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AN OPTIMAL STATISTICAL AND COMPUTATIONAL FRAMEWORK FOR
GENERALIZED TENSOR ESTIMATION
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This paper describes a flexible framework for generalized low-rank ten-
sor estimation problems that includes many important instances arising from
applications in computational imaging, genomics, and network analysis. The
proposed estimator consists of finding a low-rank tensor fit to the data under
generalized parametric models. To overcome the difficulty of nonconvexity
in these problems, we introduce a unified approach of projected gradient de-
scent that adapts to the underlying low-rank structure. Under mild conditions
on the loss function, we establish both an upper bound on statistical error and
the linear rate of computational convergence through a general determinis-
tic analysis. Then we further consider a suite of generalized tensor estimation
problems, including sub-Gaussian tensor PCA, tensor regression, and Poisson
and binomial tensor PCA. We prove that the proposed algorithm achieves the
minimax optimal rate of convergence in estimation error. Finally, we demon-
strate the superiority of the proposed framework via extensive experiments
on both simulated and real data.
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The statistical theory of extremes is extended to independent multivari-
ate observations that are non-stationary both over time and across space. The
non-stationarity over time and space is controlled via the scedasis (tail scale)
in the marginal distributions. Spatial dependence stems from multivariate ex-
treme value theory. We establish asymptotic theory for both the weighted
sequential tail empirical process and the weighted tail quantile process based
on all observations, taken over time and space. The results yield two statisti-
cal tests for homoscedasticity in the tail, one in space and one in time. Fur-
ther, we show that the common extreme value index can be estimated via a
pseudo-maximum likelihood procedure based on pooling all (non-stationary
and dependent) observations. Our leading example and application is rainfall
in Northern Germany.
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A general framework for principal component analysis (PCA) in the
presence of heteroskedastic noise is introduced. We propose an algorithm
called HeteroPCA, which involves iteratively imputing the diagonal entries of
the sample covariance matrix to remove estimation bias due to heteroskedas-
ticity. This procedure is computationally efficient and provably optimal under
the generalized spiked covariance model. A key technical step is a determin-
istic robust perturbation analysis on singular subspaces, which can be of inde-
pendent interest. The effectiveness of the proposed algorithm is demonstrated
in a suite of problems in high-dimensional statistics, including singular value
decomposition (SVD) under heteroskedastic noise, Poisson PCA, and SVD
for heteroskedastic and incomplete data.
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ON MINIMAX OPTIMALITY OF SPARSE BAYES PREDICTIVE DENSITY
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We study predictive density estimation under Kullback–Leibler loss in
�0-sparse Gaussian sequence models. We propose proper Bayes predictive
density estimates and establish asymptotic minimaxity in sparse models. Fun-
damental for this is a new risk decomposition for sparse, or spike-and-slab
priors.

A surprise is the existence of a phase transition in the future-to-past vari-
ance ratio r . For r < r0 = (

√
5 − 1)/4, the natural discrete prior ceases to

be asymptotically optimal. Instead, for subcritical r , a ‘bi-grid’ prior with a
central region of reduced grid spacing recovers asymptotic minimaxity. This
phenomenon seems to have no analog in the otherwise parallel theory of point
estimation of a multivariate normal mean under quadratic loss.

For spike-and-uniform slab priors to have any prospect of minimaxity, we
show that the sparse parameter space needs also to be magnitude constrained.
Within a substantial range of magnitudes, such spike-and-slab priors can at-
tain asymptotic minimaxity.
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We develop a general theory and estimation methods for functional lin-
ear sufficient dimension reduction, where both the predictor and the response
can be random functions, or even vectors of functions. Unlike the existing
dimension reduction methods, our approach does not rely on the estimation
of conditional mean and conditional variance. Instead, it is based on a new
statistical construction—the weak conditional expectation, which is based
on Carleman operators and their inducing functions. Weak conditional ex-
pectation is a generalization of conditional expectation. Its key advantage
is to replace the projection on to an L2-space—which defines conditional
expectation—by projection on to an arbitrary Hilbert space, while still main-
taining the unbiasedness of the related dimension reduction methods. This
flexibility is particularly important for functional data, because attempting to
estimate a full-fledged conditional mean or conditional variance by slicing or
smoothing over the space of vector-valued functions may be inefficient due
to the curse of dimensionality. We evaluated the performances of the our new
methods by simulation and in several applied settings.
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PATTERN GRAPHS: A GRAPHICAL APPROACH TO NONMONOTONE
MISSING DATA

BY YEN-CHI CHEN

Department of Statistics, University of Washington, yenchic@uw.edu

We introduce the concept of pattern graphs–directed acyclic graphs rep-
resenting how response patterns are associated. A pattern graph represents
an identifying restriction that is nonparametrically identified/saturated and is
often a missing not at random restriction. We introduce a selection model and
a pattern mixture model formulations using the pattern graphs and show that
they are equivalent. A pattern graph leads to an inverse probability weight-
ing estimator as well as an imputation-based estimator. We also study the
semiparametric efficiency theory and derive a multiply-robust estimator us-
ing pattern graphs.
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Many complex networks in the real world can be formulated as hyper-
graphs where community detection has been widely used. However, the fun-
damental question of whether communities exist or not in an observed hy-
pergraph remains unclear. This work aims to tackle this important problem.
Specifically, we systematically study when a hypergraph with community
structure can be successfully distinguished from its Erdős–Rényi counter-
part, and propose concrete test statistics when the models are distinguish-
able. The main contribution of this paper is threefold. First, we discover
a phase transition in the hyperedge probability for distinguishability. Sec-
ond, in the bounded-degree regime, we derive a sharp signal-to-noise ra-
tio (SNR) threshold for distinguishability in the special two-community 3-
uniform hypergraphs, and derive nearly tight SNR thresholds in the general
two-community m-uniform hypergraphs. Third, in the dense regime, we pro-
pose a computationally feasible test based on sub-hypergraph counts, obtain
its asymptotic distribution, and analyze its power. Our results are further ex-
tended to nonuniform hypergraphs in which a new test involving both edge
and hyperedge information is proposed. The proofs rely on Janson’s conti-
guity theory (Combin. Probab. Comput. 4 (1995) 369–405), a high-moments
driven asymptotic normality result by Gao and Wormald (Probab. Theory Re-
lated Fields 130 (2004) 368–376), and a truncation technique for analyzing
the likelihood ratio.
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FUNDAMENTAL BARRIERS TO HIGH-DIMENSIONAL REGRESSION
WITH CONVEX PENALTIES

BY MICHAEL CELENTANO* AND ANDREA MONTANARI†
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In high-dimensional regression, we attempt to estimate a parameter vec-
tor β0 ∈ R

p from n � p observations {(yi ,xi )}i≤n, where xi ∈ R
p is a vec-

tor of predictors and yi is a response variable. A well-established approach
uses convex regularizers to promote specific structures (e.g., sparsity) of the
estimate β̂ while allowing for practical algorithms. Theoretical analysis im-
plies that convex penalization schemes have nearly optimal estimation prop-
erties in certain settings. However, in general the gaps between statistically
optimal estimation (with unbounded computational resources) and convex
methods are poorly understood.

