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CONTINUOUS-TIME TARGETED MINIMUM LOSS-BASED ESTIMATION OF
INTERVENTION-SPECIFIC MEAN OUTCOMES

BY HELENE C. RYTGAARD1,a, THOMAS A. GERDS1,b AND MARK J. VAN DER LAAN2,c

1Section of Biostatistics, University of Copenhagen, ahely@sund.ku.dk, btagteam@sund.ku.dk
2Division of Biostatistics and Center for Targeted Machine Learning and Causal Inference, University of California, Berkeley,

claan@berkeley.edu

This paper generalizes the targeted minimum loss-based estimation
(TMLE) framework to allow for estimating the effects of time-varying in-
terventions in settings where both interventions, covariates, and outcome can
happen at subject-specific time-points on an arbitrarily fine time-scale. TMLE
is a general template for constructing asymptotically linear substitution esti-
mators for smooth low-dimensional parameters in infinite-dimensional mod-
els. Existing longitudinal TMLE methods are developed for data where ob-
servations are made on a discrete time-grid.

We consider a continuous-time counting process model where intensity
measures track the monitoring of subjects, and focus on a low-dimensional
target parameter defined as the intervention-specific mean outcome at the end
of follow-up. To construct our TMLE algorithm for the given statistical esti-
mation problem, we derive an expression for the efficient influence curve and
represent the target parameter as a functional of intensities and conditional
expectations. The high-dimensional nuisance parameters of our model are
estimated and updated in an iterative manner according to separate targeting
steps for the involved intensities and conditional expectations.

The resulting estimator solves the efficient influence curve equation. We
state a general efficiency theorem and describe a highly adaptive lasso esti-
mator for nuisance parameters that allows us to establish asymptotic linearity
and efficiency of our estimator under minimal conditions on the underlying
statistical model.
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CENTRAL LIMIT THEOREM AND BOOTSTRAP APPROXIMATION IN
HIGH DIMENSIONS: NEAR 1/

√
n RATES VIA IMPLICIT SMOOTHING

BY MILES E. LOPESa

Department of Statistics, University of California, Davis, amelopes@ucdavis.edu

Nonasymptotic bounds for Gaussian and bootstrap approximation have
recently attracted significant interest in high-dimensional statistics. This pa-
per studies Berry–Esseen bounds for such approximations with respect to
the multivariate Kolmogorov distance, in the context of a sum of n random
vectors that are p-dimensional and i.i.d. Up to now, a growing line of work
has established bounds with mild logarithmic dependence on p. However,
the problem of developing corresponding bounds with near n−1/2 depen-
dence on n has remained largely unresolved. Within the setting of random
vectors that have sub-Gaussian or subexponential entries, this paper estab-
lishes bounds with near n−1/2 dependence, for both Gaussian and bootstrap
approximation. In addition, the proofs are considerably distinct from other
recent approaches, and make use of an “implicit smoothing” operation in the
Lindeberg interpolation.
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RAIČ, M. (2019). A multivariate Berry–Esseen theorem with explicit constants. Bernoulli 25 2824–2853.
MR4003566 https://doi.org/10.3150/18-BEJ1072

SENATOV, V. V. (1980). Some uniform estimates of the convergence rate in the multidimensional central limit
theorem. Teor. Veroyatn. Primen. 25 757–770. MR0595137

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical Processes. Springer
Series in Statistics. Springer, New York. MR1385671 https://doi.org/10.1007/978-1-4757-2545-2

VERSHYNIN, R. (2018). High-Dimensional Probability: An Introduction with Applications in Data Science.
Cambridge Series in Statistical and Probabilistic Mathematics 47. Cambridge Univ. Press, Cambridge.
MR3837109 https://doi.org/10.1017/9781108231596

http://arxiv.org/abs/arXiv:2009.00339
http://www.ams.org/mathscinet-getitem?mr=4312842
https://doi.org/10.1214/20-aap1629
http://www.ams.org/mathscinet-getitem?mr=4273258
https://doi.org/10.1007/s42081-020-00096-7
http://arxiv.org/abs/arXiv:1804.02605
http://www.ams.org/mathscinet-getitem?mr=4177366
https://doi.org/10.3150/20-BEJ1233
http://arxiv.org/abs/arXiv:2009.13673
http://arxiv.org/abs/arXiv:2009.06004
http://www.ams.org/mathscinet-getitem?mr=4102694
https://doi.org/10.1214/19-AOS1844
http://www.ams.org/mathscinet-getitem?mr=4359356
https://doi.org/10.1214/21-ejs1961
http://www.ams.org/mathscinet-getitem?mr=2083397
https://doi.org/10.1007/978-3-540-36428-3_15
http://www.ams.org/mathscinet-getitem?mr=4003369
https://doi.org/10.1145/3313276.3316321
http://www.ams.org/mathscinet-getitem?mr=4003566
https://doi.org/10.3150/18-BEJ1072
http://www.ams.org/mathscinet-getitem?mr=0595137
http://www.ams.org/mathscinet-getitem?mr=1385671
https://doi.org/10.1007/978-1-4757-2545-2
http://www.ams.org/mathscinet-getitem?mr=3837109
https://doi.org/10.1017/9781108231596
https://doi.org/10.3150/20-BEJ1233


The Annals of Statistics
2022, Vol. 50, No. 5, 2514–2544
https://doi.org/10.1214/22-AOS2187
© Institute of Mathematical Statistics, 2022

TESTING GOODNESS-OF-FIT AND CONDITIONAL INDEPENDENCE WITH
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BY RINA FOYGEL BARBER1,a AND LUCAS JANSON2,b

1Department of Statistics, University of Chicago, arina@uchicago.edu
2Department of Statistics, Harvard University, bljanson@fas.harvard.edu

Goodness-of-fit (GoF) testing is ubiquitous in statistics, with direct ties to
model selection, confidence interval construction, conditional independence
testing, and multiple testing, just to name a few applications. While testing
the GoF of a simple (point) null hypothesis provides an analyst great flexibil-
ity in the choice of test statistic while still ensuring validity, most GoF tests
for composite null hypotheses are far more constrained, as the test statistic
must have a tractable distribution over the entire null model space. A notable
exception is co-sufficient sampling (CSS): resampling the data conditional on
a sufficient statistic for the null model guarantees valid GoF testing using any
test statistic the analyst chooses. But CSS testing requires the null model to
have a compact (in an information-theoretic sense) sufficient statistic, which
only holds for a very limited class of models; even for a null model as simple
as logistic regression, CSS testing is powerless. In this paper, we leverage the
concept of approximate sufficiency to generalize CSS testing to essentially
any parametric model with an asymptotically efficient estimator; we call our
extension “approximate CSS” (aCSS) testing. We quantify the finite-sample
Type I error inflation of aCSS testing and show that it is vanishing under
standard maximum likelihood asymptotics, for any choice of test statistic.
We apply our proposed procedure both theoretically and in simulation to a
number of models of interest to demonstrate its finite-sample Type I error
and power.

REFERENCES

[1] AGRESTI, A. (1992). A survey of exact inference for contingency tables. Statist. Sci. 7 131–177.
MR1173420

[2] AGRESTI, A. (2001). Exact inference for categorical data: Recent advances and continuing controversies.
Stat. Med. 20 2709–2722.

[3] BACHOC, F. (2014). Asymptotic analysis of the role of spatial sampling for covariance parameter estimation
of Gaussian processes. J. Multivariate Anal. 125 1–35. MR3163828 https://doi.org/10.1016/j.jmva.
2013.11.015

[4] BARBER, R. F. and CANDÈS, E. J. (2015). Controlling the false discovery rate via knockoffs. Ann. Statist.
43 2055–2085. MR3375876 https://doi.org/10.1214/15-AOS1337

[5] BARBER, R. F. and JANSON, L. (2022). Supplement to “Testing goodness-of-fit and conditional indepen-
dence with approximate co-sufficient sampling.” https://doi.org/10.1214/22-AOS2187SUPP

[6] BARTLETT, M. S. (1937). Properties of sufficiency and statistical tests. Proc. R. Soc. Lond. Ser. A, Math.
Phys. Sci. 160 268–282.

[7] BAYARRI, M. J. and BERGER, J. O. (1999). Quantifying surprise in the data and model verification. In
Bayesian Statistics, 6 (Alcoceber, 1998) 53–82. Oxford Univ. Press, New York. MR1723493

[8] BELL, C. B. (1984). Inference for goodness-of-fit problems with nuisance parameters (applications to signal
detection). J. Statist. Plann. Inference 9 273–284. MR0748257 https://doi.org/10.1016/0378-3758(84)
90003-X

[9] BELTRÁN-BELTRÁN, J. I. and O’REILLY, F. J. (2019). On goodness of fit tests for the Poisson, nega-
tive binomial and binomial distributions. Statist. Papers 60 1–18. MR3905436 https://doi.org/10.1007/
s00362-016-0820-5

MSC2020 subject classifications. Primary 62F03; secondary 62B05.
Key words and phrases. Goodness-of-fit test, approximate sufficiency, co-sufficiency, conditional randomiza-

tion test, model-X, conditional independence testing, high-dimensional inference.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/22-AOS2187
http://www.imstat.org
mailto:rina@uchicago.edu
mailto:ljanson@fas.harvard.edu
http://www.ams.org/mathscinet-getitem?mr=1173420
http://www.ams.org/mathscinet-getitem?mr=3163828
https://doi.org/10.1016/j.jmva.2013.11.015
http://www.ams.org/mathscinet-getitem?mr=3375876
https://doi.org/10.1214/15-AOS1337
https://doi.org/10.1214/22-AOS2187SUPP
http://www.ams.org/mathscinet-getitem?mr=1723493
http://www.ams.org/mathscinet-getitem?mr=0748257
https://doi.org/10.1016/0378-3758(84)90003-X
http://www.ams.org/mathscinet-getitem?mr=3905436
https://doi.org/10.1007/s00362-016-0820-5
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1016/j.jmva.2013.11.015
https://doi.org/10.1016/0378-3758(84)90003-X
https://doi.org/10.1007/s00362-016-0820-5


