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CONVERGENCE OF DE FINETTI’S MIXING MEASURE IN LATENT

STRUCTURE MODELS FOR OBSERVED EXCHANGEABLE SEQUENCES

(1]

(2]
(3]

(4]
(3]
(6]

(7]

(8]
(9]

BY YUN WEI!"? AND XUANLONG NGUYEN%P

lDepartment of Mathematics, University of Michigan, *cloudwei@umich.edu

2Department of Statistics, University of Michigan, bxuanlong@ umich.edu

Mixtures of product distributions are a powerful device for learning about
heterogeneity within data populations. In this class of latent structure models,
de Finetti’s mixing measure plays the central role for describing the uncer-
tainty about the latent parameters representing heterogeneity. In this paper,
posterior contraction theorems for de Finetti’s mixing measure arising from
finite mixtures of product distributions will be established; under the setting
the number of exchangeable sequences of observed variables increases while
sequence length(s) may be either fixed or varied. The role of both the num-
ber of sequences and the sequence lengths will be carefully examined. In or-
der to obtain concrete rates of convergence, a first-order identifiability theory
for finite mixture models and a family of sharp inverse bounds for mixtures
of product distributions will be developed via a harmonic analysis of such
latent structure models. This theory is applicable to broad classes of proba-
bility kernels composing the mixture model of product distributions for both
continuous and discrete domain X. Examples of interest include the case the
probability kernel is only weakly identifiable in the sense of (Ann. Statist. 44
(2016) 2726-2755), the case where the kernel is itself a mixture distribution
as in hierarchical models, and the case the kernel may not have a density with
respect to a dominating measure on an abstract domain X, such as Dirichlet
processes.
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DETECTING MULTIPLE REPLICATING SIGNALS USING ADAPTIVE
FILTERING PROCEDURES

BY JINGSHU WANG!2, LIN Gui!:?, WEDJIE J. SU%¢, CHIARA SABATTI>'d AND
ART B. OWEN>-¢

lDe‘partment of Statistics, The University of Chicago, ®jingshuw @uchicago.edu, b glin6@uchicago.edu
2Department of Statistics and Data Science, University of Pennsylvania, ©suw@wharton.upenn.edu
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Replicability is a fundamental quality of scientific discoveries: we are
interested in those signals that are detectable in different laboratories, dif-
ferent populations, across time etc. Unlike meta-analysis which accounts for
experimental variability but does not guarantee replicability, testing a partial
conjunction (PC) null aims specifically to identify the signals that are discov-
ered in multiple studies. In many contemporary applications, for example,
comparing multiple high-throughput genetic experiments, a large number M
of PC nulls need to be tested simultaneously, calling for a multiple compar-
isons correction. However, standard multiple testing adjustments on the M
PC p-values can be severely conservative, especially when M is large and
the signals are sparse. We introduce AdaFilter, a new multiple testing proce-
dure that increases power by adaptively filtering out unlikely candidates of
PC nulls. We prove that AdaFilter can control FWER and FDR as long as
data across studies are independent, and has much higher power than other
existing methods. We illustrate the application of AdaFilter with three exam-
ples: microarray studies of Duchenne muscular dystrophy, single-cell RNA
sequencing of T cells in lung cancer tumors and GWAS for metabolomics.
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We study signal detection by likelihood ratio tests in a number of spiked
random matrix models, including but not limited to Gaussian mixtures and
spiked Wishart covariance matrices. We work directly with multi-spiked
cases in these models and with flexible priors on signal components that al-
low dependence across spikes. We derive asymptotic normality for the log-
likelihood ratios when the signal-to-noise ratios are below certain bounds.
In addition, the log-likelihood ratios can be asymptotically decomposed as
weighted sums of a collection of statistics which we call bipartite signed cy-
cles. Based on this decomposition, we show that below the bounds we could
always achieve the asymptotically optimal powers of likelihood ratio tests via
tests based on linear spectral statistics which have polynomial time complex-