We show that when the statistican has very simple structural informa-
tion about the distribution of the entries of β0, a large gap frequently exists
between the best performance achieved by any convex regularizer satisfy-
ing a mild technical condition and either: (i) the optimal statistical error or
(ii) the statistical error achieved by optimal approximate message passing al-
gorithms. Remarkably, a gap occurs at high enough signal-to-noise ratio if
and only if the distribution of the coordinates of β0 is not log-concave. These
conclusions follow from an analysis of standard Gaussian designs. Our lower
bounds are expected to be generally tight, and we prove tightness under cer-
tain conditions.
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APPROXIMATE MESSAGE PASSING ALGORITHMS FOR ROTATIONALLY
INVARIANT MATRICES

BY ZHOU FAN
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Approximate Message Passing (AMP) algorithms have seen widespread
use across a variety of applications. However, the precise forms for their On-
sager corrections and state evolutions depend on properties of the underlying
random matrix ensemble, limiting the extent to which AMP algorithms de-
rived for white noise may be applicable to data matrices that arise in practice.

In this work, we study more general AMP algorithms for random matrices
W that satisfy orthogonal rotational invariance in law, where W may have
a spectral distribution that is different from the semicircle and Marcenko–
Pastur laws characteristic of white noise. The Onsager corrections and state
evolutions in these algorithms are defined by the free cumulants or rectangu-
lar free cumulants of the spectral distribution of W. Their forms were derived
previously by Opper, Çakmak and Winther using nonrigorous dynamic func-
tional theory techniques, and we provide rigorous proofs.

Our motivating application is a Bayes-AMP algorithm for Principal Com-
ponents Analysis, when there is prior structure for the principal components
(PCs) and possibly nonwhite noise. For sufficiently large signal strengths and
any non-Gaussian prior distributions for the PCs, we show that this algorithm
provably achieves higher estimation accuracy than the sample PCs.
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Permutation tests are widely used in statistics, providing a finite-sample
guarantee on the type I error rate whenever the distribution of the samples
under the null hypothesis is invariant to some rearrangement. Despite its in-
creasing popularity and empirical success, theoretical properties of the per-
mutation test, especially its power, have not been fully explored beyond sim-
ple cases. In this paper, we attempt to partly fill this gap by presenting a
general nonasymptotic framework for analyzing the minimax power of the
permutation test. The utility of our proposed framework is illustrated in the
context of two-sample and independence testing under both discrete and con-
tinuous settings. In each setting, we introduce permutation tests based on
U -statistics and study their minimax performance. We also develop expo-
nential concentration bounds for permuted U -statistics based on a novel cou-
pling idea, which may be of independent interest. Building on these expo-
nential bounds, we introduce permutation tests, which are adaptive to un-
known smoothness parameters without losing much power. The proposed
framework is further illustrated using more sophisticated test statistics includ-
ing weighted U -statistics for multinomial testing and Gaussian kernel-based
statistics for density testing. Finally, we provide some simulation results that
further justify the permutation approach.
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Model-X knockoffs (J. R. Stat. Soc. Ser. B. Stat. Methodol. 80 (2018)
551–577) allows analysts to perform feature selection using almost any ma-
chine learning algorithm while provably controlling the expected proportion
of false discoveries. This procedure involves constructing synthetic variables,
called knockoffs, which effectively act as controls during feature selection.
The gold standard for constructing knockoffs has been to minimize the mean
absolute correlation (MAC) between features and their knockoffs, but, sur-
prisingly, we prove this procedure can be powerless in extremely easy set-
tings, including Gaussian linear models with correlated exchangeable fea-
tures. The key problem is that minimizing the MAC creates joint dependen-
cies between the features and knockoffs, which allow machine learning al-
gorithms to reconstruct the effect of the features on the response using the
knockoffs. To improve power, we propose generating knockoffs which mini-
mize the reconstructability (MRC) of the features, and we demonstrate our
proposal for Gaussian features by showing it is computationally efficient,
robust, and powerful. We also prove that certain MRC knockoffs minimize
a notion of estimation error in Gaussian linear models. Through extensive
simulations, we show MRC knockoffs often dramatically outperform MAC-
minimizing knockoffs, and we find no settings in which MAC-minimizing
knockoffs outperform MRC knockoffs by more than a slight margin. We im-
plement our methods and many others from the knockoffs literature in a new
python package knockpy.
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ON LEAST SQUARES ESTIMATION UNDER HETEROSCEDASTIC AND
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We consider least squares estimation in a general nonparametric regres-
sion model where the error is allowed to depend on the covariates. The rate
of convergence of the least squares estimator (LSE) for the unknown regres-
sion function is well studied when the errors are sub-Gaussian. We find upper
bounds on the rates of convergence of the LSE when the error has a uniformly
bounded conditional variance and has only finitely many moments. Our upper
bound on the rate of convergence of the LSE depends on the moment assump-
tions on the error, the metric entropy of the class of functions involved and
the “local” structure of the function class around the truth. We find sufficient
conditions on the error distribution under which the rate of the LSE matches
the rate of the LSE under sub-Gaussian error. Our results are finite sample
and allow for heteroscedastic and heavy-tailed errors.
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DECONVOLUTION WITH UNKNOWN NOISE DISTRIBUTION IS POSSIBLE
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This paper considers the deconvolution problem in the case where the tar-
get signal is multidimensional and no information is known about the noise
distribution. More precisely, no assumption is made on the noise distribu-
tion and no samples are available to estimate it: the deconvolution problem is
solved based only on observations of the corrupted signal. We establish the
identifiability of the model up to translation when the signal has a Laplace
transform with an exponential growth ρ smaller than 2 and when it can be
decomposed into two dependent components. Then we propose an estimator
of the probability density function of the signal, which is consistent for any
unknown noise distribution with finite variance. We also prove rates of con-
vergence and, as the estimator depends on ρ which is usually unknown, we
propose a model selection procedure to obtain an adaptive estimator with the
same rate of convergence as the estimator with a known tail parameter. This
rate of convergence is known to be minimax when ρ = 1.
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Motivated by models for multiway comparison data, we consider the
problem of estimating a coordinatewise isotonic function on the domain
[0,1]d from noisy observations collected on a uniform lattice, but where the
design points have been permuted along each dimension. While the univari-
ate and bivariate versions of this problem have received significant attention,
our focus is on the multivariate case d ≥ 3. We study both the minimax risk
of estimation (in empirical L2 loss) and the fundamental limits of adaptation
(quantified by the adaptivity index) to a family of piecewise constant func-
tions. We provide a computationally efficient Mirsky partition estimator that
is minimax optimal while also achieving the smallest adaptivity index possi-
ble for polynomial time procedures. Thus, from a worst-case perspective and
in sharp contrast to the bivariate case, the latent permutations in the model
do not introduce significant computational difficulties over and above vanilla
isotonic regression. On the other hand, the fundamental limits of adaptation
are significantly different with and without unknown permutations: Assum-
ing a hardness conjecture from average-case complexity theory, a statistical-
computational gap manifests in the former case. In a complementary direc-
tion, we show that natural modifications of existing estimators fail to satisfy
at least one of the desiderata of optimal worst-case statistical performance,
computational efficiency and fast adaptation. Along the way to showing our
results, we improve adaptation results in the special case d = 2 and establish
some properties of estimators for vanilla isotonic regression, both of which
may be of independent interest.
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Methods of merging several p-values into a single p-value are important
in their own right and widely used in multiple hypothesis testing. This pa-
per is the first to systematically study the admissibility (in Wald’s sense) of
p-merging functions and their domination structure, without any information
on the dependence structure of the input p-values. As a technical tool, we use
the notion of e-values, which are alternatives to p-values recently promoted
by several authors. We obtain several results on the representation of admis-
sible p-merging functions via e-values and on (in)admissibility of existing p-
merging functions. By introducing new admissible p-merging functions, we
show that some classic merging methods can be strictly improved to enhance
power without compromising validity under arbitrary dependence.
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HIGH-DIMENSIONAL ASYMPTOTICS OF LIKELIHOOD RATIO TESTS IN
THE GAUSSIAN SEQUENCE MODEL UNDER CONVEX CONSTRAINTS

