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CONDITIONAL CALIBRATION FOR FALSE DISCOVERY RATE CONTROL
UNDER DEPENDENCE

BY WILLIAM FITHIAN'2 AND LIHUA LEI%?

1Depurtment of Statistics, University of California, Berkeley, *wfithian@berkeley.edu
2Department of Statistics, Stanford University, bihualei @stanford.edu

We introduce a new class of methods for finite-sample false discovery
rate (FDR) control in multiple testing problems with dependent test statistics
where the dependence is known. Our approach separately calibrates a data-
dependent p-value rejection threshold for each hypothesis, relaxing or tight-
ening the threshold as appropriate to target exact FDR control. In addition
to our general framework, we propose a concrete algorithm, the dependence-
adjusted Benjamini—-Hochberg (dBH) procedure, which thresholds the BH-
adjusted p-value for each hypothesis. Under positive regression dependence,
the dBH procedure uniformly dominates the standard BH procedure, and in
general it uniformly dominates the Benjamini—Yekutieli (BY) procedure (also
known as BH with log correction), which makes a conservative adjustment
for worst-case dependence. Simulations and real data examples show sub-
stantial power gains over the BY procedure, and competitive performance
with knockoffs in settings where both methods are applicable. When the BH
procedure empirically controls FDR (as it typically does in practice), the dBH
procedure performs comparably.
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Multitask learning and related areas such as multisource domain adapta-
tion address modern settings where data sets from N related distributions { P; }
are to be combined toward improving performance on any single such distri-
bution D. A perplexing fact remains in the evolving theory on the subject:
while we would hope for performance bounds that account for the contribu-
tion from multiple tasks, the vast majority of analyses result in bounds that
improve at best in the number n of samples per task, but most often do not
improve in N. As such, it might seem at first that the distributional settings or
aggregation procedures considered in such analyses might be somehow unfa-
vorable; however, as we show, the picture happens to be more nuanced, with
interestingly hard regimes that might appear otherwise favorable.

In particular, we consider a seemingly favorable classification scenario
where all tasks P; share a common optimal classifier #*, and which can be
shown to admit a broad range of regimes with improved oracle rates in terms
of N and n. Some of our main results are:

e We show that, even though such regimes admit minimax rates account-
ing for both n and N, no adaptive algorithm exists, that is, without access
to distributional information, no algorithm can guarantee rates that improve
with large N for n fixed.

e With a bit of additional information, namely, a ranking of tasks {P;}
according to their distance to a target D, a simple rank-based procedure can
achieve near optimal aggregations of tasks’ data sets, despite a search space
exponential in N. Interestingly, the optimal aggregation might exclude certain
tasks, even though they all share the same h*.

REFERENCES

ACHILLE, A., PAOLINI, G., MBENG, G. and SOATTO, S. (2021). The information complexity of learning tasks,
their structure and their distance. Inf. Inference 10 51-72. MR4228637 https://doi.org/10.1093/imaiai/iaaa033

ANDO, R. K. and ZHANG, T. (2005). A framework for learning predictive structures from multiple tasks and
unlabeled data. J. Mach. Learn. Res. 6 1817-1853. MR2249873

ARJOVSKY, M., BOTTOU, L., GULRAJANI, I. and LOPEZ-PAZ, D. (2019). Invariant risk minimization. Available
at arXiv:1907.02893.

ARORA, S., KHANDEPARKAR, H., KHODAK, M., PLEVRAKIS, O. and SAUNSHI, N. (2019). A theoretical
analysis of contrastive unsupervised representation learning. Available at arXiv:1902.09229.

BARTLETT, P. L. (1992). Learning with a slowly changing distribution. In Proceedings of the Sth Annual Work-
shop on Computational Learning Theory.

BARTLETT, P. L., JORDAN, M. I. and MCAULIFFE, J. D. (2006). Convexity, classification, and risk bounds. J.
Amer. Statist. Assoc. 101 138-156. MR2268032 https://doi.org/10.1198/016214505000000907

BARVE, R. D. and LONG, P. M. (1997). On the complexity of learning from drifting distributions. Inform. and
Comput. 138 170-193. MR1479321 https://doi.org/10.1006/inco.1997.2656

BAXTER, J. (1997). A Bayesian/information theoretic model of learning to learn via multiple task sampling.
Mach. Learn. 28 7-39. https://doi.org/10.1023/A:1007327622663

BEN-DAVID, S., BENEDEK, G. M. and MANSOUR, Y. (1989). A parametrization scheme for classifying models
of learnability. In Proceedings of the Second Annual Workshop on Computational Learning Theory (Santa
Cruz, CA, 1989) 285-302. Morgan Kaufmann, San Mateo, CA. MR1076235

MSC2020 subject classifications. Primary 68Q32, 62H30, 68T05; secondary 68T10.
Key words and phrases. Statistical learning theory, multitask learning, transfer learning, classification.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/22-AOS2189
http://www.imstat.org
mailto:steve.hanneke@gmail.com
mailto:samory@columbia.edu
http://www.ams.org/mathscinet-getitem?mr=4228637
https://doi.org/10.1093/imaiai/iaaa033
http://www.ams.org/mathscinet-getitem?mr=2249873
http://arxiv.org/abs/arXiv:1907.02893
http://arxiv.org/abs/arXiv:1902.09229
http://www.ams.org/mathscinet-getitem?mr=2268032
https://doi.org/10.1198/016214505000000907
http://www.ams.org/mathscinet-getitem?mr=1479321
https://doi.org/10.1006/inco.1997.2656
https://doi.org/10.1023/A:1007327622663
http://www.ams.org/mathscinet-getitem?mr=1076235
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

BEN-DAVID, S. and BORBELY, R. S. (2008). A notion of task relatedness yielding provable multiple-task learn-
ing guarantees. Mach. Learn. 73 273-287.

BEN-DAVID, S., BLITZER, J., CRAMMER, K. and PEREIRA, F. (2007). Analysis of representations for domain
adaptation. In Advances in Neural Information Processing Systems.

BEN-DAVID, S., BLITZER, J., CRAMMER, K., KULESZA, A., PEREIRA, F. and VAUGHAN, J. W. (2010a). A
theory of learning from different domains. Mach. Learn. 79 151-175. MR3108150 https://doi.org/10.1007/
$10994-009-5152-4

BEN-DAVID, S., Lu, T., Luu, T. and PAL, D. (2010b). Impossibility theorems for domain adaptation. In Pro-
ceedings of the 13th International Conference on Artificial Intelligence and Statistics.

BLUM, A., HAGHTALAB, N., PROCACCIA, A. D. and Q1A0, M. (2017). Collaborative PAC learning. In Ad-
vances in Neural Information Processing Systems.

CaAl, T. T. and WEI, H. (2021). Transfer learning for nonparametric classification: Minimax rate and adaptive
classifier. Ann. Statist. 49 100-128. MR4206671 https://doi.org/10.1214/20- A0S 1949

CARUANA, R. (1997). Multitask learning. Mach. Learn. 28 41-75.

CORTES, C., MOHRI, M., RILEY, M. and ROSTAMIZADEH, A. (2008). Sample selection bias correction the-
ory. In Algorithmic Learning Theory. Lecture Notes in Computer Science 5254 38-53. Springer, Berlin.
MR2540648 https://doi.org/10.1007/978-3-540-87987-9_8

CRAMMER, K., KEARNS, M. and WORTMAN, J. (2008). Learning from multiple sources. J. Mach. Learn. Res.
9 1757-1774. MR2438823

Du, S. S., Hu, W, KAKADE, S. M., LEE, J. D. and LEI, Q. (2020). Few-shot learning via learning the repre-
sentation, provably. Available at arXiv:2002.09434.

GRETTON, A., SMOLA, A., HUANG, J., SCHMITTFULL, M., BORGWARDT, K. and SCHOLKOPF, B. (2009).
Covariate shift by kernel mean matching. In Dataset Shift in Machine Learning 131-160.

HANNEKE, S. and KPOTUFE, S. (2019). On the value of target data in transfer learning. In Advances in Neural
Information Processing Systems.

HANNEKE, S. and KPOTUFE, S. (2022). Supplement to “A no-free-lunch theorem for multitask learning.”
https://doi.org/10.1214/22- AOS2189SUPP

HANNEKE, S. and YANG, L. (2019). Statistical learning under nonstationary mixing processes. In Proceedings
of the 22nd International Conference on Artificial Intelligence and Statistics.

JALALI, A., SANGHAVI, S., RUAN, C. and RAVIKUMAR, P. (2010). A dirty model for multi-task learning. In
Advances in Neural Information Processing Systems.

KLEIN, T. and R10, E. (2005). Concentration around the mean for maxima of empirical processes. Ann. Probab.
33 1060-1077. MR2135312 https://doi.org/10.1214/009117905000000044

KOLTCHINSKII, V. (2006). Local Rademacher complexities and oracle inequalities in risk minimization. Ann.
Statist. 34 2593-2656. MR2329442 https://doi.org/10.1214/009053606000001019

KONSTANTINOV, N., FRANTAR, E., ALISTARH, D. and LAMPERT, C. H. (2020). On the Sample Complexity of
Adversarial Multi-Source PAC Learning. Available at arXiv:2002.10384.

KPOTUFE, S. and MARTINET, G. (2021). Marginal singularity and the benefits of labels in covariate-shift. Ann.
Statist. 49 3299-3323. MR4352531 https://doi.org/10.1214/21-20s2084

Lounicl, K., PONTIL, M., VAN DE GEER, S. and TSYBAKOV, A. B. (2011). Oracle inequalities and optimal
inference under group sparsity. Ann. Statist. 39 2164-2204. MR2893865 https://doi.org/10.1214/11- AOS896

MAHLOUJIFAR, S., MAHMOODY, M. and MOHAMMED, A. (2019). Universal multi-party poisoning attacks. In
Proceedings of the 36th International Conference on Machine Learning.

MANSOUR, Y., MOHRI, M. and ROSTAMIZADEH, A. (2009). Multiple source adaptation and the Rényi diver-
gence. In Proceedings of the 25th Conference on Uncertainty in Artificial Intelligence.

MASSART, P. and NEDELEC, E. (2006). Risk bounds for statistical learning. Ann. Statist. 34 2326-2366.
MR2291502 https://doi.org/10.1214/009053606000000786

MAURER, A., PONTIL, M. and ROMERA-PAREDES, B. (2013). Sparse coding for multitask and transfer learning.
In International Conference on Machine Learning.

