a triple
iterated logarithmic factor in n. Further, in a dense asymptotic regime, we
identify the sharp leading constant, while in the corresponding sparse asymp-
totic regime, this constant is determined to within a factor of

√
2. Extensions

that cover spatial and temporal dependence, primarily in the dense case, are
also provided.
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We study a class of separable sample covariance matrices of the form
˜Q1 := ˜A1/2X˜BX∗

˜A1/2. Here, ˜A and ˜B are positive definite matrices whose
spectrums consist of bulk spectrums plus several spikes, that is, larger eigen-
values that are separated from the bulks. Conceptually, we call ˜Q1 a spiked
separable covariance matrix model. On the one hand, this model includes
the spiked covariance matrix as a special case with ˜B = I . On the other hand,
it allows for more general correlations of datasets. In particular, for spatio-
temporal dataset, ˜A and ˜B represent the spatial and temporal correlations,
respectively.

In this paper, we study the outlier eigenvalues and eigenvectors, that is,
the principal components, of the spiked separable covariance model ˜Q1. We
prove the convergence of the outlier eigenvalues ˜λi and the generalized com-
ponents (i.e., 〈v,˜ξ i〉 for any deterministic vector v) of the outlier eigenvectors
˜ξ i with optimal convergence rates. Moreover, we also prove the delocaliza-
tion of the nonoutlier eigenvectors. We state our results in full generality,
in the sense that they also hold near the so-called BBP transition and for
degenerate outliers. Our results highlight both the similarity and difference
between the spiked separable covariance matrix model and the spiked covari-
ance matrix model in (Probab. Theory Related Fields 164 (2016) 459–552).
In particular, we show that the spikes of both ˜A and ˜B will cause outliers of
the eigenvalue spectrum, and the eigenvectors can help to select the outliers
that correspond to the spikes of ˜A (or ˜B).
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Unlike the real line, the real space R
d , for d ≥ 2, is not canonically or-

dered. As a consequence, such fundamental univariate concepts as quantile
and distribution functions and their empirical counterparts, involving ranks
and signs, do not canonically extend to the multivariate context. Palliat-
ing that lack of a canonical ordering has been an open problem for more
than half a century, generating an abundant literature and motivating, among
others, the development of statistical depth and copula-based methods. We
show that, unlike the many definitions proposed in the literature, the measure
transportation-based ranks and signs introduced in Chernozhukov, Galichon,
Hallin and Henry (Ann. Statist. 45 (2017) 223–256) enjoy all the properties
that make univariate ranks a successful tool for semiparametric inference. Re-
lated with those ranks, we propose a new center-outward definition of mul-
tivariate distribution and quantile functions, along with their empirical coun-
terparts, for which we establish a Glivenko–Cantelli result. Our approach is
based on McCann (Duke Math. J. 80 (1995) 309–323) and our results do not
require any moment assumptions. The resulting ranks and signs are shown to
be strictly distribution-free and essentially maximal ancillary in the sense of
Basu (Sankhyā 21 (1959) 247–256) which, in semiparametric models involv-
ing noise with unspecified density, can be interpreted as a finite-sample form
of semiparametric efficiency. Although constituting a sufficient summary of
the sample, empirical center-outward distribution functions are defined at ob-
served values only. A continuous extension to the entire d-dimensional space,
yielding smooth empirical quantile contours and sign curves while preserv-
ing the essential monotonicity and Glivenko–Cantelli features of the concept,
is provided. A numerical study of the resulting empirical quantile contours is
conducted.
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Brenier’s theorem is a cornerstone of optimal transport that guarantees
the existence of an optimal transport map T between two probability distri-
butions P and Q over Rd under certain regularity conditions. The main goal
of this work is to establish the minimax estimation rates for such a transport
map from data sampled from P and Q under additional smoothness assump-
tions on T . To achieve this goal, we develop an estimator based on the mini-
mization of an empirical version of the semidual optimal transport problem,
restricted to truncated wavelet expansions. This estimator is shown to achieve
near minimax optimality using new stability arguments for the semidual and
a complementary minimax lower bound. Furthermore, we provide numerical
experiments on synthetic data supporting our theoretical findings and high-
lighting the practical benefits of smoothness regularization. These are the first
minimax estimation rates for transport maps in general dimension.
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We provide new limit theory for functionals of a general class of pro-
cesses lying at the boundary between stationarity and nonstationarity—what
we term weakly nonstationary processes (WNPs). This includes, as leading
examples, fractional processes with d = 1/2, and arrays of autoregressive
processes with roots drifting slowly towards unity. We first apply the theory
to study inference in parametric and nonparametric regression models involv-
ing WNPs as covariates. We then use these results to develop a new specifica-
tion test for parametric regression models. By construction, our specification
test statistic has a χ2 limiting distribution regardless of the form and extent
of persistence of the regressor, implying that a practitioner can validly per-
form the test using a fixed critical value, while remaining agnostic about the
mechanism generating the regressor. Simulation exercises confirm that the
test controls size across a wide range of data generating processes, and out-
performs a comparable test due to Wang and Phillips (Ann. Statist. 40 (2012)
727–758) against many alternatives.
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We consider the class of all multiple testing methods controlling tail
probabilities of the false discovery proportion, either for one random set or
simultaneously for many such sets. This class encompasses methods control-
ling familywise error rate, generalized familywise error rate, false discovery
exceedance, joint error rate, simultaneous control of all false discovery pro-
portions, and others, as well as gene set testing in genomics and cluster infer-
ence in neuroimaging. We show that all such methods are either equivalent to
a closed testing procedure, or are uniformly improved by one. Moreover, we
show that a closed testing method is admissible if and only if all its local tests
are admissible. This implies that, when designing methods, it is sufficient to
restrict attention to closed testing. We demonstrate the practical usefulness
of this design principle by obtaining more informative inferences from the
method of higher criticism, and by constructing a uniform improvement of a
recently proposed method.
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