BY QIYANG HAN1, BODHISATTVA SEN2 AND YANDI SHEN3

1Department of Statistics, Rutgers University, qh85@stat.rutgers.edu
2Department of Statistics, Columbia University, bodhi@stat.columbia.edu

3Department of Statistics, University of Washington, ydshen@uw.edu

In the Gaussian sequence model Y = μ + ξ , we study the likelihood ra-
tio test (LRT) for testing H0 : μ = μ0 versus H1 : μ ∈ K , where μ0 ∈ K , and
K is a closed convex set in R

n. In particular, we show that under the null
hypothesis, normal approximation holds for the log-likelihood ratio statistic
for a general pair (μ0,K), in the high-dimensional regime where the estima-
tion error of the associated least squares estimator diverges in an appropriate
sense. The normal approximation further leads to a precise characterization of
the power behavior of the LRT in the high-dimensional regime. These charac-
terizations show that the power behavior of the LRT is in general nonuniform
with respect to the Euclidean metric, and illustrate the conservative nature
of existing minimax optimality and suboptimality results for the LRT. A va-
riety of examples, including testing in the orthant/circular cone, isotonic re-
gression, Lasso and testing parametric assumptions versus shape-constrained
alternatives, are worked out to demonstrate the versatility of the developed
theory.
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In this paper, we test whether two data sets measured on the same set of
subjects share a common clustering structure. As a leading example, we focus
on comparing clustering structures in two independent random samples from
two deterministic two-component mixtures of multivariate Gaussian distri-
butions. Mean parameters of these Gaussian distributions are treated as po-
tentially unknown nuisance parameters and are allowed to differ. Assuming
knowledge of mean parameters, we first determine the phase diagram of the
testing problem over the entire range of signal-to-noise ratios by providing
both lower bounds and tests that achieve them. When nuisance parameters are
unknown, we propose tests that achieve the detection boundary adaptively as
long as ambient dimensions of the data sets grow at a sublinear rate with the
sample size.
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In classical statistics, Pinsker’s theorem provides an exact asymptotic
minimax bound in nonparametric estimation, improving upon optimal rates
of convergence results. We obtain a quantum version of the theorem by estab-
lishing asymptotic minimax results for estimation of the displacement vector
in a quantum Gaussian white noise model, given by a sequence of shifted vac-
uum states. Analogous results are then obtained for estimation of a general
pure state from an ensemble of identically prepared, independent quantum
systems, using the recently established local asymptotic equivalence to the
quantum Gaussian white noise model. Optimality holds with respect to the
most fundamental distance measure for quantum states, that is, trace norm
distance, and in a true quantum sense, allowing for all possible measurements.
Adaptive estimators are also obtained for the above cases. As an application,
we obtain asymptotic minimax adaptive estimators for Wigner functions of
pure states.
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CANONICAL THRESHOLDING FOR NONSPARSE HIGH-DIMENSIONAL
LINEAR REGRESSION
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We consider a high-dimensional linear regression problem. Unlike many
papers on the topic, we do not require sparsity of the regression coefficients;
instead, our main structural assumption is a decay of eigenvalues of the co-
variance matrix of the data. We propose a new family of estimators, called
the canonical thresholding estimators, which pick largest regression coeffi-
cients in the canonical form. The estimators admit an explicit form and can be
linked to LASSO and Principal Component Regression (PCR). A theoretical
analysis for both fixed design and random design settings is provided. Ob-
tained bounds on the mean squared error and the prediction error of a specific
estimator from the family allow to clearly state sufficient conditions on the
decay of eigenvalues to ensure convergence. In addition, we promote the use
of the relative errors, strongly linked with the out-of-sample R2. The study
of these relative errors leads to a new concept of joint effective dimension,
which incorporates the covariance of the data and the regression coefficients
simultaneously, and describes the complexity of a linear regression problem.
Some minimax lower bounds are established to showcase the optimality of
our procedure. Numerical simulations confirm good performance of the pro-
posed estimators compared to the previously developed methods.
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In long-term follow-up studies, data are often collected on repeated mea-
sures of multivariate response variables as well as on time to the occurrence
of a certain event. To jointly analyze such longitudinal data and survival time,
we propose a general class of semiparametric latent-class models that accom-
modates a heterogeneous study population with flexible dependence struc-
tures between the longitudinal and survival outcomes. We combine nonpara-
metric maximum likelihood estimation with sieve estimation and devise an
efficient EM algorithm to implement the proposed approach. We establish
the asymptotic properties of the proposed estimators through novel use of
modern empirical process theory, sieve estimation theory and semiparamet-
ric efficiency theory. Finally, we demonstrate the advantages of the proposed
methods through extensive simulation studies and provide an application to
the Atherosclerosis Risk in Communities study.
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ROBUST SUB-GAUSSIAN ESTIMATION OF A MEAN VECTOR IN NEARLY
LINEAR TIME

BY JULES DEPERSIN* AND GUILLAUME LECUÉ†
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We construct an algorithm for estimating the mean of a heavy-tailed ran-
dom variable when given an adversarial corrupted sample of N independent
observations. The only assumption we make on the distribution of the non-
corrupted (or informative) data is the existence of a covariance matrix �,
unknown to the statistician. Our algorithm outputs μ̂, which is robust to the
presence of |O| adversarial outliers and satisfies

(1) ‖μ̂ − μ‖2 �
√

Tr(�)

N
+

√
‖�‖opK

N

with probability at least 1 − exp(−c0K) − exp(−c1u), and runtime Õ(Nd +
uKd) where K ∈ {600|O|, . . . ,N} and u ∈ N