[10] BERRETT, T. B., WANG, Y., BARBER, R. F. and SAMWORTH, R. J. (2020). The conditional permutation
test for independence while controlling for confounders. J. R. Stat. Soc. Ser. B. Stat. Methodol. 82
175–197. MR4060981

[11] BESAG, J. and CLIFFORD, P. (1989). Generalized Monte Carlo significance tests. Biometrika 76 633–642.
MR1041408 https://doi.org/10.1093/biomet/76.4.633

[12] BOUCHERON, S., LUGOSI, G. and MASSART, P. (2013). Concentration Inequalities: A nonasymptotic
theory of independence. Oxford Univ. Press, Oxford. MR3185193 https://doi.org/10.1093/acprof:oso/
9780199535255.001.0001

[13] BRONIATOWSKI, M. and CARON, V. (2019). Conditional inference in parametric models. J. SFdS 160
48–66. MR3987789

[14] CANDÈS, E., FAN, Y., JANSON, L. and LV, J. (2018). Panning for gold: ‘model-X’ knockoffs for
high dimensional controlled variable selection. J. R. Stat. Soc. Ser. B. Stat. Methodol. 80 551–577.
MR3798878 https://doi.org/10.1111/rssb.12265

[15] CONTRERAS-CRISTÁN, A., LOCKHART, R. A., STEPHENS, M. A. and SUN, S. Z. (2019). On the use of
priors in goodness-of-fit tests. Canad. J. Statist. 47 560–579. MR4035789 https://doi.org/10.1002/cjs.
11512

[16] COX, D. R. and REID, N. (1987). Parameter orthogonality and approximate conditional inference. J. Roy.
Statist. Soc. Ser. B 49 1–39. MR0893334

[17] DIACONIS, P., HOLMES, S. and SHAHSHAHANI, M. (2013). Sampling from a manifold. In Advances in
Modern Statistical Theory and Applications: A Festschrift in Honor of Morris L. Eaton. Inst. Math.
Stat. (IMS) Collect. 10 102–125. IMS, Beachwood, OH. MR3586941

[18] DURBIN, J. (1961). Some methods of constructing exact tests. Biometrika 48 41–55. MR0126313
https://doi.org/10.1093/biomet/48.1-2.41

[19] EFRON, B. and TIBSHIRANI, R. J. (1993). An Introduction to the Bootstrap. Monographs on Statis-
tics and Applied Probability 57. CRC Press, New York. MR1270903 https://doi.org/10.1007/
978-1-4899-4541-9

[20] ENGEN, S. and LILLEGÅRD, M. (1997). Stochastic simulations conditioned on sufficient statistics.
Biometrika 84 235–240. MR1450203 https://doi.org/10.1093/biomet/84.1.235

[21] HAZRA, A. (2013). An exact Kolmogorov–Smirnov test for the negative Binomial distribution with un-
known probability of success. Res. Rev.: J. Stat. 2 1–13.

[22] HUANG, D. and JANSON, L. (2020). Relaxing the assumptions of knockoffs by conditioning. Ann. Statist.
48 3021–3042. MR4152633 https://doi.org/10.1214/19-AOS1920

[23] JANKOVÁ, J., SHAH, R. D., BÜHLMANN, P. and SAMWORTH, R. J. (2020). Goodness-of-fit testing in high
dimensional generalized linear models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 82 773–795. MR4112784
https://doi.org/10.1111/rssb.12371

[24] KALBFLEISCH, J. D. and SPROTT, D. A. (1970). Application of likelihood methods to models involving
large numbers of parameters. J. Roy. Statist. Soc. Ser. B 32 175–208. MR0270474

[25] KOLASSA, J. E. (2003). Algorithms for approximate conditional inference. Stat. Comput. 13 121–126.
MR1963328 https://doi.org/10.1023/A:1023252308207

[26] KOUSATHANAS, A., LEUENBERGER, C., HELFER, J., QUINODOZ, M., FOLL, M. and WEG-
MANN, D. (2016). Likelihood-free inference in high-dimensional models. Genetics 203 893–904.
https://doi.org/10.1534/genetics.116.187567

[27] KUMAR, A. and PATHAK, P. K. (1977). Sufficiency and tests of goodness of fit. Scand. J. Stat. 4 39–43.
MR0431506

[28] LE CAM, L. (1960). Locally asymptotically normal families of distributions. Certain approximations to fam-
ilies of distributions and their use in the theory of estimation and testing hypotheses. Univ. California
Publ. Statist. 3 37–98. MR0126903

[29] LE CAM, L. (2012). Asymptotic Methods in Statistical Decision Theory. Springer Series in Statistics.
Springer, New York.

[30] LI, K.-C. (1991). Sliced inverse regression for dimension reduction. J. Amer. Statist. Assoc. 86 316–342.
MR1137117

[31] LILLEGÅRD, M. (2001). Tests based on Monte Carlo simulations conditioned on maximum likelihood es-
timates of nuisance parameters. J. Stat. Comput. Simul. 71 1–10. MR1888292 https://doi.org/10.1080/
00949650108812130

[32] LILLEGÅRD, M. and ENGEN, S. (1999). Exact confidence intervals generated by conditional parametric
bootstrapping. J. Appl. Stat. 26 447–459. MR1703739 https://doi.org/10.1080/02664769922331

[33] LINDQVIST, B. H. and RANNESTAD, B. (2011). Monte Carlo exact goodness-of-fit tests for nonhomoge-
neous Poisson processes. Appl. Stoch. Models Bus. Ind. 27 329–341. MR2849567 https://doi.org/10.
1002/asmb.841

http://www.ams.org/mathscinet-getitem?mr=4060981
http://www.ams.org/mathscinet-getitem?mr=1041408
https://doi.org/10.1093/biomet/76.4.633
http://www.ams.org/mathscinet-getitem?mr=3185193
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
http://www.ams.org/mathscinet-getitem?mr=3987789
http://www.ams.org/mathscinet-getitem?mr=3798878
https://doi.org/10.1111/rssb.12265
http://www.ams.org/mathscinet-getitem?mr=4035789
https://doi.org/10.1002/cjs.11512
http://www.ams.org/mathscinet-getitem?mr=0893334
http://www.ams.org/mathscinet-getitem?mr=3586941
http://www.ams.org/mathscinet-getitem?mr=0126313
https://doi.org/10.1093/biomet/48.1-2.41
http://www.ams.org/mathscinet-getitem?mr=1270903
https://doi.org/10.1007/978-1-4899-4541-9
http://www.ams.org/mathscinet-getitem?mr=1450203
https://doi.org/10.1093/biomet/84.1.235
http://www.ams.org/mathscinet-getitem?mr=4152633
https://doi.org/10.1214/19-AOS1920
http://www.ams.org/mathscinet-getitem?mr=4112784
https://doi.org/10.1111/rssb.12371
http://www.ams.org/mathscinet-getitem?mr=0270474
http://www.ams.org/mathscinet-getitem?mr=1963328
https://doi.org/10.1023/A:1023252308207
https://doi.org/10.1534/genetics.116.187567
http://www.ams.org/mathscinet-getitem?mr=0431506
http://www.ams.org/mathscinet-getitem?mr=0126903
http://www.ams.org/mathscinet-getitem?mr=1137117
http://www.ams.org/mathscinet-getitem?mr=1888292
https://doi.org/10.1080/00949650108812130
http://www.ams.org/mathscinet-getitem?mr=1703739
https://doi.org/10.1080/02664769922331
http://www.ams.org/mathscinet-getitem?mr=2849567
https://doi.org/10.1002/asmb.841
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1002/cjs.11512
https://doi.org/10.1007/978-1-4899-4541-9
https://doi.org/10.1080/00949650108812130
https://doi.org/10.1002/asmb.841


[34] LINDQVIST, B. H. and TARALDSEN, G. (2013). Exact statistical inference for some parametric nonho-
mogeneous Poisson processes. J. Iran. Stat. Soc. (JIRSS) 12 113–126. MR3048729 https://doi.org/10.
1214/13-aos1083

[35] LOCKHART, R. A. (2012). Conditional limit laws for goodness-of-fit tests. Bernoulli 18 857–882.
MR2948905 https://doi.org/10.3150/11-BEJ366

[36] LOCKHART, R. A., O’REILLY, F. and STEPHENS, M. (2009). Exact conditional tests and approxi-
mate bootstrap tests for the von Mises distribution. J. Stat. Theory Pract. 3 543–554. MR2750456
https://doi.org/10.1080/15598608.2009.10411945

[37] LOCKHART, R. A., O’REILLY, F. J. and STEPHENS, M. A. (2007). Use of the Gibbs sampler to obtain con-
ditional tests, with applications. Biometrika 94 992–998. MR2416805 https://doi.org/10.1093/biomet/
asm065

[38] MARCUS, R., PERITZ, E. and GABRIEL, K. R. (1976). On closed testing procedures with special reference
to ordered analysis of variance. Biometrika 63 655–660. MR0468056 https://doi.org/10.1093/biomet/
63.3.655

[39] O’REILLY, F. and GRACIA-MEDRANO, L. (2006). On the conditional distribution of goodness-
of-fit tests. Comm. Statist. Theory Methods 35 541–549. MR2274070 https://doi.org/10.1080/
03610920500476622

