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A SHRINKAGE PRINCIPLE FOR HEAVY-TAILED DATA:
HIGH-DIMENSIONAL ROBUST LOW-RANK MATRIX RECOVERY

BY JIANQING FAN1,*, WEICHEN WANG1,† AND ZIWEI ZHU2

1Department of Operations Research and Financial Engineering, Princeton University, *jqfan@princeton.edu;
†nickweichwang@gmail.com

2Department of Statistics, University of Michigan, Ann Arbor, ziweiz@umich.edu

This paper introduces a simple principle for robust statistical infer-
ence via appropriate shrinkage on the data. This widens the scope of high-
dimensional techniques, reducing the distributional conditions from subex-
ponential or sub-Gaussian to more relaxed bounded second or fourth mo-
ment. As an illustration of this principle, we focus on robust estimation of the
low-rank matrix �∗ from the trace regression model Y = Tr(�∗�X) + ε. It
encompasses four popular problems: sparse linear model, compressed sens-
ing, matrix completion and multitask learning. We propose to apply the pe-
nalized least-squares approach to the appropriately truncated or shrunk data.
Under only bounded 2 + δ moment condition on the response, the proposed
robust methodology yields an estimator that possesses the same statistical
error rates as previous literature with sub-Gaussian errors. For sparse linear
model and multitask regression, we further allow the design to have only
bounded fourth moment and obtain the same statistical rates. As a byproduct,
we give a robust covariance estimator with concentration inequality and opti-
mal rate of convergence in terms of the spectral norm, when the samples only
bear bounded fourth moment. This result is of its own interest and impor-
tance. We reveal that under high dimensions, the sample covariance matrix is
not optimal whereas our proposed robust covariance can achieve optimality.
Extensive simulations are carried out to support the theories.
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Vector autoregressive (VAR) models aim to capture linear temporal in-
terdependencies among multiple time series. They have been widely used in
macroeconomics and financial econometrics and more recently have found
novel applications in functional genomics and neuroscience. These applica-
tions have also accentuated the need to investigate the behavior of the VAR
model in a high-dimensional regime, which will provide novel insights into
the role of temporal dependence for regularized estimates of the models pa-
rameters. However, hardly anything is known regarding posterior model se-
lection consistency for Bayesian VAR models in such regimes.

In this work, we develop a pseudo-likelihood based Bayesian approach
for consistent variable selection in high-dimensional VAR models by consid-
ering hierarchical normal priors on the autoregressive coefficients, as well as
on the model space. We establish strong selection consistency of the proposed
method, namely that the posterior probability assigned to the true underlying
VAR model converges to one under high-dimensional scaling where the di-
mension p of the VAR system grows nearly exponentially with the sample
size n.

Further, the result is established under mild regularity conditions on the
problem parameters. Finally, as a by-product of these results, we also es-
tablish strong selection consistency for the sparse high-dimensional linear
regression model with serially correlated regressors and errors.
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In this paper, we derive nonasymptotic error bounds for the Lasso esti-
mator when the penalty parameter for the estimator is chosen using K-fold
cross-validation. Our bounds imply that the cross-validated Lasso estimator
has nearly optimal rates of convergence in the prediction, L2, and L1 norms.
For example, we show that in the model with the Gaussian noise and under
fairly general assumptions on the candidate set of values of the penalty pa-
rameter, the estimation error of the cross-validated Lasso estimator converges
to zero in the prediction norm with the

√
s logp/n×√

log(pn) rate, where n

is the sample size of available data, p is the number of covariates and s is the
number of nonzero coefficients in the model. Thus, the cross-validated Lasso
estimator achieves the fastest possible rate of convergence in the prediction
norm up to a small logarithmic factor

√
log(pn), and similar conclusions ap-

ply for the convergence rate both in L2 and in L1 norms. Importantly, our
results cover the case when p is (potentially much) larger than n and also
allow for the case of non-Gaussian noise. Our paper therefore serves as a jus-
tification for the widely spread practice of using cross-validation as a method
to choose the penalty parameter for the Lasso estimator.
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FRAME-CONSTRAINED TOTAL VARIATION REGULARIZATION FOR
WHITE NOISE REGRESSION