MAURER, A., PONTIL, M. and ROMERA-PAREDES, B. (2016). The benefit of multitask representation learning.
J. Mach. Learn. Res. 17 Paper No. 81, 32. MR3517104

MCNAMARA, D. and BALCAN, M.-F. (2017). Risk bounds for transferring representations with and without
fine-tuning. In International Conference on Machine Learning.

MOHRI, M. and MUNOZ MEDINA, A. (2012). New analysis and algorithm for learning with drifting distributions.
In Algorithmic Learning Theory. Lecture Notes in Computer Science 7568 124—138. Springer, Heidelberg.
MR3042886 https://doi.org/10.1007/978-3-642-34106-9_13

MUANDET, K., BALDUZZI, D. and SCHOLKOPF, B. (2013). Domain generalization via invariant feature repre-
sentation. In International Conference on Machine Learning.


http://www.ams.org/mathscinet-getitem?mr=3108150
https://doi.org/10.1007/s10994-009-5152-4
http://www.ams.org/mathscinet-getitem?mr=4206671
https://doi.org/10.1214/20-AOS1949
http://www.ams.org/mathscinet-getitem?mr=2540648
https://doi.org/10.1007/978-3-540-87987-9_8
http://www.ams.org/mathscinet-getitem?mr=2438823
http://arxiv.org/abs/arXiv:2002.09434
https://doi.org/10.1214/22-AOS2189SUPP
http://www.ams.org/mathscinet-getitem?mr=2135312
https://doi.org/10.1214/009117905000000044
http://www.ams.org/mathscinet-getitem?mr=2329442
https://doi.org/10.1214/009053606000001019
http://arxiv.org/abs/arXiv:2002.10384
http://www.ams.org/mathscinet-getitem?mr=4352531
https://doi.org/10.1214/21-aos2084
http://www.ams.org/mathscinet-getitem?mr=2893865
https://doi.org/10.1214/11-AOS896
http://www.ams.org/mathscinet-getitem?mr=2291502
https://doi.org/10.1214/009053606000000786
http://www.ams.org/mathscinet-getitem?mr=3517104
http://www.ams.org/mathscinet-getitem?mr=3042886
https://doi.org/10.1007/978-3-642-34106-9_13
https://doi.org/10.1007/s10994-009-5152-4

NEGAHBAN, S. N. and WAINWRIGHT, M. J. (2011). Simultaneous support recovery in high dimensions:
Benefits and perils of block ¢|/{so-regularization. IEEE Trans. Inf. Theory 57 3841-3863. MR2817058
https://doi.org/10.1109/T1T.2011.2144150

PENTINA, A. and LAMPERT, C. (2014). A PAC-Bayesian bound for lifelong learning. In International Confer-
ence on Machine Learning.

Q1A0, M. (2018). Do Outliers Ruin Collaboration? Available at arXiv:1805.04720.

REDKO, 1., HABRARD, A. and SEBBAN, M. (2017). Theoretical analysis of domain adaptation with optimal
transport. In Joint European Conference on Machine Learning and Knowledge Discovery in Databases.

REEVE, H. W. J., CANNINGS, T. I. and SAMWORTH, R. J. (2021). Adaptive transfer learning. Ann. Statist. 49
3618-3649. MR4352543 https://doi.org/10.1214/21-20s2102

ScoTT, C. and ZHANG, J. (2019). Learning from Multiple Corrupted Sources, with Application to Learning from
Label Proportions. Available at arXiv:1910.04665.

SHEN, J., QU, Y., ZHANG, W. and YU, Y. (2018). Wasserstein distance guided representation learning for domain
adaptation. In 32nd AAAI Conference on Artificial Intelligence.

SLup, E. V. (1977). Distribution inequalities for the binomial law. Ann. Probab. 5 404-412. MR0438420
https://doi.org/10.1214/a0p/1176995801

TRIPURANENI, N., JORDAN, M. I. and JIN, C. (2020). On the Theory of Transfer Learning: The Importance of
Task Diversity. Available at arXiv:2006.11650.

TSYBAKOV, A. B. (2004). Optimal aggregation of classifiers in statistical learning. Ann. Statist. 32 135-166.
MR2051002 https://doi.org/10.1214/a0s/1079120131

VAN ERVEN, T., GRUNWALD, P. D., MEHTA, N. A., REID, M. D. and WILLIAMSON, R. C. (2015). Fast rates
in statistical and online learning. J. Mach. Learn. Res. 16 1793-1861. MR3417799

YANG, L., HANNEKE, S. and CARBONELL, J. (2013). A theory of transfer learning with applications to active
learning. Mach. Learn. 90 161-189. MR3015741 https://doi.org/10.1007/s10994-012-5310-y


http://www.ams.org/mathscinet-getitem?mr=2817058
https://doi.org/10.1109/TIT.2011.2144150
http://arxiv.org/abs/arXiv:1805.04720
http://www.ams.org/mathscinet-getitem?mr=4352543
https://doi.org/10.1214/21-aos2102
http://arxiv.org/abs/arXiv:1910.04665
http://www.ams.org/mathscinet-getitem?mr=0438420
https://doi.org/10.1214/aop/1176995801
http://arxiv.org/abs/arXiv:2006.11650
http://www.ams.org/mathscinet-getitem?mr=2051002
https://doi.org/10.1214/aos/1079120131
http://www.ams.org/mathscinet-getitem?mr=3417799
http://www.ams.org/mathscinet-getitem?mr=3015741
https://doi.org/10.1007/s10994-012-5310-y

The Annals of Statistics

2022, Vol. 50, No. 6, 3144-3173
https://doi.org/10.1214/22-A0S2217

© Institute of Mathematical Statistics, 2022

OPTIMIZATION HIERARCHY FOR FAIR
STATISTICAL DECISION PROBLEMS

BY ANIL ASWANI? AND MATT OLFAT?

Department of Industrial Engineering and Operations Research, University of California, Berkeley, *aaswani@berkeley.edu,

(1]
(2]
(3]
(4]
(5]

(6]

(7]
(8]

(9]
(10]

[11]

bmolfat@berkeley. edu

Data-driven decision making has drawn scrutiny from policy makers due
to fears of potential discrimination, and a growing literature has begun to
develop fair statistical techniques. However, these techniques are often spe-
cialized to one model context and based on ad hoc arguments, which makes it
difficult to perform theoretical analysis. This paper develops an optimization
hierarchy, which is a sequence of optimization problems with an increasing
number of constraints, for fair statistical decision problems. Because our hier-
archy is based on the framework of statistical decision problems, this means
it provides a systematic approach for developing and studying fair versions
of hypothesis testing, decision making, estimation, regression, and classifica-
tion. We use the insight that qualitative definitions of fairness are equivalent
to statistical independence between the output of a statistical technique and
a random variable that measures attributes for which fairness is desired. We
use this insight to construct an optimization hierarchy that lends itself to nu-
merical computation, and we use tools from variational analysis and random
set theory to prove that higher levels of this hierarchy lead to consistency in
the sense that it asymptotically imposes this independence as a constraint in
corresponding statistical decision problems. We demonstrate numerical ef-
fectiveness of our hierarchy using several data sets, and we use our hierarchy
to fairly perform automated dosing of morphine.
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We consider linear structural equation models with latent variables and
develop a criterion to certify whether the direct causal effects between the ob-
servable variables are identifiable based on the observed covariance matrix.
Linear structural equation models assume that both observed and latent vari-
ables solve a linear equation system featuring stochastic noise terms. Each
model corresponds to a directed graph whose edges represent the direct ef-
fects that appear as coefficients in the equation system. Prior research has
developed a variety of methods to decide identifiability of direct effects in a
latent projection framework, in which the confounding effects of the latent
variables are represented by correlation among noise terms. This approach
is effective when the confounding is sparse and effects only small subsets
of the observed variables. In contrast, the new latent-factor half-trek crite-
rion (LF-HTC) we develop in this paper operates on the original unprojected
latent variable model and is able to certify identifiability in settings, where
some latent variables may also have dense effects on many or even all of
the observables. Our LF-HTC is an effective sufficient criterion for rational
identifiability, under which the direct effects can be uniquely recovered as
rational functions of the joint covariance matrix of the observed random vari-
ables. When restricting the search steps in LF-HTC to consider subsets of
latent variables of bounded size, the criterion can be verified in time that is
polynomial in the size of the graph.
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We consider particle filters with weakly informative observations (or ‘po-
tentials’) relative to the latent state dynamics. The particular focus of this
work is on particle filters to approximate time-discretisations of continuous-
time Feynman—Kac path integral models—a scenario that naturally arises
when addressing filtering and smoothing problems in continuous time—but
our findings are indicative about weakly informative settings beyond this con-
text too. We study the performance of different resampling schemes, such
as systematic resampling, SSP (Srinivasan sampling process) and stratified
resampling, as the time-discretisation becomes finer and also identify their
continuous-time limit, which is expressed as a suitably defined ‘infinitesimal
generator.” By contrasting these generators, we find that (certain modifica-
tions of) systematic and SSP resampling ‘dominate’ stratified and indepen-
dent ‘killing’ resampling in terms of their limiting overall resampling rate.
The reduced intensity of resampling manifests itself in lower variance in our
numerical experiment. This efficiency result, through an ordering of the re-
sampling rate, is new to the literature. The second major contribution of this
work concerns the analysis of the limiting behaviour of the entire population
of particles of the particle filter as the time discretisation becomes finer. We
provide the first proof, under general conditions, that the particle approxima-
tion of the discretised continuous-time Feynman—Kac path integral models
converges to a (uniformly weighted) continuous-time particle system.
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In this paper, we study the nonasymptotic and asymptotic performances
of the optimal robust policy and value function of robust Markov Decision
Processes (MDPs), where the optimal robust policy and value function are
estimated from a generative model. While prior work focusing on nonasymp-
totic performances of robust MDPs is restricted in the setting of the KL un-
certainty set and (s, a)-rectangular assumption, we improve their results and
also consider other uncertainty sets, including the L and %2 balls. Our results
show that when we assume (s, a)-rectangular on uncertainty sets, the sample

complexity is about 5(‘»925'(2%;1)4
the (s, a)-rectangular assumption to the s-rectangular assumption. In this sce-
nario, the sample complexity varies with the choice of uncertainty sets and is
generally larger than the case under the (s, a)-rectangular assumption. More-
over, we also show that the optimal robust value function is asymptotically
normal with a typical rate 4/ under the (s, @) and s-rectangular assumptions

from both theoretical and empirical perspectives.