∗ are two parameters of the
algorithm. The algorithm is fully data-dependent and does not use (1) in its
construction, which combines recently developed tools for median-of-means
estimators and covering semidefinite programming. We also show that this
algorithm can automatically adapt to the number of outliers (adaptive choice
of K) and that it satisfies the same bound in expectation.
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We consider the problem of estimating the distribution of time-to-event
data that is subject to censoring and for which the event of interest might
never occur, that is, some subjects are cured. To model this kind of data in
the presence of covariates, one of the leading semiparametric models is the
promotion time cure model (Stochastic Models of Tumor Latency and Their
Biostatistical Applications (1996) World Scientific), which adapts the Cox
model to the presence of cured subjects. Estimating the conditional distribu-
tion results in a complicated constrained optimization problem, and inference
is difficult as no closed-formula for the variance is available. We propose a
new model, inspired by the Cox model, that leads to a simple estimation pro-
cedure and that presents a closed formula for the variance. In this paper, we
show (i) that the new model contains as a special case the promotion time
cure model with an exponential link, and hence we have a simpler way to
estimate the latter model than what is done so far in the literature; (ii) that
in the latter special case, both estimators are equal to the partial likelihood
estimator under the usual Cox model; (iii) that the estimators under the new
model have certain asymptotic properties when the model is correct and when
it is misspecified; (iv) that the error of LASSO type estimators is of order√

log(nd)/n in the case of high-dimensional covariates with dimension d

and sample size n. We also study the practical behaviour of our estimation
procedure by means of simulations, and we apply our model and estimation
method to a breast cancer data set.
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Regression models with crossed random effect errors can be very expen-
sive to compute. The cost of both generalized least squares and Gibbs sam-
pling can easily grow as N3/2 (or worse) for N observations. Papaspiliopou-
los, Roberts and Zanella (Biometrika 107 (2020) 25–40) present a collapsed
Gibbs sampler that costs O(N), but under an extremely stringent sampling
model. We propose a backfitting algorithm to compute a generalized least
squares estimate and prove that it costs O(N). A critical part of the proof
is in ensuring that the number of iterations required is O(1), which follows
from keeping a certain matrix norm below 1 − δ for some δ > 0. Our condi-
tions are greatly relaxed compared to those for the collapsed Gibbs sampler,
though still strict. Empirically, the backfitting algorithm has a norm below
1 − δ under conditions that are less strict than those in our assumptions. We
illustrate the new algorithm on a ratings data set from Stitch Fix.

REFERENCES

BATES, D., MÄCHLER, M., BOLKER, B. and WALKER, S. (2015). Fitting linear mixed-effects models using
lme4. J. Stat. Softw. 67 1–48. https://doi.org/10.18637/jss.v067.i01

BUJA, A., HASTIE, T. and TIBSHIRANI, R. (1989). Linear smoothers and additive models. Ann. Statist. 17 453–
555. MR0994249 https://doi.org/10.1214/aos/1176347115

CAMERON, A. C., GELBACH, J. B. and MILLER, D. L. (2011). Robust inference with multiway clustering.
J. Bus. Econom. Statist. 29 238–249. MR2807878 https://doi.org/10.1198/jbes.2010.07136

GAO, K. (2017). Scalable estimation and inference for massive linear mixed models with crossed random effects.
Ph.D. thesis, Stanford Univ. MR4257222

GAO, K. and OWEN, A. (2017). Efficient moment calculations for variance components in large unbal-
anced crossed random effects models. Electron. J. Stat. 11 1235–1296. MR3635913 https://doi.org/10.1214/
17-EJS1236

GAO, K. and OWEN, A. B. (2020). Estimation and inference for very large linear mixed effects models. Statist.
Sinica 30 1741–1771. MR4260743 https://doi.org/10.5705/ss.202018.0029

GELMAN, A. (2006). Prior distributions for variance parameters in hierarchical models (comment on article by
Browne and Draper). Bayesian Anal. 1 515–533. MR2221284 https://doi.org/10.1214/06-BA117A

GELMAN, A. and HILL, J. (2006). Data Analysis Using Regression and Multilevel/Hierarchical Models. Cam-
bridge Univ. Press, Cambridge.

GELMAN, A. and SHIRLEY, K. (2011). Inference from simulations and monitoring convergence. In Handbook of
Markov Chain Monte Carlo. Chapman & Hall/CRC Handb. Mod. Stat. Methods 163–174. CRC Press, Boca
Raton, FL. MR2858448 https://doi.org/10.1201/b10905

GOODMAN, J. and SOKAL, A. D. (1989). Multigrid Monte Carlo method. Conceptual foundations. Phys. Rev.
D, Part. Fields 40 2035–2071. https://doi.org/10.1103/physrevd.40.2035

HASTIE, T. J. and TIBSHIRANI, R. J. (1990). Generalized Additive Models. Monographs on Statistics and Ap-
plied Probability 43. CRC Press, London. MR1082147

OWEN, A. B. (2007). The pigeonhole bootstrap. Ann. Appl. Stat. 1 386–411. MR2415741 https://doi.org/10.1214/
07-AOAS122

PAPASPILIOPOULOS, O., ROBERTS, G. O. and ZANELLA, G. (2020). Scalable inference for crossed random
effects models. Biometrika 107 25–40. MR4064138 https://doi.org/10.1093/biomet/asz058

R CORE TEAM (2015). R: A Language and Environment for Statistical Computing. R Foundation for Statistical
Computing, Vienna, Austria.

MSC2020 subject classifications. Primary 62J05; secondary 65C60.
Key words and phrases. Collapsed Gibbs sampler, mixed effect models, generalized least squares.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/21-AOS2121
http://www.imstat.org
mailto:raswa281@stanford.edu
mailto:hastie@stanford.edu
mailto:owen@stanford.edu
https://doi.org/10.18637/jss.v067.i01
http://www.ams.org/mathscinet-getitem?mr=0994249
https://doi.org/10.1214/aos/1176347115
http://www.ams.org/mathscinet-getitem?mr=2807878
https://doi.org/10.1198/jbes.2010.07136
http://www.ams.org/mathscinet-getitem?mr=4257222
http://www.ams.org/mathscinet-getitem?mr=3635913
https://doi.org/10.1214/17-EJS1236
http://www.ams.org/mathscinet-getitem?mr=4260743
https://doi.org/10.5705/ss.202018.0029
http://www.ams.org/mathscinet-getitem?mr=2221284
https://doi.org/10.1214/06-BA117A
http://www.ams.org/mathscinet-getitem?mr=2858448
https://doi.org/10.1201/b10905
https://doi.org/10.1103/physrevd.40.2035
http://www.ams.org/mathscinet-getitem?mr=1082147
http://www.ams.org/mathscinet-getitem?mr=2415741
https://doi.org/10.1214/07-AOAS122
http://www.ams.org/mathscinet-getitem?mr=4064138
https://doi.org/10.1093/biomet/asz058
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/17-EJS1236
https://doi.org/10.1214/07-AOAS122


ROBERTS, G. O. and SAHU, S. K. (1997). Updating schemes, correlation structure, blocking and parameter-
ization for the Gibbs sampler. J. Roy. Statist. Soc. Ser. B 59 291–317. MR1440584 https://doi.org/10.1111/
1467-9868.00070

