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CHARLES STEIN AND INVARIANCE: BEGINNING WITH THE
HUNT-STEIN THEOREM

BY MORRIS L. EATON! AND EDWARD I. GEORGE?

LSchool of Statistics, University of Minnesota, eaton@ stat.umn.edu

2Department of Statistics, University of Pennsylvania, edgeorge @wharton.upenn.edu

When statistical decision theory was emerging as a promising new
paradigm, Charles Stein was to play a major role in the development of min-
imax theory for invariant statistical problems. In some of his earliest work
with Gil Hunt, he set out to prove that, in problems where invariant proce-
dures have constant risk, any best invariant test would be minimax among all
tests. Although finding it not quite true in general, this led to the legendary
Hunt-Stein theorem, which established the result under restrictive conditions
on the underlying group of transformations. In decision problems invariant
under such suitable groups, an overall minimax test was guaranteed to reside
within the class of invariant procedures where it would typically be much
easier to find. But when it did not seem possible to establish this result for
invariance under the full linear group, he instead turned to prove its impos-
sibility with counterexamples such as the nonminimaxity of the usual sam-
ple covariance estimator where the full linear group was just too big for the
Hunt-Stein theorem to apply. Further explorations of invariance such as the
sometimes problematic inference under a fiducial distribution, or the charac-
terization of a best invariant procedure as a formal Bayes procedure under a
right Haar prior, are further examples of the far reaching influence of Stein’s
contributions to invariance theory.
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ON CHARLES STEIN’S CONTRIBUTIONS TO (IN)ADMISSIBILITY

By WILLIAM E. STRAWDERMAN

Department of Statistics, Rutgers University, straw @stat.rutgers.edu

Charles Stein made fundamental contributions to admissibility and inad-
missibility in estimation and testing. This paper surveys some of the more
important ones. Particular attention will be paid to his monumentally impor-
tant, and at the time, incredibly surprising discovery of the inadmissibility of
the usual estimator of the mean in three and higher dimensions. His result on
admissibility of Pitman’s estimator of a mean in one and two dimensions, and
his results on estimation of a mean matrix and a covariance matrix are also
discussed. His work on testing is briefly covered.
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STEIN’S METHOD OF NORMAL APPROXIMATION: SOME
RECOLLECTIONS AND REFLECTIONS

By Louis H. Y. CHEN
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This paper is a short exposition of Stein’s method of normal approxima-
tion from my personal perspective. It focuses mainly on the characterization
of the normal distribution and the construction of Stein identities. Through
examples, it provides glimpses into the many approaches to constructing
Stein identities and the diverse applications of Stein’s method to mathemati-
cal problems. It also includes anecdotes of historical interest, including how
Stein discovered his method and how I found an unpublished proof of his of
the Berry—Esseen theorem.
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SECOND-ORDER STEIN: SURE FOR SURE AND OTHER APPLICATIONS
IN HIGH-DIMENSIONAL INFERENCE
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Stein’s formula states that a random variable of the form z ! f) —
div f(z) is mean-zero for all functions f with integrable gradient. Here, div f
is the divergence of the function f and z is a standard normal vector. This pa-
per aims to propose a second-order Stein formula to characterize the variance
of such random variables for all functions f(z) with square integrable gradi-
ent, and to demonstrate the usefulness of this second-order Stein formula in
various applications.

In the Gaussian sequence model, a remarkable consequence of Stein’s
formula is Stein’s Unbiased Risk Estimate (SURE), an unbiased estimate
of the mean squared risk for almost any given estimator & of the unknown
mean vector. A first application of the second-order Stein formula is an Un-
biased Risk Estimate for SURE itself (SURE for SURE): an unbiased esti-
mate providing information about the squared distance between SURE and
the squared estimation error of fi. SURE for SURE has a simple form as a
function of the data and is applicable to all i with square integrable gradient,
for example, the Lasso and the Elastic Net.

In addition to SURE for SURE, the following statistical applications are
developed: (1) upper bounds on the risk of SURE when the estimation target
is the mean squared error; (2) confidence regions based on SURE and using
the second-order Stein formula; (3) oracle inequalities satisfied by SURE-
tuned estimates under a mild Lipschtiz assumption; (4) an upper bound on
the variance of the size of the model selected by the Lasso, and more gener-
ally an upper bound on the variance of the empirical degrees-of-freedom of
convex penalized estimators; (5) explicit expressions of SURE for SURE for
the Lasso and the Elastic Net; (6) in the linear model, a general semipara-
metric scheme to de-bias a differentiable initial estimator for the statistical
inference of a low-dimensional projection of the unknown regression coeffi-
cient vector, with a characterization of the variance after debiasing; and (7)
an accuracy analysis of a Gaussian Monte Carlo scheme to approximate the
divergence of functions f : R"” — R”.
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We study graphons as a nonparametric generalization of stochastic block
models, and show how to obtain compactly represented estimators for sparse
networks in this framework. In contrast to previous work, we relax the usual
boundedness assumption for the generating graphon and instead assume only
integrability, so that we can handle networks that have long tails in their de-
gree distributions. We also relax the usual assumption that the graphon is
defined on the unit interval, to allow latent position graphs based on more
general spaces.