BY MIGUEL DEL ÁLAMO*, HOUSEN LI† AND AXEL MUNK‡

Institute for Mathematical Stochastics, University of Göttingen, *miguel.del-alamo@mathematik.uni-goettingen.de;
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Despite the popularity and practical success of total variation (TV) regu-
larization for function estimation, surprisingly little is known about its the-
oretical performance in a statistical setting. While TV regularization has
been known for quite some time to be minimax optimal for denoising one-
dimensional signals, for higher dimensions this remains elusive until today.
In this paper, we consider frame-constrained TV estimators including many
well-known (overcomplete) frames in a white noise regression model, and
prove their minimax optimality w.r.t. Lq -risk (1 ≤ q < ∞) up to a logarith-
mic factor in any dimension d ≥ 1. Overcomplete frames are an established
tool in mathematical imaging and signal recovery, and their combination with
TV regularization has been shown to give excellent results in practice, which
our theory now confirms. Our results rely on a novel connection between
frame-constraints and certain Besov norms, and on an interpolation inequal-
ity to relate them to the risk functional. Additionally, our results explain a
phase transition in the minimax risk for BV functions.
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For the sparse vector model, we consider estimation of the target vector,
of its �2-norm and of the noise variance. We construct adaptive estimators
and establish the optimal rates of adaptive estimation when adaptation is con-
sidered with respect to the triplet “noise level—noise distribution—sparsity.”
We consider classes of noise distributions with polynomially and exponen-
tially decreasing tails as well as the case of Gaussian noise. The obtained
rates turn out to be different from the minimax nonadaptive rates when the
triplet is known. A crucial issue is the ignorance of the noise variance. More-
over, knowing or not knowing the noise distribution can also influence the
rate. For example, the rates of estimation of the noise variance can differ de-
pending on whether the noise is Gaussian or sub-Gaussian without a precise
knowledge of the distribution. Estimation of noise variance in our setting can
be viewed as an adaptive variant of robust estimation of scale in the contam-
ination model, where instead of fixing the “nominal” distribution in advance
we assume that it belongs to some class of distributions.
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A common goal in statistics and machine learning is to learn models that
can perform well against distributional shifts, such as latent heterogeneous
subpopulations, unknown covariate shifts or unmodeled temporal effects. We
develop and analyze a distributionally robust stochastic optimization (DRO)
framework that learns a model providing good performance against pertur-
bations to the data-generating distribution. We give a convex formulation
for the problem, providing several convergence guarantees. We prove finite-
sample minimax upper and lower bounds, showing that distributional robust-
ness sometimes comes at a cost in convergence rates. We give limit theorems
for the learned parameters, where we fully specify the limiting distribution so
that confidence intervals can be computed. On real tasks including generaliz-
ing to unknown subpopulations, fine-grained recognition and providing good
tail performance, the distributionally robust approach often exhibits improved
performance.
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The aim of the paper is to describe a bootstrap, contrary to the sieve boot-
strap, valid under either long memory (LM) or short memory (SM) depen-
dence. One of the reasons of the failure of the sieve bootstrap in our context
is that under LM dependence, the sieve bootstrap may not be able to capture
the true covariance structure of the original data. We also describe and ex-
amine the validity of the bootstrap scheme for the least squares estimator of