[40] ROSENBAUM, P. R. (1984). Conditional permutation tests and the propensity score in observational studies.
J. Amer. Statist. Assoc. 79 565–574. MR0763575

[41] SANTOS, J. D. and FILHO, N. L. S. (2019). A Metropolis algorithm to obtain co-sufficient samples
with applications in conditional tests. Comm. Statist. Simulation Comput. 48 2655–2659. MR4001227
https://doi.org/10.1080/03610918.2018.1458140

[42] STEPHENS, M. A. (2012). Goodness-of-fit and sufficiency: Exact and approximate tests. Methodol. Comput.
Appl. Probab. 14 785–791. MR2966320 https://doi.org/10.1007/s11009-011-9267-2

[43] TIAN, X. and TAYLOR, J. (2018). Selective inference with a randomized response. Ann. Statist. 46 679–710.
MR3782381 https://doi.org/10.1214/17-AOS1564

[44] VAN DER VAART, A. W. (1998). Asymptotic Statistics. Cambridge Series in Statistical and Proba-
bilistic Mathematics 3. Cambridge Univ. Press, Cambridge. MR1652247 https://doi.org/10.1017/
CBO9780511802256

http://www.ams.org/mathscinet-getitem?mr=3048729
https://doi.org/10.1214/13-aos1083
http://www.ams.org/mathscinet-getitem?mr=2948905
https://doi.org/10.3150/11-BEJ366
http://www.ams.org/mathscinet-getitem?mr=2750456
https://doi.org/10.1080/15598608.2009.10411945
http://www.ams.org/mathscinet-getitem?mr=2416805
https://doi.org/10.1093/biomet/asm065
http://www.ams.org/mathscinet-getitem?mr=0468056
https://doi.org/10.1093/biomet/63.3.655
http://www.ams.org/mathscinet-getitem?mr=2274070
https://doi.org/10.1080/03610920500476622
http://www.ams.org/mathscinet-getitem?mr=0763575
http://www.ams.org/mathscinet-getitem?mr=4001227
https://doi.org/10.1080/03610918.2018.1458140
http://www.ams.org/mathscinet-getitem?mr=2966320
https://doi.org/10.1007/s11009-011-9267-2
http://www.ams.org/mathscinet-getitem?mr=3782381
https://doi.org/10.1214/17-AOS1564
http://www.ams.org/mathscinet-getitem?mr=1652247
https://doi.org/10.1017/CBO9780511802256
https://doi.org/10.1214/13-aos1083
https://doi.org/10.1093/biomet/asm065
https://doi.org/10.1093/biomet/63.3.655
https://doi.org/10.1080/03610920500476622
https://doi.org/10.1017/CBO9780511802256


The Annals of Statistics
2022, Vol. 50, No. 5, 2545–2561
https://doi.org/10.1214/22-AOS2192
© Institute of Mathematical Statistics, 2022

NEW EDGEWORTH-TYPE EXPANSIONS WITH FINITE SAMPLE
GUARANTEES
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We establish higher-order nonasymptotic expansions for a difference be-
tween probability distributions of sums of i.i.d. random vectors in a Euclidean
space. The derived bounds are uniform over two classes of sets: the set of all
Euclidean balls and the set of all half-spaces. These results allow to account
for an impact of higher-order moments or cumulants of the considered dis-
tributions; the obtained error terms depend on a sample size and a dimension
explicitly. The new inequalities outperform accuracy of the normal approxi-
mation in existing Berry–Esseen inequalities under very general conditions.
Under some symmetry assumptions on the probability distribution of random
summands, the obtained results are optimal in terms of the ratio between
the dimension and the sample size. The new technique which we developed
for establishing nonasymptotic higher-order expansions can be interesting by
itself. Using the new higher-order inequalities, we study accuracy of the non-
parametric bootstrap approximation and propose a bootstrap score test under
possible model misspecification. The results of the paper also include explicit
error bounds for general elliptic confidence regions for an expected value of
the random summands, and optimality of the Gaussian anticoncentration in-
equality over the set of all Euclidean balls.
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This paper deals with the Gaussian and bootstrap approximations to the
distribution of the max statistic in high dimensions. This statistic takes the
form of the maximum over components of the sum of independent random
vectors and its distribution plays a key role in many high-dimensional esti-
mation and testing problems. Using a novel iterative randomized Lindeberg
method, the paper derives new bounds for the distributional approximation
errors. These new bounds substantially improve upon existing ones and si-
multaneously allow for a larger class of bootstrap methods.
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For observational studies, we study the sensitivity of causal inference
when treatment assignments may depend on unobserved confounders. We
develop a loss minimization approach for estimating bounds on the condi-
tional average treatment effect (CATE) when unobserved confounders have a
bounded effect on the odds ratio of treatment selection. Our approach is scal-
able and allows flexible use of model classes in estimation, including non-
parametric and black-box machine learning methods. Based on these bounds
for the CATE, we propose a sensitivity analysis for the average treatment
effect (ATE). Our semiparametric estimator extends/bounds the augmented
inverse propensity weighted (AIPW) estimator for the ATE under bounded
unobserved confounding. By constructing a Neyman orthogonal score, our
estimator of the bound for the ATE is a regular root-n estimator so long as the
nuisance parameters are estimated at the op(n−1/4) rate. We complement our
methodology with optimality results showing that our proposed bounds are
tight in certain cases. We demonstrate our method on simulated and real data
examples, and show accurate coverage of our confidence intervals in practical
finite sample regimes with rich covariate information.
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We consider the fundamental problem of estimating the location of a
d-variate probability measure under an Lp loss function. The naive estimator,
that minimizes the usual empirical Lp risk, has a known asymptotic behavior
but suffers from several deficiencies for p �= 2, the most important one being
the lack of equivariance under general affine transformations. In this work, we

introduce a collection of Lp location estimators μ̂
p,�
n that minimize the size

of suitable �-dimensional data-based simplices. For � = 1, these estimators
reduce to the naive ones, whereas, for � = d, they are equivariant under affine
transformations. Irrespective of �, these estimators reduce to the sample mean
for p = 2, whereas for p = 1, the estimators provide the well-known spatial
median and Oja median for � = 1 and � = d, respectively. Under very mild

assumptions, we derive an explicit Bahadur representation result for μ̂
p,�
n and

establish asymptotic normality. We prove that, quite remarkably, the asymp-
totic behavior of the estimators does not depend on � under spherical sym-
metry, so that the affine equivariance for � = d is achieved at no cost in terms
of efficiency. To allow for large sample size n and/or large dimension d, we
introduce a version of our estimators relying on incomplete U-statistics. Un-

der a centro-symmetry assumption, we also define companion tests φ
p,�
n for

the problem of testing the null hypothesis that the location μ of the under-
lying probability measure coincides with a given location μ0. For any p,
affine invariance is achieved for � = d. For any � and p, we derive explicit
expressions for the asymptotic power of these tests under contiguous local
alternatives, which reveals that asymptotic relative efficiencies with respect
to traditional parametric Gaussian procedures for hypothesis testing coincide
with those obtained for point estimation. We illustrate finite-sample relevance
of our asymptotic results through Monte Carlo exercises and also treat a real
data example.
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IS INFINITY THAT FAR? A BAYESIAN NONPARAMETRIC PERSPECTIVE
OF FINITE MIXTURE MODELS
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Mixture models are one of the most widely used statistical tools when
dealing with data from heterogeneous populations. Following a Bayesian
nonparametric perspective, we introduce a new class of priors: the Normal-
ized Independent Point Process. We investigate the probabilistic properties of
this new class and present many special cases. In particular, we provide an
explicit formula for the distribution of the implied partition, as well as the
posterior characterization of the new process in terms of the superposition
of two discrete measures. We also provide consistency results. Moreover, we
design both a marginal and a conditional algorithm for finite mixture mod-
els with a random number of components. These schemes are based on an
auxiliary variable MCMC, which allows handling the otherwise intractable
posterior distribution and overcomes the challenges associated with the Re-
versible Jump algorithm. We illustrate the performance and the potential of
our model in a simulation study and on real data applications.
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In network applications, it has become increasingly common to obtain
datasets in the form of multiple networks observed on the same set of sub-
jects, where each network is obtained in a related but different experiment
condition or application scenario. Such datasets can be modeled by multi-
layer networks where each layer is a separate network itself while different
layers are associated and share some common information. The present pa-
per studies community detection in a stylized yet informative inhomogeneous
multilayer network model. In our model, layers are generated by different
stochastic block models, the community structures of which are (random)
perturbations of a common global structure while the connecting probabili-
ties in different layers are not related. Focusing on the symmetric two block
case, we establish minimax rates for both global estimation of the common
structure and individualized estimation of layerwise community structures.
Both minimax rates have sharp exponents. In addition, we provide an effi-
cient algorithm that is simultaneously asymptotic minimax optimal for both
estimation tasks under mild conditions. The optimal rates depend on the par-
ity of the number of most informative layers, a phenomenon that is caused by
inhomogeneity across layers. The method is extended to handle multiple and
potentially asymmetric community cases. We demonstrate its effectiveness
on both simulated examples and a real multimodal single-cell dataset.