We analyze three algorithms. The first is a least squares algorithm, which
gives a consistent estimator for all square-integrable graphons, with errors
expressed in terms of the best possible stochastic block model approximation.
Next, we analyze an algorithm based on the cut norm, which works for all
integrable graphons. Finally, we show that clustering based on degrees works
whenever the underlying degree distribution is atomless.
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Many popular random partition models, such as the Chinese restaurant
process and its two-parameter extension, fall in the class of exchangeable
random partitions, and have found wide applicability in various fields. While
the exchangeability assumption is sensible in many cases, it implies that the
size of the clusters necessarily grows linearly with the sample size, and such
feature may be undesirable for some applications. We present here a flexible
class of nonexchangeable random partition models, which are able to gener-
ate partitions whose cluster sizes grow sublinearly with the sample size, and
where the growth rate is controlled by one parameter. Along with this result,
we provide the asymptotic behaviour of the number of clusters of a given size,
and show that the model can exhibit a power-law behaviour, controlled by an-
other parameter. The construction is based on completely random measures
and a Poisson embedding of the random partition, and inference is performed
using a Sequential Monte Carlo algorithm. Experiments on real data sets em-
phasise the usefulness of the approach compared to a two-parameter Chinese
restaurant process.
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Historically time-reversibility of the transitions or processes underpin-
ning Markov chain Monte Carlo methods (MCMC) has played a key role in
their development, while the self-adjointness of associated operators together
with the use of classical functional analysis techniques on Hilbert spaces have
led to powerful and practically successful tools to characterise and compare
their performance. Similar results for algorithms relying on nonreversible
Markov processes are scarce. We show that for a type of nonreversible Monte
Carlo Markov chains and processes, of current or renewed interest in the
physics and statistical literatures, it is possible to develop comparison results
which closely mirror those available in the reversible scenario. We show that
these results shed light on earlier literature, proving some conjectures and
strengthening some earlier results.
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This paper provides a strong approximation, or coupling, theory for spot
volatility estimators formed using high-frequency data. We show that the t-
statistic process associated with the nonparametric spot volatility estimator
can be strongly approximated by a growing-dimensional vector of indepen-
dent variables defined as functions of Brownian increments. We use this cou-
pling theory to study the uniform inference for the volatility process in an
infill asymptotic setting. Specifically, we propose uniform confidence bands
for spot volatility, beta, idiosyncratic variance processes, and their nonlinear
transforms. The theory is also applied to address an open question concerning
the inference of monotone nonsmooth integrated volatility functionals such
as the occupation time and its quantiles.
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Distance correlation has become an increasingly popular tool for detect-
ing the nonlinear dependence between a pair of potentially high-dimensional
random vectors. Most existing works have explored its asymptotic distribu-
tions under the null hypothesis of independence between the two random
vectors when only the sample size or the dimensionality diverges. Yet its
asymptotic null distribution for the more realistic setting when both sample
size and dimensionality diverge in the full range remains largely underde-
veloped. In this paper, we fill such a gap and develop central limit theorems
and associated rates of convergence for a rescaled test statistic based on the
bias-corrected distance correlation in high dimensions under some mild regu-
larity conditions and the null hypothesis. Our new theoretical results reveal an
interesting phenomenon of blessing of dimensionality for high-dimensional
distance correlation inference in the sense that the accuracy of normal ap-
proximation can increase with dimensionality. Moreover, we provide a gen-
eral theory on the power analysis under the alternative hypothesis of depen-
dence, and further justify the capability of the rescaled distance correlation in
capturing the pure nonlinear dependency under moderately high dimension-
ality for a certain type of alternative hypothesis. The theoretical results and
finite-sample performance of the rescaled statistic are illustrated with several
simulation examples and a blockchain application.
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We consider the problem of constructing pointwise confidence intervals
in the multiple isotonic regression model. Recently, Han and Zhang (2020)
obtained a pointwise limit distribution theory for the so-called block max—
min and min—max estimators (Fokianos, Leucht and Neumann (2020); Deng
and Zhang (2020)) in this model, but inference remains a difficult problem
due to the nuisance parameter in the limit distribution that involves multiple
unknown partial derivatives of the true regression function.

