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ESTIMATING THE NUMBER OF COMPONENTS IN FINITE MIXTURE
MODELS VIA THE GROUP-SORT-FUSE PROCEDURE

BY TUDOR MANOLE1 AND ABBAS KHALILI2

1Department of Statistics and Data Science, Carnegie Mellon University, tmanole@andrew.cmu.edu
2Department of Mathematics and Statistics, McGill University, abbas.khalili@mcgill.ca

Estimation of the number of components (or order) of a finite mixture
model is a long standing and challenging problem in statistics. We propose
the Group-Sort-Fuse (GSF) procedure—a new penalized likelihood approach
for simultaneous estimation of the order and mixing measure in multidimen-
sional finite mixture models. Unlike methods which fit and compare mix-
tures with varying orders using criteria involving model complexity, our ap-
proach directly penalizes a continuous function of the model parameters.
More specifically, given a conservative upper bound on the order, the GSF
groups and sorts mixture component parameters to fuse those which are re-
dundant. For a wide range of finite mixture models, we show that the GSF is
consistent in estimating the true mixture order and achieves the n−1/2 conver-
gence rate for parameter estimation up to polylogarithmic factors. The GSF
is implemented for several univariate and multivariate mixture models in the
R package GroupSortFuse. Its finite sample performance is supported by
a thorough simulation study, and its application is illustrated on two real data
examples.
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A SIMPLE MEASURE OF CONDITIONAL DEPENDENCE
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We propose a coefficient of conditional dependence between two ran-
dom variables Y and Z given a set of other variables X1, . . . ,Xp , based on
an i.i.d. sample. The coefficient has a long list of desirable properties, the
most important of which is that under absolutely no distributional assump-
tions, it converges to a limit in [0,1], where the limit is 0 if and only if Y and
Z are conditionally independent given X1, . . . ,Xp , and is 1 if and only if Y

is equal to a measurable function of Z given X1, . . . ,Xp . Moreover, it has
a natural interpretation as a nonlinear generalization of the familiar partial
R2 statistic for measuring conditional dependence by regression. Using this
statistic, we devise a new variable selection algorithm, called Feature Order-
ing by Conditional Independence (FOCI), which is model-free, has no tuning
parameters, and is provably consistent under sparsity assumptions. A number
of applications to synthetic and real data sets are worked out.
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Let (Yt )t≥1 be a sequence of i.i.d. observations and {fθ , θ ∈ R
d }

be a parametric model. We introduce a new online algorithm for com-
puting a sequence (θ̂t )t≥1, which is shown to converge almost surely to
argmaxθ∈Rd E[logfθ (Y1)] at rate O(log(t)(1+ε)/2t−1/2), with ε > 0 a user
specified parameter. This convergence result is obtained under standard con-
ditions on the statistical model and, most notably, we allow the mapping
θ �→ E[logfθ (Y1)] to be multi-modal. However, the computational cost to
process each observation grows exponentially with the dimension of θ , which
makes the proposed approach applicable to low or moderate dimensional
problems only. We also derive a version of the estimator θ̂t , which is well
suited to student-t linear regression models that are popular tools for robust
linear regression. As shown by experiments on simulated and real data, the
corresponding estimator of the regression coefficients is, as expected, robust
to the presence of outliers and thus, as a by-product, we obtain a new adaptive
and robust online estimation procedure for linear regression models.
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A method is proposed for estimating the microergodic parameters (in-
cluding the smoothness parameter) of stationary Gaussian random fields on
R

d with isotropic Matérn covariance functions using irregularly spaced data.
This approach uses higher-order quadratic variations and is applied to three
designs, namely stratified sampling design, randomized sampling design and
deformed lattice design. Microergodic parameter estimators are constructed
for each of the designs. Under mild conditions, these estimators are shown to
be consistent with respect to fixed-domain asymptotics. Upper bounds to the
convergence rate of the estimators are also established. A simulation study is
conducted to gauge the accuracy of the proposed estimators.
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ADAPTIVE LEARNING RATES FOR SUPPORT VECTOR MACHINES
WORKING ON DATA WITH LOW INTRINSIC DIMENSION

BY THOMAS HAMM* AND INGO STEINWART†
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†ingo.steinwart@mathematik.uni-stuttgart.de