ROBINSON, G. K. (1991). That BLUP is a good thing: The estimation of random effects. Statist. Sci. 6 15–51.
MR1108815

SEARLE, S. R., CASELLA, G. and MCCULLOCH, C. E. (1992). Variance Components. Wiley Series in
Probability and Mathematical Statistics: Applied Probability and Statistics. Wiley, New York. MR1190470
https://doi.org/10.1002/9780470316856

STRASSEN, V. (1969). Gaussian elimination is not optimal. Numer. Math. 13 354–356. MR0248973
https://doi.org/10.1007/BF02165411

VATS, D., FLEGAL, J. M. and JONES, G. L. (2019). Multivariate output analysis for Markov chain Monte Carlo.
Biometrika 106 321–337. MR3949306 https://doi.org/10.1093/biomet/asz002

http://www.ams.org/mathscinet-getitem?mr=1440584
https://doi.org/10.1111/1467-9868.00070
http://www.ams.org/mathscinet-getitem?mr=1108815
http://www.ams.org/mathscinet-getitem?mr=1190470
https://doi.org/10.1002/9780470316856
http://www.ams.org/mathscinet-getitem?mr=0248973
https://doi.org/10.1007/BF02165411
http://www.ams.org/mathscinet-getitem?mr=3949306
https://doi.org/10.1093/biomet/asz002
https://doi.org/10.1111/1467-9868.00070


The Annals of Statistics
2022, Vol. 50, No. 1, 584–613
https://doi.org/10.1214/21-AOS2123
© Institute of Mathematical Statistics, 2022

TENSOR CLUSTERING WITH PLANTED STRUCTURES: STATISTICAL
OPTIMALITY AND COMPUTATIONAL LIMITS

BY YUETIAN LUO1,* AND ANRU R. ZHANG1,2,†

1Department of Statistics, University of Wisconsin-Madison, *yluo86@wisc.edu
2Department of Biostatistics & Bioinformatics, Duke University, †anru.zhang@duke.edu

This paper studies the statistical and computational limits of high-
order clustering with planted structures. We focus on two clustering models,
constant high-order clustering (CHC) and rank-one higher-order clustering
(ROHC), and study the methods and theory for testing whether a cluster ex-
ists (detection) and identifying the support of cluster (recovery).

Specifically, we identify the sharp boundaries of signal-to-noise ratio for
which CHC and ROHC detection/recovery are statistically possible. We also
develop the tight computational thresholds: when the signal-to-noise ratio
is below these thresholds, we prove that polynomial-time algorithms cannot
solve these problems under the computational hardness conjectures of hyper-
graphic planted clique (HPC) detection and hypergraphic planted dense sub-
graph (HPDS) recovery. We also propose polynomial-time tensor algorithms
that achieve reliable detection and recovery when the signal-to-noise ratio is
above these thresholds. Both sparsity and tensor structures yield the compu-
tational barriers in high-order tensor clustering. The interplay between them
results in significant differences between high-order tensor clustering and ma-
trix clustering in literature in aspects of statistical and computational phase
transition diagrams, algorithmic approaches, hardness conjecture, and proof
techniques. To our best knowledge, we are the first to give a thorough char-
acterization of the statistical and computational trade-off for such a double
computational-barrier problem. Finally, we provide evidence for the compu-
tational hardness conjectures of HPC detection (via low-degree polynomial
and Metropolis methods) and HPDS recovery (via low-degree polynomial
method).
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CHLAMTÁČ, E., DINITZ, M. and MAKARYCHEV, Y. (2017). Minimizing the union: Tight approximations
for small set bipartite vertex expansion. In Proceedings of the Twenty-Eighth Annual ACM-SIAM Sym-
posium on Discrete Algorithms 881–899. SIAM, Philadelphia, PA. MR3627785 https://doi.org/10.1137/1.
9781611974782.56

http://www.ams.org/mathscinet-getitem?mr=3945259
https://doi.org/10.1137/17M1138236
http://www.ams.org/mathscinet-getitem?mr=3127849
https://doi.org/10.1214/13-AOS1127
http://www.ams.org/mathscinet-getitem?mr=0498256
https://doi.org/10.1017/S0305004100053056
http://arxiv.org/abs/arXiv:1908.06130
http://www.ams.org/mathscinet-getitem?mr=2586410
https://doi.org/10.1016/j.cor.2007.01.005
http://www.ams.org/mathscinet-getitem?mr=3160567
https://doi.org/10.3150/12-BEJ470
http://www.ams.org/mathscinet-getitem?mr=3374872
https://doi.org/10.1051/ps/2014017
http://www.ams.org/mathscinet-getitem?mr=3670183
https://doi.org/10.1214/16-AOS1488
http://www.ams.org/mathscinet-getitem?mr=4124336
https://doi.org/10.1214/19-AOS1860
http://www.ams.org/mathscinet-getitem?mr=3775143
https://doi.org/10.1137/16M1075144
http://www.ams.org/mathscinet-getitem?mr=3047651
https://doi.org/10.1073/pnas.1302293110
http://arxiv.org/abs/arXiv:1802.06361
http://www.ams.org/mathscinet-getitem?mr=3342311
https://doi.org/10.1109/TIT.2015.2415195
http://www.ams.org/mathscinet-getitem?mr=3632347
https://doi.org/10.1111/biom.12540
http://www.ams.org/mathscinet-getitem?mr=3186664
http://www.ams.org/mathscinet-getitem?mr=3627785
https://doi.org/10.1137/1.9781611974782.56
https://doi.org/10.1051/ps/2014017
https://doi.org/10.1137/1.9781611974782.56


CHLAMTÁC, E. and MANURANGSI, P. (2018). Sherali-Adams integrality gaps matching the log-density thresh-
old. In Approximation, Randomization, and Combinatorial Optimization. Algorithms and Techniques (AP-
PROX/RANDOM 2018) Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik.

CICHOCKI, A., MANDIC, D., DE LATHAUWER, L., ZHOU, G., ZHAO, Q., CAIAFA, C. and PHAN, H. A.
(2015). Tensor decompositions for signal processing applications: From two-way to multiway component
analysis. IEEE Signal Process. Mag. 32 145–163.

DE LATHAUWER, L., DE MOOR, B. and VANDEWALLE, J. (2000a). A multilinear singular value decomposition.
SIAM J. Matrix Anal. Appl. 21 1253–1278. MR1780272 https://doi.org/10.1137/S0895479896305696

DE LATHAUWER, L., DE MOOR, B. and VANDEWALLE, J. (2000b). On the best rank-1 and rank-
(R1,R2, . . . ,RN) approximation of higher-order tensors. SIAM J. Matrix Anal. Appl. 21 1324–1342.
MR1780276 https://doi.org/10.1137/S0895479898346995

DEKEL, Y., GUREL-GUREVICH, O. and PERES, Y. (2014). Finding hidden cliques in linear time with high
probability. Combin. Probab. Comput. 23 29–49. MR3197965 https://doi.org/10.1017/S096354831300045X

DESHPANDE, Y. and MONTANARI, A. (2015a). Finding hidden cliques of size
√

N/e in nearly linear time.
Found. Comput. Math. 15 1069–1128. MR3371378 https://doi.org/10.1007/s10208-014-9215-y

DESHPANDE, Y. and MONTANARI, A. (2015b). Improved sum-of-squares lower bounds for hidden clique and
hidden submatrix problems. In Conference on Learning Theory 523–562.