In this paper, we show that this difficult nuisance parameter can be effec-
tively eliminated by taking advantage of information beyond point estimates
in the block max-min and min-max estimators. Formally, let #(xg) (resp.
V(xg)) be the maximizing lower-left (resp. minimizing upper-right) vertex in
the block max—min (resp. min—max) estimator, and ﬁl be the average of the
block max—min and min—max estimators. If all (first-order) partial derivatives
of fj are nonvanishing at xg, then the following pivotal limit distribution the-

ory holds:
\na,5x0) (fa (x0) = fo(x0)) ~ o - L.

Here nz; 3 (xp) is the number of design points in the block [ (xg), U(xp)], o is
the standard deviation of the errors, and Ly, is a universal limit distribution
free of nuisance parameters. This immediately yields confidence intervals for
fo(xp) with asymptotically exact confidence level and oracle length. Notably,
the construction of the confidence intervals, even new in the univariate set-
ting, requires no more efforts than performing an isotonic regression once us-
ing the block max—min and min—max estimators, and can be easily adapted to
other common monotone models including, for example, (i) monotone den-
sity estimation, (ii) interval censoring model with current status data, (iii)
counting process model with panel count data, and (iv) generalized linear
models. Extensive simulations are carried out to support our theory.
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ON EXTENDED ADMISSIBLE PROCEDURES AND
THEIR NONSTANDARD BAYES RISK

BY HAOSUI DUANMU AND DANIEL M. ROy

Department of Statistical Sciences, University of Toronto

For finite parameter spaces, among decision procedures with finite risk
functions, a decision procedure is extended admissible if and only if it is
Bayes. Various relaxations of this classical equivalence have been established
for infinite parameter spaces, but these extensions are each subject to techni-
cal conditions that limit their applicability, especially to modern (semi and
nonparametric) statistical problems. Using results in mathematical logic and
nonstandard analysis, we extend this equivalence to arbitrary statistical de-
cision problems: informally, we show that, among decision procedures with
finite risk functions, a decision procedure is extended admissible if and only if
it has infinitesimal excess Bayes risk. In contrast to existing results, our equiv-
alence holds in complete generality, that is, without regularity conditions or
restrictions on the model or loss function. We also derive a nonstandard ana-
logue of Blyth’s method that yields sufficient conditions for admissibility, and
apply the nonstandard theory to derive a purely standard theorem: when risk
functions are continuous on a compact Hausdorff parameter space, a proce-
dure is extended admissible if and only if it is Bayes.
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Mendelian randomization (MR) has become a popular approach to study
the effect of a modifiable exposure on an outcome by using genetic variants
as instrumental variables. A challenge in MR is that each genetic variant ex-
plains a relatively small proportion of variance in the exposure and there are
many such variants, a setting known as many weak instruments. To this end,
we provide a theoretical characterization of the statistical properties of two
popular estimators in MR: the inverse-variance weighted (IVW) estimator
and the IVW estimator with screened instruments using an independent se-
lection dataset, under many weak instruments. We then propose a debiased
IVW estimator, a simple modification of the IVW estimator, that is robust
to many weak instruments and does not require screening. Additionally, we
present two instrument selection methods to improve the efficiency of the new
estimator when a selection dataset is available. An extension of the debiased
IVW estimator to handle balanced horizontal pleiotropy is also discussed. We
conclude by demonstrating our results in simulated and real datasets.
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Given functional data from a survival process with time-dependent co-
variates, we derive a smooth convex representation for its nonparametric log-
likelihood functional and obtain its functional gradient. From this, we de-
vise a generic gradient boosting procedure for estimating the hazard function
nonparametrically. An illustrative implementation of the procedure using re-
gression trees is described to show how to recover the unknown hazard. The
generic estimator is consistent if the model is correctly specified; alterna-
tively, an oracle inequality can be demonstrated for tree-based models. To
avoid overfitting, boosting employs several regularization devices. One of
them is stepsize restriction, but the rationale for this is somewhat mysteri-
ous from the viewpoint of consistency. Our work brings some clarity to this
issue by revealing that stepsize restriction is a mechanism for preventing the
curvature of the risk from derailing convergence.
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We extend a recently proposed 1-nearest-neighbor based multiclass
learning algorithm and prove that our modification is universally strongly
Bayes consistent in all metric spaces admitting any such learner, making it an
“optimistically universal” Bayes-consistent learner. This is the first learning
algorithm known to enjoy this property; by comparison, the k-NN classifier
and its variants are not generally universally Bayes consistent, except under
additional structural assumptions, such as an inner product, a norm, finite
dimension or a Besicovitch-type property.