We derive improved regression and classification rates for support vector
machines using Gaussian kernels under the assumption that the data has some
low-dimensional intrinsic structure that is described by the box-counting di-
mension. Under some standard regularity assumptions for regression and
classification, we prove learning rates, in which the dimension of the ambi-
ent space is replaced by the box-counting dimension of the support of the
data generating distribution. In the regression case, our rates are in some
cases minimax optimal up to logarithmic factors, whereas in the classifica-
tion case our rates are minimax optimal up to logarithmic factors in a certain
range of our assumptions and otherwise of the form of the best known rates.
Furthermore, we show that a training validation approach for choosing the
hyperparameters of a SVM in a data dependent way achieves the same rates
adaptively, that is, without any knowledge on the data generating distribution.
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We study the problem of community detection in multilayer networks,
where pairs of nodes can be related in multiple modalities. We introduce
a general framework, that is, mixture multilayer stochastic block model
(MMSBM), which includes many earlier models as special cases. We propose
a tensor-based algorithm (TWIST) to reveal both global/local memberships
of nodes, and memberships of layers. We show that the TWIST procedure
can accurately detect the communities with small misclassification error as
the number of nodes and/or number of layers increases. Numerical studies
confirm our theoretical findings. To our best knowledge, this is the first sys-
tematic study on the mixture multilayer networks using tensor decomposi-
tion. The method is applied to two real datasets: worldwide trading networks
and malaria parasite genes networks, yielding new and interesting findings.
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Many statistical estimands can expressed as continuous linear functionals
of a conditional expectation function. This includes the average treatment ef-
fect under unconfoundedness and generalizations for continuous-valued and
personalized treatments. In this paper, we discuss a general approach to esti-
mating such quantities: we begin with a simple plug-in estimator based on an
estimate of the conditional expectation function, and then correct the plug-
in estimator by subtracting a minimax linear estimate of its error. We show
that our method is semiparametrically efficient under weak conditions and
observe promising performance on both real and simulated data.
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The empirical likelihood inference is extended to a class of semiparamet-
ric models for stationary, weakly dependent series. A partially linear single-
index regression is used for the conditional mean of the series given its past,
and the present and past values of a vector of covariates. A parametric model
for the conditional variance of the series is added to capture further nonlinear
effects. We propose suitable moment equations which characterize the mean
and variance model. We derive an empirical log-likelihood ratio which in-
cludes nonparametric estimators of several functions, and we show that this
ratio behaves asymptotically as if the functions were given.
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Bayesian inference and uncertainty quantification in a general class of
nonlinear inverse regression models is considered. Analytic conditions on the
regression model {G (θ) : θ ∈ �} and on Gaussian process priors for θ are pro-
vided such that semiparametrically efficient inference is possible for a large
class of linear functionals of θ . A general Bernstein–von Mises theorem is
proved that shows that the (non-Gaussian) posterior distributions are approx-
imated by certain Gaussian measures centred at the posterior mean. As a con-
sequence, posterior-based credible sets are valid and optimal from a frequen-
tist point of view. The theory is illustrated with two applications with PDEs
that arise in nonlinear tomography problems: an elliptic inverse problem for a
Schrödinger equation, and inversion of non-Abelian X-ray transforms. New
analytical techniques are deployed to show that the relevant Fisher informa-
tion operators are invertible between suitable function spaces.
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Transfer Learning addresses common situations in Machine Leaning
where little or no labeled data is available for a target prediction problem—
corresponding to a distribution Q, but much labeled data is available from
some related but different data distribution P . This work is concerned with
the fundamental limits of transfer, that is, the limits in target performance in
terms of (1) sample sizes from P and Q, and (2) differences in data distribu-
tions P , Q. In particular, we aim to address practical questions such as how
much target data from Q is sufficient given a certain amount of related data
from P , and how to optimally sample such target data for labeling.

We present new minimax results for transfer in nonparametric classifi-
cation (i.e., for situations where little is known about the target classifier),
under the common assumption that the marginal distributions of covariates
differ between P and Q (often termed covariate-shift). Our results are first
to concisely capture the relative benefits of source and target labeled data in
these settings through information-theoretic limits. Namely, we show that the
benefits of target labels are tightly controlled by a transfer-exponent γ that
encodes how singular Q is locally with respect to P , and interestingly paints
a more favorable picture of transfer than what might be believed from insights
from previous work. In fact, while previous work rely largely on refinements
of traditional metrics and divergences between distributions, and often only
yield a coarse view of when transfer is possible or not, our analysis—in terms
of γ —reveals a continuum of new regimes ranging from easy to hard transfer.

We then address the practical question of how to efficiently sample tar-
get data to label, by showing that a recently proposed semi-supervised
procedure—based on k-NN classification, can be refined to adapt to unknown
γ and, therefore, requests target labels only when beneficial, while achieving
nearly minimax-optimal transfer rates without knowledge of distributional
parameters. Of independent interest, we obtain new minimax-optimality re-
sults for vanilla k-NN classification in regimes with nonuniform marginals.
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Manski’s celebrated maximum score estimator for the discrete choice
model, which is an optimal linear discriminator, has been the focus of much
investigation in both the econometrics and statistics literatures, but its behav-
ior under growing dimension scenarios largely remains unknown. This paper
addresses that gap. Two different cases are considered: p grows with n but at
a slow rate, that is, p/n → 0; and p � n (fast growth). In the binary response
model, we recast Manski’s score estimation as empirical risk minimization
for a classification problem, and derive the �2 rate of convergence of the score
estimator under a new transition condition in terms of a margin parameter that
calibrates the level of difficulty of the estimation problem. We also establish
upper and lower bounds for the minimax �2 error in the binary choice model
that differ by a logarithmic factor, and construct a minimax-optimal estimator
in the slow growth regime. Some extensions to the multinomial choice model
are also considered.

REFERENCES

[1] ABRAMOVICH, F. and GRINSHTEIN, V. (2019). High-dimensional classification by sparse logistic regres-
sion. IEEE Trans. Inf. Theory 65 3068–3079. MR3951383 https://doi.org/10.1109/TIT.2018.2884963

[2] ABREVAYA, J. and HUANG, J. (2005). On the bootstrap of the maximum score estimator. Econometrica 73
1175–1204. MR2149245 https://doi.org/10.1111/j.1468-0262.2005.00613.x

[3] ARLOT, S. and BARTLETT, P. L. (2011). Margin-adaptive model selection in statistical learning. Bernoulli
17 687–713. MR2787611 https://doi.org/10.3150/10-BEJ288

[4] BAJARI, P., FOX, J. T. and RYAN, S. P. (2008). Evaluating wireless carrier consolidation using semipara-
metric demand estimation. Quant. Mark. Econ. 6 299.