). In addition, we extend our results from
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Consider a p-dimensional population x € R” with i.i.d. coordinates that
are regularly varying with index « € (0, 2). Since the variance of x is infinite,
the diagonal elements of the sample covariance matrix S, = n! X x:
based on a sample Xy, ..., X, from the population tend to infinity as n in-
creases and it is of interest to use instead the sample correlation matrix
R, = {diag(S,)}~1/2S, (diag(S,)}~!/2. This paper finds the limiting distri-
butions of the eigenvalues of R,; when both the dimension p and the sample
size n grow to infinity such that p/n — y € (0, 00). The family of limit-
ing distributions {Hy,y } is new and depends on the two parameters o and y.
The moments of Hy, ) are fully identified as sum of two contributions: the
first from the classical Marcenko—Pastur law and a second due to heavy tails.
Moreover, the family {Hy,, } has continuous extensions at the boundaries
o =2 and @ = 0 leading to the Mar¢enko—Pastur law and a modified Poisson
distribution, respectively.

Our proofs use the method of moments, the path-shortening algorithm de-
veloped in [18] (Stochastic Process. Appl. 128 (2018) 2779-2815) and some
novel graph counting combinatorics. As a consequence, the moments of Hy,
are expressed in terms of combinatorial objects such as Stirling numbers of
the second kind. A simulation study on these limiting distributions Hy, is
also provided for comparison with the Mar¢enko—Pastur law.

REFERENCES

[1] ALBRECHER, H. and TEUGELS, J. L. (2007). Asymptotic analysis of a measure of variation. Theory
Probab. Math. Statist. 74 1-10.

[2] ANDERSON, T. W. (2003). An Introduction to Multivariate Statistical Analysis, 3rd ed. Wiley Series in
Probability and Statistics. Wiley Interscience, Hoboken, NJ. MR1990662

[3] AUFFINGER, A., BEN AROUS, G. and PECHE, S. (2009). Poisson convergence for the largest eigenvalues
of heavy tailed random matrices. Ann. Inst. Henri Poincaré Probab. Stat. 45 589-610. MR2548495
https://doi.org/10.1214/08- AIHP188

[4] BAI, Z. and SILVERSTEIN, J. W. (2010). Spectral Analysis of Large Dimensional Random Matrices,
2nd ed. Springer Series in Statistics. Springer, New York. MR2567175 https://doi.org/10.1007/
978-1-4419-0661-8

[5S] BAIL, Z. D. and SILVERSTEIN, J. W. (2004). CLT for linear spectral statistics of large-dimensional sample
covariance matrices. Ann. Probab. 32 553—-605. MR2040792 https://doi.org/10.1214/a0p/1078415845

[6] BAIL, Z. D. and YIN, Y. Q. (1988). Necessary and sufficient conditions for almost sure convergence of the
largest eigenvalue of a Wigner matrix. Ann. Probab. 16 1729-1741. MR0958213

[7]1 BAL, Z. D. and YIN, Y. Q. (1993). Limit of the smallest eigenvalue of a large-dimensional sample covari-
ance matrix. Ann. Probab. 21 1275-1294. MR1235416

[8] BAO, Z., PAN, G. and ZHOU, W. (2012). Tracy—Widom law for the extreme eigenvalues of sample correla-
tion matrices. Electron. J. Probab. 17 no. 88, 32 pp. MR2988403 https://doi.org/10.1214/EJP.v17-1962

[9] BASRAK, B., CHO, Y., HEINY, J. and JUNG, P. (2021). Extreme eigenvalue statistics of m-dependent
heavy-tailed matrices. Ann. Inst. Henri Poincaré Probab. Stat. 57 2100-2127. MR4415391
https://doi.org/10.1214/21-aihp1152

MSC2020 subject classifications. Primary 60B20; secondary 60F05, 60G10, 60G57, 60G70.
Key words and phrases. Sample correlation matrix, limiting spectral distribution, method of moments, infinite
variance, Marcenko—Pastur law, stable distribution.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/22-AOS2226
http://www.imstat.org
mailto:johannes.heiny@rub.de
mailto:jeffyao@cuhk.edu.cn
http://www.ams.org/mathscinet-getitem?mr=1990662
http://www.ams.org/mathscinet-getitem?mr=2548495
https://doi.org/10.1214/08-AIHP188
http://www.ams.org/mathscinet-getitem?mr=2567175
https://doi.org/10.1007/978-1-4419-0661-8
http://www.ams.org/mathscinet-getitem?mr=2040792
https://doi.org/10.1214/aop/1078415845
http://www.ams.org/mathscinet-getitem?mr=0958213
http://www.ams.org/mathscinet-getitem?mr=1235416
http://www.ams.org/mathscinet-getitem?mr=2988403
https://doi.org/10.1214/EJP.v17-1962
http://www.ams.org/mathscinet-getitem?mr=4415391
https://doi.org/10.1214/21-aihp1152
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-1-4419-0661-8

(10]

(11]
[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

(22]
(23]
(24]
[25]

[26]

(27]
(28]
[29]
(30]
(31]

(32]

(33]

BELINSCHI, S., DEMBO, A. and GUIONNET, A. (2009). Spectral measure of heavy tailed band and co-
variance random matrices. Comm. Math. Phys. 289 1023-1055. MR2511659 https://doi.org/10.1007/
500220-009-0822-4

BEN AROUS, G. and GUIONNET, A. (2008). The spectrum of heavy tailed random matrices. Comm. Math.
Phys. 278 715-751. MR2373441 https://doi.org/10.1007/s00220-007-0389-x

COMTET, L. (1974). Advanced Combinatorics: The Art of Finite and Infinite Expansions, enlarged ed.
D. Reidel Publishing Co., Dordrecht. MR0460128

Davis, R. A., HEINY, J., MIKOSCH, T. and XIE, X. (2016). Extreme value analysis for the sample au-
tocovariance matrices of heavy-tailed multivariate time series. Extremes 19 517-547. MR3535965
https://doi.org/10.1007/s10687-016-0251-7

EL KAROUI, N. (2009). Concentration of measure and spectra of random matrices: Applications to corre-
lation matrices, elliptical distributions and beyond. Ann. Appl. Probab. 19 2362-2405. MR2588248
https://doi.org/10.1214/08- AAP548

GAO, J., HAN, X., PAN, G. and YANG, Y. (2017). High dimensional correlation matrices: The central
limit theorem and its applications. J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 677-693. MR3641402
https://doi.org/10.1111/rssb.12189

GINE, E., GOTZE, F. and MASON, D. M. (1997). When is the Student ¢-statistic asymptotically standard
normal? Ann. Probab. 25 1514-1531. MR1457629 https://doi.org/10.1214/a0p/1024404523

HEINY, J. and MIKOSCH, T. (2017). Eigenvalues and eigenvectors of heavy-tailed sample covariance ma-
trices with general growth rates: The iid case. Stochastic Process. Appl. 127 2179-2207. MR3652410
https://doi.org/10.1016/j.spa.2016.10.006

HEINY, J. and MIKOSCH, T. (2018). Almost sure convergence of the largest and smallest eigenvalues of
high-dimensional sample correlation matrices. Stochastic Process. Appl. 128 2779-2815. MR3811704
https://doi.org/10.1016/j.spa.2017.10.002

HEINY, J. and MIKOSCH, T. (2019). The eigenstructure of the sample covariance matrices of high-
dimensional stochastic volatility models with heavy tails. Bernoulli 25 3590-3622. MR4010966
https://doi.org/10.3150/18-bej1103

HEINY, J. and MIKOSCH, T. (2021). Large sample autocovariance matrices of linear processes with heavy
tails. Stochastic Process. Appl. 141 344-375. MR4301551 https://doi.org/10.1016/j.spa.2021.07.010

HEINY, J., MIKOSCH, T. and YSLAS, J. (2021). Point process convergence for the off-diagonal entries
of sample covariance matrices. Ann. Appl. Probab. 31 538-560. MR4254488 https://doi.org/10.1214/
20-aap1597

JIANG, T. (2004). The limiting distributions of eigenvalues of sample correlation matrices. Sankhya 66
35-48. MR2082906

JIANG, T. (2004). The asymptotic distributions of the largest entries of sample correlation matrices. Ann.
Appl. Probab. 14 865-880. MR2052906 https://doi.org/10.1214/105051604000000143

JOHNSTONE, I. M. (2001). On the distribution of the largest eigenvalue in principal components analysis.
Ann. Statist. 29 295-327. MR1863961 https://doi.org/10.1214/a0s/1009210544

MARCENKO, V. A. and PASTUR, L. A. (1967). Distribution of eigenvalues in certain sets of random matri-
ces. Mat. Sb. (N.S.) 72 (114) 507-536. MR0208649

MASON, D. M. and ZINN, J. (2005). Acknowledgment of priority: “When does a randomly weighted
self-normalized sum converge in distribution?” [Electron. Comm. Probab. 10 (2005), 70-81 (elec-
tronic); MR2133894]. Electron. Commun. Probab. 10 297. MR2198604 https://doi.org/10.1214/ECP.
v10-1170

PECHE, S. (2012). Universality in the bulk of the spectrum for complex sample covariance matrices. Ann.
Inst. Henri Poincaré Probab. Stat. 48 80-106. MR2919199 https://doi.org/10.1214/11- AIHP442

PILLAI, N. S. and YIN, J. (2012). Edge universality of correlation matrices. Ann. Statist. 40 1737-1763.
MR3015042 https://doi.org/10.1214/12- A0S 1022

PILLAL N. S. and YIN, J. (2014). Universality of covariance matrices. Ann. Appl. Probab. 24 935-1001.
MR3199978 https://doi.org/10.1214/13- AAP939

RENNIE, B. C. and DOBSON, A. J. (1969). On Stirling numbers of the second kind. J. Combin. Theory 7
116-121. MR0241310

SOSHNIKOV, A. (2004). Poisson statistics for the largest eigenvalues of Wigner random matrices with heavy
tails. Electron. Commun. Probab. 9 82-91. MR2081462 https://doi.org/10.1214/ECP.v9-1112

SOSHNIKOV, A. (2006). Poisson statistics for the largest eigenvalues in random matrix ensembles. In Math-
ematical Physics of Quantum Mechanics. Lecture Notes in Physics 690 351-364. Springer, Berlin.
MR2234922 https://doi.org/10.1007/3-540-34273-7_26