The metric spaces in which universal Bayes consistency is possible are the
“essentially separable” ones—a notion that we define, which is more general
than standard separability. The existence of metric spaces that are not essen-
tially separable is widely believed to be independent of the ZFC axioms of
set theory. We prove that essential separability exactly characterizes the ex-
istence of a universal Bayes-consistent learner for the given metric space. In
particular, this yields the first impossibility result for universal Bayes consis-
tency.

Taken together, our results completely characterize strong and weak uni-
versal Bayes consistency in metric spaces.
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We consider the problem of conditional independence testing of X and
Y given Z where X, Y and Z are three real random variables and Z is con-
tinuous. We focus on two main cases—when X and Y are both discrete, and
when X and Y are both continuous. In view of recent results on conditional
independence testing [Ann. Statist. 48 (2020) 1514—-1538], one cannot hope to
design nontrivial tests, which control the type I error for all absolutely con-
tinuous conditionally independent distributions, while still ensuring power
against interesting alternatives. Consequently, we identify various, natural
smoothness assumptions on the conditional distributions of X,Y|Z = z as
z varies in the support of Z, and study the hardness of conditional indepen-
dence testing under these smoothness assumptions. We derive matching lower
and upper bounds on the critical radius of separation between the null and al-
ternative hypotheses in the total variation metric. The tests we consider are
easily implementable and rely on binning the support of the continuous vari-
able Z. To complement these results, we provide a new proof of the hardness
result of Shah and Peters [Ann. Statist. 48 (2020) 1514-1538].
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We propose a novel estimator for the number of mixture components
(denoted by M) in a nonparametric finite mixture model. The setting that we
consider is one where the analyst has repeated observations of K > 2 vari-
ables that are conditionally independent given a finitely supported latent vari-
able with M support points. Under a mild assumption on the joint distribution
of the observed and latent variables, we show that an integral operator T that
is identified from the data has rank equal to M. We use this observation, in
conjunction with the fact that singular values of operators are stable under
perturbations, to propose an estimator of M, which essentially consists of a
thresholding rule that counts the number of singular values of a consistent
estimator of T that are greater than a data-driven threshold. We prove that
our estimator of M is consistent, and establish nonasymptotic results, which
provide finite sample performance guarantees for our estimator. We present a
Monte Carlo study, which shows that our estimator performs well for samples
of moderate size.
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We consider the robust algorithms for the k-means clustering problem
where a quantizer is constructed based on N independent observations. Our
main results are median of means based nonasymptotic excess distortion
bounds that hold under the two bounded moments assumption in a general
separable Hilbert space. In particular, our results extend the renowned asymp-
totic result of (Ann. Statist. 9 (1981) 135-140) who showed that the existence
of two moments is sufficient for strong consistency of an empirically optimal
quantizer in RY. In a special case of clustering in R4, under two bounded
moments, we prove matching (up to constant factors) nonasymptotic upper
and lower bounds on the excess distortion, which depend on the probability
mass of the lightest cluster of an optimal quantizer. Our bounds have the sub-
Gaussian form, and the proofs are based on the versions of uniform bounds
for robust mean estimators.

REFERENCES

ALON, N., MATIAS, Y. and SZEGEDY, M. (1999). The space complexity of approximating the frequency mo-
ments. J. Comput. System Sci. 58 137-147. MR1688610 https://doi.org/10.1006/jcss.1997.1545

ANTOS, A. (2005). Improved minimax bounds on the test and training distortion of empirically designed vector
quantizers. IEEE Trans. Inf. Theory 51 4022-4032. MR2239018 https://doi.org/10.1109/TIT.2005.856980

BACHEM, O., Lucic, M., HASSANI, S. H. and KRAUSE, A. (2017). Uniform deviation bounds for k-means
clustering. In International Conference on Machine Learning 283-291.

BARTLETT, P. L., LINDER, T. and LUGOSI, G. (1998). The minimax distortion redundancy in empirical quantizer
design. IEEE Trans. Inf. Theory 44 1802-1813. MR1664098 https://doi.org/10.1109/18.705560

BiAu, G., DEVROYE, L. and LUGOSI, G. (2008). On the performance of clustering in Hilbert spaces. IEEE
Trans. Inf. Theory 54 781-790. MR2444554 https://doi.org/10.1109/TIT.2007.913516

BOUCHERON, S., BOUSQUET, O. and LuGosi, G. (2005). Theory of classification: A survey of some recent
advances. ESAIM Probab. Stat. 9 323-375. MR2182250 https://doi.org/10.1051/ps:2005018

BOUCHERON, S., LUGOSI, G. and MASSART, P. (2013). Concentration Inequalities: A Nonasymptotic Theory of
Independence. Oxford Univ. Press, Oxford. MR3185193 https://doi.org/10.1093/acprof:0s0/9780199535255.
001.0001

BRECHETEAU, C., FISCHER, A. and LEVRARD, C. (2018). Robust Bregman clustering. Preprint. Available at
arXiv:1812.04356.