ity.
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Rank correlations have found many innovative applications in the last
decade. In particular, suitable rank correlations have been used for consistent
tests of independence between pairs of random variables. Using ranks is espe-
cially appealing for continuous data as tests become distribution-free. How-
ever, the traditional concept of ranks relies on ordering data and is, thus, tied
to univariate observations. As a result, it has long remained unclear how one
may construct distribution-free yet consistent tests of independence between
random vectors. This is the problem addressed in this paper, in which we lay
out a general framework for designing dependence measures that give tests
of multivariate independence that are not only consistent and distribution-free
but which we also prove to be statistically efficient. Our framework leverages
the recently introduced concept of center-outward ranks and signs, a mul-
tivariate generalization of traditional ranks, and adopts a common standard
form for dependence measures that encompasses many popular examples.
In a unified study, we derive a general asymptotic representation of center-
outward rank-based test statistics under independence, extending to the mul-
tivariate setting the classical Hdjek asymptotic representation results. This
representation permits direct calculation of limiting null distributions and fa-
cilitates a local power analysis that provides strong support for the center-
outward approach by establishing, for the first time, the nontrivial power of
center-outward rank-based tests over root-n neighborhoods within the class
of quadratic mean differentiable alternatives.
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A distributional symmetry is invariance of a distribution under a group of
transformations. Exchangeability and stationarity are examples. We explain
that a result of ergodic theory implies a law of large numbers for such in-
variant distributions: If the group satisfies suitable conditions, expectations
can be estimated by averaging over subsets of transformations, and these es-
timators are strongly consistent. We show that, if a mixing condition holds,
the averages also satisfy a central limit theorem, a Berry—Esseen bound, and
concentration. These are extended further to apply to triangular arrays, to ran-
domly subsampled averages, and to a generalization of U-statistics. As appli-
cations, we obtain a general limit theorem for exchangeable random struc-
tures, and new results on stationary random fields, network models, and a
class of marked point processes. We also establish asymptotic normality of
the empirical entropy for a large class of processes. Some known results are
recovered as special cases, and can hence be interpreted as an outcome of
symmetry. The proofs adapt Stein’s method.
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DISTRIBUTED ADAPTIVE GAUSSIAN MEAN ESTIMATION WITH
UNKNOWN VARIANCE: INTERACTIVE PROTOCOL HELPS ADAPTATION

BY T. TONY CAI* AND HONGJI WEIP
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Distributed estimation of a Gaussian mean with unknown variance under
communication constraints is studied. Necessary and sufficient communica-
tion costs under different types of distributed protocols are derived for any
estimator that is adaptively rate-optimal over a range of possible values for
the variance. Communication-efficient and statistically optimal procedures
are developed.

The analysis reveals an interesting and important distinction among dif-
ferent types of distributed protocols: compared to the independent protocols,
interactive protocols such as the sequential and blackboard protocols require
less communication costs for rate-optimal adaptive Gaussian mean estima-
tion. The lower bound techniques developed in the present paper are novel
and can be of independent interest.
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ASYMPTOTIC ACCURACY OF THE SADDLEPOINT APPROXIMATION
FOR MAXIMUM LIKELIHOOD ESTIMATION

By JESSE GOODMAN?
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The saddlepoint approximation gives an approximation to the density of
a random variable in terms of its moment generating function. When the un-
derlying random variable is itself the sum of n unobserved i.i.d. terms, the
basic classical result is that the relative error in the density is of order 1/n.
If instead the approximation is interpreted as a likelihood and maximised as
a function of model parameters, the result is an approximation to the maxi-
mum likelihood estimate (MLE) that can be much faster to compute than the
true MLE. This paper proves the analogous basic result for the approxima-
tion error between the saddlepoint MLE and the true MLE: subject to certain
explicit identifiability conditions, the error has asymptotic size O(1/ n?) for
some parameters and O(1/ n3/2)or O(1 /n) for others. In all three cases, the
approximation errors are asymptotically negligible compared to the inferen-
tial uncertainty.