[5] BICKEL, P. J., RITOV, Y. and TSYBAKOV, A. B. (2009). Simultaneous analysis of lasso and Dantzig selec-
tor. Ann. Statist. 37 1705–1732. MR2533469 https://doi.org/10.1214/08-AOS620

[6] BRIESCH, R. A., CHINTAGUNTA, P. K. and MATZKIN, R. L. (2002). Semiparametric estimation of
brand choice behavior. J. Amer. Statist. Assoc. 97 973–982. MR1973860 https://doi.org/10.1198/
016214502388618762

[7] BÜHLMANN, P. and VAN DE GEER, S. (2011). Statistics for High-Dimensional Data: Methods, Theory and
Applications. Springer Series in Statistics. Springer, Heidelberg. MR2807761 https://doi.org/10.1007/
978-3-642-20192-9

[8] CHERNOFF, H. (1964). Estimation of the mode. Ann. Inst. Statist. Math. 16 31–41. MR0172382
https://doi.org/10.1007/BF02868560

[9] DEBARGHYA, M., BANERJEE, M. and RITOV, Y. (2019). Non-standard asymptotics in high dimensions:
Manski’s maximum score estimator revisited. Preprint. Available at arXiv:1903.10063.

[10] FENG, H., NING, Y. and ZHAO, J. (2019). Nonregular and minimax estimation of individualized thresholds
in high dimension with binary responses. Preprint. Available at arXiv:1905.10888.

[11] FOX, J. T. (2007). Semiparametric estimation of multinomial discrete-choice models using a subset of
choices. Rand J. Econ. 38 1002–1019.

[12] FOX, J. T. and BAJARI, P. (2013). Measuring the efficiency of an fcc spectrum auction. Am. Econ. J.
Microecon. 5 100–146.

[13] GREENSHTEIN, E. and RITOV, Y. (2004). Persistence in high-dimensional linear predictor selection and
the virtue of overparametrization. Bernoulli 10 971–988. MR2108039 https://doi.org/10.3150/bj/
1106314846

MSC2020 subject classifications. 62P20, 62G05.
Key words and phrases. High dimensional statistics, maximum score estimator, nonstandard asymptotics.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/21-AOS2085
http://www.imstat.org
mailto:mdeb@umich.edu
mailto:moulib@umich.edu
mailto:yritov@umich.edu
http://www.ams.org/mathscinet-getitem?mr=3951383
https://doi.org/10.1109/TIT.2018.2884963
http://www.ams.org/mathscinet-getitem?mr=2149245
https://doi.org/10.1111/j.1468-0262.2005.00613.x
http://www.ams.org/mathscinet-getitem?mr=2787611
https://doi.org/10.3150/10-BEJ288
http://www.ams.org/mathscinet-getitem?mr=2533469
https://doi.org/10.1214/08-AOS620
http://www.ams.org/mathscinet-getitem?mr=1973860
https://doi.org/10.1198/016214502388618762
http://www.ams.org/mathscinet-getitem?mr=2807761
https://doi.org/10.1007/978-3-642-20192-9
http://www.ams.org/mathscinet-getitem?mr=0172382
https://doi.org/10.1007/BF02868560
http://arxiv.org/abs/arXiv:1903.10063
http://arxiv.org/abs/arXiv:1905.10888
http://www.ams.org/mathscinet-getitem?mr=2108039
https://doi.org/10.3150/bj/1106314846
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1198/016214502388618762
https://doi.org/10.1007/978-3-642-20192-9
https://doi.org/10.3150/bj/1106314846


[14] HOROWITZ, J. L. (1992). A smoothed maximum score estimator for the binary response model. Economet-
rica 60 505–531. MR1162997 https://doi.org/10.2307/2951582

[15] HUANG, J., MA, S. and ZHANG, C.-H. (2008). Adaptive Lasso for sparse high-dimensional regression
models. Statist. Sinica 18 1603–1618. MR2469326

[16] KIM, J. and POLLARD, D. (1990). Cube root asymptotics. Ann. Statist. 18 191–219. MR1041391
https://doi.org/10.1214/aos/1176347498

[17] KLEIN, R. W. and SPADY, R. H. (1993). An efficient semiparametric estimator for binary response models.
Econometrica 61 387–421. MR1209737 https://doi.org/10.2307/2951556

[18] KOLTCHINSKII, V. (2006). Local Rademacher complexities and oracle inequalities in risk minimization.
Ann. Statist. 34 2593–2656. MR2329442 https://doi.org/10.1214/009053606000001019

[19] LEE, L. F. (1995). Semiparametric maximum likelihood estimation of polychotomous and sequential choice
models. J. Econometrics 65 381–428. MR1323323 https://doi.org/10.1016/0304-4076(93)01591-9

[20] MAMMEN, E. and TSYBAKOV, A. B. (1999). Smooth discrimination analysis. Ann. Statist. 27 1808–1829.
MR1765618 https://doi.org/10.1214/aos/1017939240

[21] MANSKI, C. F. (1975). Maximum score estimation of the stochastic utility model of choice. J. Econometrics
3 205–228. MR0436905 https://doi.org/10.1016/0304-4076(75)90032-9

[22] MANSKI, C. F. (1985). Semiparametric analysis of discrete response. Asymptotic properties of the
maximum score estimator. J. Econometrics 27 313–333. MR0788628 https://doi.org/10.1016/
0304-4076(85)90009-0

[23] MANSKI, C. F. and THOMPSON, T. S. (1986). Operational characteristics of maximum score estimation.
J. Econometrics 32 85–108. MR0853046 https://doi.org/10.1016/0304-4076(86)90013-8

[24] MASSART, P. (2007). Concentration Inequalities and Model Selection. Lecture Notes in Math. 1896.
Springer, Berlin. MR2319879

[25] MASSART, P. and NÉDÉLEC, É. (2006). Risk bounds for statistical learning. Ann. Statist. 34 2326–2366.
MR2291502 https://doi.org/10.1214/009053606000000786

[26] MIOLANE, L. and MONTANARI, A. (2018). The distribution of the lasso: Uniform control over sparse balls
and adaptive parameter tuning. Preprint. Available at arXiv:1811.01212.