BROWNLEES, C., JOLY, E. and LuGosi, G. (2015). Empirical risk minimization for heavy-tailed losses. Ann.
Statist. 43 2507-2536. MR3405602 https://doi.org/10.1214/15- AOS1350

CADRE, B. and PARIS, Q. (2012). On Hoélder fields clustering. TEST 21 301-316. MR2935361 https://doi.org/10.
1007/s11749-011-0244-4

CUTURI, M. and DOUCET, A. (2014). Fast computation of Wasserstein barycenters. In International Conference
on Machine Learning 685-693.

FEFFERMAN, C., MITTER, S. and NARAYANAN, H. (2016). Testing the manifold hypothesis. J. Amer. Math. Soc.
29 983-1049. MR3522608 https://doi.org/10.1090/jams/852

FISCHER, A. (2010). Quantization and clustering with Bregman divergences. J. Multivariate Anal. 101 2207—
2221. MR2671211 https://doi.org/10.1016/j.jmva.2010.05.008

FOSTER, D. J. and RAKHLIN, A. (2019). £~o-Vector contraction for Rademacher complexity. Preprint. Available
at arXiv:1911.06468.

MSC2020 subject classifications. Primary 62F35; secondary 62F12.
Key words and phrases. Clustering, k-means, robust estimation, excess distortion bounds.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/20-AOS2033
http://www.imstat.org
mailto:yk376@cam.ac.uk
mailto:akroshnin@hse.ru
mailto:zhivotovskiy@google.com
http://www.ams.org/mathscinet-getitem?mr=1688610
https://doi.org/10.1006/jcss.1997.1545
http://www.ams.org/mathscinet-getitem?mr=2239018
https://doi.org/10.1109/TIT.2005.856980
http://www.ams.org/mathscinet-getitem?mr=1664098
https://doi.org/10.1109/18.705560
http://www.ams.org/mathscinet-getitem?mr=2444554
https://doi.org/10.1109/TIT.2007.913516
http://www.ams.org/mathscinet-getitem?mr=2182250
https://doi.org/10.1051/ps:2005018
http://www.ams.org/mathscinet-getitem?mr=3185193
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
http://arxiv.org/abs/arXiv:1812.04356
http://www.ams.org/mathscinet-getitem?mr=3405602
https://doi.org/10.1214/15-AOS1350
http://www.ams.org/mathscinet-getitem?mr=2935361
https://doi.org/10.1007/s11749-011-0244-4
http://www.ams.org/mathscinet-getitem?mr=3522608
https://doi.org/10.1090/jams/852
http://www.ams.org/mathscinet-getitem?mr=2671211
https://doi.org/10.1016/j.jmva.2010.05.008
http://arxiv.org/abs/arXiv:1911.06468
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1007/s11749-011-0244-4

GENEVAY, A., DULAC-ARNOLD, G. and VERT, J.-P. (2019). Differentiable deep clustering with cluster size
constraints. Preprint. Available at arXiv:1910.09036.

GRAF, S. and LUSCHGY, H. (2007). Foundations of Quantization for Probability Distributions. Lecture Notes in
Math. 1730. Springer, Berlin. MR1764176 https://doi.org/10.1007/BFb0103945

JOHNSON, W. B. and LINDENSTRAUSS, J. (1984). Extensions of Lipschitz mappings into a Hilbert space. In
Conference in Modern Analysis and Probability (New Haven, Conn., 1982). Contemp. Math. 26 189-206.
Amer. Math. Soc., Providence, RI. MR0737400 https://doi.org/10.1090/conm/026/737400

KLOCHKOV, Y., KROSHNIN, A. and ZHIVOTOVSKIY, N. (2021). Supplement to “Robust k-means clustering for
distributions with two moments.” https://doi.org/10.1214/20- AOS2033SUPP

LECUE, G. and LERASLE, M. (2020). Robust machine learning by median-of-means: Theory and practice. Ann.
Statist. 48 906-931. MR4102681 https://doi.org/10.1214/19- AOS1828