The proof is based on a factorisation of the saddlepoint likelihood into an
exact and approximate term, along with an analysis of the approximation er-
ror in the gradient of the log-likelihood. This factorisation also gives insight
into alternatives to the saddlepoint approximation, including a new and sim-
pler saddlepoint approximation, for which we derive analogous error bounds.
As a corollary of our results, we also obtain the asymptotic size of the MLE
approximation error when the saddlepoint approximation is replaced by the
normal approximation.
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A dynamic treatment regime (DTR) is a sequence of decision rules, one
per stage of intervention, that maps up-to-date patient information to a rec-
ommended treatment. Discovering an appropriate DTR for a given disease
is a challenging issue especially when a large set of prognostic variables are
observed. To address this problem, we propose penalized regression-based
learning methods with /] penalty to estimate the optimal DTR that would
maximize the expected outcome if implemented. We also provide general-
ization error bounds of the estimated DTR in the setting of finite number of
stages with multiple treatment options. We first examine the relationship be-
tween value and Q-functions and derive a finite sample upper bound on the
difference in values between the optimal and the estimated DTRs. For prac-
tical implementation, we develop an algorithm with partial regularization via
orthogonality to construct the optimal DTR. The advantages of the proposed
methods are demonstrated with extensive simulation studies and data analysis
of depression clinical trials.
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In this paper, we introduce a general method for estimating the quadratic
covariation of one or more spot parameter processes associated with contin-
uous time semimartingales, and present a central limit theorem that has this
class of estimators as one of its applications. The class of estimators we in-
troduce, that we call Two-Scales Quadratic Covariation (TSQC) estimators,
is based on sums of increments of second differences of the observed pro-
cesses, and the intervals over which the differences are computed are rolling
and overlapping. This latter feature lets us take full advantage of the data,
and, by sufficiency considerations, ought to outperform estimators that are
based on only one partition of the observational window. Moreover, a two-
scales approach is employed to deal with asymptotic bias terms in a system-
atic manner, thus automatically giving consistent estimators without having
to work out the form of the bias term on a case-to-case basis. We highlight
the versatility of our central limit theorem by applying it to a novel leverage
effect estimator that does not belong to the class of TSQC estimators. The
principal empirical motivation for the present study is that the discrete times
at which a continuous time semimartingale is observed might depend on fea-
tures of the observable process other than its level, such as its spot-volatility
process. As an application of the TSQC estimators, we therefore show how it
may be used to estimate the quadratic covariation between the spot-volatility
process and the intensity process of the observation times, when both of these
are taken to be semimartingales. The finite sample properties of this estimator
are studied by way of a simulation experiment, and we also apply this esti-
mator in an empirical analysis of the Apple stock. Our analysis of the Apple
stock indicates a rather strong correlation between the spot volatility process
of the log-prices process and the times at which this stock is traded and hence
observed.
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In this paper, we study the problem of clustering in the Two component
Gaussian mixture model when the centers are separated by some A > 0. We
present a nonasymptotic lower bound for the corresponding minimax Ham-
ming risk improving on existing results. We also propose an optimal, efficient
and adaptive procedure that is minimax rate optimal. The rate optimality is
moreover sharp in the asymptotics when the sample size goes to infinity. Our
procedure is based on a variant of Lloyd’s iterations initialized by a spec-
tral method. As a consequence of nonasymptotic results, we find a sharp
phase transition for the problem of exact recovery in the Gaussian mixture
model. We prove that the phase transition occurs around the critical threshold

A given by
- 2
A? =<72(1 + 1+ —p)logn.
nlogn

REFERENCES

ABBE, E. (2017). Community detection and stochastic block models: Recent developments. J. Mach. Learn.
Res. 18 Paper No. 177, 86. MR3827065

ABBE, E., BANDEIRA, A. S. and HALL, G. (2016). Exact recovery in the stochastic block model. /IEEE
Trans. Inf. Theory 62 471-487. MR3447993 https://doi.org/10.1109/TIT.2015.2490670

ABBE, E., FAN, J. and WANG, K. (2020). An £, theory of PCA and spectral clustering. arXiv preprint
arXiv:2006.14062.

ABBE, E., FAN, J., WANG, K. and ZHONG, Y. (2020). Entrywise eigenvector analysis of random matrices
with low expected rank. Ann. Statist. 48 1452—1474. MR4124330 https://doi.org/10.1214/19- A0S 1854

BANKS, J., MOORE, C., VERSHYNIN, R., VERZELEN, N. and XU, J. (2018). Information-theoretic bounds
and phase transitions in clustering, sparse PCA, and submatrix localization. IEEE Trans. Inf. Theory
64 4872-4994. MR3819345 https://doi.org/10.1109/tit.2018.2810020

BENAYCH-GEORGES, F. and NADAKUDITI, R. R. (2012). The singular values and vectors of low rank
perturbations of large rectangular random matrices. J. Multivariate Anal. 111 120-135. MR2944410
https://doi.org/10.1016/j.jmva.2012.04.019

BUTUCEA, C., NDAOUD, M., STEPANOVA, N. A. and TSYBAKOV, A. B. (2018). Variable selection with
Hamming loss. Ann. Statist. 46 1837-1875. MR3845003 https://doi.org/10.1214/17-AOS1572

CHEN, X. and YANG, Y. (2021). Cutoff for exact recovery of Gaussian mixture models. /[EEE Trans. Inf.
Theory 67 4223-4238. MR4289373 https://doi.org/10.1109/TIT.2021.3063155

FEL Y. and CHEN, Y. (2018). Hidden integrality of sdp relaxation for sub-gaussian mixture models. arXiv
preprint arXiv:1803.06510.