the parameter in a regression model and for model specification. The moti-
vation for the latter example comes from the observation that the asymptotic
distribution of the test is intractable.
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We study exponential families of distributions that are multivariate to-
tally positive of order 2 (MTP2), show that these are convex exponential fam-
ilies and derive conditions for existence of the MLE. Quadratic exponential
familes of MTP2 distributions contain attractive Gaussian graphical models
and ferromagnetic Ising models as special examples. We show that these are
defined by intersecting the space of canonical parameters with a polyhedral
cone whose faces correspond to conditional independence relations. Hence
MTP2 serves as an implicit regularizer for quadratic exponential families
and leads to sparsity in the estimated graphical model. We prove that the
maximum likelihood estimator (MLE) in an MTP2 binary exponential family
exists if and only if both of the sign patterns (1,−1) and (−1,1) are repre-
sented in the sample for every pair of variables; in particular, this implies that
the MLE may exist with n = d observations, in stark contrast to unrestricted
binary exponential families where 2d observations are required. Finally, we
provide a novel and globally convergent algorithm for computing the MLE
for MTP2 Ising models similar to iterative proportional scaling and apply it
to the analysis of data from two psychological disorders.
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The bootstrap, introduced by The Jackknife, the Bootstrap and Other Re-
sampling Plans ((1982), SIAM), has become a very popular method for esti-
mating variances and constructing confidence intervals. A key insight is that
one can approximate the properties of estimators by using the empirical dis-
tribution function of the sample as an approximation for the true distribution
function. This approach views the uncertainty in the estimator as coming ex-
clusively from sampling uncertainty. We argue that for causal estimands the
uncertainty arises entirely, or partially, from a different source, correspond-
ing to the stochastic nature of the treatment received. We develop a bootstrap
procedure for inference regarding the average treatment effect that accounts
for this uncertainty, and compare its properties to that of the classical boot-
strap. We consider completely randomized and observational designs as well
as designs with imperfect compliance.
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We study the principal components of covariance estimators in multivari-
ate mixed-effects linear models. We show that, in high dimensions, the prin-
cipal eigenvalues and eigenvectors may exhibit bias and aliasing effects that
are not present in low-dimensional settings. We derive the first-order limits
of the principal eigenvalue locations and eigenvector projections in a high-
dimensional asymptotic framework, allowing for general population spectral
distributions for the random effects and extending previous results from a
more restrictive spiked model. Our analysis uses free probability techniques,
and we develop two general tools of independent interest—strong asymptotic
freeness of GOE and deterministic matrices and a free deterministic equiva-
lent approximation for bilinear forms of resolvents.
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In this paper, we discuss the estimation of a nonparametric component
f1 of a nonparametric additive model Y = f1(X1) + · · · + fq(Xq) + ε. We
allow the number q of additive components to grow to infinity and we make
sparsity assumptions about the number of nonzero additive components. We
compare this estimation problem with that of estimating f1 in the oracle
model Z = f1(X1) + ε, for which the additive components f2, . . . , fq are
known. We construct a two-step presmoothing-and-resmoothing estimator of
f1 and state finite-sample bounds for the difference between our estimator