TIKHOMIROV, K. (2015). The limit of the smallest singular value of random matrices with i.i.d. entries. Adv.
Math. 284 1-20. MR3391069 https://doi.org/10.1016/j.aim.2015.07.020


http://www.ams.org/mathscinet-getitem?mr=2511659
https://doi.org/10.1007/s00220-009-0822-4
http://www.ams.org/mathscinet-getitem?mr=2373441
https://doi.org/10.1007/s00220-007-0389-x
http://www.ams.org/mathscinet-getitem?mr=0460128
http://www.ams.org/mathscinet-getitem?mr=3535965
https://doi.org/10.1007/s10687-016-0251-7
http://www.ams.org/mathscinet-getitem?mr=2588248
https://doi.org/10.1214/08-AAP548
http://www.ams.org/mathscinet-getitem?mr=3641402
https://doi.org/10.1111/rssb.12189
http://www.ams.org/mathscinet-getitem?mr=1457629
https://doi.org/10.1214/aop/1024404523
http://www.ams.org/mathscinet-getitem?mr=3652410
https://doi.org/10.1016/j.spa.2016.10.006
http://www.ams.org/mathscinet-getitem?mr=3811704
https://doi.org/10.1016/j.spa.2017.10.002
http://www.ams.org/mathscinet-getitem?mr=4010966
https://doi.org/10.3150/18-bej1103
http://www.ams.org/mathscinet-getitem?mr=4301551
https://doi.org/10.1016/j.spa.2021.07.010
http://www.ams.org/mathscinet-getitem?mr=4254488
https://doi.org/10.1214/20-aap1597
http://www.ams.org/mathscinet-getitem?mr=2082906
http://www.ams.org/mathscinet-getitem?mr=2052906
https://doi.org/10.1214/105051604000000143
http://www.ams.org/mathscinet-getitem?mr=1863961
https://doi.org/10.1214/aos/1009210544
http://www.ams.org/mathscinet-getitem?mr=0208649
http://www.ams.org/mathscinet-getitem?mr=2198604
https://doi.org/10.1214/ECP.v10-1170
http://www.ams.org/mathscinet-getitem?mr=2919199
https://doi.org/10.1214/11-AIHP442
http://www.ams.org/mathscinet-getitem?mr=3015042
https://doi.org/10.1214/12-AOS1022
http://www.ams.org/mathscinet-getitem?mr=3199978
https://doi.org/10.1214/13-AAP939
http://www.ams.org/mathscinet-getitem?mr=0241310
http://www.ams.org/mathscinet-getitem?mr=2081462
https://doi.org/10.1214/ECP.v9-1112
http://www.ams.org/mathscinet-getitem?mr=2234922
https://doi.org/10.1007/3-540-34273-7_26
http://www.ams.org/mathscinet-getitem?mr=3391069
https://doi.org/10.1016/j.aim.2015.07.020
https://doi.org/10.1007/s00220-009-0822-4
https://doi.org/10.1214/20-aap1597
https://doi.org/10.1214/ECP.v10-1170

[34] YAO0, J., ZHENG, S. and BAI, Z. (2015). Large Sample Covariance Matrices and High-Dimensional Data
Analysis. Cambridge Series in Statistical and Probabilistic Mathematics 39. Cambridge Univ. Press,
New York. MR3468554 https://doi.org/10.1017/CB0O9781107588080

[35] ZHENG, S., CHENG, G., GUO, J. and ZHU, H. (2019). Test for high-dimensional correlation matrices. Ann.
Statist. 47 2887-2921. MR3988776 https://doi.org/10.1214/18-A0S1768

[36] ZHOU, W. (2007). Asymptotic distribution of the largest off-diagonal entry of correlation matrices. Trans.
Amer. Math. Soc. 359 5345-5363. MR2327033 https://doi.org/10.1090/S0002-9947-07-04192-X


http://www.ams.org/mathscinet-getitem?mr=3468554
https://doi.org/10.1017/CBO9781107588080
http://www.ams.org/mathscinet-getitem?mr=3988776
https://doi.org/10.1214/18-AOS1768
http://www.ams.org/mathscinet-getitem?mr=2327033
https://doi.org/10.1090/S0002-9947-07-04192-X

The Annals of Statistics

2022, Vol. 50, No. 6, 3281-3306
https://doi.org/10.1214/22-A0S2228

© Institute of Mathematical Statistics, 2022

THE COMPLETION OF COVARIANCE KERNELS

BY KARTIK G. WAGHMARE? AND VICTOR M. PANARETOS?

Institute of Mathematics, Ecole Polytechnique Fédérale de Lausanne, *kartik.waghmare @epfl.ch, bvictor.panaretos@epﬂ. ch

(1]

(2]

(3]
(4]

(3]

(6]

(7]
(8]
(9]
(10]

(11]

We consider the problem of positive-semidefinite continuation: extend-
ing a partially specified covariance kernel from a subdomain 2 of a rectan-
gular domain / x [ to a covariance kernel on the entire domain / x /. For a
broad class of domains 2 called serrated domains, we are able to present a
complete theory. Namely, we demonstrate that a canonical completion always
exists and can be explicitly constructed. We characterise all possible comple-
tions as suitable perturbations of the canonical completion, and determine
necessary and sufficient conditions for a unique completion to exist. We in-
terpret the canonical completion via the graphical model structure it induces
on the associated Gaussian process. Furthermore, we show how the estima-
tion of the canonical completion reduces to the solution of a system of linear
statistical inverse problems in the space of Hilbert—Schmidt operators, and
derive rates of convergence. We conclude by providing extensions of our the-
ory to more general forms of domains, and by demonstrating how our results
can be used to construct covariance estimators from sample path fragments
of the associated stochastic process. Our results are illustrated numerically by
way of a simulation study and a real example.
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This paper studies the estimation of high-dimensional, discrete, possibly
sparse, mixture models in the context of topic models. The data consists of
observed multinomial counts of p words across n independent documents. In
topic models, the p x n expected word frequency matrix is assumed to be
factorized as a p x K word-topic matrix A and a K x n topic-document ma-
trix 7. Since columns of both matrices represent conditional probabilities be-
longing to probability simplices, columns of A are viewed as p-dimensional
mixture components that are common to all documents while columns of T
are viewed as the K -dimensional mixture weights that are document specific
and are allowed to be sparse.

The main interest is to provide sharp, finite sample, £|-norm convergence
rates for estimators of the mixture weights 7 when A is either known or un-
known. For known A, we suggest MLE estimation of 7. Our nonstandard
analysis of the MLE not only establishes its £1 convergence rate, but also re-
veals a remarkable property: the MLE, with no extra regularization, can be
exactly sparse and contain the true zero pattern of 7. We further show that
the MLE is both minimax optimal and adaptive to the unknown sparsity in
a large class of sparse topic distributions. When A is unknown, we estimate
T by optimizing the likelihood function corresponding to a plug in, generic,
estimator A of A. For any estimator A that satisfies carefully detailed condi-
tions for proximity to A, we show that the resulting estimator of 7 retains the
properties established for the MLE. Our theoretical results allow the ambient
dimensions K and p to grow with the sample sizes.

Our main application is to the estimation of 1-Wasserstein distances be-
tween document generating distributions. We propose, estimate and analyze
new 1-Wasserstein distances between alternative probabilistic document rep-
resentations, at the word and topic level, respectively. We derive finite sam-
ple bounds on the estimated proposed 1-Wasserstein distances. For word
level document-distances, we provide contrast with existing rates on the 1-
Wasserstein distance between standard empirical frequency estimates. The
effectiveness of the proposed 1-Wasserstein distances is illustrated by an anal-
ysis of an IMDB movie reviews data set. Finally, our theoretical results are
supported by extensive simulation studies.
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BAYESIAN FIXED-DOMAIN ASYMPTOTICS FOR COVARIANCE
PARAMETERS IN A GAUSSIAN PROCESS MODEL

By CHENG LI?

Department of Statistics and Data Science, National University of Singapore, ®stalic @nus.edu.sg

Gaussian process models typically contain finite-dimensional parameters
in the covariance function that need to be estimated from the data. We study
the Bayesian fixed-domain asymptotics for the covariance parameters in a
universal kriging model with an isotropic Matérn covariance function, which
has many applications in spatial statistics. We show that when the dimen-
sion of domain is less than or equal to three, the joint posterior distribution
of the microergodic parameter and the range parameter can be factored in-
dependently into the product of their marginal posteriors under fixed-domain
asymptotics. The posterior of the microergodic parameter is asymptotically
close in total variation distance to a normal distribution with shrinking vari-
ance, while the posterior distribution of the range parameter does not con-
verge to any point mass distribution in general. Our theory allows an un-
bounded prior support for the range parameter and flexible designs of sam-
pling points. We further study the asymptotic efficiency and convergence
rates in posterior prediction for the Bayesian kriging predictor with covari-
ance parameters randomly drawn from their posterior distribution. In the spe-
cial case of one-dimensional Ornstein—Uhlenbeck process, we derive explic-
itly the limiting posterior of the range parameter and the posterior conver-
gence rate for asymptotic efficiency in posterior prediction. We verify these
asymptotic results in numerical experiments.

REFERENCES

ANDERES, E. (2010). On the consistent separation of scale and variance for Gaussian random fields. Ann.
Statist. 38 870-893. MR2604700 https://doi.org/10.1214/09- AOS725

ARNOLD, B. C. (2015). Pareto Distributions, 2nd ed. Monographs on Statistics and Applied Probability
140. CRC Press, Boca Raton, FL. MR3618736

BacHoC, F., BEVILACQUA, M. and VELANDIA, D. (2019). Composite likelihood estimation for a
Gaussian process under fixed domain asymptotics. J. Multivariate Anal. 174 104534. MR3985049
https://doi.org/10.1016/j.jmva.2019.104534

BacHoC, F. and LAGNOUX, A. (2020). Fixed-domain asymptotic properties of maximum composite
likelihood estimators for Gaussian processes. J. Statist. Plann. Inference 209 62-75. MR4096254
https://doi.org/10.1016/j.jspi.2020.02.008

BANERIJEE, S., GELFAND, A. E., FINLEY, A. O. and SANG, H. (2008). Gaussian predictive process
models for large spatial data sets. J. R. Stat. Soc. Ser. B. Stat. Methodol. 70 825-848. MR2523906
https://doi.org/10.1111/j.1467-9868.2008.00663.x

BERGER, J. O., DE OLIVEIRA, V. and SANSO, B. (2001). Objective Bayesian analysis of spa-
tially correlated data. J. Amer. Statist. Assoc. 96 1361-1374. MR1946582 https://doi.org/10.1198/
016214501753382282

BEVILACQUA, M., FAoUZI, T., FURRER, R. and PORCU, E. (2019). Estimation and prediction using gen-
eralized Wendland covariance functions under fixed domain asymptotics. Ann. Statist. 47 828-856.
MR3909952 https://doi.org/10.1214/17- AOS 1652