FELDMAN, V., PERKINS, W. and VEMPALA, S. (2015). Subsampled power iteration: A unified algorithm
for block models and planted csp’s. In Advances in Neural Information Processing Systems 2836-2844.

FLORESCU, L. and PERKINS, W. (2016). Spectral thresholds in the bipartite stochastic block model. In
Conference on Learning Theory 943-959.

GAO0, C., MA, Z.,ZHANG, A. Y. and ZHOU, H. H. (2018). Community detection in degree-corrected block
models. Ann. Statist. 46 2153-2185. MR3845014 https://doi.org/10.1214/17-AOS1615

GIRAUD, C. and VERZELEN, N. (2018). Partial recovery bounds for clustering with the relaxed K -means.
Math. Stat. Learn. 1 317-374. MR4059724

MSC2020 subject classifications. Primary 62H30; secondary 62C20, 62F07.
Key words and phrases. Gaussian mixtures, sharp recovery, Lloyd’s algorithm.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/22-AOS2178
http://www.imstat.org
mailto:ndaoud@essec.edu
http://www.ams.org/mathscinet-getitem?mr=3827065
http://www.ams.org/mathscinet-getitem?mr=3447993
https://doi.org/10.1109/TIT.2015.2490670
http://arxiv.org/abs/arXiv:2006.14062
http://www.ams.org/mathscinet-getitem?mr=4124330
https://doi.org/10.1214/19-AOS1854
http://www.ams.org/mathscinet-getitem?mr=3819345
https://doi.org/10.1109/tit.2018.2810020
http://www.ams.org/mathscinet-getitem?mr=2944410
https://doi.org/10.1016/j.jmva.2012.04.019
http://www.ams.org/mathscinet-getitem?mr=3845003
https://doi.org/10.1214/17-AOS1572
http://www.ams.org/mathscinet-getitem?mr=4289373
https://doi.org/10.1109/TIT.2021.3063155
http://arxiv.org/abs/arXiv:1803.06510
http://www.ams.org/mathscinet-getitem?mr=3845014
https://doi.org/10.1214/17-AOS1615
http://www.ams.org/mathscinet-getitem?mr=4059724
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(14]

[15]

(16]
(17]
(18]
(19]
[20]
(21]

[22]

(23]

[24]
[25]

[26]

(27]

(28]

[29]

HoLLAND, P. W., LASKEY, K. B. and LEINHARDT, S. (1983). Stochastic blockmodels: First steps. Soc.
Netw. 5 109-137. MR0718088 https://doi.org/10.1016/0378-8733(83)90021-7

Hsu, D., KAKADE, S. M. and ZHANG, T. (2012). A tail inequality for quadratic forms of subgaussian
random vectors. Electron. Commun. Probab. 17 no. 52, 6. MR2994877 https://doi.org/10.1214/ECP.
v17-2079

KLUSOWSKI, J. M. and BRINDA, W. (2016). Statistical guarantees for estimating the centers of a two-
component gaussian mixture by EM. arXiv preprint arXiv:1608.02280.

LEHMANN, E. L. and CASELLA, G. (1998). Theory of Point Estimation, 2nd ed. Springer Texts in Statistics.
Springer, New York. MR1639875

LLOYD, S. P. (1982). Least squares quantization in PCM. IEEE Trans. Inf. Theory 28 129-137. MR0651807
https://doi.org/10.1109/TIT.1982.1056489

LOFFLER, M., ZHANG, A. Y. and ZHOU, H. H. (2021). Optimality of spectral clustering in the Gaussian
mixture model. Ann. Statist. 49 2506-2530. MR4338373 https://doi.org/10.1214/20-a0s2044

Lu, Y. and ZHOU, H. H. (2016). Statistical and computational guarantees of Lloyd’s algorithm and its
variants. arXiv preprint arXiv:1612.02099.