and a corresponding smoothing estimator f̂
(oracle)
1 in the oracle model. In an

asymptotic setting, these bounds can be used to show asymptotic equivalence
of our estimator and the oracle estimator; the paper thus shows that, asymp-
totically, under strong enough sparsity conditions, knowledge of f2, . . . , fq

has no effect on estimation accuracy. Our first step is to estimate f1 with an
undersmoothed estimator based on near-orthogonal projections with a group
Lasso bias correction. In the second step, we construct pseudo responses Ŷ

by evaluating this undersmoothed estimator of f1 at the design points and

then apply the smoothing method of the oracle estimator f̂
(oracle)
1 to the non-

parametric regression problem with “responses” Ŷ and covariates X1. Our
mathematical exposition centers primarily on establishing properties of the
presmoothing estimator. We present simulation results demonstrating close-
to-oracle performance of our estimator in practical applications.
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In this paper, we study high-dimensional sparse Quadratic Discriminant
Analysis (QDA) and aim to establish the optimal convergence rates for the
classification error. Minimax lower bounds are established to demonstrate
the necessity of structural assumptions such as sparsity conditions on the dis-
criminating direction and differential graph for the possible construction of
consistent high-dimensional QDA rules.

We then propose a classification algorithm called SDAR using constrained
convex optimization under the sparsity assumptions. Both minimax upper and
lower bounds are obtained and this classification rule is shown to be simulta-
neously rate optimal over a collection of parameter spaces, up to a logarith-
mic factor. Simulation studies demonstrate that SDAR performs well numer-
ically. The algorithm is also illustrated through an analysis of prostate cancer
data and colon tissue data. The methodology and theory developed for high-
dimensional QDA for two groups in the Gaussian setting are also extended
to multigroup classification and to classification under the Gaussian copula
model.
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This paper is concerned with the limiting spectral behaviors of large di-
mensional Kendall’s rank correlation matrices generated by samples with in-
dependent and continuous components. The statistical setting in this paper
covers a wide range of highly skewed and heavy-tailed distributions since
we do not require the components to be identically distributed, and do not
need any moment conditions. We establish the central limit theorem (CLT)
for the linear spectral statistics (LSS) of the Kendall’s rank correlation ma-
trices under the Marchenko–Pastur asymptotic regime, in which the dimen-
sion diverges to infinity proportionally with the sample size. We further pro-
pose three nonparametric procedures for high dimensional independent test
and their limiting null distributions are derived by implementing this CLT.
Our numerical comparisons demonstrate the robustness and superiority of
our proposed test statistics under various mixed and heavy-tailed cases.
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This paper considers both approximate and exact designs for estimat-
ing the total effects under one crossover and two interference models. They
are different from the traditional block designs in the sense that the assigned
treatments also affect their neighboring plots, hence a design is understood as
a collection of sequences of treatments. A notable result in literature is that
the circular neighbor balanced design (CNBD) is optimal among designs,
which do not allow treatments to be neighbors of themselves. However, we
find it necessary to allow self-neighboring, and further show that it is the
best to allocate each treatment in a subblock of adjacent plots with equal or
almost equal numbers of replications. This explains why the efficiency of
CNBD drops down to 50% as the sequence length, say k, increases. Unlike
CNBD or the designs for direct effects, our proposed designs do not try to
put as many treatments in a sequence as possible. The optimal number of
distinct treatments in a sequence is around

√
2k for crossover designs and√

k/0.96 for interference models, whenever they are smaller than the total
number of treatments under consideration. We systematically study neces-
sary and sufficient conditions for any design to be universally optimal under
the approximate design framework, based on which algorithms for deriving
optimal or efficient exact designs are proposed. This hybrid nature of cohe-
sively combining theories with algorithms makes our method more flexible
than existing ones in the following aspects. (i) Not only symmetric designs
are studied, general procedures for producing asymmetric designs are also
provided. (ii) Our method applies to any form of within-block covariance
matrix instead of specific forms. (iii) We cover all configurations of the num-
bers of treatments and sequence lengths, especially for large values of them
when purely computational methods are not applicable. (iv) On top of the
latter, we cover a continuous spectrum of the number of sequences instead of
special numbers decided by combinatorial constraints.
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We study the sample complexity of learning a high-dimensional simplex
from a set of points uniformly sampled from its interior. Learning of sim-
plices is a long studied problem in computer science and has applications in
computational biology and remote sensing, mostly under the name of “spec-
tral unmixing.” We theoretically show that a sufficient sample complexity
for reliable learning of a K-dimensional simplex up to a total-variation error

of ε is O(K2

ε log K
ε ), which yields a substantial improvement over existing

bounds. Based on our new theoretical framework, we also propose a heuristic
approach for the inference of simplices. Experimental results on synthetic and
real-world datasets demonstrate a comparable performance for our method on
noiseless samples, while we outperform the state-of-the-art in noisy cases.
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We propose a novel two-regime regression model where regime switch-
ing is driven by a vector of possibly unobservable factors. When the fac-
tors are latent, we estimate them by the principal component analysis of a
panel data set. We show that the optimization problem can be reformulated
as mixed integer optimization, and we present two alternative computational
algorithms. We derive the asymptotic distribution of the resulting estimator
under the scheme that the threshold effect shrinks to zero. In particular, we
establish a phase transition that describes the effect of first-stage factor esti-
mation as the cross-sectional dimension of panel data increases relative to the
time-series dimension. Moreover, we develop bootstrap inference and illus-
trate our methods via numerical studies.
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Clustering with Bregman divergences encompasses a wide family of
clustering procedures that are well suited to mixtures of distributions from
exponential families (J. Mach. Learn. Res. 6 (2005) 1705–1749). However,
these techniques are highly sensitive to noise. To address the issue of clus-
tering data with possibly adversarial noise, we introduce a robustified ver-
sion of Bregman clustering based on a trimming approach. We investigate
its theoretical properties, showing for instance that our estimator converges
at a sub-Gaussian rate 1/

√
n, where n denotes the sample size, under mild

tail assumptions. We also show that it is robust to a certain amount of noise,
stated in terms of breakdown point. We also derive a Lloyd-type algorithm
with a trimming parameter, along with a heuristic to select this parameter and
the number of clusters from sample. Some numerical experiments assess the
performance of our method on simulated and real datasets.