[27] MUKHERJEE, D., BANERJEE, M. and RITOV, Y. (2021). Supplement to “Optimal linear discriminators for
the discrete choice model in growing dimensions.” https://doi.org/10.1214/21-AOS2085SUPP

[28] PATRA, R. K., SEIJO, E. and SEN, B. (2018). A consistent bootstrap procedure for the maximum score
estimator. J. Econometrics 205 488–507. MR3813528 https://doi.org/10.1016/j.jeconom.2018.04.001

[29] POLITIS, D. N., ROMANO, J. P. and WOLF, M. (1999). Subsampling. Springer Series in Statistics. Springer,
New York. MR1707286 https://doi.org/10.1007/978-1-4612-1554-7

[30] RASKUTTI, G., WAINWRIGHT, M. J. and YU, B. (2011). Minimax rates of estimation for high-dimensional
linear regression over �q -balls. IEEE Trans. Inf. Theory 57 6976–6994. MR2882274 https://doi.org/10.
1109/TIT.2011.2165799

[31] SEN, B., BANERJEE, M. and WOODROOFE, M. (2010). Inconsistency of bootstrap: The Grenander estima-
tor. Ann. Statist. 38 1953–1977. MR2676880 https://doi.org/10.1214/09-AOS777

[32] SEO, M. H. and OTSU, T. (2015). Asymptotics for maximum score method under general conditions Tech-
nical report, LSE Working Paper.

[33] SEO, M. H. and OTSU, T. (2018). Local M-estimation with discontinuous criterion for dependent and
limited observations. Ann. Statist. 46 344–369. MR3766955 https://doi.org/10.1214/17-AOS1552

[34] TIBSHIRANI, R. (1996). Regression shrinkage and selection via the lasso. J. Roy. Statist. Soc. Ser. B 58
267–288. MR1379242

[35] TSYBAKOV, A. B. (2004). Optimal aggregation of classifiers in statistical learning. Ann. Statist. 32 135–166.
MR2051002 https://doi.org/10.1214/aos/1079120131

[36] TSYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation. Springer Series in Statistics. Springer,
New York. Revised and extended from the 2004 French original, Translated by Vladimir Zaiats.
MR2724359 https://doi.org/10.1007/b13794

[37] VAN DE GEER, S., BÜHLMANN, P., RITOV, Y. and DEZEURE, R. (2014). On asymptotically optimal
confidence regions and tests for high-dimensional models. Ann. Statist. 42 1166–1202. MR3224285
https://doi.org/10.1214/14-AOS1221

[38] VAPNIK, V. and CHERVONENKIS, A. (1974). Theory of Pattern Recognition.
[39] WEI, F. and HUANG, J. (2010). Consistent group selection in high-dimensional linear regression. Bernoulli

16 1369–1384. MR2759183 https://doi.org/10.3150/10-BEJ252
[40] YAN, J. and YOO, H. I. (2019). Semiparametric estimation of the random utility model with rank-ordered

choice data. J. Econometrics 211 414–438. MR3980130 https://doi.org/10.1016/j.jeconom.2019.03.
003

http://www.ams.org/mathscinet-getitem?mr=1162997
https://doi.org/10.2307/2951582
http://www.ams.org/mathscinet-getitem?mr=2469326
http://www.ams.org/mathscinet-getitem?mr=1041391
https://doi.org/10.1214/aos/1176347498
http://www.ams.org/mathscinet-getitem?mr=1209737
https://doi.org/10.2307/2951556
http://www.ams.org/mathscinet-getitem?mr=2329442
https://doi.org/10.1214/009053606000001019
http://www.ams.org/mathscinet-getitem?mr=1323323
https://doi.org/10.1016/0304-4076(93)01591-9
http://www.ams.org/mathscinet-getitem?mr=1765618
https://doi.org/10.1214/aos/1017939240
http://www.ams.org/mathscinet-getitem?mr=0436905
https://doi.org/10.1016/0304-4076(75)90032-9
http://www.ams.org/mathscinet-getitem?mr=0788628
https://doi.org/10.1016/0304-4076(85)90009-0
http://www.ams.org/mathscinet-getitem?mr=0853046
https://doi.org/10.1016/0304-4076(86)90013-8
http://www.ams.org/mathscinet-getitem?mr=2319879
http://www.ams.org/mathscinet-getitem?mr=2291502
https://doi.org/10.1214/009053606000000786
http://arxiv.org/abs/arXiv:1811.01212
https://doi.org/10.1214/21-AOS2085SUPP
http://www.ams.org/mathscinet-getitem?mr=3813528
https://doi.org/10.1016/j.jeconom.2018.04.001
http://www.ams.org/mathscinet-getitem?mr=1707286
https://doi.org/10.1007/978-1-4612-1554-7
http://www.ams.org/mathscinet-getitem?mr=2882274
https://doi.org/10.1109/TIT.2011.2165799
http://www.ams.org/mathscinet-getitem?mr=2676880
https://doi.org/10.1214/09-AOS777
http://www.ams.org/mathscinet-getitem?mr=3766955
https://doi.org/10.1214/17-AOS1552
http://www.ams.org/mathscinet-getitem?mr=1379242
http://www.ams.org/mathscinet-getitem?mr=2051002
https://doi.org/10.1214/aos/1079120131
http://www.ams.org/mathscinet-getitem?mr=2724359
https://doi.org/10.1007/b13794
http://www.ams.org/mathscinet-getitem?mr=3224285
https://doi.org/10.1214/14-AOS1221
http://www.ams.org/mathscinet-getitem?mr=2759183
https://doi.org/10.3150/10-BEJ252
http://www.ams.org/mathscinet-getitem?mr=3980130
https://doi.org/10.1016/j.jeconom.2019.03.003
https://doi.org/10.1016/0304-4076(85)90009-0
https://doi.org/10.1109/TIT.2011.2165799
https://doi.org/10.1016/j.jeconom.2019.03.003


[41] YUAN, M. and LIN, Y. (2006). Model selection and estimation in regression with grouped variables. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 68 49–67. MR2212574 https://doi.org/10.1111/j.1467-9868.2005.
00532.x