REFERENCES

[1] ABBE, E. (2017). Community detection and stochastic block models: Recent developments. J. Mach. Learn.
Res. 18 Paper No. 177, 86. MR3827065

[2] ABBE, E., BANDEIRA, A. S. and HALL, G. (2016). Exact recovery in the stochastic block model. IEEE
Trans. Inf. Theory 62 471–487. MR3447993 https://doi.org/10.1109/TIT.2015.2490670

[3] ABBE, E. and SANDON, C. (2015). Community detection in general stochastic block models: Fundamental
limits and efficient algorithms for recovery. In 2015 IEEE 56th Annual Symposium on Foundations
of Computer Science—FOCS 2015 670–688. IEEE Computer Soc., Los Alamitos, CA. MR3473334
https://doi.org/10.1109/FOCS.2015.47

[4] ABBE, E. and SANDON, C. (2018). Proof of the achievability conjectures for the general stochastic block
model. Comm. Pure Appl. Math. 71 1334–1406. MR3812075 https://doi.org/10.1002/cpa.21719

[5] ARROYO, J., ATHREYA, A., CAPE, J., CHEN, G., PRIEBE, C. E. and VOGELSTEIN, J. T. (2021). Inference
for multiple heterogeneous networks with a common invariant subspace. J. Mach. Learn. Res. 22 Paper
No. 142, 49. MR4318498

[6] ASSOUAD, P. (1983). Deux remarques sur l’estimation. C. R. Acad. Sci. Paris Sér. I Math. 296 1021–1024.
MR0777600

[7] BARKAS, N., PETUKHOV, V., NIKOLAEVA, D., LOZINSKY, Y., DEMHARTER, S., KHODOSEVICH, K. and
KHARCHENKO, P. V. (2019). Joint analysis of heterogeneous single-cell RNA-seq dataset collections.
Nat. Methods 16 695–698. https://doi.org/10.1038/s41592-019-0466-z

[8] BHATTACHARYYA, S. and CHATTERJEE, S. (2018). Spectral clustering for multiple sparse networks: I.
arXiv preprint arXiv:1805.10594.

MSC2020 subject classifications. Primary 62H30, 91D30; secondary 62C20, 90B15.
Key words and phrases. Integrative data analysis, minimax rate, Rényi divergence, spectral clustering, stochas-

tic block model.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/22-AOS2202
http://www.imstat.org
mailto:shuxiaoc@wharton.upenn.edu
mailto:zongming@wharton.upenn.edu
mailto:sfliu@stanford.edu
http://www.ams.org/mathscinet-getitem?mr=3827065
http://www.ams.org/mathscinet-getitem?mr=3447993
https://doi.org/10.1109/TIT.2015.2490670
http://www.ams.org/mathscinet-getitem?mr=3473334
https://doi.org/10.1109/FOCS.2015.47
http://www.ams.org/mathscinet-getitem?mr=3812075
https://doi.org/10.1002/cpa.21719
http://www.ams.org/mathscinet-getitem?mr=4318498
http://www.ams.org/mathscinet-getitem?mr=0777600
https://doi.org/10.1038/s41592-019-0466-z
http://arxiv.org/abs/arXiv:1805.10594
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[9] BOCCALETTI, S., BIANCONI, G., CRIADO, R., DEL GENIO, C. I., GÓMEZ-GARDEÑES, J., RO-
MANCE, M., SENDIÑA-NADAL, I., WANG, Z. and ZANIN, M. (2014). The structure and dynamics
of multilayer networks. Phys. Rep. 544 1–122. MR3270140 https://doi.org/10.1016/j.physrep.2014.07.
001

[10] BORDENAVE, C., LELARGE, M. and MASSOULIÉ, L. (2015). Non-backtracking spectrum of random
graphs: Community detection and non-regular Ramanujan graphs. In 2015 IEEE 56th Annual Sym-
posium on Foundations of Computer Science—FOCS 2015 1347–1357. IEEE Computer Soc., Los
Alamitos, CA. MR3473374 https://doi.org/10.1109/FOCS.2015.86

[11] CARUANA, R. (1997). Multitask learning. Mach. Learn. 28 41–75.
[12] CHEN, S., LIU, S. and MA, Z. (2022). Supplement to “Global and individualized community detection in

inhomogeneous multilayer networks.” https://doi.org/10.1214/22-AOS2202SUPP
[13] CHEN, Y. and XU, J. (2016). Statistical-computational tradeoffs in planted problems and submatrix local-

ization with a growing number of clusters and submatrices. J. Mach. Learn. Res. 17 Paper No. 27, 57.
MR3491121

[14] CHERNOFF, H. (1952). A measure of asymptotic efficiency for tests of a hypothesis based on the sum of
observations. Ann. Math. Stat. 23 493–507. MR0057518 https://doi.org/10.1214/aoms/1177729330

[15] CURRAN, P. J. and HUSSONG, A. M. (2009). Integrative data analysis: The simultaneous analysis of mul-
tiple data sets. Psychol. Methods 14 81–100. https://doi.org/10.1037/a0015914

[16] DECELLE, A., KRZAKALA, F., MOORE, C. and ZDEBOROVÁ, L. (2011). Asymptotic analysis of the
stochastic block model for modular networks and its algorithmic applications. Phys. Rev. E 84 066106.

[17] DE DOMENICO, M. (2017). Multilayer modeling and analysis of human brain networks. GigaScience 6
1–8. https://doi.org/10.1093/gigascience/gix004

[18] DE DOMENICO, M., LANCICHINETTI, A., ARENAS, A. and ROSVALL, M. (2015). Identifying modular
flows on multilayer networks reveals highly overlapping organization in interconnected systems. Phys.
Rev. X 5 011027.

[19] DE DOMENICO, M., SOLÉ-RIBALTA, A., COZZO, E., KIVELÄ, M., MORENO, Y., PORTER, M. A.,
GÓMEZ, S. and ARENAS, A. (2013). Mathematical formulation of multilayer networks. Phys. Rev.
X 3 041022.

[20] DICKISON, M. E., MAGNANI, M. and ROSSI, L. (2016). Multilayer Social Networks. Cambridge Univ.
Press, New York. MR3618060 https://doi.org/10.1017/CBO9781139941907

[21] GAO, C. and MA, Z. (2019). Testing equivalence of clustering. arXiv preprint arXiv:1910.12797.
[22] GAO, C. and MA, Z. (2021). Minimax rates in network analysis: Graphon estimation, community detection

and hypothesis testing. Statist. Sci. 36 16–33. MR4194201 https://doi.org/10.1214/19-STS736
[23] GAO, C., MA, Z., ZHANG, A. Y. and ZHOU, H. H. (2017). Achieving optimal misclassification proportion

in stochastic block models. J. Mach. Learn. Res. 18 Paper No. 60, 45. MR3687603
[24] GAO, C., MA, Z., ZHANG, A. Y. and ZHOU, H. H. (2018). Community detection in degree-corrected block

models. Ann. Statist. 46 2153–2185. MR3845014 https://doi.org/10.1214/17-AOS1615
[25] GAO, L. L., BIEN, J. and WITTEN, D. (2020). Are clusterings of multiple data views independent? Bio-

statistics 21 692–708. MR4164052 https://doi.org/10.1093/biostatistics/kxz001
[26] GAO, L. L., WITTEN, D. and BIEN, J. (2019). Testing for association in multi-view network data. arXiv

preprint arXiv:1909.11640.
[27] GARCIA, J. O., ASHOURVAN, A., MULDOON, S. F., VETTEL, J. M. and BASSETT, D. S. (2018). Appli-

cations of community detection techniques to brain graphs: Algorithmic considerations and implica-
tions for neural function. Proc. IEEE Inst. Electr. Electron. Eng. 106 846–867. https://doi.org/10.1109/
JPROC.2017.2786710

[28] GOLDENBERG, A., ZHENG, A. X., FIENBERG, S. E. and AIROLDI, E. M. (2010). A Survey of Statistical
Network Models. Now Publishers Inc..

[29] HAGHVERDI, L., LUN, A. T. L., MORGAN, M. D. and MARIONI, J. C. (2018). Batch effects in single-
cell RNA-sequencing data are corrected by matching mutual nearest neighbors. Nat. Biotechnol. 36
421–427. https://doi.org/10.1038/nbt.4091

[30] HAO, Y., HAO, S., ANDERSEN-NISSEN, E., MAUCK III, W. M., ZHENG, S., BUTLER, A., LEE, M. J.,
WILK, A. J., DARBY, C. et al. (2021). Integrated analysis of multimodal single-cell data. Cell.

[31] HOEFFDING, W. (1963). Probability inequalities for sums of bounded random variables. J. Amer. Statist.
Assoc. 58 13–30. MR0144363

[32] HOLLAND, P. W., LASKEY, K. B. and LEINHARDT, S. (1983). Stochastic blockmodels: First steps. Soc.
Netw. 5 109–137. MR0718088 https://doi.org/10.1016/0378-8733(83)90021-7

[33] JACKSON, M. O. (2008). Social and Economic Networks. Princeton Univ. Press, Princeton, NJ. MR2435744
[34] JACKSON, M. O. (2011). An overview of social networks and economic applications. In Handbook of Social

Economics 1 511–585. Elsevier.

http://www.ams.org/mathscinet-getitem?mr=3270140
https://doi.org/10.1016/j.physrep.2014.07.001
http://www.ams.org/mathscinet-getitem?mr=3473374
https://doi.org/10.1109/FOCS.2015.86
https://doi.org/10.1214/22-AOS2202SUPP
http://www.ams.org/mathscinet-getitem?mr=3491121
http://www.ams.org/mathscinet-getitem?mr=0057518
https://doi.org/10.1214/aoms/1177729330
https://doi.org/10.1037/a0015914
https://doi.org/10.1093/gigascience/gix004
http://www.ams.org/mathscinet-getitem?mr=3618060
https://doi.org/10.1017/CBO9781139941907
http://arxiv.org/abs/arXiv:1910.12797
http://www.ams.org/mathscinet-getitem?mr=4194201
https://doi.org/10.1214/19-STS736
http://www.ams.org/mathscinet-getitem?mr=3687603
http://www.ams.org/mathscinet-getitem?mr=3845014
https://doi.org/10.1214/17-AOS1615
http://www.ams.org/mathscinet-getitem?mr=4164052
https://doi.org/10.1093/biostatistics/kxz001
http://arxiv.org/abs/arXiv:1909.11640
https://doi.org/10.1109/JPROC.2017.2786710
https://doi.org/10.1038/nbt.4091
http://www.ams.org/mathscinet-getitem?mr=0144363
http://www.ams.org/mathscinet-getitem?mr=0718088
https://doi.org/10.1016/0378-8733(83)90021-7
http://www.ams.org/mathscinet-getitem?mr=2435744
https://doi.org/10.1016/j.physrep.2014.07.001
https://doi.org/10.1109/JPROC.2017.2786710


[35] JING, B.-Y., LI, T., LYU, Z. and XIA, D. (2021). Community detection on mixture multilayer networks via
regularized tensor decomposition. Ann. Statist. 49 3181–3205. MR4352527 https://doi.org/10.1214/
21-aos2079

[36] KAIROUZ, P., MCMAHAN, H. B., AVENT, B., BELLET, A., BENNIS, M., BHAGOJI, A. N.,
BONAWITZ, K., CHARLES, Z., CORMODE, G. et al. (2019). Advances and open problems in fed-
erated learning. arXiv preprint arXiv:1912.04977.