MIXON, D. G., VILLAR, S. and WARD, R. (2017). Clustering subgaussian mixtures by semidefinite pro-
gramming. Inf. Inference 6 389—415. MR3764529 https://doi.org/10.1093/imaiai/iax001

NDAOUD, M. (2019). Interplay of minimax estimation and minimax support recovery under sparsity. In
Algorithmic Learning Theory 2019. Proc. Mach. Learn. Res. (PMLR) 98 647-668, 22. Proceedings of
Machine Learning Research PMLR, [place of publication not identified]. MR3932863

NDAOUD, M., SIGALLA, S. and TSYBAKOV, A. B. (2022). Improved clustering algorithms for the bipartite
stochastic block model. IEEE Trans. Inf. Theory 68 1960-1975. MR4395508 https://doi.org/10.1109/
tit.2021.3130683

ROYER, M. (2017). Adaptive clustering through semidefinite programming. In Advances in Neural Infor-
mation Processing Systems 1795-1803.

VEMPALA, S. and WANG, G. (2004). A spectral algorithm for learning mixture models. J. Comput. System
Sci. 68 841-860. MR2059647 https://doi.org/10.1016/j.jcss.2003.11.008

VERSHYNIN, R. (2018). High-Dimensional Probability: An Introduction with Applications in Data Science.
Cambridge Series in Statistical and Probabilistic Mathematics 47. Cambridge Univ. Press, Cambridge.
With a foreword by Sara van de Geer. MR3837109 https://doi.org/10.1017/9781108231596

Wu, Y. and ZHOU, H. H. (2021). Randomly initialized EM algorithm for two-component Gaussian
mixture achieves near optimality in O(\/n) iterations. Math. Stat. Learn. 4 143-220. MR4383733
https://doi.org/10.4171/msl/29

XIA, D. and ZHOU, F. (2019). The sup-norm perturbation of HOSVD and low rank tensor denoising. J.
Mach. Learn. Res. 20 Paper No. 61, 42. MR3960915

ZHANG, A. R., CA1L, T. T. and WU, Y. (2022). Heteroskedastic PCA: Algorithm, optimality, and applica-
tions. Ann. Statist. 50 53—-80. MR4382008 https://doi.org/10.1214/21-a0s2074


http://www.ams.org/mathscinet-getitem?mr=0718088
https://doi.org/10.1016/0378-8733(83)90021-7
http://www.ams.org/mathscinet-getitem?mr=2994877
https://doi.org/10.1214/ECP.v17-2079
http://arxiv.org/abs/arXiv:1608.02280
http://www.ams.org/mathscinet-getitem?mr=1639875
http://www.ams.org/mathscinet-getitem?mr=0651807
https://doi.org/10.1109/TIT.1982.1056489
http://www.ams.org/mathscinet-getitem?mr=4338373
https://doi.org/10.1214/20-aos2044
http://arxiv.org/abs/arXiv:1612.02099
http://www.ams.org/mathscinet-getitem?mr=3764529
https://doi.org/10.1093/imaiai/iax001
http://www.ams.org/mathscinet-getitem?mr=3932863
http://www.ams.org/mathscinet-getitem?mr=4395508
https://doi.org/10.1109/tit.2021.3130683
http://www.ams.org/mathscinet-getitem?mr=2059647
https://doi.org/10.1016/j.jcss.2003.11.008
http://www.ams.org/mathscinet-getitem?mr=3837109
https://doi.org/10.1017/9781108231596
http://www.ams.org/mathscinet-getitem?mr=4383733
https://doi.org/10.4171/msl/29
http://www.ams.org/mathscinet-getitem?mr=3960915
http://www.ams.org/mathscinet-getitem?mr=4382008
https://doi.org/10.1214/21-aos2074
https://doi.org/10.1214/ECP.v17-2079
https://doi.org/10.1109/tit.2021.3130683

The Annals of Statistics

2022, Vol. 50, No. 4, 2127-2156
https://doi.org/10.1214/22-A0S2180

© Institute of Mathematical Statistics, 2022

PRECISE STATISTICAL ANALYSIS OF CLASSIFICATION ACCURACIES

(1]

(2]
(3]
(4]

(5]
(6]

(7]

(8]
(9]

FOR ADVERSARIAL TRAINING

BY ADEL JAVANMARD!# AND MAHDI SOLTANOLKOTABI%?

lDepartment of Data Sciences and Operations, University of Southern California, *ajavanma@usc.edu

2Department of Electrical and Computer Engineering, University of Southern California, bsoltanol@usc.edu