[42] ZHANG, C.-H. and HUANG, J. (2008). The sparsity and bias of the LASSO selection in high-dimensional
linear regression. Ann. Statist. 36 1567–1594. MR2435448 https://doi.org/10.1214/07-AOS520

[43] ZHAO, P. and YU, B. (2006). On model selection consistency of Lasso. J. Mach. Learn. Res. 7 2541–2563.
MR2274449

http://www.ams.org/mathscinet-getitem?mr=2212574
https://doi.org/10.1111/j.1467-9868.2005.00532.x
http://www.ams.org/mathscinet-getitem?mr=2435448
https://doi.org/10.1214/07-AOS520
http://www.ams.org/mathscinet-getitem?mr=2274449
https://doi.org/10.1111/j.1467-9868.2005.00532.x


The Annals of Statistics
2021, Vol. 49, No. 6, 3358–3382
https://doi.org/10.1214/21-AOS2087
© Institute of Mathematical Statistics, 2021

EXTREME CONDITIONAL EXPECTILE ESTIMATION IN HEAVY-TAILED
HETEROSCEDASTIC REGRESSION MODELS

BY STÉPHANE GIRARD1, GILLES STUPFLER2 AND ANTOINE USSEGLIO-CARLEVE3

1Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, Stephane.Girard@inria.fr
2Univ Rennes, Ensai, CNRS, CREST—UMR 9194, gilles.stupfler@ensai.fr

3Toulouse School of Economics, University of Toulouse Capitole, France, antoine.usseglio-carleve@tse-fr.eu

Expectiles define a least squares analogue of quantiles. They have been
the focus of a substantial quantity of research in the context of actuarial and
financial risk assessment over the last decade. The behaviour and estima-
tion of unconditional extreme expectiles using independent and identically
distributed heavy-tailed observations have been investigated in a recent se-
ries of papers. We build here a general theory for the estimation of extreme
conditional expectiles in heteroscedastic regression models with heavy-tailed
noise; our approach is supported by general results of independent interest on
residual-based extreme value estimators in heavy-tailed regression models,
and is intended to cope with covariates having a large but fixed dimension.
We demonstrate how our results can be applied to a wide class of important
examples, among which are linear models, single-index models as well as
ARMA and GARCH time series models. Our estimators are showcased on a
numerical simulation study and on real sets of actuarial and financial data.
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This paper develops a general theory on rates of convergence of pe-
nalized spline estimators for function estimation when the likelihood func-
tional is concave in candidate functions, where the likelihood is interpreted
in a broad sense that includes conditional likelihood, quasi-likelihood and
pseudo-likelihood. The theory allows all feasible combinations of the spline
degree, the penalty order and the smoothness of the unknown functions. Ac-
cording to this theory, the asymptotic behaviors of the penalized spline esti-
mators depends on interplay between the spline knot number and the penalty
parameter. The general theory is applied to obtain results in a variety of con-
texts, including regression, generalized regression such as logistic regression
and Poisson regression, density estimation, conditional hazard function esti-
mation for censored data, quantile regression, diffusion function estimation
for a diffusion type process and estimation of spectral density function of
a stationary time series. For multidimensional function estimation, the the-
ory (presented in the Supplementary Material) covers both penalized tensor
product splines and penalized bivariate splines on triangulations.

REFERENCES

ANDERSEN, P. K., BORGAN, Ø., GILL, R. D. and KEIDING, N. (1993). Statistical Models Based on
Counting Processes. Springer Series in Statistics. Springer, New York. MR1198884 https://doi.org/10.1007/
978-1-4612-4348-9

CLAESKENS, G., KRIVOBOKOVA, T. and OPSOMER, J. D. (2009). Asymptotic properties of penalized spline
estimators. Biometrika 96 529–544. MR2538755 https://doi.org/10.1093/biomet/asp035

DEVORE, R. A. and LORENTZ, G. G. (1993). Constructive Approximation. Grundlehren der Mathematis-
chen Wissenschaften [Fundamental Principles of Mathematical Sciences] 303. Springer, Berlin. MR1261635
https://doi.org/10.1007/978-3-662-02888-9

EILERS, P. H. C. and MARX, B. D. (1996). Flexible smoothing with B-splines and penalties. Statist. Sci. 11
89–121. MR1435485 https://doi.org/10.1214/ss/1038425655

GU, C. (2013). Smoothing Spline ANOVA Models, 2nd ed. Springer Series in Statistics 297. Springer, New York.
MR3025869 https://doi.org/10.1007/978-1-4614-5369-7

HALL, P. and OPSOMER, J. D. (2005). Theory for penalised spline regression. Biometrika 92 105–118.
MR2158613 https://doi.org/10.1093/biomet/92.1.105

HANSEN, M. H. (1994). Extended Linear Models, Multivariate Splines, and ANOVA. PhD Thesis, Univ. Califor-
nia, Berkeley.