[37] KIVELÄ, M., ARENAS, A., BARTHELEMY, M., GLEESON, J. P., MORENO, Y. and PORTER, M. A. (2014).
Multilayer networks. J. Complex Netw. 2 203–271.

[38] KRIVELEVICH, M. and SUDAKOV, B. (2003). The largest eigenvalue of sparse random graphs. Combin.
Probab. Comput. 12 61–72. MR1967486 https://doi.org/10.1017/S0963548302005424

[39] KUMAR, A., RAI, P. and DAUME, H. (2011). Co-regularized multi-view spectral clustering. In Advances
in Neural Information Processing Systems 1413–1421.

[40] KUMAR, A., SABHARWAL, Y. and SEN, S. (2004). A simple linear time (1 + ε)-approximation algorithm
for k-means clustering in any dimensions. In 45th Annual IEEE Symposium on Foundations of Com-
puter Science 454–462. IEEE.

[41] LE, C. M., LEVIN, K. and LEVINA, E. (2018). Estimating a network from multiple noisy realizations.
Electron. J. Stat. 12 4697–4740. MR3894068 https://doi.org/10.1214/18-ejs1521

[42] LE, C. M., LEVINA, E. and VERSHYNIN, R. (2017). Concentration and regularization of random graphs.
Random Structures Algorithms 51 538–561. MR3689343 https://doi.org/10.1002/rsa.20713

[43] LEI, J. (2020). Tail bounds for matrix quadratic forms and bias adjusted spectral clustering in multi-layer
stochastic block models. arXiv preprint arXiv:2003.08222.

[44] LEI, J., CHEN, K. and LYNCH, B. (2020). Consistent community detection in multi-layer network data.
Biometrika 107 61–73. MR4064140 https://doi.org/10.1093/biomet/asz068

[45] LI, X., CHEN, Y. and XU, J. (2021). Convex relaxation methods for community detection. Statist. Sci. 36
2–15. MR4194200 https://doi.org/10.1214/19-STS715

[46] LÜ, L. and ZHOU, T. (2011). Link prediction in complex networks: A survey. Phys. A, Stat. Mech. Appl.
390 1150–1170.

[47] MA, C., WANG, K., CHI, Y. and CHEN, Y. (2018). Implicit regularization in nonconvex statistical estima-
tion: Gradient descent converges linearly for phase retrieval and matrix completion. In International
Conference on Machine Learning 3345–3354. PMLR.

[48] MONTANARI, A. (2015). Finding one community in a sparse graph. J. Stat. Phys. 161 273–299. MR3401018
https://doi.org/10.1007/s10955-015-1338-2

[49] MOSSEL, E., NEEMAN, J. and SLY, A. (2012). Stochastic block models and reconstruction. arXiv preprint
arXiv:1202.1499.

[50] MOSSEL, E., NEEMAN, J. and SLY, A. (2015). Reconstruction and estimation in the planted par-
tition model. Probab. Theory Related Fields 162 431–461. MR3383334 https://doi.org/10.1007/
s00440-014-0576-6

[51] MOSSEL, E., NEEMAN, J. and SLY, A. (2015). Consistency thresholds for the planted bisection model. In
Proceedings of the Forty-Seventh Annual ACM Symposium on Theory of Computing 69–75.

[52] MOSSEL, E., NEEMAN, J. and SLY, A. (2018). A proof of the block model threshold conjecture. Combina-
torica 38 665–708. MR3876880 https://doi.org/10.1007/s00493-016-3238-8

[53] MUCHA, P. J., RICHARDSON, T., MACON, K., PORTER, M. A. and ONNELA, J.-P. (2010). Community
structure in time-dependent, multiscale, and multiplex networks. Science 328 876–878. With supple-
mentary material available online. MR2662590 https://doi.org/10.1126/science.1184819

[54] NEEMAN, J. and NETRAPALLI, P. (2014). Non-reconstructability in the stochastic block model. arXiv
preprint arXiv:1404.6304.

[55] NEUMANN, J. V. (1928). Zur Theorie der Gesellschaftsspiele. Math. Ann. 100 295–320. MR1512486
https://doi.org/10.1007/BF01448847

[56] PAUL, S. and CHEN, Y. (2016). Consistent community detection in multi-relational data through restricted
multi-layer stochastic blockmodel. Electron. J. Stat. 10 3807–3870. MR3579677 https://doi.org/10.
1214/16-EJS1211

[57] PAUL, S. and CHEN, Y. (2020). A random effects stochastic block model for joint community detection
in multiple networks with applications to neuroimaging. Ann. Appl. Stat. 14 993–1029. MR4117838
https://doi.org/10.1214/20-AOAS1339

[58] PAUL, S. and CHEN, Y. (2020). Spectral and matrix factorization methods for consistent community
detection in multi-layer networks. Ann. Statist. 48 230–250. MR4065160 https://doi.org/10.1214/
18-AOS1800

[59] PEIXOTO, T. P. (2015). Inferring the mesoscale structure of layered, edge-valued, and time-varying net-
works. Phys. Rev. E 92 042807.

http://www.ams.org/mathscinet-getitem?mr=4352527
https://doi.org/10.1214/21-aos2079
http://arxiv.org/abs/arXiv:1912.04977
http://www.ams.org/mathscinet-getitem?mr=1967486
https://doi.org/10.1017/S0963548302005424
http://www.ams.org/mathscinet-getitem?mr=3894068
https://doi.org/10.1214/18-ejs1521
http://www.ams.org/mathscinet-getitem?mr=3689343
https://doi.org/10.1002/rsa.20713
http://arxiv.org/abs/arXiv:2003.08222
http://www.ams.org/mathscinet-getitem?mr=4064140
https://doi.org/10.1093/biomet/asz068
http://www.ams.org/mathscinet-getitem?mr=4194200
https://doi.org/10.1214/19-STS715
http://www.ams.org/mathscinet-getitem?mr=3401018
https://doi.org/10.1007/s10955-015-1338-2
http://arxiv.org/abs/arXiv:1202.1499
http://www.ams.org/mathscinet-getitem?mr=3383334
https://doi.org/10.1007/s00440-014-0576-6
http://www.ams.org/mathscinet-getitem?mr=3876880
https://doi.org/10.1007/s00493-016-3238-8
http://www.ams.org/mathscinet-getitem?mr=2662590
https://doi.org/10.1126/science.1184819
http://arxiv.org/abs/arXiv:1404.6304
http://www.ams.org/mathscinet-getitem?mr=1512486
https://doi.org/10.1007/BF01448847
http://www.ams.org/mathscinet-getitem?mr=3579677
https://doi.org/10.1214/16-EJS1211
http://www.ams.org/mathscinet-getitem?mr=4117838
https://doi.org/10.1214/20-AOAS1339
http://www.ams.org/mathscinet-getitem?mr=4065160
https://doi.org/10.1214/18-AOS1800
https://doi.org/10.1214/21-aos2079
https://doi.org/10.1007/s00440-014-0576-6
https://doi.org/10.1214/16-EJS1211
https://doi.org/10.1214/18-AOS1800


[60] RÉNYI, A. (1961). On measures of entropy and information. In Proc. 4th Berkeley Sympos. Math. Statist.
and Prob., Vol. I 547–561. Univ. California Press, Berkeley, CA. MR0132570

[61] SION, M. (1958). On general minimax theorems. Pacific J. Math. 8 171–176. MR0097026
[62] STANLEY, N., SHAI, S., TAYLOR, D. and MUCHA, P. J. (2016). Clustering network layers with the

strata multilayer stochastic block model. IEEE Trans. Netw. Sci. Eng. 3 95–105. MR3515211
https://doi.org/10.1109/TNSE.2016.2537545

[63] STOECKIUS, M., HAFEMEISTER, C., STEPHENSON, W., HOUCK-LOOMIS, B., CHATTOPADHYAY, P. K.,
SWERDLOW, H., SATIJA, R. and SMIBERT, P. (2017). Simultaneous epitope and transcriptome mea-
surement in single cells. Nat. Methods 14 865–868. https://doi.org/10.1038/nmeth.4380

[64] STUART, T., BUTLER, A., HOFFMAN, P., HAFEMEISTER, C., PAPALEXI, E., MAUCK III, W. M.,
HAO, Y., STOECKIUS, M., SMIBERT, P. et al. (2019). Comprehensive integration of single-cell data.
Cell 177 1888–1902.