Despite the wide empirical success of modern machine learning algo-
rithms and models in a multitude of applications, they are known to be highly
susceptible to seemingly small indiscernible perturbations to the input data
known as adversarial attacks. A variety of recent adversarial training proce-
dures have been proposed to remedy this issue. Despite the success of such
procedures at increasing accuracy on adversarially perturbed inputs or robust
accuracy, these techniques often reduce accuracy on natural unperturbed in-
puts or standard accuracy. Complicating matters further, the effect and trend
of adversarial training procedures on standard and robust accuracy is rather
counter intuitive and radically dependent on a variety of factors including
the perceived form of the perturbation during training, size/quality of data,
model overparameterization, etc. In this paper, we focus on binary classifi-
cation problems where the data is generated according to the mixture of two
Gaussians with general anisotropic covariance matrices and derive a precise
characterization of the standard and robust accuracy for a class of minimax
adversarially trained models. We consider a general norm-based adversarial
model, where the adversary can add perturbations of bounded £, norm to
each input data, for an arbitrary p > 1. Our comprehensive analysis allows us
to theoretically explain several intriguing empirical phenomena and provide a
precise understanding of the role of different problem parameters on standard
and robust accuracies.
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EXACT MINIMAX RISK FOR LINEAR LEAST SQUARES, AND THE
LOWER TAIL OF SAMPLE COVARIANCE MATRICES

BY JAOUAD MOURTADA?

CREST, ENSAE, Institut Polytechnique de Paris, ®jaouad.mourtada@ensae.fr

We consider random-design linear prediction and related questions on
the lower tail of random matrices. It is known that, under boundedness con-
straints, the minimax risk is of order d/n in dimension d with n samples.
Here, we study the minimax expected excess risk over the full linear class,
depending on the distribution of covariates. First, the least squares estima-
tor is exactly minimax optimal in the well-specified case, for every distribu-
tion of covariates. We express the minimax risk in terms of the distribution
of statistical leverage scores of individual samples, and deduce a minimax
lower bound of d/(n — d + 1) for any covariate distribution, nearly match-
ing the risk for Gaussian design. We then obtain sharp nonasymptotic upper
bounds for covariates that satisfy a “small ball”-type regularity condition in
both well-specified and misspecified cases.

Our main technical contribution is the study of the lower tail of the small-
est singular value of empirical covariance matrices at small values. We estab-
lish a lower bound on this lower tail, valid for any distribution in dimension
d > 2, together with a matching upper bound under a necessary regularity
condition. Our proof relies on the PAC-Bayes technique for controlling em-
pirical processes, and extends an analysis of Oliveira devoted to a different
part of the lower tail.
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STOCHASTIC CONTINUUM-ARMED BANDITS WITH ADDITIVE MODELS:
MINIMAX REGRETS AND ADAPTIVE ALGORITHM
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We consider d-dimensional stochastic continuum-armed bandits with

the expected reward function being additive B-Holder with sparsity s for
~ B+l
0 < B <ooand 1 <s <d. The rate of convergence O(s - T 2A+1) for the

minimax regret is established where T is the number of rounds. In particular,
the minimax regret does not depend on d and is linear in s. A novel algorithm
is proposed and is shown to be rate-optimal, up to a logarithmic factor of 7.

The problem of adaptivity is also studied. A lower bound on the cost of
adaptation to the smoothness is obtained and the result implies that adapta-
tion for free is impossible in general without further structural assumptions.
We then consider adaptive additive SCAB under an additional self-similarity
assumption. An adaptive procedure is constructed and is shown to simultane-
ously achieve the minimax regret for a range of smoothness levels.
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We consider general high-dimensional spiked sample covariance models
and show that their leading sample spiked eigenvalues and their linear spec-
tral statistics are asymptotically independent when the sample size and di-
mension are proportional to each other. As a byproduct, we also establish the
central limit theorem of the leading sample spiked eigenvalues by removing
the block diagonal assumption on the population covariance matrix, which is
commonly needed in the literature. Moreover, we propose consistent estima-
tors of the L4 norm of the spiked population eigenvectors. Based on these
results, we develop a new statistic to test the equality of two spiked popula-
tion covariance matrices. Numerical studies show that the new test procedure
is more powerful than some existing methods.
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In applications such as rank aggregation, mixture models for permu-
tations are frequently used when the population exhibits heterogeneity. In
this work, we study the widely used Mallows mixture model. In the high-
dimensional setting, we propose a polynomial-time algorithm that learns a
Mallows mixture of permutations on n elements with the optimal sample
complexity that is proportional to log n, improving upon previous results that
scale polynomially with n. In the high-noise regime, we characterize the op-
timal dependency of the sample complexity on the noise parameter. Both ob-
jectives are accomplished by first studying demixing permutations under a
noiseless query model using groups of pairwise comparisons, which can be
viewed as moments of the mixing distribution, and then extending these re-
sults to the noisy Mallows model by simulating the noiseless oracle.
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Robust statistics traditionally focuses on outliers, or perturbations in to-
tal variation distance. However, a dataset could be maliciously corrupted in
many other ways, such as systematic measurement errors and missing covari-
ates. We consider corruption in either TV or Wasserstein distance, and show
that robust estimation is possible whenever the true population distribution
satisfies a property called generalized resilience, which holds under moment
or hypercontractive conditions. For TV corruption model, our finite-sample
analysis improves over previous results for mean estimation with bounded
kth moment, linear regression, and joint mean and covariance estimation. For
W1 corruption, we provide the first finite-sample guarantees for second mo-
ment estimation and linear regression.