LECUE, G., LERASLE, M. and MATHIEU, T. (2020). Robust classification via MOM minimization. Mach. Learn.
109 1635-1665. MR4137195 https://doi.org/10.1007/s10994-019-05863-6

LEVRARD, C. (2013). Fast rates for empirical vector quantization. Electron. J. Stat. 7 1716-1746. MR3080408
https://doi.org/10.1214/13-EJS822

LEVRARD, C. (2015). Nonasymptotic bounds for vector quantization in Hilbert spaces. Ann. Statist. 43 592-619.
MR3316191 https://doi.org/10.1214/14- AOS1293

LINDER, T. (2002). Learning-theoretic methods in vector quantization. In Principles of Nonparametric Learning
(Udine, 2001). CISM Courses and Lect. 434 163-210. Springer, Vienna. MR1987659

LuGosl, G. and MENDELSON, S. (2019a). Near-optimal mean estimators with respect to general norms. Probab.
Theory Related Fields 175 957-973. MR4026610 https://doi.org/10.1007/s00440-019-00906-4

LucGosi, G. and MENDELSON, S. (2019b). Regularization, sparse recovery, and median-of-means tournaments.
Bernoulli 25 2075-2106. MR3961241 https://doi.org/10.3150/18-BEJ1046

LucGosI, G. and MENDELSON, S. (2019c¢). Sub-Gaussian estimators of the mean of a random vector. Ann. Statist.
47 783-794. MR3909950 https://doi.org/10.1214/17- AOS1639

MAURER, A. (2016). A vector-contraction inequality for Rademacher complexities. In Algorithmic Learning
Theory. Lecture Notes in Computer Science 9925 3—17. Springer, Cham. MR3590979 https://doi.org/10.1007/
978-3-319-46379-7_1

MAURER, A. and PONTIL, M. (2010). k-dimensional coding schemes in Hilbert spaces. I[EEE Trans. Inf. Theory
56 5839-5846. MR2808936 https://doi.org/10.1109/TIT.2010.2069250

MENDELSON, S. and ZHIVOTOVSKIY, N. (2020). Robust covariance estimation under L4-L, norm equivalence.
Ann. Statist. 48 1648—-1664. MR4124338 https://doi.org/10.1214/19-A0S1862

MINSKER, S. (2018). Uniform bounds for robust mean estimators. Preprint. Available at arXiv:1812.03523.

MINSKER, S. and MATHIEU, T. (2019). Excess risk bounds in robust empirical risk minimization. Preprint.
Available at arXiv:1910.07485.

NARAYANAN, H. and MITTER, S. (2010). Sample complexity of testing the manifold hypothesis. In Advances in
Neural Information Processing Systems 1786—1794.

NEMIROVSKY, A. S. and YUDIN, D. B. (1983). Problem Complexity and Method Efficiency in Optimization.
A Wiley-Interscience Publication. Wiley, New York. MR0702836

NG, M. K. (2000). A note on constrained k-means algorithms. Pattern Recognit. 33 515-519.

POLLARD, D. (1981). Strong consistency of k-means clustering. Ann. Statist. 9 135-140. MR0600539

SREBRO, N., SRIDHARAN, K. and TEWARI, A. (2010). Smoothness, low noise and fast rates. In Advances in
Neural Information Processing Systems 2199-2207.

TALAGRAND, M. (2014). Upper and Lower Bounds for Stochastic Processes: Modern Methods and Classical
Problems. Ergebnisse der Mathematik und Ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Math-
ematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]
60. Springer, Heidelberg. MR3184689 https://doi.org/10.1007/978-3-642-54075-2

TELGARSKY, M. J. and DASGUPTA, S. (2013). Moment-based uniform deviation bounds for k-means and
friends. In Advances in Neural Information Processing Systems 2940-2948.

VAPNIK, V. and CHERVONENKIS, A. (1974). Theory of Pattern Recognition. Nauka, Moscow.

VERSHYNIN, R. (2016). High-Dimensional Probability: An Introduction with Applications in Data Science.
Cambridge Series in Statistical and Probabilistic Mathematics 47. Cambridge Univ. Press, Cambridge.
MR3837109 https://doi.org/10.1017/9781108231596