BICKEL, P. J. and KLEDN, B. J. K. (2012). The semiparametric Bernstein—von Mises theorem. Ann. Statist.
40 206-237. MR3013185 https://doi.org/10.1214/11- AOS921

BOCHKINA, N. A. and GREEN, P. J. (2014). The Bernstein—von Mises theorem and nonregular models.
Ann. Statist. 42 1850-1878. MR3262470 https://doi.org/10.1214/14- A0S 1239

MSC2020 subject classifications. 62F15, 62H11, 62E20.
Key words and phrases. Fixed-domain asymptotics, limiting posterior distribution, Matérn covariance func-
tion, asymptotic efficiency in posterior prediction.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/22-AOS2230
http://www.imstat.org
mailto:stalic@nus.edu.sg
http://www.ams.org/mathscinet-getitem?mr=2604700
https://doi.org/10.1214/09-AOS725
http://www.ams.org/mathscinet-getitem?mr=3618736
http://www.ams.org/mathscinet-getitem?mr=3985049
https://doi.org/10.1016/j.jmva.2019.104534
http://www.ams.org/mathscinet-getitem?mr=4096254
https://doi.org/10.1016/j.jspi.2020.02.008
http://www.ams.org/mathscinet-getitem?mr=2523906
https://doi.org/10.1111/j.1467-9868.2008.00663.x
http://www.ams.org/mathscinet-getitem?mr=1946582
https://doi.org/10.1198/016214501753382282
http://www.ams.org/mathscinet-getitem?mr=3909952
https://doi.org/10.1214/17-AOS1652
http://www.ams.org/mathscinet-getitem?mr=3013185
https://doi.org/10.1214/11-AOS921
http://www.ams.org/mathscinet-getitem?mr=3262470
https://doi.org/10.1214/14-AOS1239
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1198/016214501753382282

(10]
(11]

(12]

(13]

(14]
[15]

[16]

(17]

(18]

(19]

[20]

[21]

(22]

(23]

(24]
[25]
[26]
[27]
(28]

[29]

(30]

(31]

(32]

[33]

BRAZAUSKAS, V. (2002). Fisher information matrix for the Feller—Pareto distribution. Statist. Probab. Lett.
59 159-167. MR1927527 https://doi.org/10.1016/S0167-7152(02)00143-8

CHAE, M. and WALKER, S. G. (2020). Wasserstein upper bounds of the total variation for smooth densities.
Statist. Probab. Lett. 163 108771. MR4083852 https://doi.org/10.1016/j.spl.2020.108771

CHANG, C.-H., HUANG, H.-C. and ING, C.-K. (2014). Asymptotic theory of generalized informa-
tion criterion for geostatistical regression model selection. Ann. Statist. 42 2441-2468. MR3269985
https://doi.org/10.1214/14- AOS1258

CHANG, C.-H., HUANG, H.-C. and ING, C.-K. (2017). Mixed domain asymptotics for a stochastic process
model with time trend and measurement error. Bernoulli 23 159—-190. MR3556770 https://doi.org/10.
3150/15-BEJ740

CHEN, H.-S., SIMPSON, D. G. and YING, Z. (2000). Infill asymptotics for a stochastic process model with
measurement error. Statist. Sinica 10 141-156. MR1742105

CHEN, X., CHRISTENSEN, T. M. and TAMER, E. (2018). Monte Carlo confidence sets for identified sets.
Econometrica 86 1965-2018. MR3901244 https://doi.org/10.3982/ECTA14525

CHERNOZHUKOV, V. and HONG, H. (2004). Likelihood estimation and inference in a class of nonregular
econometric models. Econometrica 72 1445-1480. MR2077489 https://doi.org/10.1111/j.1468-0262.
2004.00540.x

CRESSIE, N. A. C. (1993). Statistics for Spatial Data. Wiley Series in Probability and Mathematical
Statistics: Applied Probability and Statistics. Wiley, New York. MR1239641 https://doi.org/10.1002/
9781119115151

CROWDER, M. J. (1976). Maximum likelihood estimation for dependent observations. J. Roy. Statist. Soc.
Ser. B 38 45-53. MR0403035 https://doi.org/10.1111/j.2517-6161.1976.tb01565.x

DATTA, A., BANERJEE, S., FINLEY, A. O. and GELFAND, A. E. (2016). Hierarchical nearest-neighbor
Gaussian process models for large geostatistical datasets. J. Amer. Statist. Assoc. 111 800-812.
MR3538706 https://doi.org/10.1080/01621459.2015.1044091

DE OLIVEIRA, V., KEDEM, B. and SHORT, D. A. (1997). Bayesian prediction of transformed Gaussian
random fields. J. Amer. Statist. Assoc. 92 1422-1433. MR1615252 https://doi.org/10.2307/2965412

Du, J., ZHANG, H. and MANDREKAR, V. S. (2009). Fixed-domain asymptotic properties of tapered
maximum likelihood estimators. Ann. Statist. 37 3330-3361. MR2549562 https://doi.org/10.1214/
08-AOS676

FUGLSTAD, G.-A., SIMPSON, D., LINDGREN, F. and RUE, H. (2019). Constructing priors that penal-
ize the complexity of Gaussian random fields. J. Amer. Statist. Assoc. 114 445-452. MR3941267
https://doi.org/10.1080/01621459.2017.1415907

GHOSAL, S. and VAN DER VAART, A. (2017). Fundamentals of Nonparametric Bayesian Inference. Cam-
bridge Series in Statistical and Probabilistic Mathematics 44. Cambridge Univ. Press, Cambridge.
MR3587782 https://doi.org/10.1017/9781139029834

GNEITING, T. (2002). Compactly supported correlation functions. J. Multivariate Anal. 83 493-508.
MR 1945966 https://doi.org/10.1006/jmva.2001.2056

GU, M. and ANDERSON, K. (2018). Calibration of imperfect mathematical models by multiple sources of
data with measurement bias. ArXiv Preprint. Available at arXiv:1810.11664.

GU, M., WANG, X. and BERGER, J. O. (2018). Robust Gaussian stochastic process emulation. Ann. Statist.
46 3038-3066. MR3851764 https://doi.org/10.1214/17- AOS1648

GUHANIYOGI, R., LI, C., SAVITSKY, T. D. and SRIVASTAVA, S. (2022). Distributed Bayesian inference
in massive spatial data. Statist. Sci. To appear.
GUSTAFSON, P. (2014). Bayesian inference in partially identified models: Is the shape of the posterior
distribution useful? Electron. J. Stat. 8 476-496. MR3205730 https://doi.org/10.1214/14-EJS891
GUSTAFSON, P. (2015). Bayesian Inference for Partially Identified Models: Exploring the Limits of Lim-
ited Data. Monographs on Statistics and Applied Probability 141. CRC Press, Boca Raton, FL.
MR3642458

HANDCOCK, M. S. and STEIN, M. L. (1993). A Bayesian analysis of kriging. Technometrics 35 403—410.
https://doi.org/10.1080/00401706.1993.10485354

HEATON, J. H., DATTA, A., FINLEY, A. O., FURRER, R., GUINNESS, J., GUHANIYOGI, R., GER-
BER, F., GRAMACY, R. B., HAMMERLING, D. et al. (2019). A case study competition among meth-
ods for analyzing large spatial data. J. Agric. Biol. Environ. Stat. 24 398-825. https://doi.org/10.1007/
s13253-018-00348-w

JIANG, W. (2017). On limiting distribution of quasi-posteriors under partial identification. Econom. Stat. 3
60-72. MR3666242 https://doi.org/10.1016/j.ecosta.2017.03.006

JIANG, W. and LI, C. (2019). On Bayesian oracle properties. Bayesian Anal. 14 235-260. MR3910045
https://doi.org/10.1214/18-BA1097


http://www.ams.org/mathscinet-getitem?mr=1927527
https://doi.org/10.1016/S0167-7152(02)00143-8
http://www.ams.org/mathscinet-getitem?mr=4083852
https://doi.org/10.1016/j.spl.2020.108771
http://www.ams.org/mathscinet-getitem?mr=3269985
https://doi.org/10.1214/14-AOS1258
http://www.ams.org/mathscinet-getitem?mr=3556770
https://doi.org/10.3150/15-BEJ740
http://www.ams.org/mathscinet-getitem?mr=1742105
http://www.ams.org/mathscinet-getitem?mr=3901244
https://doi.org/10.3982/ECTA14525
http://www.ams.org/mathscinet-getitem?mr=2077489
https://doi.org/10.1111/j.1468-0262.2004.00540.x
http://www.ams.org/mathscinet-getitem?mr=1239641
https://doi.org/10.1002/9781119115151
http://www.ams.org/mathscinet-getitem?mr=0403035
https://doi.org/10.1111/j.2517-6161.1976.tb01565.x
http://www.ams.org/mathscinet-getitem?mr=3538706
https://doi.org/10.1080/01621459.2015.1044091
http://www.ams.org/mathscinet-getitem?mr=1615252
https://doi.org/10.2307/2965412
http://www.ams.org/mathscinet-getitem?mr=2549562
https://doi.org/10.1214/08-AOS676
http://www.ams.org/mathscinet-getitem?mr=3941267
https://doi.org/10.1080/01621459.2017.1415907
http://www.ams.org/mathscinet-getitem?mr=3587782
https://doi.org/10.1017/9781139029834
http://www.ams.org/mathscinet-getitem?mr=1945966
https://doi.org/10.1006/jmva.2001.2056
http://arxiv.org/abs/arXiv:1810.11664
http://www.ams.org/mathscinet-getitem?mr=3851764
https://doi.org/10.1214/17-AOS1648
http://www.ams.org/mathscinet-getitem?mr=3205730
https://doi.org/10.1214/14-EJS891
http://www.ams.org/mathscinet-getitem?mr=3642458
https://doi.org/10.1080/00401706.1993.10485354
https://doi.org/10.1007/s13253-018-00348-w
http://www.ams.org/mathscinet-getitem?mr=3666242
https://doi.org/10.1016/j.ecosta.2017.03.006
http://www.ams.org/mathscinet-getitem?mr=3910045
https://doi.org/10.1214/18-BA1097
https://doi.org/10.3150/15-BEJ740
https://doi.org/10.1111/j.1468-0262.2004.00540.x
https://doi.org/10.1002/9781119115151
https://doi.org/10.1214/08-AOS676
https://doi.org/10.1007/s13253-018-00348-w

(34]

(35]

(36]

(37]
(38]
[39]
[40]
[41]

[42]

[43]
[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]
(52]
(53]

[54]

[55]

[56]

[57]

JUN, S. J., PINKSE, J. and WAN, Y. (2015). Classical Laplace estimation for /n-consistent estimators:
Improved convergence rates and rate-adaptive inference. J. Econometrics 187 201-216. MR3347303
https://doi.org/10.1016/j.jeconom.2015.01.005

KANAGAWA, M., HENNIG, P., SEIDINOVIC, D. and SRIPERUMBUDUR, B. K. (2018). Gaussian pro-
cesses and kernel methods: A review on connections and equivalences. ArXiv Preprint. Available at
arXiv:1807.02582.