[65] VARADHAN, S. R. S. (1984). Large Deviations and Applications. CBMS-NSF Regional Conference Se-
ries in Applied Mathematics 46. SIAM, Philadelphia, PA. MR0758258 https://doi.org/10.1137/1.
9781611970241.bm

[66] WANG, M. and ZENG, Y. (2019). Multiway clustering via tensor block models. In Advances in Neural
Information Processing Systems 715–725.

[67] WASSERMAN, S. and FAUST, K. (1994). Social Network Analysis: Methods and Applications 8. Cambridge
Univ. Press.

[68] XU, M., JOG, V. and LOH, P.-L. (2020). Optimal rates for community estimation in the weighted stochastic
block model. Ann. Statist. 48 183–204. MR4065158 https://doi.org/10.1214/18-AOS1797

[69] YUN, S.-Y. and PROUTIERE, A. (2014). Community detection via random and adaptive sampling. In Con-
ference on Learning Theory 138–175.

[70] YUN, S.-Y. and PROUTIERE, A. (2016). Optimal cluster recovery in the labeled stochastic block model. In
Advances in Neural Information Processing Systems 965–973.

[71] ZHANG, A. Y. and ZHOU, H. H. (2016). Minimax rates of community detection in stochastic block models.
Ann. Statist. 44 2252–2280. MR3546450 https://doi.org/10.1214/15-AOS1428

[72] ZHANG, X., XUE, S. and ZHU, J. (2020). A flexible latent space model for multilayer networks. In Inter-
national Conference on Machine Learning PMLR.

[73] ZHU, B., CHEN, S., BAI, Y., CHEN, H., MUKHERJEE, N., VAZQUEZ, G., MCILWAIN, D. R.,
TZANKOV, A., LEE, I. T. et al. (2021). Robust single-cell matching and multi-modal analysis using
shared and distinct features reveals orchestrated immune responses. bioRxiv.

http://www.ams.org/mathscinet-getitem?mr=0132570
http://www.ams.org/mathscinet-getitem?mr=0097026
http://www.ams.org/mathscinet-getitem?mr=3515211
https://doi.org/10.1109/TNSE.2016.2537545
https://doi.org/10.1038/nmeth.4380
http://www.ams.org/mathscinet-getitem?mr=0758258
https://doi.org/10.1137/1.9781611970241.bm
http://www.ams.org/mathscinet-getitem?mr=4065158
https://doi.org/10.1214/18-AOS1797
http://www.ams.org/mathscinet-getitem?mr=3546450
https://doi.org/10.1214/15-AOS1428
https://doi.org/10.1137/1.9781611970241.bm


The Annals of Statistics
2022, Vol. 50, No. 5, 2694–2712
https://doi.org/10.1214/22-AOS2203
© Institute of Mathematical Statistics, 2022

ASYMPTOTIC ANALYSIS OF SYNCHROSQUEEZING
TRANSFORM—TOWARD STATISTICAL INFERENCE WITH

NONLINEAR-TYPE TIME-FREQUENCY ANALYSIS

BY MATT SOURISSEAU1,a, HAU-TIENG WU2,b AND ZHOU ZHOU3,c

1Department of Mathematics, University of Toronto, asourisse@math.utoronto.ca
2Department of Mathematics and Department of Statistical Science, Duke University, bhauwu@math.duke.edu

3Department of Statistics, University of Toronto, czhou@utstat.toronto.edu

We provide a statistical analysis of a tool in nonlinear-type time-
frequency analysis, the synchrosqueezing transform (SST), for both the null
and nonnull cases. The intricate nonlinear interaction of different quantities
in SST is quantified by carefully analyzing relevant multivariate complex
Gaussian random variables. Specifically, we provide the quotient distribution
of dependent and improper complex Gaussian random variables. Then a cen-
tral limit theorem result for SST is established. As an example, we provide a
block bootstrap scheme based on the established SST theory to test if a given
time series contains oscillatory components.
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Kernel methods are powerful learning methodologies that allow to per-
form nonlinear data analysis. Despite their popularity, they suffer from poor
scalability in big data scenarios. Various approximation methods, including
random feature approximation, have been proposed to alleviate the prob-
lem. However, the statistical consistency of most of these approximate kernel
methods is not well understood except for kernel ridge regression wherein it
has been shown that the random feature approximation is not only computa-
tionally efficient but also statistically consistent with a minimax optimal rate
of convergence. In this paper, we investigate the efficacy of random feature
approximation in the context of kernel principal component analysis (KPCA)
by studying the trade-off between computational and statistical behaviors of
approximate KPCA. We show that the approximate KPCA is both computa-
tionally and statistically efficient compared to KPCA in terms of the error as-
sociated with reconstructing a kernel function based on its projection onto the
corresponding eigenspaces. The analysis hinges on Bernstein-type inequali-
ties for the operator and Hilbert–Schmidt norms of a self-adjoint Hilbert–
Schmidt operator-valued U-statistics, which are of independent interest.
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Shrinkage estimation is a fundamental tool of modern statistics, pio-
neered by Charles Stein upon his discovery of the famous paradox involving
the multivariate Gaussian. A large portion of the subsequent literature only
considers the efficiency of shrinkage, and that of an associated procedure
known as Stein’s Unbiased Risk Estimate, or SURE, in the Gaussian setting
of that original work. We investigate what extensions to the domain of va-
lidity of shrinkage and SURE can be made away from the Gaussian through
the use of tools developed in the probabilistic area now known as Stein’s
method. We show that shrinkage is efficient away from the Gaussian under
very mild conditions on the distribution of the noise. SURE is also proved
to be adaptive under similar assumptions, and in particular in a way that re-
tains the classical asymptotics of Pinsker’s theorem. Notably, shrinkage and
SURE are shown to be efficient under mild distributional assumptions, and
particularly for general isotropic log-concave measures.
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NONPARAMETRIC BIVARIATE DENSITY ESTIMATION FOR CENSORED
LIFETIMES
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It is well known that estimation of a bivariate cumulative distribution
function of a pair of right censored lifetimes presents challenges unparalleled
to the univariate case where a product-limit Kaplan–Meyer’s methodology
typically yields optimal estimation, and the literature on optimal estimation
of the joint probability density is next to none. The paper, for the first time
in the survival analysis literature, develops the theory and methodology of
sharp minimax and adaptive nonparametric estimation of the joint density
under the mean integrated squared error (MISE) criterion. The theory shows
how an underlying joint density, together with the bivariate distribution of
censoring variables, affect the estimation, and what and how may or may not
be estimated in the presence of censoring. Practical example illustrates the
problem.
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Multiple biomarkers are often combined to improve disease diagnosis.
The uniformly optimal combination, that is, with respect to all reasonable
performance metrics, unfortunately requires excessive distributional model-
ing, to which the estimation can be sensitive. An alternative strategy is rather
to pursue local optimality with respect to a specific performance metric. Nev-
ertheless, existing methods may not target clinical utility of the intended med-
ical test, which usually needs to operate above a certain sensitivity or speci-
ficity level, or do not have their statistical properties well studied and under-
stood. In this article, we develop and investigate a linear combination method
to maximize the clinical utility empirically for such a constrained classifica-
tion. The combination coefficient is shown to have cube root asymptotics. The
convergence rate and limiting distribution of the predictive performance are
subsequently established, exhibiting robustness of the method in comparison
with others. An algorithm with sound statistical justification is devised for
efficient and high-quality computation. Simulations corroborate the theoreti-
cal results, and demonstrate good statistical and computational performance.
Illustration with a clinical study on aggressive prostate cancer detection is
provided.
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Modern neural networks are often operated in a strongly overparame-
trized regime: they comprise so many parameters that they can interpolate
the training set, even if actual labels are replaced by purely random ones. De-
spite this, they achieve good prediction error on unseen data: interpolating
the training set does not lead to a large generalization error. Further, over-
parametrization appears to be beneficial in that it simplifies the optimization
landscape. Here, we study these phenomena in the context of two-layers neu-
ral networks in the neural tangent (NT) regime. We consider a simple data
model, with isotropic covariates vectors in d dimensions, and N hidden neu-
rons. We assume that both the sample size n and the dimension d are large,
and they are polynomially related. Our first main result is a characteriza-
tion of the eigenstructure of the empirical NT kernel in the overparametrized
regime Nd � n. This characterization implies as a corollary that the mini-
mum eigenvalue of the empirical NT kernel is bounded away from zero as
soon as Nd � n and, therefore, the network can exactly interpolate arbitrary
labels in the same regime.