Technically, our robust estimators are a generalization of minimum dis-
tance (MD) functionals, which project the corrupted distribution onto a
given set of well-behaved distributions. The error of these MD functionals
is bounded by a certain modulus of continuity, and we provide a system-
atic method for upper bounding this modulus for the class of generalized
resilient distributions, which usually gives sharp population-level results and
good finite-sample guarantees.
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Given a large number of covariates Z, we consider the estimation of
a high-dimensional parameter # in an individualized linear threshold 0Tz
for a continuous variable X, which minimizes the disagreement between
sign(X — 7 Z) and a binary response Y. While the problem can be formu-
lated into the M-estimation framework, minimizing the corresponding em-
pirical risk function is computationally intractable due to discontinuity of the
sign function. Moreover, estimating @ even in the fixed-dimensional setting is
known as a nonregular problem leading to nonstandard asymptotic theory. To
tackle the computational and theoretical challenges in the estimation of the
high-dimensional parameter @, we propose an empirical risk minimization
approach based on a regularized smoothed non-convex loss function. The
Fisher consistency of the proposed method is guaranteed as the bandwidth of
the smoothed loss is shrunk to 0. Statistically, we show that the finite sample
error bound for estimating @ in ¢, norm is (s log d/n)ﬂ/(zﬂ"']), where d is
the dimension of @, s is the sparsity level, n is the sample size and 8 is the
smoothness of the conditional density of X given the response Y and the co-
variates Z. The convergence rate is nonstandard and slower than that in the
classical Lasso problems. Furthermore, we prove that the resulting estima-
tor is minimax rate optimal up to a logarithmic factor. The Lepski’s method
is developed to achieve the adaption to the unknown sparsity s or smooth-
ness B. Computationally, an efficient path-following algorithm is proposed
to compute the solution path. We show that this algorithm achieves geomet-
ric rate of convergence for computing the whole path. Finally, we evaluate
the finite sample performance of the proposed estimator in simulation studies
and a real data analysis from the ChAMP (Chondral Lesions And Meniscus
Procedures) Trial.
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ON THE ROBUSTNESS OF MINIMUM NORM INTERPOLATORS AND
REGULARIZED EMPIRICAL RISK MINIMIZERS
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This article develops a general theory for minimum norm interpolating
estimators and regularized empirical risk minimizers (RERM) in linear mod-
els in the presence of additive, potentially adversarial, errors. In particular,
no conditions on the errors are imposed. A quantitative bound for the predic-
tion error is given, relating it to the Rademacher complexity of the covariates,
the norm of the minimum norm interpolator of the errors and the size of the
subdifferential around the true parameter.

The general theory is illustrated for Gaussian features and several norms:
The £1, €5, group Lasso and nuclear norms. In case of sparsity or low-rank
inducing norms, minimum norm interpolators and RERM yield a prediction
error of the order of the average noise level, provided that the overparameter-
ization is at least a logarithmic factor larger than the number of samples and
that, in case of RERM, the regularization parameter is small enough.