http://arxiv.org/abs/arXiv:1910.09036
http://www.ams.org/mathscinet-getitem?mr=1764176
https://doi.org/10.1007/BFb0103945
http://www.ams.org/mathscinet-getitem?mr=0737400
https://doi.org/10.1090/conm/026/737400
https://doi.org/10.1214/20-AOS2033SUPP
http://www.ams.org/mathscinet-getitem?mr=4102681
https://doi.org/10.1214/19-AOS1828
http://www.ams.org/mathscinet-getitem?mr=4137195
https://doi.org/10.1007/s10994-019-05863-6
http://www.ams.org/mathscinet-getitem?mr=3080408
https://doi.org/10.1214/13-EJS822
http://www.ams.org/mathscinet-getitem?mr=3316191
https://doi.org/10.1214/14-AOS1293
http://www.ams.org/mathscinet-getitem?mr=1987659
http://www.ams.org/mathscinet-getitem?mr=4026610
https://doi.org/10.1007/s00440-019-00906-4
http://www.ams.org/mathscinet-getitem?mr=3961241
https://doi.org/10.3150/18-BEJ1046
http://www.ams.org/mathscinet-getitem?mr=3909950
https://doi.org/10.1214/17-AOS1639
http://www.ams.org/mathscinet-getitem?mr=3590979
https://doi.org/10.1007/978-3-319-46379-7_1
http://www.ams.org/mathscinet-getitem?mr=2808936
https://doi.org/10.1109/TIT.2010.2069250
http://www.ams.org/mathscinet-getitem?mr=4124338
https://doi.org/10.1214/19-AOS1862
http://arxiv.org/abs/arXiv:1812.03523
http://arxiv.org/abs/arXiv:1910.07485
http://www.ams.org/mathscinet-getitem?mr=0702836
http://www.ams.org/mathscinet-getitem?mr=0600539
http://www.ams.org/mathscinet-getitem?mr=3184689
https://doi.org/10.1007/978-3-642-54075-2
http://www.ams.org/mathscinet-getitem?mr=3837109
https://doi.org/10.1017/9781108231596
https://doi.org/10.1007/978-3-319-46379-7_1

The Annals of Statistics

2021, Vol. 49, No. 4, 2231-2249
https://doi.org/10.1214/20-A0S2034

© Institute of Mathematical Statistics, 2021

ON THE RATE OF CONVERGENCE OF FULLY CONNECTED DEEP
NEURAL NETWORK REGRESSION ESTIMATES
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Recent results in nonparametric regression show that deep learning, that
is, neural network estimates with many hidden layers, are able to circum-
vent the so-called curse of dimensionality in case that suitable restrictions on
the structure of the regression function hold. One key feature of the neural
networks used in these results is that their network architecture has a fur-
ther constraint, namely the network sparsity. In this paper, we show that we
can get similar results also for least squares estimates based on simple fully
connected neural networks with ReLU activation functions. Here, either the
number of neurons per hidden layer is fixed and the number of hidden layers
tends to infinity suitably fast for sample size tending to infinity, or the number
of hidden layers is bounded by some logarithmic factor in the sample size and
the number of neurons per hidden layer tends to infinity suitably fast for sam-
ple size tending to infinity. The proof is based on new approximation results
concerning deep neural networks.
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This paper introduces the («, I')-descent, an iterative algorithm which
operates on measures and performs «-divergence minimisation in a Bayesian
framework. This gradient-based procedure extends the commonly-used vari-
ational approximation by adding a prior on the variational parameters in the
form of a measure. We prove that for a rich family of functions I', this al-
gorithm leads at each step to a systematic decrease in the -divergence and
derive convergence results. Our framework recovers the Entropic Mirror De-
scent algorithm and provides an alternative algorithm that we call the Power
Descent. Moreover, in its stochastic formulation, the (¢, I')-descent allows
to optimise the mixture weights of any given mixture model without any in-
formation on the underlying distribution of the variational parameters. This
renders our method compatible with many choices of parameters updates and
applicable to a wide range of Machine Learning tasks. We demonstrate em-
pirically on both toy and real-world examples the benefit of using the Power
Descent and going beyond the Entropic Mirror Descent framework, which
fails as the dimension grows.
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We propose a method for the detection of a change point in a sequence
{F;} of distributions, which are available through a large number of observa-
tions at each i > 1. Under the null hypothesis, the distributions F; are equal.
Under the alternative hypothesis, there is a change point i* > 1, such that
F; = G for i > i* and some unknown distribution G, which is not equal to
F|. The change point, if it exists, is unknown, and the distributions before
and after the potential change point are unknown. The decision about the ex-
istence of a change point is made sequentially, as new data arrive. At each
time i, the count of observations, N, can increase to infinity. The detection
procedure is based on a weighted version of the Wasserstein distance. Its
asymptotic and finite sample validity is established. Its performance is illus-
trated by an application to returns on stocks in the S&P 500 index.
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As a general rule of thumb the resolution of a light microscope (i.e.,
the ability to discern objects) is predominantly described by the full width at
half maximum (FWHM) of its point spread function (psf)—the diameter of
the blurring density at half of its maximum. Classical wave optics suggests
a linear relationship between FWHM and resolution also manifested in the
well-known Abbe and Rayleigh criteria, dating back to the end of the 19th
century. However, during the last two decades conventional light microscopy
has undergone a shift from microscopic scales to nanoscales. This increase
in resolution comes with the need to incorporate the random nature of obser-
vations (light photons) and challenges the classical view of discernability, as
we argue in this paper. Instead, we suggest a statistical description of reso-
lution obtained from such random data. Our notion of discernability is based
on statistical testing whether one or two objects with the same total inten-
sity are present. For Poisson measurements, we get linear dependence of the
(minimax) detection boundary on the FWHM, whereas for a homogeneous
Gaussian model the dependence of resolution is nonlinear. Hence, at small
physical scales modeling by homogeneous gaussians is inadequate, although
often implicitly assumed in many reconstruction algorithms. In contrast, the
Poisson model and its variance stabilized Gaussian approximation seem to
provide a statistically sound description of resolution at the nanoscale. Our
theory is also applicable to other imaging setups, such as telescopes.
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The Lasso is a popular regression method for high-dimensional problems
in which the number of parameters 61, ..., 6y, is larger than the number n
of samples: N > n. A useful heuristics relates the statistical properties of the
Lasso estimator to that of a simple soft-thresholding denoiser, in a denoising
problem in which the parameters (6;);<y are observed in Gaussian noise,
with a carefully tuned variance. Earlier work confirmed this picture in the
limit n, N — oo, pointwise in the parameters 6 and in the value of the regu-
larization parameter.