Our second main result is a characterization of the generalization error of
NT ridge regression including, as a special case, min-�2 norm interpolation.
We prove that, as soon as Nd � n, the test error is well approximated by the
one of kernel ridge regression with respect to the infinite-width kernel. The
latter is in turn well approximated by the error of polynomial ridge regression,
whereby the regularization parameter is increased by a “self-induced” term
related to the high-degree components of the activation function. The poly-
nomial degree depends on the sample size and the dimension (in particular
on logn/ logd).
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A SIEVE STOCHASTIC GRADIENT DESCENT ESTIMATOR FOR ONLINE
NONPARAMETRIC REGRESSION IN SOBOLEV ELLIPSOIDS

BY TIANYU ZHANGa AND NOAH SIMONb

Department of Biostatistics, University of Washington, azty@uw.edu, bnrsimon@uw.edu

The goal of regression is to recover an unknown underlying function
that best links a set of predictors to an outcome from noisy observations.
In nonparametric regression, one assumes that the regression function be-
longs to a prespecified infinite-dimensional function space (the hypothesis
space). In the online setting, when the observations come in a stream, it is
computationally-preferable to iteratively update an estimate rather than refit-
ting an entire model repeatedly. Inspired by nonparametric sieve estimation
and stochastic approximation methods, we propose a sieve stochastic gradient
descent estimator (Sieve-SGD) when the hypothesis space is a Sobolev ellip-
soid. We show that Sieve-SGD has rate-optimal mean squared error (MSE)
under a set of simple and direct conditions. The proposed estimator can be
constructed with a low computational (time and space) expense: We also for-
mally show that Sieve-SGD requires almost minimal memory usage among
all statistically rate-optimal estimators.
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We study nonparametric Bayesian models for reversible multidimen-
sional diffusions with periodic drift. For continuous observation paths, re-
versibility is exploited to prove a general posterior contraction rate theorem
for the drift gradient vector field under approximation-theoretic conditions on
the induced prior for the invariant measure. The general theorem is applied
to Gaussian priors and p-exponential priors, which are shown to converge to
the truth at the optimal nonparametric rate over Sobolev smoothness classes
in any dimension.
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Censored quantile regression (CQR) has become a valuable tool to study
the heterogeneous association between a possibly censored outcome and a
set of covariates, yet computation and statistical inference for CQR have re-
mained a challenge for large-scale data with many covariates. In this paper,
we focus on a smoothed martingale-based sequential estimating equations
approach, to which scalable gradient-based algorithms can be applied. Theo-
retically, we provide a unified analysis of the smoothed sequential estimator
and its penalized counterpart in increasing dimensions. When the covariate
dimension grows with the sample size at a sublinear rate, we establish the
uniform convergence rate (over a range of quantile indexes) and provide a
rigorous justification for the validity of a multiplier bootstrap procedure for
inference. In high-dimensional sparse settings, our results considerably im-
prove the existing work on CQR by relaxing an exponential term of sparsity.
We also demonstrate the advantage of the smoothed CQR over existing meth-
ods with both simulated experiments and data applications.
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A STUDY OF ORTHOGONAL ARRAY-BASED DESIGNS UNDER A BROAD
CLASS OF SPACE-FILLING CRITERIA
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Space-filling designs based on orthogonal arrays are attractive for com-
puter experiments for they can be easily generated with desirable low-
dimensional stratification properties. Nonetheless, it is not very clear how
they behave and how to construct good such designs under other space-
filling criteria. In this paper, we justify orthogonal array-based designs un-
der a broad class of space-filling criteria, which include commonly used
distance-, orthogonality- and discrepancy-based measures. To identify de-
signs with even better space-filling properties, we partition orthogonal array-
based designs into classes by allowable level permutations and show that the
average performance of each class of designs is determined by two types of
stratifications, with one of them being achieved by strong orthogonal arrays
of strength 2+. Based on these results, we investigate various new and exist-
ing constructions of space-filling orthogonal array-based designs, including
some strong orthogonal arrays of strength 2+ and mappable nearly orthogo-
nal arrays.
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We introduce a new method for two-sample testing of high-dimensional
linear regression coefficients without assuming that those coefficients are in-
dividually estimable. The procedure works by first projecting the matrices of
covariates and response vectors along directions that are complementary in
sign in a subset of the coordinates, a process which we call “complementary
sketching.” The resulting projected covariates and responses are aggregated to
form two test statistics, which are shown to have essentially optimal asymp-
totic power under a Gaussian design when the difference between the two
regression coefficients is sparse and dense respectively. Simulations confirm
that our methods perform well in a broad class of settings and an application
to a large single-cell RNA sequencing dataset demonstrates its utility in the
real world.
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NONPARAMETRIC REGRESSION ON LIE GROUPS WITH MEASUREMENT
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This paper develops a foundation of methodology and theory for non-
parametric regression with Lie group-valued predictors contaminated by
measurement errors. Our methodology and theory are based on harmonic
analysis on Lie groups, which is largely unknown in statistics. We establish
a novel deconvolution regression estimator, and study its rate of convergence
and asymptotic distribution. We also provide asymptotic confidence intervals
based on the asymptotic distribution of the estimator and on the empirical
likelihood technique. Several theoretical properties are also studied for a de-
convolution density estimator, which is necessary to construct our regression
estimator. The case of unknown measurement error distribution is also cov-
ered. We present practical details on implementation as well as the results of
simulation studies for several Lie groups. A real data example is also pro-
vided.
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LOCALLY ASSOCIATED GRAPHICAL MODELS AND MIXED CONVEX
EXPONENTIAL FAMILIES
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The notion of multivariate total positivity has proved to be useful in fi-
nance and psychology but may be too restrictive in other applications. In this
paper, we propose a concept of local association, where highly connected
components in a graphical model are positively associated and study its prop-
erties. Our main motivation comes from gene expression data, where graphi-
cal models have become a popular exploratory tool. The models are instances
of what we term mixed convex exponential families and we show that a mixed
dual likelihood estimator has simple exact properties for such families as
well as asymptotic properties similar to the maximum likelihood estimator.
We further relax the positivity assumption by penalizing negative partial cor-
relations in what we term the positive graphical lasso. Finally, we develop
a GOLAZO algorithm based on block-coordinate descent that applies to a
number of optimization procedures that arise in the context of graphical mod-
els, including the estimation problems described above. We derive results on
existence of the optimum for such problems.
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[13] DJORDJILOVIĆ, V. and CHIOGNA, M. (2018). Searching for a source of difference in Gaussian graphical
models. arXiv preprint. Available at arXiv:1811.02503.

[14] DRTON, M. and RICHARDSON, T. S. (2002). A new algorithm for maximum likelihood estimation in
Gaussian graphical models for marginal independence. In Proceedings of the Nineteenth Conference
on Uncertainty in Artificial Intelligence 184–191. Morgan Kaufmann, San Mateo.

[15] EFRON, B. (1978). The geometry of exponential families. Ann. Statist. 6 362–376. MR0471152
[16] ESARY, J. D., PROSCHAN, F. and WALKUP, D. W. (1967). Association of random variables, with applica-

tions. Ann. Math. Stat. 38 1466–1474. MR0217826 https://doi.org/10.1214/aoms/1177698701
[17] FALLAT, S., LAURITZEN, S., SADEGHI, K., UHLER, C., WERMUTH, N. and ZWIERNIK, P. (2017). To-

tal positivity in Markov structures. Ann. Statist. 45 1152–1184. MR3662451 https://doi.org/10.1214/
16-AOS1478

[18] FAN, J., FENG, Y. and WU, Y. (2009). Network exploration via the adaptive lasso and SCAD penalties.
Ann. Appl. Stat. 3 521–541. MR2750671 https://doi.org/10.1214/08-AOAS215

[19] FITZMAURICE, G. M. and LAIRD, N. M. (1993). A likelihood-based method for analysing longitudinal
binary responses. Biometrika 80 141–151.

[20] FOYGEL, R. and DRTON, M. (2010). Extended Bayesian information criteria for Gaussian graphical mod-
els. In Advances in Neural Information Processing Systems 604–612.

[21] GEYER, C. J. (1994). On the asymptotics of constrained M-estimation. Ann. Statist. 22 1993–2010.
MR1329179 https://doi.org/10.1214/aos/1176325768

[22] GLONEK, G. F. V. (1996). A class of regression models for multivariate categorical responses. Biometrika
83 15–28. MR1399152 https://doi.org/10.1093/biomet/83.1.15

[23] GROSS, E. and SULLIVANT, S. (2018). The maximum likelihood threshold of a graph. Bernoulli 24 386–
407. MR3706762 https://doi.org/10.3150/16-BEJ881

[24] HORN, R. A. and JOHNSON, C. R. (2013). Matrix Analysis, 2nd ed. Cambridge Univ. Press, Cambridge.
MR2978290

[25] JOHNSON, R. W. (1996). Fitting percentage of body fat to simple body measurements. J. Stat. Educ. 4.
[26] KARLIN, S. and RINOTT, Y. (1980). Classes of orderings of measures and related correlation inequal-

ities. I. Multivariate totally positive distributions. J. Multivariate Anal. 10 467–498. MR0599685
https://doi.org/10.1016/0047-259X(80)90065-2

[27] KARLIN, S. and RINOTT, Y. (1983). M-matrices as covariance matrices of multinormal distributions. Linear
Algebra Appl. 52/53 419–438. MR0709364 https://doi.org/10.1016/0024-3795(83)80027-5

[28] KAUERMANN, G. (1996). On a dualization of graphical Gaussian models. Scand. J. Stat. 23 105–116.
MR1380485

[29] KHARCHENKO, P., CHURCH, G. M. and VITKUP, D. (2005). Expression dynamics of a cellular metabolic
network. Mol. Syst. Biol. 1 2005-0016.

[30] KULLBACK, S. (1959). Information Theory and Statistics. Wiley, New York. MR0103557
[31] KULLBACK, S. (1971). Marginal homogeneity of multidimensional contingency tables. Ann. Math. Stat. 42

594–606. MR0297084 https://doi.org/10.1214/aoms/1177693409
[32] KULLBACK, S. and LEIBLER, R. A. (1951). On information and sufficiency. Ann. Math. Stat. 22 79–86.

MR0039968 https://doi.org/10.1214/aoms/1177729694
[33] LAURITZEN, S., UHLER, C. and ZWIERNIK, P. (2019). Maximum likelihood estimation in Gaus-

sian models under total positivity. Ann. Statist. 47 1835–1863. MR3953437 https://doi.org/10.1214/
17-AOS1668

[34] LAURITZEN, S., UHLER, C. and ZWIERNIK, P. (2021). Total positivity in exponential families with applica-
tion to binary variables. Ann. Statist. 49 1436–1459. MR4298870 https://doi.org/10.1214/20-aos2007

[35] LAURITZEN, S. L. (1996). Graphical Models. Oxford Statistical Science Series 17. Clarendon, Oxford.
MR1419991

[36] LINDSKOG, F., MCNEIL, A. and SCHMOCK, U. (2003). Kendall’s tau for elliptical distributions. In Credit
Risk 149–156. Springer, Berlin.