KAUFMAN, C. G., SCHERVISH, M. J. and NYCHKA, D. W. (2008). Covariance tapering for likelihood-
based estimation in large spatial data sets. J. Amer. Statist. Assoc. 103 1545-1555. MR2504203
https://doi.org/10.1198/016214508000000959

KAUFMAN, C. G. and SHABY, B. A. (2013). The role of the range parameter for estimation and prediction
in geostatistics. Biometrika 100 473—484. MR3068447 https://doi.org/10.1093/biomet/ass079

KENNEDY, M. C. and O’HAGAN, A. (2001). Bayesian calibration of computer models. J. R. Stat. Soc. Ser.
B. Stat. Methodol. 63 425-464. MR 1858398 https://doi.org/10.1111/1467-9868.00294

KLEDN, B. J. K. and KNAPIK, B. (2012). Semiparametric posterior limits under local asymptotic expo-
nentiality. ArXiv Preprint. Available at arXiv:1210.6204v3.

KREH, M. (2012). Bessel Functions. Lecture Notes, Penn State—Gottingen Summer School on Number
Theory.

LEHMANN, E. L. and CASELLA, G. (1998). Theory of Point Estimation, 2nd ed. Springer Texts in Statistics.
Springer, New York. MR1639875 https://doi.org/10.1007/b98854

Li, C. (2022). Supplement to “Bayesian fixed-domain asymptotics for covariance parameters in
a Gaussian process model.” https://doi.org/10.1214/22- AOS2230SUPPA, https://doi.org/10.1214/
22-A0S2230SUPPB

L1, C., SRIVASTAVA, S. and DUNSON, D. B. (2017). Simple, scalable and accurate posterior interval esti-
mation. Biometrika 104 665-680. MR3694589 https://doi.org/10.1093/biomet/asx033

LoH, W.-L. (2005). Fixed-domain asymptotics for a subclass of Matérn-type Gaussian random fields. Ann.
Statist. 33 2344-2394. MR2211089 https://doi.org/10.1214/009053605000000516

LoH, W.-L. (2015). Estimating the smoothness of a Gaussian random field from irregularly spaced data via
higher-order quadratic variations. Ann. Statist. 43 2766-2794. MR3405611 https://doi.org/10.1214/
15-A0S1365

LoH, W.-L., SUN, S. and WEN, J. (2021). On fixed-domain asymptotics, parameter estimation and
isotropic Gaussian random fields with Matérn covariance functions. Ann. Statist. 49 3127-3152.
MR4352525 https://doi.org/10.1214/21-20s2077

MANSKI, C. F. (2003). Partial Identification of Probability Distributions. Springer Series in Statistics.
Springer, New York. MR2151380 https://doi.org/10.1007/697478

MARDIA, K. V. and MARSHALL, R. J. (1984). Maximum likelihood estimation of models for residual
covariance in spatial regression. Biometrika 71 135-146. MR0738334 https://doi.org/10.1093/biomet/
71.1.135

MOON, H. R. and SCHORFHEIDE, F. (2012). Bayesian and frequentist inference in partially identified
models. Econometrica 80 755-782. MR2951948 https://doi.org/10.3982/ECTA8360

PERUZZI, M., BANERIEE, S. and FINLEY, A. O. (2022). Highly scalable Bayesian geostatistical mod-
eling via meshed Gaussian processes on partitioned domains. J. Amer. Statist. Assoc. 117 969-982.
MR4436326 https://doi.org/10.1080/01621459.2020.1833889

PUTTER, H. and YOUNG, G. A. (2001). On the effect of covariance function estimation on the accuracy of
kriging predictors. Bernoulli 7 421-438. MR1836738 https://doi.org/10.2307/3318494

RASMUSSEN, C. E. and WILLIAMS, C. K. I. (2006). Gaussian Processes for Machine Learning. Adaptive
Computation and Machine Learning. MIT Press, Cambridge, MA. MR2514435

RITTER, K. (2000). Average-Case Analysis of Numerical Problems. Lecture Notes in Math. 1733. Springer,
Berlin. MR1763973 https://doi.org/10.1007/BFb0103934

SANG, H. and HUANG, J. Z. (2012). A full scale approximation of covariance functions for large spatial
data sets. J. R. Stat. Soc. Ser. B. Stat. Methodol. 74 111-132. MR2885842 https://doi.org/10.1111/;.
1467-9868.2011.01007.x

SANG, H., JUN, M. and HUANG, J. Z. (2011). Covariance approximation for large multivariate spatial data
sets with an application to multiple climate model errors. Ann. Appl. Stat. 5§ 2519-2548. MR2907125
https://doi.org/10.1214/11- AOAS478

SHABY, B. and RUPPERT, D. (2012). Tapered covariance: Bayesian estimation and asymptotics. J. Comput.
Graph. Statist. 21 433-452. MR2945475 https://doi.org/10.1080/10618600.2012.680819

SHEN, X. (2002). Asymptotic normality of semiparametric and nonparametric posterior distributions.
J. Amer. Statist. Assoc. 97 222-235. MR1947282 https://doi.org/10.1198/016214502753479365


http://www.ams.org/mathscinet-getitem?mr=3347303
https://doi.org/10.1016/j.jeconom.2015.01.005
http://arxiv.org/abs/arXiv:1807.02582
http://www.ams.org/mathscinet-getitem?mr=2504203
https://doi.org/10.1198/016214508000000959
http://www.ams.org/mathscinet-getitem?mr=3068447
https://doi.org/10.1093/biomet/ass079
http://www.ams.org/mathscinet-getitem?mr=1858398
https://doi.org/10.1111/1467-9868.00294
http://arxiv.org/abs/arXiv:1210.6204v3
http://www.ams.org/mathscinet-getitem?mr=1639875
https://doi.org/10.1007/b98854
https://doi.org/10.1214/22-AOS2230SUPPA
https://doi.org/10.1214/22-AOS2230SUPPB
http://www.ams.org/mathscinet-getitem?mr=3694589
https://doi.org/10.1093/biomet/asx033
http://www.ams.org/mathscinet-getitem?mr=2211089
https://doi.org/10.1214/009053605000000516
http://www.ams.org/mathscinet-getitem?mr=3405611
https://doi.org/10.1214/15-AOS1365
http://www.ams.org/mathscinet-getitem?mr=4352525
https://doi.org/10.1214/21-aos2077
http://www.ams.org/mathscinet-getitem?mr=2151380
https://doi.org/10.1007/b97478
http://www.ams.org/mathscinet-getitem?mr=0738334
https://doi.org/10.1093/biomet/71.1.135
http://www.ams.org/mathscinet-getitem?mr=2951948
https://doi.org/10.3982/ECTA8360
http://www.ams.org/mathscinet-getitem?mr=4436326
https://doi.org/10.1080/01621459.2020.1833889
http://www.ams.org/mathscinet-getitem?mr=1836738
https://doi.org/10.2307/3318494
http://www.ams.org/mathscinet-getitem?mr=2514435
http://www.ams.org/mathscinet-getitem?mr=1763973
https://doi.org/10.1007/BFb0103934
http://www.ams.org/mathscinet-getitem?mr=2885842
https://doi.org/10.1111/j.1467-9868.2011.01007.x
http://www.ams.org/mathscinet-getitem?mr=2907125
https://doi.org/10.1214/11-AOAS478
http://www.ams.org/mathscinet-getitem?mr=2945475
https://doi.org/10.1080/10618600.2012.680819
http://www.ams.org/mathscinet-getitem?mr=1947282
https://doi.org/10.1198/016214502753479365
https://doi.org/10.1214/22-AOS2230SUPPB
https://doi.org/10.1214/15-AOS1365
https://doi.org/10.1093/biomet/71.1.135
https://doi.org/10.1111/j.1467-9868.2011.01007.x

(58]

(591
[60]

[61]

[62]

[63]

[64]
[65]

[66]

[67]

[68]

[69]
[70]

[71]

[72]

(73]

[74]

[75]

[76]

(771

(78]

[79]
[80]

[81]

STEIN, M. (1990). Uniform asymptotic optimality of linear predictions of a random field using an in-
correct second-order structure. Ann. Statist. 18 850-872. MR1056340 https://doi.org/10.1214/aos/
1176347629

STEIN, M. L. (1988). Asymptotically efficient prediction of a random field with a misspecified covariance
function. Ann. Statist. 16 55-63. MR0924856 https://doi.org/10.1214/a0s/1176350690

STEIN, M. L. (1990). Bounds on the efficiency of linear predictions using an incorrect covariance function.
Ann. Statist. 18 1116-1138. MR1062701 https://doi.org/10.1214/a0s/1176347742

STEIN, M. L. (1990). A comparison of generalized cross validation and modified maximum likelihood
for estimating the parameters of a stochastic process. Ann. Statist. 18 1139-1157. MR1062702
https://doi.org/10.1214/a0s/1176347743

STEIN, M. L. (1993). A simple condition for asymptotic optimality of linear predictions of random fields.
Statist. Probab. Lett. 17 399-404. MR 1237787 https://doi.org/10.1016/0167-7152(93)90261-G

STEIN, M. L. (1997). Efficiency of linear predictors for periodic processes using an incorrect co-
variance function. J. Statist. Plann. Inference 58 321-331. MR1450019 https://doi.org/10.1016/
S0378-3758(96)00088-2

STEIN, M. L. (1999). Interpolation of Spatial Data: Some Theory for Kriging. Springer Series in Statistics.
Springer, New York. MR1697409 https://doi.org/10.1007/978-1-4612-1494-6

STEIN, M. L. (1999). Predicting random fields with increasing dense observations. Ann. Appl. Probab. 9
242-273. MR1682572 https://doi.org/10.1214/a0ap/1029962604

SUN, Q., Miao, C., DUAN, Q., ASHOURI, H., SOROOSHIAN, S. and Hsu, K. L. (2018). A review of
global precipitation data sets: Data sources, estimation, and intercomparisons. Rev. Geophys. 56 79—
107. https://doi.org/10.1002/2017RG000574