Lower bounds that show near optimality of the results complement the
analysis.
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The network interference model for treatment effect estimation places
experimental units at the vertices of an undirected exposure graph, such that
treatment assigned to one unit may affect the outcome of another unit if
and only if these two units are connected by an edge. This model has re-
cently gained popularity as means of incorporating interference effects into
the Neyman—Rubin potential outcomes framework; and several authors have
considered estimation of various causal targets, including the direct and in-
direct effects of treatment. In this paper, we consider large-sample asymp-
totics for treatment effect estimation under network interference in a setting
where the exposure graph is a random draw from a graphon. When target-
ing the direct effect, we establish a central limit theorem and find that—in
our setting—popular estimators are considerably more accurate than exist-
ing results suggest. Meanwhile, when targeting the indirect effect, we lever-
age our generative assumptions to propose a consistent estimator in a setting
where no other consistent estimators are currently available. Overall, our re-
sults highlight the promise of random graph asymptotics in understanding the
practicality and limits of causal inference under network interference.
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Principal Component Analysis (PCA) is a powerful tool in statistics and
machine learning. While existing study of PCA focuses on the recovery of
principal components and their associated eigenvalues, there are few precise
characterizations of individual principal component scores that yield low-
dimensional embedding of samples. That hinders the analysis of various spec-
tral methods. In this paper, we first develop an £, perturbation theory for a
hollowed version of PCA in Hilbert spaces which provably improves upon
the vanilla PCA in the presence of heteroscedastic noises. Through a novel
£p analysis of eigenvectors, we investigate entrywise behaviors of principal
component score vectors and show that they can be approximated by linear
functionals of the Gram matrix in £, norm, which includes ¢, and ¢ as spe-
cial cases. For sub-Gaussian mixture models, the choice of p giving optimal
bounds depends on the signal-to-noise ratio, which further yields optimality
guarantees for spectral clustering. For contextual community detection, the
£p theory leads to simple spectral algorithms that achieve the information
threshold for exact recovery and the optimal misclassification rate.
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Let X" be an observation sampled from a distribution Pg(n) with an
unknown parameter 6, 6 being a vector in a Banach space E (most often,
a high-dimensional space of dimension d). We study the problem of es-
timation of f (@) for a functional f : E + R of some smoothness s > 0
based on an observation X ™ ~ Pe(n). Assuming that there exists an estima-

tor én = é,, (X (”)) of parameter § such that /n (én — 0) is sufficiently close
in distribution to a mean zero Gaussian random vector in E, we construct a
functional g : E + R such that g(én) is an asymptotically normal estimator
of f(0) with /n rate provided that s > ﬁ and d < n® for some « € (0, 1).
We also derive general upper bounds on Orlicz norm error rates for estimator
g(é) depending on smoothness s, dimension d, sample size n and the ac-
curacy of normal approximation of /i 6, —0). In particular, this approach
yields asymptotically efficient estimators in high-dimensional log-concave
exponential models.
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A MINIMAX FRAMEWORK FOR QUANTIFYING RISK-FAIRNESS
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We propose a theoretical framework for the problem of learning a real-
valued function which meets fairness requirements. This framework is built
upon the notion of a-relative (fairness) improvement of the regression func-
tion which we introduce using the theory of optimal transport. Setting o = 0
corresponds to the regression problem under the Demographic Parity con-
straint, while & = 1 corresponds to the classical regression problem without
any constraints. For « € (0, 1) the proposed framework allows to continu-
ously interpolate between these two extreme cases and to study partially fair
predictors. Within this framework, we precisely quantify the cost in risk in-
duced by the introduction of the fairness constraint. We put forward a sta-
tistical minimax setup and derive a general problem-dependent lower bound
on the risk of any estimator satisfying a-relative improvement constraint. We
illustrate our framework on a model of linear regression with Gaussian de-
sign and systematic group-dependent bias, deriving matching (up to absolute
constants) upper and lower bounds on the minimax risk under the introduced
constraint. We provide a general post-processing strategy which enjoys fair-
ness, risk guarantees and can be applied on top of any black-box algorithm.
Finally, we perform a simulation study of the linear model and numerical
experiments of benchmark data, validating our theoretical contributions.
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CONSISTENCY OF INVARIANCE-BASED RANDOMIZATION TESTS
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Invariance-based randomization tests—such as permutation tests, rota-
tion tests, or sign changes—are an important and widely used class of statis-
tical methods. They allow drawing inferences under weak assumptions on the
data distribution. Most work focuses on their type I error control properties,
while their consistency properties are much less understood.

We develop a general framework to study the consistency of invariance-
based randomization tests, assuming the data is drawn from a signal-plus-
noise model. We allow the transforms (e.g., permutations or rotations) to be
general compact topological groups, such as rotation groups, acting by linear
group representations. We study test statistics with a generalized subadditiv-
ity property.

We apply our framework to a number of fundamental and highly impor-
tant problems in statistics, including sparse vector detection, testing for low-
rank matrices in noise, sparse detection in linear regression, and two-sample
testing. Comparing with minimax lower bounds we develop, we find perhaps
surprisingly that in some cases, randomization tests detect signals at the min-
imax optimal rate.
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