[37] LIU, H., HAN, F., YUAN, M., LAFFERTY, J. and WASSERMAN, L. (2012). High-dimensional semipara-
metric Gaussian copula graphical models. Ann. Statist. 40 2293–2326. MR3059084 https://doi.org/10.
1214/12-AOS1037

[38] MALIOUTOV, D. M., JOHNSON, J. K. and WILLSKY, A. S. (2006). Walk-sums and belief propagation in
Gaussian graphical models. J. Mach. Learn. Res. 7 2031–2064. MR2274432

[39] MANN, H. B. and WALD, A. (1943). On stochastic limit and order relationships. Ann. Math. Stat. 14 217–
226. MR0009261 https://doi.org/10.1214/aoms/1177731415

http://arxiv.org/abs/arXiv:1811.02503
http://www.ams.org/mathscinet-getitem?mr=0471152
http://www.ams.org/mathscinet-getitem?mr=0217826
https://doi.org/10.1214/aoms/1177698701
http://www.ams.org/mathscinet-getitem?mr=3662451
https://doi.org/10.1214/16-AOS1478
http://www.ams.org/mathscinet-getitem?mr=2750671
https://doi.org/10.1214/08-AOAS215
http://www.ams.org/mathscinet-getitem?mr=1329179
https://doi.org/10.1214/aos/1176325768
http://www.ams.org/mathscinet-getitem?mr=1399152
https://doi.org/10.1093/biomet/83.1.15
http://www.ams.org/mathscinet-getitem?mr=3706762
https://doi.org/10.3150/16-BEJ881
http://www.ams.org/mathscinet-getitem?mr=2978290
http://www.ams.org/mathscinet-getitem?mr=0599685
https://doi.org/10.1016/0047-259X(80)90065-2
http://www.ams.org/mathscinet-getitem?mr=0709364
https://doi.org/10.1016/0024-3795(83)80027-5
http://www.ams.org/mathscinet-getitem?mr=1380485
http://www.ams.org/mathscinet-getitem?mr=0103557
http://www.ams.org/mathscinet-getitem?mr=0297084
https://doi.org/10.1214/aoms/1177693409
http://www.ams.org/mathscinet-getitem?mr=0039968
https://doi.org/10.1214/aoms/1177729694
http://www.ams.org/mathscinet-getitem?mr=3953437
https://doi.org/10.1214/17-AOS1668
http://www.ams.org/mathscinet-getitem?mr=4298870
https://doi.org/10.1214/20-aos2007
http://www.ams.org/mathscinet-getitem?mr=1419991
http://www.ams.org/mathscinet-getitem?mr=3059084
https://doi.org/10.1214/12-AOS1037
http://www.ams.org/mathscinet-getitem?mr=2274432
http://www.ams.org/mathscinet-getitem?mr=0009261
https://doi.org/10.1214/aoms/1177731415
https://doi.org/10.1214/16-AOS1478
https://doi.org/10.1214/17-AOS1668
https://doi.org/10.1214/12-AOS1037


[40] MASON, M. J., FAN, G., PLATH, K., ZHOU, Q. and HORVATH, S. (2009). Signed weighted gene co-
expression network analysis of transcriptional regulation in murine embryonic stem cells. BMC Ge-
nomics 10 327. https://doi.org/10.1186/1471-2164-10-327

[41] PEARL, J. and WERMUTH, N. (1994). When can association graphs admit a causal interpretation? In Se-
lecting Models from Data 205–214 Springer, New York.

[42] PITT, L. D. (1982). Positively correlated normal variables are associated. Ann. Probab. 10 496–499.
MR0665603

[43] ROCKAFELLAR, R. T. (1970). Convex Analysis. Princeton Mathematical Series 28. Princeton Univ. Press,
Princeton. MR0274683

[44] ROCKAFELLAR, R. T. and WETS, R. J.-B. (2009). Variational Analysis 317. Springer, Berlin.
[45] ROSSELL, D. and ZWIERNIK, P. (2021). Dependence in elliptical partial correlation graphs. Electron. J.

Stat. 15 4236–4263. MR4312203 https://doi.org/10.1214/21-ejs1891
[46] SLAWSKI, M. and HEIN, M. (2015). Estimation of positive definite M-matrices and structure learn-

ing for attractive Gaussian Markov random fields. Linear Algebra Appl. 473 145–179. MR3338330
https://doi.org/10.1016/j.laa.2014.04.020

[47] SOLOFF, J. A., GUNTUBOYINA, A. and JORDAN, M. I. (2020). Covariance estimation with nonnegative
partial correlations. arXiv preprint. Available at arXiv:2007.15252.

[48] SPEED, T. P. and KIIVERI, H. T. (1986). Gaussian Markov distributions over finite graphs. Ann. Statist. 14
138–150. MR0829559 https://doi.org/10.1214/aos/1176349846

[49] SUNDBERG, R. (2019). Statistical Modelling by Exponential Families. Institute of Mathematical
Statistics Textbooks 12. Cambridge Univ. Press, Cambridge. MR3969949 https://doi.org/10.1017/
9781108604574

[50] UHLER, C. (2012). Geometry of maximum likelihood estimation in Gaussian graphical models. Ann. Statist.
40 238–261. MR3014306 https://doi.org/10.1214/11-AOS957

[51] VAN DER VAART, A. W. (1998). Asymptotic Statistics. Cambridge Series in Statistical and Proba-
bilistic Mathematics 3. Cambridge Univ. Press, Cambridge. MR1652247 https://doi.org/10.1017/
CBO9780511802256

[52] WEI, H., PERSSON, S., MEHTA, T., SRINIVASASAINAGENDRA, V., CHEN, L., PAGE, G. P.,
SOMERVILLE, C. and LORAINE, A. (2006). Transcriptional coordination of the metabolic network
in Arabidopsis. Plant Physiol. 142 762–774.

https://doi.org/10.1186/1471-2164-10-327
http://www.ams.org/mathscinet-getitem?mr=0665603
http://www.ams.org/mathscinet-getitem?mr=0274683
http://www.ams.org/mathscinet-getitem?mr=4312203
https://doi.org/10.1214/21-ejs1891
http://www.ams.org/mathscinet-getitem?mr=3338330
https://doi.org/10.1016/j.laa.2014.04.020
http://arxiv.org/abs/arXiv:2007.15252
http://www.ams.org/mathscinet-getitem?mr=0829559
https://doi.org/10.1214/aos/1176349846
http://www.ams.org/mathscinet-getitem?mr=3969949
https://doi.org/10.1017/9781108604574
http://www.ams.org/mathscinet-getitem?mr=3014306
https://doi.org/10.1214/11-AOS957
http://www.ams.org/mathscinet-getitem?mr=1652247
https://doi.org/10.1017/CBO9780511802256
https://doi.org/10.1017/9781108604574
https://doi.org/10.1017/CBO9780511802256


The Annals of Statistics
2022, Vol. 50, No. 5, 3039–3063
https://doi.org/10.1214/22-AOS2220
© Institute of Mathematical Statistics, 2022

ESTIMATION OF TIME SERIES MODELS USING RESIDUALS
DEPENDENCE MEASURES

BY CARLOS VELASCOa

Department of Economics, Universidad Carlos III de Madrid, acarlos.velasco@uc3m.es

We propose new estimation methods for time series models, possibly
noncausal and/or noninvertible, using serial dependence information from
the characteristic function of model residuals. This allows to impose the i.i.d.
or martingale difference assumptions on the model errors to identify the un-
known location of the roots of the lag polynomials for ARMA models without
resorting to higher order moments or distributional assumptions. We consider
generalized spectral density and cumulative distribution functions to measure
residuals dependence at an increasing number of lags under both assumptions
and discuss robust inference to higher order dependence when only mean
independence is imposed on model errors. We study the consistency and
asymptotic distribution of parameter estimates and discuss efficiency when
different restrictions on error dependence are used simultaneously, includ-
ing serial uncorrelation. Optimal weighting of continuous moment conditions
yields maximum likelihood efficiency under independence for unknown er-
ror distribution. We investigate numerical implementation and finite sample
properties of the new classes of estimates.
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RATE-OPTIMAL CLUSTER-RANDOMIZED DESIGNS FOR SPATIAL
INTERFERENCE

BY MICHAEL P. LEUNGa

Department of Economics, University of California, Santa Cruz, aleungm@ucsc.edu

We consider a potential outcomes model in which interference may be
present between any two units but the extent of interference diminishes with
spatial distance. The causal estimand is the global average treatment effect,
which compares outcomes under the counterfactuals that all or no units are
treated. We study a class of designs in which space is partitioned into clusters
that are randomized into treatment and control. For each design, we estimate
the treatment effect using a Horvitz–Thompson estimator that compares the
average outcomes of units with all or no neighbors treated, where the neigh-
borhood radius is of the same order as the cluster size dictated by the design.
We derive the estimator’s rate of convergence as a function of the design
and degree of interference and use this to obtain estimator-design pairs that
achieve near-optimal rates of convergence under relatively minimal assump-
tions on interference. We prove that the estimators are asymptotically normal
and provide a variance estimator. For practical implementation of the designs,
we suggest partitioning space using clustering algorithms.
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Ser. A 58 403–417. MR1659130

[29] LAHIRI, S. N. (2003). Central limit theorems for weighted sums of a spatial process under a class of stochas-
tic and fixed designs. Sankhyā 65 356–388. MR2028905
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