TAMER, E. (2010). Partial identification in econometrics. Ann. Rev. Econ. 3 167-195. https://doi.org/10.
1146/annurev.economics.050708.143401

TANG, W., ZHANG, L. and BANERJEE, S. (2021). On identifiability and consistency of the nugget in
Gaussian spatial process models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 83 1044-1070. MR4349127
https://doi.org/10.1111/rssb.12472

Tuo, R. and WANG, W. (2020). Kriging prediction with isotropic Matérn correlations: Robustness and
experimental designs. J. Mach. Learn. Res. 21 Paper No. 187. MR4209473

VAN DER VAART, A. and VAN ZANTEN, H. (2011). Information rates of nonparametric Gaussian process
methods. J. Mach. Learn. Res. 12 2095-2119. MR2819028

VAN DER VAART, A. W. (1998). Asymptotic Statistics. Cambridge Series in Statistical and Proba-
bilistic Mathematics 3. Cambridge Univ. Press, Cambridge. MR1652247 https://doi.org/10.1017/
CBO09780511802256

VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2008). Rates of contraction of posterior distributions
based on Gaussian process priors. Ann. Statist. 36 1435-1463. MR2418663 https://doi.org/10.1214/
009053607000000613

VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2009). Adaptive Bayesian estimation using a
Gaussian random field with inverse gamma bandwidth. Ann. Statist. 37 2655-2675. MR2541442
https://doi.org/10.1214/08-AOS678

VELANDIA, D., BACHOC, F., BEVILACQUA, M., GENDRE, X. and LOUBES, J.-M. (2017). Maximum
likelihood estimation for a bivariate Gaussian process under fixed domain asymptotics. Electron. J.
Stat. 11 2978-3007. MR3694574 https://doi.org/10.1214/17-EJS1298

VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Springer, Berlin. MR2459454
https://doi.org/10.1007/978-3-540-71050-9

WANG, D. and LoH, W.-L. (2011). On fixed-domain asymptotics and covariance tapering in Gaussian
random field models. Electron. J. Stat. 5 238-269. MR2792553 https://doi.org/10.1214/11-EJS607

WANG, W., Tuo, R. and Wu, C. F. J. (2020). On prediction properties of kriging: Uniform error bounds
and robustness. J. Amer. Statist. Assoc. 115 920-930. MR4107689 https://doi.org/10.1080/01621459.
2019.1598868

WENDLAND, H. (2005). Scattered Data Approximation. Cambridge Monographs on Applied and Com-
putational Mathematics 17. Cambridge Univ. Press, Cambridge. MR2131724 https://doi.org/10.1017/
CB09780511617539

Wu, Z. M. and SCHABACK, R. (1993). Local error estimates for radial basis function interpolation of
scattered data. IMA J. Numer. Anal. 13 13-27. MR1199027 https://doi.org/10.1093/imanum/13.1.13

WYNNE, G., BRIOL, F. X. and GIROLAMI, M. (2021). Convergence guarantees for Gaussian process ap-
proximations under several observation models. J. Mach. Learn. Res. 123 1-40.

YAKOWITZ, S. J. and SZIDAROVSZKY, F. (1985). A comparison of kriging with nonparametric regression
methods. J. Multivariate Anal. 16 21-53. MR0778488 https://doi.org/10.1016/0047-259X(85)90050-8


http://www.ams.org/mathscinet-getitem?mr=1056340
https://doi.org/10.1214/aos/1176347629
http://www.ams.org/mathscinet-getitem?mr=0924856
https://doi.org/10.1214/aos/1176350690
http://www.ams.org/mathscinet-getitem?mr=1062701
https://doi.org/10.1214/aos/1176347742
http://www.ams.org/mathscinet-getitem?mr=1062702
https://doi.org/10.1214/aos/1176347743
http://www.ams.org/mathscinet-getitem?mr=1237787
https://doi.org/10.1016/0167-7152(93)90261-G
http://www.ams.org/mathscinet-getitem?mr=1450019
https://doi.org/10.1016/S0378-3758(96)00088-2
http://www.ams.org/mathscinet-getitem?mr=1697409
https://doi.org/10.1007/978-1-4612-1494-6
http://www.ams.org/mathscinet-getitem?mr=1682572
https://doi.org/10.1214/aoap/1029962604
https://doi.org/10.1002/2017RG000574
https://doi.org/10.1146/annurev.economics.050708.143401
http://www.ams.org/mathscinet-getitem?mr=4349127
https://doi.org/10.1111/rssb.12472
http://www.ams.org/mathscinet-getitem?mr=4209473
http://www.ams.org/mathscinet-getitem?mr=2819028
http://www.ams.org/mathscinet-getitem?mr=1652247
https://doi.org/10.1017/CBO9780511802256
http://www.ams.org/mathscinet-getitem?mr=2418663
https://doi.org/10.1214/009053607000000613
http://www.ams.org/mathscinet-getitem?mr=2541442
https://doi.org/10.1214/08-AOS678
http://www.ams.org/mathscinet-getitem?mr=3694574
https://doi.org/10.1214/17-EJS1298
http://www.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
http://www.ams.org/mathscinet-getitem?mr=2792553
https://doi.org/10.1214/11-EJS607
http://www.ams.org/mathscinet-getitem?mr=4107689
https://doi.org/10.1080/01621459.2019.1598868
http://www.ams.org/mathscinet-getitem?mr=2131724
https://doi.org/10.1017/CBO9780511617539
http://www.ams.org/mathscinet-getitem?mr=1199027
https://doi.org/10.1093/imanum/13.1.13
http://www.ams.org/mathscinet-getitem?mr=0778488
https://doi.org/10.1016/0047-259X(85)90050-8
https://doi.org/10.1214/aos/1176347629
https://doi.org/10.1016/S0378-3758(96)00088-2
https://doi.org/10.1146/annurev.economics.050708.143401
https://doi.org/10.1017/CBO9780511802256
https://doi.org/10.1214/009053607000000613
https://doi.org/10.1080/01621459.2019.1598868
https://doi.org/10.1017/CBO9780511617539

[82] YANG, Y. and TOKDAR, S. T. (2015). Minimax-optimal nonparametric regression in high dimensions. Ann.
Statist. 43 652-674. MR3319139 https://doi.org/10.1214/14- A0S 1289

[83] YING, Z. (1991). Asymptotic properties of a maximum likelihood estimator with data from a Gaussian pro-
cess. J. Multivariate Anal. 36 280-296. MR1096671 https://doi.org/10.1016/0047-259X(91)90062-7

[84] YING, Z. (1993). Maximum likelihood estimation of parameters under a spatial sampling scheme. Ann.
Statist. 21 1567-1590. MR1241279 https://doi.org/10.1214/a0s/1176349272

[85] ZHANG, H. (2004). Inconsistent estimation and asymptotically equal interpolations in model-
based geostatistics. J. Amer. Statist. Assoc. 99 250-261. MR2054303 https://doi.org/10.1198/
016214504000000241

[86] ZHANG, H. and ZIMMERMAN, D. L. (2005). Towards reconciling two asymptotic frameworks in spatial
statistics. Biometrika 92 921-936. MR2234195 https://doi.org/10.1093/biomet/92.4.921


http://www.ams.org/mathscinet-getitem?mr=3319139
https://doi.org/10.1214/14-AOS1289
http://www.ams.org/mathscinet-getitem?mr=1096671
https://doi.org/10.1016/0047-259X(91)90062-7
http://www.ams.org/mathscinet-getitem?mr=1241279
https://doi.org/10.1214/aos/1176349272
http://www.ams.org/mathscinet-getitem?mr=2054303
https://doi.org/10.1198/016214504000000241
http://www.ams.org/mathscinet-getitem?mr=2234195
https://doi.org/10.1093/biomet/92.4.921
https://doi.org/10.1198/016214504000000241

The Annals of Statistics

2022, Vol. 50, No. 6, 3364-3387
https://doi.org/10.1214/22-A0S2231

© Institute of Mathematical Statistics, 2022

BATCH POLICY LEARNING IN AVERAGE REWARD MARKOV DECISION
PROCESSES

BY PENG L1A0!2, ZHENGLING Q1%¢, RUNZHE WAN>'9, PREDRAG KLASNJA%® AND
SUSAN A. MURPHY P

lDepartment of Statistics, Harvard University, 2pliao9122 @ gmail.com, b

samurphyl1@ gmail.com
2Department of Decision Sciences, George Washington University, € qizhengling @ gwu.edu
3Amazon, drunzhe. wan@gmail.com