DIAKONIKOLAS, I., KANE, D. M. and STEWART, A. (2017). Statistical query lower bounds for robust estimation
of high-dimensional Gaussians and Gaussian mixtures (extended abstract). In 58th Annual IEEE Symposium on
Foundations of Computer Science—FOCS 2017 73–84. IEEE Computer Soc., Los Alamitos, CA. MR3734219
https://doi.org/10.1109/FOCS.2017.16

DIAKONIKOLAS, I., KONG, W. and STEWART, A. (2019). Efficient algorithms and lower bounds for robust linear
regression. In Proceedings of the Thirtieth Annual ACM-SIAM Symposium on Discrete Algorithms 2745–2754.
SIAM, Philadelphia, PA. MR3909639 https://doi.org/10.1137/1.9781611975482.170

DING, Y., KUNISKY, D., WEIN, A. S. and BANDEIRA, A. S. (2019). Subexponential-time algorithms for sparse
PCA. ArXiv preprint. Available at arXiv:1907.11635.

DING, Y., KUNISKY, D., WEIN, A. S. and BANDEIRA, A. S. (2020). The average-case time complexity of
certifying the restricted isometry property. ArXiv preprint. Available at arXiv:2005.11270.

DONOHO, D. L., MALEKI, A. and MONTANARI, A. (2009). Message-passing algorithms for compressed sens-
ing. Proc. Natl. Acad. Sci. USA 106 18914–18919.

DUDEJA, R. and HSU, D. (2021). Statistical query lower bounds for tensor PCA. J. Mach. Learn. Res. 22 83.
MR4253776

FAN, J., LIU, H., WANG, Z. and YANG, Z. (2018). Curse of heterogeneity: Computational barriers in sparse
mixture models and phase retrieval. ArXiv preprint. Available at arXiv:1808.06996.

FAUST, K., SATHIRAPONGSASUTI, J. F., IZARD, J., SEGATA, N., GEVERS, D., RAES, J. and HUTTENHOWER,
C. (2012). Microbial co-occurrence relationships in the human microbiome. PLoS Comput. Biol. 8 e1002606.

FEIGE, U. and KRAUTHGAMER, R. (2000). Finding and certifying a large hidden clique in a semirandom graph.
Random Structures Algorithms 16 195–208. MR1742351 https://doi.org/10.1002/(SICI)1098-2418(200003)
16:2<195::AID-RSA5>3.3.CO;2-1

FEIZI, S., JAVADI, H. and TSE, D. (2017). Tensor biclustering. In Advances in Neural Information Processing
Systems 1311–1320.

FELDMAN, V., PERKINS, W. and VEMPALA, S. (2018). On the complexity of random satisfiability problems
with planted solutions. SIAM J. Comput. 47 1294–1338. MR3827195 https://doi.org/10.1137/16M1078471

FELDMAN, V., GRIGORESCU, E., REYZIN, L., VEMPALA, S. S. and XIAO, Y. (2017). Statistical algorithms and
a lower bound for detecting planted cliques. J. ACM 64 8. MR3664576 https://doi.org/10.1145/3046674

FLORES, G. E., CAPORASO, J. G., HENLEY, J. B., RIDEOUT, J. R., DOMOGALA, D., CHASE, J., LEFF, J.
W., VÁZQUEZ-BAEZA, Y., GONZALEZ, A. et al. (2014). Temporal variability is a personalized feature of the
human microbiome. Genome Biol. 15 531. https://doi.org/10.1186/s13059-014-0531-y

GAMARNIK, D. and SUDAN, M. (2014). Limits of local algorithms over sparse random graphs [extended ab-
stract]. In ITCS’14—Proceedings of the 2014 Conference on Innovations in Theoretical Computer Science
369–375. ACM, New York. MR3359490

GAMARNIK, D. and ZADIK, I. (2019). The landscape of the planted clique problem: Dense subgraphs and the
overlap gap property. ArXiv preprint. Available at arXiv:1904.07174.

GAO, C., MA, Z. and ZHOU, H. H. (2017). Sparse CCA: Adaptive estimation and computational barriers. Ann.
Statist. 45 2074–2101. MR3718162 https://doi.org/10.1214/16-AOS1519

GHOSHDASTIDAR, D. and DUKKIPATI, A. (2017). Consistency of spectral hypergraph partitioning under planted
partition model. Ann. Statist. 45 289–315. MR3611493 https://doi.org/10.1214/16-AOS1453

HAJEK, B., WU, Y. and XU, J. (2015). Computational lower bounds for community detection on random graphs.
In Conference on Learning Theory 899–928.

http://www.ams.org/mathscinet-getitem?mr=1780272
https://doi.org/10.1137/S0895479896305696
http://www.ams.org/mathscinet-getitem?mr=1780276
https://doi.org/10.1137/S0895479898346995
http://www.ams.org/mathscinet-getitem?mr=3197965
https://doi.org/10.1017/S096354831300045X
http://www.ams.org/mathscinet-getitem?mr=3371378
https://doi.org/10.1007/s10208-014-9215-y
http://www.ams.org/mathscinet-getitem?mr=3734219
https://doi.org/10.1109/FOCS.2017.16
http://www.ams.org/mathscinet-getitem?mr=3909639
https://doi.org/10.1137/1.9781611975482.170
http://arxiv.org/abs/arXiv:1907.11635
http://arxiv.org/abs/arXiv:2005.11270
http://www.ams.org/mathscinet-getitem?mr=4253776
http://arxiv.org/abs/arXiv:1808.06996
http://www.ams.org/mathscinet-getitem?mr=1742351
https://doi.org/10.1002/(SICI)1098-2418(200003)16:2<195::AID-RSA5>3.3.CO;2-1
http://www.ams.org/mathscinet-getitem?mr=3827195
https://doi.org/10.1137/16M1078471
http://www.ams.org/mathscinet-getitem?mr=3664576
https://doi.org/10.1145/3046674
https://doi.org/10.1186/s13059-014-0531-y
http://www.ams.org/mathscinet-getitem?mr=3359490
http://arxiv.org/abs/arXiv:1904.07174
http://www.ams.org/mathscinet-getitem?mr=3718162
https://doi.org/10.1214/16-AOS1519
http://www.ams.org/mathscinet-getitem?mr=3611493
https://doi.org/10.1214/16-AOS1453
https://doi.org/10.1002/(SICI)1098-2418(200003)16:2<195::AID-RSA5>3.3.CO;2-1


HAJEK, B., WU, Y. and XU, J. (2016). Information limits for recovering a hidden community. In 2016 IEEE
International Symposium on Information Theory (ISIT) 1894–1898. IEEE, Los Alamitos.