REFERENCES

[1] ARTHUR, D. and VASSILVITSKII, S. (2007). k-means++: The advantages of careful seeding. In Proceed-
ings of the Eighteenth Annual ACM-SIAM Symposium on Discrete Algorithms 1027–1035. ACM, New
York. MR2485254

[2] BANERJEE, A., GUO, X. and WANG, H. (2005). On the optimality of conditional expectation as a Breg-
man predictor. IEEE Trans. Inf. Theory 51 2664–2669. MR2246384 https://doi.org/10.1109/TIT.2005.
850145

[3] BANERJEE, A., MERUGU, S., DHILLON, I. S. and GHOSH, J. (2005). Clustering with Bregman diver-
gences. J. Mach. Learn. Res. 6 1705–1749. MR2249870

[4] BIAU, G., DEVROYE, L. and LUGOSI, G. (2008). On the performance of clustering in Hilbert spaces. IEEE
Trans. Inf. Theory 54 781–790. MR2444554 https://doi.org/10.1109/TIT.2007.913516

[5] BRÉCHETEAU, C., FISCHER, A. and LEVRARD, C. (2021). Supplement to “Robust Bregman clustering.”
https://doi.org/10.1214/20-AOS2018SUPP

[6] BRÈGMAN, L. M. (1967). A relaxation method of finding a common point of convex sets and its appli-
cation to the solution of problems in convex programming. Zh. Vychisl. Mat. Mat. Fiz. 7 620–631.
MR0215617

[7] BROWNLEES, C., JOLY, E. and LUGOSI, G. (2015). Empirical risk minimization for heavy-tailed losses.
Ann. Statist. 43 2507–2536. MR3405602 https://doi.org/10.1214/15-AOS1350

[8] CARDOT, H., CÉNAC, P. and ZITT, P.-A. (2013). Efficient and fast estimation of the geometric median
in Hilbert spaces with an averaged stochastic gradient algorithm. Bernoulli 19 18–43. MR3019484
https://doi.org/10.3150/11-BEJ390

[9] CATONI, O. and GIULINI, I. (2018). Dimension-free PAC-Bayesian bounds for the estimation of the mean
of a random vector. ArXiv E-prints.

[10] CESA-BIANCHI, N. and LUGOSI, G. (2006). Prediction, Learning, and Games. Cambridge Univ. Press,
Cambridge. MR2409394 https://doi.org/10.1017/CBO9780511546921

[11] CHAZAL, F., COHEN-STEINER, D. and MÉRIGOT, Q. (2011). Geometric inference for probability mea-
sures. Found. Comput. Math. 11 733–751. MR2859954 https://doi.org/10.1007/s10208-011-9098-0

[12] CHAZAL, F., COHEN-STEINER, D. and MÉRIGOT, Q. (2011). Geometric inference for measures based
on distance functions. Found. Comput. Math. 11 733–751. MR2859954 https://doi.org/10.1007/
s10208-011-9098-0

MSC2020 subject classifications. Primary 62H30; secondary 62G35.
Key words and phrases. Clustering, Bregman divergence, robustness.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/20-AOS2018
http://www.imstat.org
mailto:claire.brecheteau@univ-rennes2.fr
mailto:aurelie.fischer@lpsm.paris
mailto:clement.levrard@lpsm.paris
http://www.ams.org/mathscinet-getitem?mr=2485254
http://www.ams.org/mathscinet-getitem?mr=2246384
https://doi.org/10.1109/TIT.2005.850145
http://www.ams.org/mathscinet-getitem?mr=2249870
http://www.ams.org/mathscinet-getitem?mr=2444554
https://doi.org/10.1109/TIT.2007.913516
https://doi.org/10.1214/20-AOS2018SUPP
http://www.ams.org/mathscinet-getitem?mr=0215617
http://www.ams.org/mathscinet-getitem?mr=3405602
https://doi.org/10.1214/15-AOS1350
http://www.ams.org/mathscinet-getitem?mr=3019484
https://doi.org/10.3150/11-BEJ390
http://www.ams.org/mathscinet-getitem?mr=2409394
https://doi.org/10.1017/CBO9780511546921
http://www.ams.org/mathscinet-getitem?mr=2859954
https://doi.org/10.1007/s10208-011-9098-0
http://www.ams.org/mathscinet-getitem?mr=2859954
https://doi.org/10.1007/s10208-011-9098-0
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1109/TIT.2005.850145
https://doi.org/10.1007/s10208-011-9098-0