HOLLAND, A. D. (2017). Penalized spline estimation in the partially linear model. J. Multivariate Anal. 153
211–235. MR3578847 https://doi.org/10.1016/j.jmva.2016.10.001

HUANG, J. Z. (1998a). Projection estimation in multiple regression with application to functional ANOVA mod-
els. Ann. Statist. 26 242–272. MR1611780 https://doi.org/10.1214/aos/1030563984

HUANG, J. Z. (1998b). Functional ANOVA models for generalized regression. J. Multivariate Anal. 67 49–71.
MR1659096 https://doi.org/10.1006/jmva.1998.1753

HUANG, J. Z. (2001). Concave extended linear modeling: A theoretical synthesis. Statist. Sinica 11 173–197.
MR1820005

HUANG, J. Z. (2003). Asymptotics for polynomial spline regression under weak conditions. Statist. Probab. Lett.
65 207–216. MR2018032 https://doi.org/10.1016/j.spl.2003.09.003

MSC2020 subject classifications. Primary 62G20; secondary 62G05, 62G07, 62G08.
Key words and phrases. Basis expansion, multivariate splines, nonparametric regression, polynomial splines,

smoothing splines.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/21-AOS2088
http://www.imstat.org
mailto:jianhua@stat.tamu.edu
mailto:suyaf@vcu.edu
http://www.ams.org/mathscinet-getitem?mr=1198884
https://doi.org/10.1007/978-1-4612-4348-9
http://www.ams.org/mathscinet-getitem?mr=2538755
https://doi.org/10.1093/biomet/asp035
http://www.ams.org/mathscinet-getitem?mr=1261635
https://doi.org/10.1007/978-3-662-02888-9
http://www.ams.org/mathscinet-getitem?mr=1435485
https://doi.org/10.1214/ss/1038425655
http://www.ams.org/mathscinet-getitem?mr=3025869
https://doi.org/10.1007/978-1-4614-5369-7
http://www.ams.org/mathscinet-getitem?mr=2158613
https://doi.org/10.1093/biomet/92.1.105
http://www.ams.org/mathscinet-getitem?mr=3578847
https://doi.org/10.1016/j.jmva.2016.10.001
http://www.ams.org/mathscinet-getitem?mr=1611780
https://doi.org/10.1214/aos/1030563984
http://www.ams.org/mathscinet-getitem?mr=1659096
https://doi.org/10.1006/jmva.1998.1753
http://www.ams.org/mathscinet-getitem?mr=1820005
http://www.ams.org/mathscinet-getitem?mr=2018032
https://doi.org/10.1016/j.spl.2003.09.003
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-1-4612-4348-9


HUANG, J. Z. and SU, Y. (2021). Supplement to “Asymptotic properties of penalized spline estimators in concave
extended linear models: Rates of convergence.” https://doi.org/10.1214/21-AOS2088SUPP

KAUERMANN, G., KRIVOBOKOVA, T. and FAHRMEIR, L. (2009). Some asymptotic results on generalized pe-
nalized spline smoothing. J. R. Stat. Soc. Ser. B. Stat. Methodol. 71 487–503. MR2649606 https://doi.org/10.
1111/j.1467-9868.2008.00691.x

KNIGHT, K. (1998). Limiting distributions for L1 regression estimators under general conditions. Ann. Statist. 26
755–770. MR1626024 https://doi.org/10.1214/aos/1028144858

LAI, M.-J. and WANG, L. (2013). Bivariate penalized splines for regression. Statist. Sinica 23 1399–1417.
MR3114719

LI, Y. and RUPPERT, D. (2008). On the asymptotics of penalized splines. Biometrika 95 415–436. MR2521591
https://doi.org/10.1093/biomet/asn010

NIELSEN, J. P. and LINTON, O. B. (1995). Kernel estimation in a nonparametric marker dependent hazard model.
Ann. Statist. 23 1735–1748. MR1370305 https://doi.org/10.1214/aos/1176324321

O’SULLIVAN, F. (1986). A statistical perspective on ill-posed inverse problems. Statist. Sci. 1 502–527.
MR0874480

O’SULLIVAN, F. (1988). Fast computation of fully automated log-density and log-hazard estimators. SIAM J. Sci.
Statist. Comput. 9 363–379. MR0930052 https://doi.org/10.1137/0909024

RUPPERT, D., WAND, M. P. and CARROLL, R. J. (2003). Semiparametric Regression. Cambridge Series in Sta-
tistical and Probabilistic Mathematics 12. Cambridge Univ. Press, Cambridge. MR1998720 https://doi.org/10.
1017/CBO9780511755453

SCHUMAKER, L. L. (1981). Spline Functions: Basic Theory. Wiley, New York. MR0606200
SCHWARZ, K. and KRIVOBOKOVA, T. (2016). A unified framework for spline estimators. Biometrika 103 121–

131. MR3465825 https://doi.org/10.1093/biomet/asv070
SILVERMAN, B. W. (1982). On the estimation of a probability density function by the maximum penalized

likelihood method. Ann. Statist. 10 795–810. MR0663433
STONE, C. J. (1982). Optimal global rates of convergence for nonparametric regression. Ann. Statist. 10 1040–

1053. MR0673642
STONE, C. J. (1986). The dimensionality reduction principle for generalized additive models. Ann. Statist. 14

590–606. MR0840516 https://doi.org/10.1214/aos/1176349940
STONE, C. J. (1994). The use of polynomial splines and their tensor products in multivariate function estimation.

Ann. Statist. 22 118–184. MR1272079 https://doi.org/10.1214/aos/1176325361
UTRERAS, F. (1981). Optimal smoothing of noisy data using spline functions. SIAM J. Sci. Statist. Comput. 2

349–362. MR0632905 https://doi.org/10.1137/0902028
WAHBA, G. (1990). Spline Models for Observational Data. CBMS-NSF Regional Conference Series in Applied

Mathematics 59. SIAM, Philadelphia, PA. MR1045442 https://doi.org/10.1137/1.9781611970128
WANG, X., SHEN, J. and RUPPERT, D. (2011). On the asymptotics of penalized spline smoothing. Electron. J.

Stat. 5 1–17. MR2763795 https://doi.org/10.1214/10-EJS593
WEINBERGER, H. F. (1974). Variational Methods for Eigenvalue Approximation. SIAM, Philadelphia, PA.

MR0400004
XIAO, L. (2019a). Asymptotic theory of penalized splines. Electron. J. Stat. 13 747–794. MR3925516

https://doi.org/10.1214/19-ejs1541
XIAO, L. (2019b). Asymptotics of bivariate penalised splines. J. Nonparametr. Stat. 31 289–314. MR3941214

https://doi.org/10.1080/10485252.2018.1563295
XIAO, L., LI, Y. and RUPPERT, D. (2013). Fast bivariate P -splines: The sandwich smoother. J. R. Stat. Soc. Ser.