HAN, R., WILLETT, R. and ZHANG, A. (2020). An optimal statistical and computational framework for gener-
alized tensor estimation. ArXiv preprint. Available at arXiv:2002.11255.

HENRIQUES, R. and MADEIRA, S. C. (2019). Triclustering algorithms for three-dimensional data analysis: A
comprehensive survey. ACM Comput. Surv. 51 95.

HILLAR, C. J. and LIM, L.-H. (2013). Most tensor problems are NP-hard. J. ACM 60 45. MR3144915
https://doi.org/10.1145/2512329

HOPKINS, S. B. K. (2018). Statistical inference and the sum of squares method.
HOPKINS, S. B., SHI, J. and STEURER, D. (2015). Tensor principal component analysis via sum-of-square

proofs. In Conference on Learning Theory 956–1006.
HOPKINS, S. B. and STEURER, D. (2017). Efficient Bayesian estimation from few samples: Community de-

tection and related problems. In 58th Annual IEEE Symposium on Foundations of Computer Science—FOCS
2017 379–390. IEEE Computer Soc., Los Alamitos, CA. MR3734245 https://doi.org/10.1109/FOCS.2017.42

HOPKINS, S. B., KOTHARI, P. K., POTECHIN, A., RAGHAVENDRA, P., SCHRAMM, T. and STEURER, D.
(2017). The power of sum-of-squares for detecting hidden structures. In 58th Annual IEEE Symposium
on Foundations of Computer Science—FOCS 2017 720–731. IEEE Computer Soc., Los Alamitos, CA.
MR3734275 https://doi.org/10.1109/FOCS.2017.72

JERRUM, M. (1992). Large cliques elude the Metropolis process. Random Structures Algorithms 3 347–359.
MR1179827 https://doi.org/10.1002/rsa.3240030402

JI, L., TAN, K.-L. and TUNG, A. K. (2006). Mining frequent closed cubes in 3D datasets. In Proceedings of the
32nd International Conference on Very Large Data Bases 811–822. VLDB Endowment.

JIANG, D., PEI, J., RAMANATHAN, M., TANG, C. and ZHANG, A. (2004). Mining coherent gene clusters from
gene-sample-time microarray data. In Proceedings of the Tenth ACM SIGKDD International Conference on
Knowledge Discovery and Data Mining 430–439. ACM, New York.

KANNAN, R. and VEMPALA, S. (2017). The hidden hubs problem. In Conference on Learning Theory 1190–
1213.

KIM, C., BANDEIRA, A. S. and GOEMANS, M. X. (2017). Community detection in hypergraphs, spiked ten-
sor models, and sum-of-squares. In 2017 International Conference on Sampling Theory and Applications
(SampTA) 124–128. IEEE, Los Alamitos.

KOIRAN, P. and ZOUZIAS, A. (2014). Hidden cliques and the certification of the restricted isometry property.
IEEE Trans. Inf. Theory 60 4999–5006. MR3245368 https://doi.org/10.1109/TIT.2014.2331341

KOLAR, M., BALAKRISHNAN, S., RINALDO, A. and SINGH, A. (2011). Minimax localization of structural
information in large noisy matrices. In Advances in Neural Information Processing Systems 909–917.

KOLDA, T. G. and BADER, B. W. (2009). Tensor decompositions and applications. SIAM Rev. 51 455–500.
MR2535056 https://doi.org/10.1137/07070111X

KUNISKY, D., WEIN, A. S. and BANDEIRA, A. S. (2019). Notes on computational hardness of hypothesis
testing: Predictions using the low-degree likelihood ratio. ArXiv preprint. Available at arXiv:1907.11636.

LESIEUR, T., MIOLANE, L., LELARGE, M., KRZAKALA, F. and ZDEBOROVÁ, L. (2017). Statistical and compu-
tational phase transitions in spiked tensor estimation. In 2017 IEEE International Symposium on Information
Theory (ISIT) 511–515. IEEE, Los Alamitos.

LI, A. and TUCK, D. (2009). An effective tri-clustering algorithm combining expression data with gene regulation
information. Gene Regul. Syst. Biol. 3 49–64. https://doi.org/10.4137/grsb.s1150

LÖFFLER, M., WEIN, A. S. and BANDEIRA, A. S. (2020). Computationally efficient sparse clustering. ArXiv
preprint. Available at arXiv:2005.10817.

LUO, Y. and ZHANG, A. R. (2020a). Open problem: Average-case hardness of hypergraphic planted clique
detection. Conf. Learn. Theory 125 3852–3856.

LUO, Y. and ZHANG, A. R. (2022b). Supplement to “Tensor clustering with planted structures: Statistical opti-
mality and computational limits.” https://doi.org/10.1214/21-AOS2123SUPP

MA, T. and WIGDERSON, A. (2015). Sum-of-squares lower bounds for sparse PCA. In Advances in Neural
Information Processing Systems 1612–1620.

MA, Z. and WU, Y. (2015). Computational barriers in minimax submatrix detection. Ann. Statist. 43 1089–1116.
MR3346698 https://doi.org/10.1214/14-AOS1300

MADEIRA, S. C. and OLIVEIRA, A. L. (2004). Biclustering algorithms for biological data analysis: A survey.
IEEE/ACM Trans. Comput. Biol. Bioinform. 1 24–45.

MANKAD, S. and MICHAILIDIS, G. (2014). Biclustering three-dimensional data arrays with plaid models. J.
Comput. Graph. Statist. 23 943–965. MR3270705 https://doi.org/10.1080/10618600.2013.851608

MCSHERRY, F. (2001). Spectral partitioning of random graphs. In 42nd IEEE Symposium on Foundations of
Computer Science (Las Vegas, NV, 2001) 529–537. IEEE Computer Soc., Los Alamitos, CA. MR1948742

http://arxiv.org/abs/arXiv:2002.11255
http://www.ams.org/mathscinet-getitem?mr=3144915
https://doi.org/10.1145/2512329
http://www.ams.org/mathscinet-getitem?mr=3734245
https://doi.org/10.1109/FOCS.2017.42
http://www.ams.org/mathscinet-getitem?mr=3734275
https://doi.org/10.1109/FOCS.2017.72
http://www.ams.org/mathscinet-getitem?mr=1179827
https://doi.org/10.1002/rsa.3240030402
http://www.ams.org/mathscinet-getitem?mr=3245368
https://doi.org/10.1109/TIT.2014.2331341
http://www.ams.org/mathscinet-getitem?mr=2535056
https://doi.org/10.1137/07070111X
http://arxiv.org/abs/arXiv:1907.11636
https://doi.org/10.4137/grsb.s1150
http://arxiv.org/abs/arXiv:2005.10817
https://doi.org/10.1214/21-AOS2123SUPP
http://www.ams.org/mathscinet-getitem?mr=3346698
https://doi.org/10.1214/14-AOS1300
http://www.ams.org/mathscinet-getitem?mr=3270705
https://doi.org/10.1080/10618600.2013.851608
http://www.ams.org/mathscinet-getitem?mr=1948742


MEKA, R., POTECHIN, A. and WIGDERSON, A. (2015). Sum-of-squares lower bounds for planted clique [ex-
tended abstract]. In STOC’15—Proceedings of the 2015 ACM Symposium on Theory of Computing 87–96.
ACM, New York. MR3388186

MONTANARI, A. (2015). Finding one community in a sparse graph. J. Stat. Phys. 161 273–299. MR3401018
https://doi.org/10.1007/s10955-015-1338-2

NILES-WEED, J. and ZADIK, I. (2020). The all-or-nothing phenomenon in sparse tensor PCA. Adv. Neural Inf.
Process. Syst. 33.