[13] CHAZAL, F., GUIBAS, L. J., OUDOT, S. Y. and SKRABA, P. (2013). Persistence-based clustering in Rie-
mannian manifolds. J. ACM 60 Art. 41, 38. MR3144911 https://doi.org/10.1145/2535927

[14] COE, R. and STERN, R. D. (1982). Fitting models to daily rainfall data. J. Appl. Meteorol. 21 1024–1031.
https://doi.org/10.1175/1520-0450(1982)021<1024:FMTDRD>2.0.CO;2

[15] CUESTA-ALBERTOS, J. A., GORDALIZA, A. and MATRÁN, C. (1997). Trimmed k-means: An attempt to
robustify quantizers. Ann. Statist. 25 553–576. MR1439314 https://doi.org/10.1214/aos/1031833664

[16] DONOHO, D. and HUBER, P. J. (1983). The notion of breakdown point. In A Festschrift for Erich L.
Lehmann. Wadsworth Statist./Probab. Ser. 157–184. Wadsworth, Belmont, CA. MR0689745

[17] DUDA, R. O., HART, P. E. and STORK, D. G. (2001). Pattern Classification, 2nd ed. Wiley Interscience,
New York. MR1802993

[18] EVERT, S. (2004). A simple LNRE model for random character sequences. In In Proceedings of the 7èmes
Journées Internationales d’Analyse Statistique des Données Textuelles (Louvain-la-Neuve 411–422.

[19] FISCHER, A. (2010). Quantization and clustering with Bregman divergences. J. Multivariate Anal. 101
2207–2221. MR2671211 https://doi.org/10.1016/j.jmva.2010.05.008

[20] FRITZ, H., GARCIA-ESCUDERO, L. A. and MAYO-ISCAR, A. (2012). Tclust: An R package for a trimming
approach to cluster analysis. J. Stat. Softw. 47 1–26.

[21] GARCÍA-ESCUDERO, L. A., GORDALIZA, A., MATRÁN, C. and MAYO-ISCAR, A. (2008). A general trim-
ming approach to robust cluster analysis. Ann. Statist. 36 1324–1345. MR2418659 https://doi.org/10.
1214/07-AOS515

[22] GORDALIZA, A. (1991). Best approximations to random variables based on trimming procedures. J. Approx.
Theory 64 162–180. MR1091467 https://doi.org/10.1016/0021-9045(91)90072-I

[23] GRAY, R. M., BUZO, A., GRAY, A. H. and MATSUYAMA, Y. (1980). Distortion measures for speech
processing. IEEE Trans. Acoust. Speech Signal Process. 28 367–376.

[24] HAHSLER, M., PIEKENBROCK, M. and DORAN, D. (2019). Dbscan: Fast density-based clustering with R.
J. Stat. Softw. 91 1–30. https://doi.org/10.18637/jss.v091.i01

[25] KUMAR, A. and KANNAN, R. (2010). Clustering with spectral norm and the k-means algorithm. In 2010
IEEE 51st Annual Symposium on Foundations of Computer Science—FOCS 2010 299–308. IEEE
Computer Soc., Los Alamitos, CA. MR3025203

[26] LECUÉ, G. and LERASLE, M. (2020). Robust machine learning by median-of-means: Theory and practice.
Ann. Statist. 48 906–931. MR4102681 https://doi.org/10.1214/19-AOS1828

[27] LEVRARD, C. (2015). Nonasymptotic bounds for vector quantization in Hilbert spaces. Ann. Statist. 43
592–619. MR3316191 https://doi.org/10.1214/14-AOS1293

[28] LEVRARD, C. (2018). Quantization/clustering: When and why does k-means work? J. SFdS 159 1–26.
MR3803122