B. Stat. Methodol. 75 577–599. MR3065480 https://doi.org/10.1111/rssb.12007

https://doi.org/10.1214/21-AOS2088SUPP
http://www.ams.org/mathscinet-getitem?mr=2649606
https://doi.org/10.1111/j.1467-9868.2008.00691.x
http://www.ams.org/mathscinet-getitem?mr=1626024
https://doi.org/10.1214/aos/1028144858
http://www.ams.org/mathscinet-getitem?mr=3114719
http://www.ams.org/mathscinet-getitem?mr=2521591
https://doi.org/10.1093/biomet/asn010
http://www.ams.org/mathscinet-getitem?mr=1370305
https://doi.org/10.1214/aos/1176324321
http://www.ams.org/mathscinet-getitem?mr=0874480
http://www.ams.org/mathscinet-getitem?mr=0930052
https://doi.org/10.1137/0909024
http://www.ams.org/mathscinet-getitem?mr=1998720
https://doi.org/10.1017/CBO9780511755453
http://www.ams.org/mathscinet-getitem?mr=0606200
http://www.ams.org/mathscinet-getitem?mr=3465825
https://doi.org/10.1093/biomet/asv070
http://www.ams.org/mathscinet-getitem?mr=0663433
http://www.ams.org/mathscinet-getitem?mr=0673642
http://www.ams.org/mathscinet-getitem?mr=0840516
https://doi.org/10.1214/aos/1176349940
http://www.ams.org/mathscinet-getitem?mr=1272079
https://doi.org/10.1214/aos/1176325361
http://www.ams.org/mathscinet-getitem?mr=0632905
https://doi.org/10.1137/0902028
http://www.ams.org/mathscinet-getitem?mr=1045442
https://doi.org/10.1137/1.9781611970128
http://www.ams.org/mathscinet-getitem?mr=2763795
https://doi.org/10.1214/10-EJS593
http://www.ams.org/mathscinet-getitem?mr=0400004
http://www.ams.org/mathscinet-getitem?mr=3925516
https://doi.org/10.1214/19-ejs1541
http://www.ams.org/mathscinet-getitem?mr=3941214
https://doi.org/10.1080/10485252.2018.1563295
http://www.ams.org/mathscinet-getitem?mr=3065480
https://doi.org/10.1111/rssb.12007
https://doi.org/10.1111/j.1467-9868.2008.00691.x
https://doi.org/10.1017/CBO9780511755453


The Annals of Statistics
2021, Vol. 49, No. 6, 3408–3433
https://doi.org/10.1214/21-AOS2089
© Institute of Mathematical Statistics, 2021

OPTIMAL ADAPTIVITY OF SIGNED-POLYGON STATISTICS FOR
NETWORK TESTING

BY JIASHUN JIN1,*, ZHENG TRACY KE2 AND SHENGMING LUO1,†

1Department of Statistics & Data Science, Carnegie Mellon University, *jiashun@stat.cmu.edu; †shengmil@andrew.cmu.edu
2Department of Statistics, Harvard University, zke@fas.harvard.edu

Given a symmetric social network, we are interested in testing whether
it has only one community or multiple communities. The desired tests should
(a) accommodate severe degree heterogeneity, (b) accommodate mixed mem-
berships, (c) have a tractable null distribution and (d) adapt automatically to
different levels of sparsity, and achieve the optimal phase diagram. How to
find such a test is a challenging problem.

We propose the Signed Polygon as a class of new tests. Fixing m ≥ 3,
for each m-gon in the network, define a score using the centered adjacency
matrix. The sum of such scores is then the mth order Signed Polygon statistic.
The Signed Triangle (SgnT) and the Signed Quadrilateral (SgnQ) are special
examples of the Signed Polygon.

We show that both the SgnT and SgnQ tests satisfy (a)–(d), and especially,
they work well for both very sparse and less sparse networks. Our proposed
tests compare favorably with existing tests. For example, the EZ and GC tests
behave unsatisfactorily in the less sparse case and do not achieve the optimal
phase diagram. Also, many existing tests do not allow for severe heterogene-
ity or mixed memberships, and they behave unsatisfactorily in our settings.