PERRY, A., WEIN, A. S. and BANDEIRA, A. S. (2020). Statistical limits of spiked tensor models. Ann. Inst.
Henri Poincaré Probab. Stat. 56 230–264. MR4058987 https://doi.org/10.1214/19-AIHP960

RAGHAVENDRA, P., SCHRAMM, T. and STEURER, D. (2018). High-dimensional estimation via sum-of-squares
proofs. ArXiv preprint. Available at arXiv:1807.11419.

RICHARD, E. and MONTANARI, A. (2014). A statistical model for tensor PCA. In Advances in Neural Informa-
tion Processing Systems 2897–2905.

RON, D. and FEIGE, U. (2010). Finding hidden cliques in linear time. Discrete Math. Theor. Comput. Sci..
ROSSMAN, B. (2008). On the constant-depth complexity of k-clique. In STOC’08 721–730. ACM, New York.

MR2582693 https://doi.org/10.1145/1374376.1374480
ROSSMAN, B. (2014). The monotone complexity of k-clique on random graphs. SIAM J. Comput. 43 256–279.

MR3166976 https://doi.org/10.1137/110839059
SCHRAMM, T. and WEIN, A. S. (2020). Computational barriers to estimation from low-degree polynomials.

ArXiv preprint. Available at arXiv:2008.02269.
SIM, K., AUNG, Z. and GOPALKRISHNAN, V. (2010). Discovering correlated subspace clusters in 3D continuous-

valued data. In 2010 IEEE International Conference on Data Mining 471–480. IEEE, Los Alamitos.
SUN, X. and NOBEL, A. B. (2013). On the maximal size of large-average and ANOVA-fit submatrices in a

Gaussian random matrix. Bernoulli 19 275–294. MR3019495 https://doi.org/10.3150/11-BEJ394
SUN, W. W., LU, J., LIU, H. and CHENG, G. (2017). Provable sparse tensor decomposition. J. R. Stat. Soc. Ser.

B. Stat. Methodol. 79 899–916. MR3641413 https://doi.org/10.1111/rssb.12190
TANAY, A., SHARAN, R. and SHAMIR, R. (2002). Discovering statistically significant biclusters in gene expres-

sion data. Bioinformatics 18 S136–S144.
VERZELEN, N. and ARIAS-CASTRO, E. (2015). Community detection in sparse random networks. Ann. Appl.

Probab. 25 3465–3510. MR3404642 https://doi.org/10.1214/14-AAP1080
WANG, T., BERTHET, Q. and PLAN, Y. (2016). Average-case hardness of RIP certification. In Advances in Neural

Information Processing Systems 3819–3827.
WANG, T., BERTHET, Q. and SAMWORTH, R. J. (2016). Statistical and computational trade-offs in estimation of

sparse principal components. Ann. Statist. 44 1896–1930. MR3546438 https://doi.org/10.1214/15-AOS1369
WANG, M., FISCHER, J. and SONG, Y. S. (2019). Three-way clustering of multi-tissue multi-individual gene

expression data using semi-nonnegative tensor decomposition. Ann. Appl. Stat. 13 1103–1127. MR3963564
https://doi.org/10.1214/18-AOAS1228

WANG, Z., GU, Q. and LIU, H. (2015). Sharp computational-statistical phase transitions via oracle computational
model. ArXiv preprint. Available at arXiv:1512.08861.

WEIN, A. S., EL ALAOUI, A. and MOORE, C. (2019). The Kikuchi hierarchy and tensor PCA. In 2019 IEEE
60th Annual Symposium on Foundations of Computer Science 1446–1468. IEEE Comput. Soc. Press, Los
Alamitos, CA. MR4228236

WU, Y. and XU, J. (2021). Statistical problems with planted structures: Information-theoretical and computa-
tional limits. Inf. Theor. Methods Data Sci. 383.

XIA, D. and ZHOU, F. (2019). The sup-norm perturbation of HOSVD and low rank tensor denoising. J. Mach.
Learn. Res. 20 61. MR3960915

ZHANG, T. and GOLUB, G. H. (2001). Rank-one approximation to high order tensors. SIAM J. Matrix Anal.
Appl. 23 534–550. MR1871328 https://doi.org/10.1137/S0895479899352045

ZHANG, A. and HAN, R. (2019). Optimal sparse singular value decomposition for high-dimensional high-order
data. J. Amer. Statist. Assoc. 114 1708–1725. MR4047294 https://doi.org/10.1080/01621459.2018.1527227

ZHANG, A. and XIA, D. (2018). Tensor SVD: Statistical and computational limits. IEEE Trans. Inf. Theory 64
7311–7338. MR3876445 https://doi.org/10.1109/TIT.2018.2841377

http://www.ams.org/mathscinet-getitem?mr=3388186
http://www.ams.org/mathscinet-getitem?mr=3401018
https://doi.org/10.1007/s10955-015-1338-2
http://www.ams.org/mathscinet-getitem?mr=4058987
https://doi.org/10.1214/19-AIHP960
http://arxiv.org/abs/arXiv:1807.11419
http://www.ams.org/mathscinet-getitem?mr=2582693
https://doi.org/10.1145/1374376.1374480
http://www.ams.org/mathscinet-getitem?mr=3166976
https://doi.org/10.1137/110839059
http://arxiv.org/abs/arXiv:2008.02269
http://www.ams.org/mathscinet-getitem?mr=3019495
https://doi.org/10.3150/11-BEJ394
http://www.ams.org/mathscinet-getitem?mr=3641413
https://doi.org/10.1111/rssb.12190
http://www.ams.org/mathscinet-getitem?mr=3404642
https://doi.org/10.1214/14-AAP1080
http://www.ams.org/mathscinet-getitem?mr=3546438
https://doi.org/10.1214/15-AOS1369
http://www.ams.org/mathscinet-getitem?mr=3963564
https://doi.org/10.1214/18-AOAS1228
http://arxiv.org/abs/arXiv:1512.08861
http://www.ams.org/mathscinet-getitem?mr=4228236
http://www.ams.org/mathscinet-getitem?mr=3960915
http://www.ams.org/mathscinet-getitem?mr=1871328
https://doi.org/10.1137/S0895479899352045
http://www.ams.org/mathscinet-getitem?mr=4047294
https://doi.org/10.1080/01621459.2018.1527227
http://www.ams.org/mathscinet-getitem?mr=3876445
https://doi.org/10.1109/TIT.2018.2841377