Here, we consider a standard random design model and prove exponential
concentration of its empirical distribution around the prediction provided by
the Gaussian denoising model. Crucially, our results are uniform with respect
to 6 belonging to ¢4 balls, g € [0, 1], and with respect to the regularization
parameter. This allows us to derive sharp results for the performances of var-
ious data-driven procedures to tune the regularization.

Our proofs make use of Gaussian comparison inequalities, and in particu-
lar of a version of Gordon’s minimax theorem developed by Thrampoulidis,
Oymak and Hassibi, which controls the optimum value of the Lasso opti-
mization problem. Crucially, we prove a stability property of the minimizer
in Wasserstein distance that allows one to characterize properties of the min-
imizer itself.
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This paper establishes asymptotic theory for optimal estimation of
change points in general time series models under ¢-mixing conditions. We
show that the Bayes-type estimator is asymptotically minimax for change-
point estimation under squared error loss. Two bootstrap procedures are de-
veloped to construct confidence intervals for the change points. An approxi-
mate limiting distribution of the change-point estimator under small change
is also derived. Simulations and real data applications are presented to in-
vestigate the finite sample performance of the Bayes-type estimator and the
bootstrap procedures.
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PROPRIETY OF THE REFERENCE POSTERIOR DISTRIBUTION IN
GAUSSIAN PROCESS MODELING
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In a seminal article, Berger, De Oliveira and Sansé [J. Amer. Statist. As-
soc. 96 (2001) 1361-1374] compare several objective prior distributions for
the parameters of Gaussian process models with isotropic correlation ker-
nel. The reference prior distribution stands out among them insofar as it al-
ways leads to a proper posterior. They prove this result for rough correlation
kernels: Spherical, Exponential with power p < 2, Matérn with smoothness
v < 1. This paper provides a proof for smooth correlation kernels: Exponen-
tial with power p = 2, Matérn with smoothness v > 1, Rational Quadratic,
along with tail rates of the reference prior for these kernels.
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COMMUNITY DETECTION WITH DEPENDENT CONNECTIVITY
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In network analysis, within-community members are more likely to
be connected than between-community members, which is reflected in that
the edges within a community are intercorrelated. However, existing proba-
bilistic models for community detection such as the stochastic block model
(SBM) are not designed to capture the dependence among edges. In this pa-
per, we propose a new community detection approach to incorporate intra-
community dependence of connectivities through the Bahadur representation.
The proposed method does not require specifying the likelihood function,
which could be intractable for correlated binary connectivities. In addition,
the proposed method allows for heterogeneity among edges between different
communities. In theory, we show that incorporating correlation information
can achieve a faster convergence rate compared to the independent SBM, and
the proposed algorithm has a lower estimation bias and accelerated conver-
gence compared to the variational EM. Our simulation studies show that the
proposed algorithm outperforms the existing multinetwork community de-
tection methods assuming conditional independence among edges. We also
demonstrate the application of the proposed method to agricultural product
trading networks from different countries and to brain fMRI imaging net-
works.
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