The analysis of the SgnT and SgnQ tests is delicate and extremely te-
dious, and the main reason is that we need a unified proof that covers a wide
range of sparsity levels and a wide range of degree heterogeneity. For lower
bound theory, we use a phase transition framework, which includes the stan-
dard minimax argument, but is more informative. The proof uses classical
theorems on matrix scaling.
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Modern statistical applications often involve minimizing an objective
function that may be nonsmooth and/or nonconvex. This paper focuses on
a broad Bregman-surrogate algorithm framework including the local linear
approximation, mirror descent, iterative thresholding, DC programming and
many others as particular instances. The recharacterization via generalized
Bregman functions enables us to construct suitable error measures and es-
tablish global convergence rates for nonconvex and nonsmooth objectives in
possibly high dimensions. For sparse learning problems with a composite ob-
jective, under some regularity conditions, the obtained estimators as the sur-
rogate’s fixed points, though not necessarily local minimizers, enjoy provable
statistical guarantees, and the sequence of iterates can be shown to approach
the statistical truth within the desired accuracy geometrically fast. The paper
also studies how to design adaptive momentum based accelerations without
assuming convexity or smoothness by carefully controlling stepsize and re-
laxation parameters.
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We present a novel approach to test for heteroscedasticity of a nonstation-
ary time series that is based on Gini’s mean difference of logarithmic local
sample variances. In order to analyse the large sample behaviour of our test
statistic, we establish new limit theorems for U-statistics of dependent trian-
gular arrays. We derive the asymptotic distribution of the test statistic under
the null hypothesis of a constant variance and show that the test is consistent
against a large class of alternatives, including multiple structural breaks in the
variance. Our test is applicable even in the case of nonstationary processes,
assuming a locally stationary mean function. The performance of the test and
its comparatively low computation time are illustrated in an extensive simu-
lation study. As an application, we analyse Google Trends data, monitoring
the relative search interest for the topic “global warming.”
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This work affords new insights into Bayesian CART in the context of
structured wavelet shrinkage. The main thrust is to develop a formal infer-
ential framework for Bayesian tree-based regression. We reframe Bayesian
CART as a g-type prior which departs from the typical wavelet product pri-
ors by harnessing correlation induced by the tree topology. The practically
used Bayesian CART priors are shown to attain adaptive near rate-minimax
posterior concentration in the supremum norm in regression models. For the
fundamental goal of uncertainty quantification, we construct adaptive con-
fidence bands for the regression function with uniform coverage under self-
similarity. In addition, we show that tree-posteriors enable optimal inference
in the form of efficient confidence sets for smooth functionals of the regres-
sion function.
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Non-Euclidean data that are indexed with a scalar predictor such as time
are increasingly encountered in data applications, while statistical methodol-
ogy and theory for such random objects are not well developed yet. To address
the need for new methodology in this area, we develop a total variation reg-
ularization technique for nonparametric Fréchet regression, which refers to a
regression setting where a response residing in a metric space is paired with
a scalar predictor and the target is a conditional Fréchet mean. Specifically,
we seek to approximate an unknown metric-space valued function by an es-
timator that minimizes the Fréchet version of least squares and at the same
time has small total variation, appropriately defined for metric-space valued
objects. We show that the resulting estimator is representable by a piece-wise
constant function and establish the minimax convergence rate of the proposed
estimator for metric data objects that reside in Hadamard spaces. We illus-
trate the numerical performance of the proposed method for both simulated
and real data, including metric spaces of symmetric positive-definite matri-
ces with the affine-invariant distance, of probability distributions on the real
line with the Wasserstein distance, and of phylogenetic trees with the Billera–
Holmes–Vogtmann metric.
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Estimation of the population size n from k i.i.d. binomial observations
with unknown success probability p is relevant to a multitude of applica-
tions and has a long history. Without additional prior information this is a
notoriously difficult task when p becomes small, and the Bayesian approach
becomes particularly useful. For a large class of priors, we establish posterior
contraction and a Bernstein-von Mises type theorem in a setting where p → 0
and n → ∞ as k → ∞. Furthermore, we suggest a new class of Bayesian es-
timators for n and provide a comprehensive simulation study in which we
investigate their performance. To showcase the advantages of a Bayesian ap-
proach on real data, we also benchmark our estimators in a novel application
from super-resolution microscopy.
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We consider Bayesian nonparametric inference in the right-censoring
survival model, where modeling is made at the level of the hazard rate. We
derive posterior limiting distributions for linear functionals of the hazard, and
then for ‘many’ functionals simultaneously in appropriate multiscale spaces.
As an application, we derive Bernstein–von Mises theorems for the cumu-
lative hazard and survival functions, which lead to asymptotically efficient
confidence bands for these quantities. Further, we show optimal posterior
contraction rates for the hazard in terms of the supremum norm. In medi-
cal studies, a popular approach is to model hazards a priori as random his-
tograms with possibly dependent heights. This and more general classes of
arbitrarily smooth prior distributions are considered as applications of our
theory. A sampler is provided for possibly dependent histogram posteriors.
Its finite sample properties are investigated on both simulated and real data
experiments.
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Classical change point analysis aims at (1) detecting abrupt changes in
the mean of a possibly nonstationary time series and at (2) identifying regions
where the mean exhibits a piecewise constant behavior. In many applications
however, it is more reasonable to assume that the mean changes gradually in
a smooth way. Those gradual changes may either be nonrelevant (i.e., small),
or relevant for a specific problem at hand, and the present paper presents
statistical methodology to detect the latter. More precisely, we consider the
common nonparametric regression model Xi = μ(i/n) + εi with centered
errors and propose a test for the null hypothesis that the maximum absolute
deviation of the regression function μ from a functional g(μ) (such as the
value μ(0) or the integral

∫ 1
0 μ(t)dt) is smaller than a given threshold on a

given interval [x0, x1] ⊆ [0,1]. A test for this type of hypotheses is devel-
oped using an appropriate estimator, say d̂∞,n, for the maximum deviation
d∞ = supt∈[x0,x1] |μ(t) − g(μ)|. We derive the limiting distribution of an

appropriately standardized version of d̂∞,n, where the standardization de-
pends on the Lebesgue measure of the set of extremal points of the function
μ(·) − g(μ). A refined procedure based on an estimate of this set is devel-
oped and its consistency is proved. The results are illustrated by means of a
simulation study and a data example.
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In transfer learning, we wish to make inference about a target population
when we have access to data both from the distribution itself, and from a dif-
ferent but related source distribution. We introduce a flexible framework for
transfer learning in the context of binary classification, allowing for covariate-
dependent relationships between the source and target distributions that are
not required to preserve the Bayes decision boundary. Our main contribu-
tions are to derive the minimax optimal rates of convergence (up to poly-
logarithmic factors) in this problem, and show that the optimal rate can be
achieved by an algorithm that adapts to key aspects of the unknown transfer
relationship, as well as the smoothness and tail parameters of our distribu-
tional classes. This optimal rate turns out to have several regimes, depending
on the interplay between the relative sample sizes and the strength of the
transfer relationship, and our algorithm achieves optimality by careful, deci-
sion tree-based calibration of local nearest-neighbour procedures.
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