[29] LINDER, T. (2002). Learning-theoretic methods in vector quantization. In Principles of Nonparametric
Learning (Udine, 2001). CISM Courses and Lect. 434 163–210. Springer, Vienna. MR1987659

[30] LLOYD, S. P. (1982). Least squares quantization in PCM. IEEE Trans. Inf. Theory 28 129–137. MR0651807
https://doi.org/10.1109/TIT.1982.1056489

[31] MARONNA, R. A., MARTIN, R. D. and YOHAI, V. J. (2006). Robust Statistics: Theory and Methods.
Wiley Series in Probability and Statistics. Wiley, Chichester. MR2238141 https://doi.org/10.1002/
0470010940

[32] NIELSEN, F., BOISSONNAT, J. D. and NOCK, R. (2007). Bregman Voronoi diagrams: Properties, algo-
rithms and applications Technical Report No. 6154 INRIA.

[33] ROCKAFELLAR, R. T. (1970). Convex Analysis. Princeton Mathematical Series, No. 28. Princeton Univ.
Press, Princeton, N.J. MR0274683

[34] STREHL, A. and GHOSH, J. (2003). Cluster ensembles—a knowledge reuse framework for com-
bining multiple partitions J. Mach. Learn. Res. 3 583–617. MR1991087 https://doi.org/10.1162/
153244303321897735

[35] TANG, C. and MONTELEONI, C. (2016). On Lloyd’s algorithm: New theoretical insights for clustering in
practice. In Proceedings of the 19th International Conference on Artificial Intelligence and Statistics.
PMLR 51 1280–1289.

[36] TAYLOR ARNOLD, L. T. (2015). Humanities Data in R: Exploring Networks, Geospatial Data, Images, and
Text, 1st ed. Quantitative Methods in the Humanities and Social Sciences. Springer, Berlin.

[37] VANDEV, D. (1993). A note on the breakdown point of the least median of squares and least trimmed squares
estimators. Statist. Probab. Lett. 16 117–119. MR1212043 https://doi.org/10.1016/0167-7152(93)
90155-C

http://www.ams.org/mathscinet-getitem?mr=3144911
https://doi.org/10.1145/2535927
https://doi.org/10.1175/1520-0450(1982)021<1024:FMTDRD>2.0.CO;2
http://www.ams.org/mathscinet-getitem?mr=1439314
https://doi.org/10.1214/aos/1031833664
http://www.ams.org/mathscinet-getitem?mr=0689745
http://www.ams.org/mathscinet-getitem?mr=1802993
http://www.ams.org/mathscinet-getitem?mr=2671211
https://doi.org/10.1016/j.jmva.2010.05.008
http://www.ams.org/mathscinet-getitem?mr=2418659
https://doi.org/10.1214/07-AOS515
http://www.ams.org/mathscinet-getitem?mr=1091467
https://doi.org/10.1016/0021-9045(91)90072-I
https://doi.org/10.18637/jss.v091.i01
http://www.ams.org/mathscinet-getitem?mr=3025203
http://www.ams.org/mathscinet-getitem?mr=4102681
https://doi.org/10.1214/19-AOS1828
http://www.ams.org/mathscinet-getitem?mr=3316191
https://doi.org/10.1214/14-AOS1293
http://www.ams.org/mathscinet-getitem?mr=3803122
http://www.ams.org/mathscinet-getitem?mr=1987659
http://www.ams.org/mathscinet-getitem?mr=0651807
https://doi.org/10.1109/TIT.1982.1056489
http://www.ams.org/mathscinet-getitem?mr=2238141
https://doi.org/10.1002/0470010940
http://www.ams.org/mathscinet-getitem?mr=0274683
http://www.ams.org/mathscinet-getitem?mr=1991087
https://doi.org/10.1162/153244303321897735
http://www.ams.org/mathscinet-getitem?mr=1212043
https://doi.org/10.1016/0167-7152(93)90155-C
https://doi.org/10.1214/07-AOS515
https://doi.org/10.1002/0470010940
https://doi.org/10.1162/153244303321897735
https://doi.org/10.1016/0167-7152(93)90155-C