4School of Information, University of Michigan, Ann Arbor, klasnja@umich.edu

We consider the batch (off-line) policy learning problem in the infinite
horizon Markov decision process. Motivated by mobile health applications,
we focus on learning a policy that maximizes the long-term average reward.
We propose a doubly robust estimator for the average reward and show that
it achieves semiparametric efficiency. Further, we develop an optimization
algorithm to compute the optimal policy in a parameterized stochastic policy
class. The performance of the estimated policy is measured by the difference
between the optimal average reward in the policy class and the average reward
of the estimated policy and we establish a finite-sample regret guarantee. The
performance of the method is illustrated by simulation studies and an analysis
of a mobile health study promoting physical activity.
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In this paper, we investigate local permutation tests for testing condi-
tional independence between two random vectors X and Y given Z. The local
permutation test determines the significance of a test statistic by locally shuf-
fling samples, which share similar values of the conditioning variables Z, and
it forms a natural extension of the usual permutation approach for uncondi-
tional independence testing. Despite its simplicity and empirical support, the
theoretical underpinnings of the local permutation test remain unclear. Moti-
vated by this gap, this paper aims to establish theoretical foundations of local
permutation tests with a particular focus on binning-based statistics. We start
by revisiting the hardness of conditional independence testing and provide
an upper bound for the power of any valid conditional independence test,
which holds when the probability of observing “collisions” in Z is small.
This negative result naturally motivates us to impose additional restrictions
on the possible distributions under the null and alternate. To this end, we fo-
cus our attention on certain classes of smooth distributions and identify prov-
ably tight conditions under which the local permutation method is universally
valid, that is, it is valid when applied to any (binning-based) test statistic. To
complement this result on type I error control, we also show that in some
cases, a binning-based statistic calibrated via the local permutation method
can achieve minimax optimal power. We also introduce a double-binning per-
mutation strategy, which yields a valid test over less smooth null distributions
than the typical single-binning method without compromising much power.
Finally, we present simulation results to support our theoretical findings.
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As a flexible nonparametric learning tool, the random forests algorithm
has been widely applied to various real applications with appealing empirical
performance, even in the presence of high-dimensional feature space. Unveil-
ing the underlying mechanisms has led to some important recent theoretical
results on the consistency of the random forests algorithm and its variants.
However, to our knowledge, almost all existing works concerning random
forests consistency in a high-dimensional setting were established for various
modified random forests models where the splitting rules are independent of
the response; a few exceptions assume simple data generating models with
binary features. In light of this, in this paper we derive the consistency rates
for the random forests algorithm associated with the sample CART splitting
criterion, which is the one used in the original version of the algorithm (Mach.
Learn. 45 (2001) 5-32), in a general high-dimensional nonparametric regres-
sion setting through a bias-variance decomposition analysis. Our new theoret-
ical results show that random forests can indeed adapt to high dimensionality
and allow for discontinuous regression function. Our bias analysis character-
izes explicitly how the random forests bias depends on the sample size, tree
height and column subsampling parameter. Some limitations on our current
results are also discussed.
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Completely randomized experiments have been the gold standard for
drawing causal inference because they can balance all potential confounding
on average. However, they may suffer from unbalanced covariates for real-
ized treatment assignments. Rerandomization, a design that rerandomizes the
treatment assignment until a prespecified covariate balance criterion is met,
has recently got attention due to its easy implementation, improved covari-
ate balance and more efficient inference. Researchers have then suggested to
use the treatment assignments that minimize the covariate imbalance, namely
the optimally balanced design. This has caused again the long-time contro-
versy between two philosophies for designing experiments: randomization
versus optimal, and thus almost deterministic designs. Existing literature ar-
gued that rerandomization with overly balanced observed covariates can lead
to highly imbalanced unobserved covariates, making it vulnerable to model
misspecification. On the contrary, rerandomization with properly balanced
covariates can provide robust inference for treatment effects while sacrific-
ing some efficiency compared to the ideally optimal design. In this paper, we
show it is possible that, by making the covariate imbalance diminishing at
a proper rate as the sample size increases, rerandomization can achieve its
ideally optimal precision that one can expect with perfectly balanced covari-
ates, while still maintaining its robustness. We further investigate conditions
on the number of covariates for achieving the desired optimality. Our results
rely on a more delicate asymptotic analysis for rerandomization, allowing
both diminishing covariate imbalance threshold (or equivalently the accep-
tance probability) and diverging number of covariates. The derived theory for
rerandomization provides a deeper understanding of its large-sample prop-
erty and can better guide its practical implementation. Furthermore, it also
helps reconcile the controversy between randomized and optimal designs in
an asymptotic sense.
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This paper suggests a multiplicative volatility model where volatility is
decomposed into a stationary and a nonstationary persistent part. We pro-
vide a testing procedure to determine which type of volatility is prevalent
in the data. The persistent part of volatility is associated with a nonstation-
ary persistent process satisfying some smoothness and moment conditions.
The stationary part is related to stationary conditional heteroskedasticity. We
outline theory and conditions that allow the extraction of the persistent part
from the data and enable standard conditional heteroskedasticity tests to de-
tect stationary volatility after persistent volatility is taken into account. Monte
Carlo results support the testing strategy in small samples. The empirical ap-
plication of the theory supports the persistent volatility paradigm, suggesting
that stationary conditional heteroskedasticity is considerably less pronounced
than previously thought.
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We consider the question of estimating the drift for a large class of er-
godic multivariate and possibly nonreversible diffusion processes, based on
continuous observations, in sup-norm loss. Nonparametric classes of smooth
functions of unknown order are considered, and we suggest an adaptive ap-
proach which allows to construct drift estimators attaining optimal sup-norm
rates of convergence. Reversibility structures and related functional inequali-
ties are known to be key tools for these estimation problems. We can discard
such restrictions by making use of mixing properties which are satisfied for
the very general class of processes under consideration. Analysing diffusions,
the scalar case is very distinct from the general multivariate setting. There-
fore, we treat scalar and multivariate processes separately which leads to in
several aspects improved univariate results. While we consider drift estima-
tion on bounded domains for exponentially S-mixing multivariate processes,
for scalar diffusion processes we work under minimal assumptions that allow
estimation of unbounded drift terms over the entire real line, and we pro-
vide classical minimax results (including lower bounds) which cannot be ob-
tained under state-of-the-art conditions in the multivariate case. In addition,
we prove a Donsker theorem for the classical kernel estimator of the invariant
density in the scalar setting and establish its semiparametric efficiency.
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How can we discern whether the covariance operator of a stochastic pro-
cess is of reduced rank, and if so, what its precise rank is? And how can we
do so at a given level of confidence? This question is central to a great deal
of methods for functional data, which require low-dimensional representa-
tions whether by functional PCA or other methods. The difficulty is that the
determination is to be made on the basis of i.i.d. replications of the process
observed discretely and with measurement error contamination. This adds a
ridge to the empirical covariance, obfuscating the underlying dimension. We
build a matrix-completion inspired test statistic that circumvents this issue by
measuring the best possible least square fit of the empirical covariance’s off-
diagonal elements, optimised over covariances of given finite rank. For a fixed
grid of sufficiently large size, we determine the statistic’s asymptotic null dis-
tribution as the number of replications grows. We then use it to construct a
bootstrap implementation of a stepwise testing procedure controlling the fam-
ilywise error rate corresponding to the collection of hypotheses formalising
the question at hand. Under minimal regularity assumptions, we prove that
the procedure is consistent and that its bootstrap implementation is valid. The
procedure circumvents smoothing and associated smoothing parameters, is
indifferent to measurement error heteroskedasticity, and does not assume a
low-noise regime. An extensive simulation study reveals an excellent practi-
cal performance, stably across a wide range of settings and the procedure is
further illustrated by means of two data analyses.
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COVARIANCE ESTIMATION UNDER ONE-BIT QUANTIZATION
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We consider the classical problem of estimating the covariance matrix of
a sub-Gaussian distribution from i.i.d. samples in the novel context of coarse
quantization, that is, instead of having full knowledge of the samples, they
are quantized to one or two bits per entry. This problem occurs naturally in
signal processing applications. We introduce new estimators in two different
quantization scenarios and derive nonasymptotic estimation error bounds in
terms of the operator norm. In the first scenario, we consider a simple, scale-
invariant one-bit quantizer and derive an estimation result for the correlation
matrix of a centered Gaussian distribution. In the second scenario, we add
random dithering to the quantizer. In this case, we can accurately estimate the
full covariance matrix of a general sub-Gaussian distribution by collecting
two bits per entry of each sample. In both scenarios, our bounds apply to
masked covariance estimation. We demonstrate the near optimality of our
error bounds by deriving corresponding (minimax) lower bounds and using
numerical simulations.
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Frequency domain methods form a ubiquitous part of the statistical tool-
box for time-series analysis. In recent years, considerable interest has been
given to the development of new spectral methodology and tools capturing
dynamics in the entire joint distributions, and thus avoiding the limitations of
classical, L2-based spectral methods. Most of the spectral concepts proposed
in that literature suffer from one major drawback, though: their estimation re-
quires the choice of a smoothing parameter, which has a considerable impact
on estimation quality and poses challenges for statistical inference. In this pa-
per, associated with the concept of a copula-based spectrum, we introduce the
notion of a copula spectral distribution function or integrated copula spec-
trum. This integrated copula spectrum retains the advantages of copula-based
spectra but can be estimated without the need for smoothing parameters. We
provide such estimators, along with a thorough theoretical analysis, based on
a functional central limit theorem, of their asymptotic properties. We leverage
these results to test various hypotheses that cannot be addressed by classical
spectral methods, such as the lack of time reversibility or asymmetry in tail
dynamics.
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We investigate the use of a certain class of functional inequalities known
as weak Poincaré inequalities to bound convergence of Markov chains to
equilibrium. We show that this enables the straightforward and transpar-
ent derivation of subgeometric convergence bounds for methods such as
the Independent Metropolis—Hastings sampler and pseudo-marginal methods
for intractable likelihoods, the latter being subgeometric in many practical
settings. These results rely on novel quantitative comparison theorems be-
tween Markov chains. Associated proofs are simpler than those relying on
drift/minorisation conditions and the tools developed allow us to recover and
further extend known results as particular cases. We are then able to provide
new insights into the practical use of pseudo-marginal algorithms, analyse the
effect of averaging in Approximate Bayesian Computation (ABC) and the use
of products of independent averages and also to study the case of log-normal
weights relevant to particle marginal Metropolis—Hastings (PMMH).
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Block-based resampling estimators have been intensively investigated
for weakly dependent time processes, which has helped to inform imple-
mentation (e.g., best block sizes). However, little is known about resampling
performance and block sizes under strong or long-range dependence. To es-
tablish guideposts in block selection, we consider a broad class of strongly
dependent time processes, formed by a transformation of a stationary long-
memory Gaussian series, and examine block-based resampling estimators for
the variance of the prototypical sample mean; extensions to general statistical
functionals are also considered. Unlike weak dependence, the properties of
resampling estimators under strong dependence are shown to depend intri-
cately on the nature of nonlinearity in the time series (beyond Hermite ranks)
in addition to the long-memory coefficient and block size. Additionally, the
intuition has often been that optimal block sizes should be larger under strong
dependence (say O (n / 2) for a sample size n) than the optimal order O (n 1/ 3)
known under weak dependence. This intuition turns out to be largely incor-
rect, though a block order O(nl/ 2) may be reasonable (and even optimal) in
many cases, owing to nonlinearity in a long-memory time series. While op-
timal block sizes are more complex under long-range dependence compared
to short-range, we provide a consistent data-driven rule for block selection.
Numerical studies illustrate that the guides for block selection perform well
in other block-based problems with long-memory time series, such as distri-
bution estimation and strategies for testing Hermite rank.
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The Fréchet mean is a useful description of location for a probability
distribution on a metric space that is not necessarily a vector space. This
article considers simultaneous estimation of multiple Fréchet means from a
decision-theoretic perspective, and in particular, the extent to which the un-
biased estimator of a Fréchet mean can be dominated by a generalization of
the James—Stein shrinkage estimator. It is shown that if the metric space sat-
isfies a nonpositive curvature condition, then this generalized James—Stein
estimator asymptotically dominates the unbiased estimator as the dimension
of the space grows. These results hold for a large class of distributions on
a variety of spaces, including Hilbert spaces and, therefore, partially extend
known results on the applicability of the James—Stein estimator to nonnormal
distributions on Euclidean spaces. Simulation studies on phylogenetic trees
and symmetric positive definite matrices are presented, numerically demon-
strating the efficacy of this generalized James—Stein estimator.
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