The Annals of Statistics
2021, Vol. 49, No. 3, 1702–1735
https://doi.org/10.1214/20-AOS2019
© Institute of Mathematical Statistics, 2021

LASSO-DRIVEN INFERENCE IN TIME AND SPACE

BY VICTOR CHERNOZHUKOV1, WOLFGANG KARL HÄRDLE2, CHEN HUANG3 AND

WEINING WANG4

1Department of Economics and Operations Research Center, Massachusetts Institute of Technology, vchern@mit.edu
2IRTG1792, Humboldt–Universität zu Berlin, haerdle@hu-berlin.de

3Department of Economics and Business Economics and CREATES, Aarhus University, chen.huang@econ.au.dk
4Department of Economics and Related Studies, University of York, weining.wang@york.ac.uk

We consider the estimation and inference in a system of high-dimensional
regression equations allowing for temporal and cross-sectional dependency
in covariates and error processes, covering rather general forms of weak tem-
poral dependence. A sequence of regressions with many regressors using
LASSO (Least Absolute Shrinkage and Selection Operator) is applied for
variable selection purpose, and an overall penalty level is carefully chosen
by a block multiplier bootstrap procedure to account for multiplicity of the
equations and dependencies in the data. Correspondingly, oracle properties
with a jointly selected tuning parameter are derived. We further provide high-
quality de-biased simultaneous inference on the many target parameters of
the system. We provide bootstrap consistency results of the test procedure,
which are based on a general Bahadur representation for the Z-estimators
with dependent data. Simulations demonstrate good performance of the pro-
posed inference procedure. Finally, we apply the method to quantify spillover
effects of textual sentiment indices in a financial market and to test the con-
nectedness among sectors.
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Multiple testing of a single hypothesis and testing multiple hypotheses
are usually done in terms of p-values. In this paper, we replace p-values with
their natural competitor, e-values, which are closely related to betting, Bayes
factors and likelihood ratios. We demonstrate that e-values are often mathe-
matically more tractable; in particular, in multiple testing of a single hypoth-
esis, e-values can be merged simply by averaging them. This allows us to
develop efficient procedures using e-values for testing multiple hypotheses.
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Causal questions are omnipresent in many scientific problems. While
much progress has been made in the analysis of causal relationships between
random variables, these methods are not well suited if the causal mechanisms
only manifest themselves in extremes. This work aims to connect the two
fields of causal inference and extreme value theory. We define the causal tail
coefficient that captures asymmetries in the extremal dependence of two ran-
dom variables. In the population case, the causal tail coefficient is shown to
reveal the causal structure if the distribution follows a linear structural causal
model. This holds even in the presence of latent common causes that have
the same tail index as the observed variables. Based on a consistent estimator
of the causal tail coefficient, we propose a computationally highly efficient
algorithm that estimates the causal structure. We prove that our method con-
sistently recovers the causal order and we compare it to other well-established
and nonextremal approaches in causal discovery on synthetic and real data.
The code is available as an open-access R package.
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This paper investigates the statistical estimation of a discrete mixing
measure μ0 involved in a kernel mixture model. Using some recent advances
in �1-regularization over the space of measures, we introduce a “data fitting
and regularization” convex program for estimating μ0 in a grid-less manner
from a sample of mixture law, this method is referred to as Beurling-LASSO.

Our contribution is two-fold: we derive a lower bound on the bandwidth
of our data fitting term depending only on the support of μ0 and its so-
called “minimum separation” to ensure quantitative support localization error
bounds; and under a so-called “nondegenerate source condition” we derive
a nonasymptotic support stability property. This latter shows that for a suffi-
ciently large sample size n, our estimator has exactly as many weighted Dirac
masses as the target μ0, converging in amplitude and localization towards
the true ones. Finally, we also introduce some tractable algorithms for solv-
ing this convex program based on “Sliding Frank–Wolfe” or “Conic Particle
Gradient Descent”.

Statistical performances of this estimator are investigated designing a so-
called “dual certificate”, which is appropriate to our setting. Some classical
situations as, for example, mixtures of super-smooth distributions (see, e.g.,
Gaussian distributions) or ordinary-smooth distributions (see, e.g., Laplace
distributions), are discussed at the end of the paper.
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