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DEBIASING CONVEX REGULARIZED ESTIMATORS AND INTERVAL
ESTIMATION IN LINEAR MODELS

BY PIERRE C. BELLECa AND CUN-HUI ZHANGb

Department of Statistics, Rutgers University, apierre.bellec@rutgers.edu, bczhang@stat.rutgers.edu

New upper bounds are developed for the L2 distance between ξ/

Var[ξ ]1/2 and linear and quadratic functions of z ∼ N(0, In) for random vari-
ables of the form ξ = z�f (z) − divf (z). The linear approximation yields a
central limit theorem when the squared norm of f (z) dominates the squared
Frobenius norm of ∇f (z) in expectation.

Applications of this normal approximation are given for the asymptotic
normality of debiased estimators in linear regression with correlated design
and convex penalty in the regime p/n ≤ γ for constant γ ∈ (0,∞). For
the estimation of linear functions 〈a0,β〉 of the unknown coefficient vec-
tor β, this analysis leads to asymptotic normality of the debiased estimate for
most normalized directions a0, where “most” is quantified in a precise sense.
This asymptotic normality holds for any convex penalty if γ < 1 and for any
strongly convex penalty if γ ≥ 1. In particular, the penalty needs not be sepa-
rable or permutation invariant. By allowing arbitrary regularizers, the results
vastly broaden the scope of applicability of debiasing methodologies to obtain
confidence intervals in high dimensions. In the absence of strong convexity
for p > n, asymptotic normality of the debiased estimate is obtained for the
Lasso and the group Lasso under additional conditions. For general convex
penalties, our analysis also provides prediction and estimation error bounds
of independent interest.
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CONDITIONAL SEQUENTIAL MONTE CARLO IN HIGH DIMENSIONS

BY AXEL FINKE1,a AND ALEXANDRE H. THIERY2,b

1Department of Mathematical Sciences, Loughborough University, aa.finke@lboro.ac.uk
2Department of Statistics and Applied Probability, National University of Singapore, ba.h.thiery@nus.edu.sg

The iterated conditional sequential Monte Carlo (i-CSMC) algorithm
from Andrieu, Doucet and Holenstein (J. R. Stat. Soc. Ser. B Stat. Methodol.
72 (2010) 269–342) is an MCMC approach for efficiently sampling from the
joint posterior distribution of the T latent states in challenging time-series
models, for example, in nonlinear or non-Gaussian state-space models. It is
also the main ingredient in particle Gibbs samplers which infer unknown
model parameters alongside the latent states. In this work, we first prove that
the i-CSMC algorithm suffers from a curse of dimension in the dimension of
the states, D: it breaks down unless the number of samples (‘particles’), N ,
proposed by the algorithm grows exponentially with D. Then we present a
novel ‘local’ version of the algorithm which proposes particles using Gaus-
sian random-walk moves that are suitably scaled with D. We prove that this it-
erated random-walk conditional sequential Monte Carlo (i-RW-CSMC) algo-
rithm avoids the curse of dimension: for arbitrary N , its acceptance rates and
expected squared jumping distance converge to nontrivial limits as D → ∞.
If T = N = 1, our proposed algorithm reduces to a Metropolis–Hastings or
Barker’s algorithm with Gaussian random-walk moves and we recover the
well-known scaling limits for such algorithms.

REFERENCES
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Local differential privacy has recently received increasing attention from
the statistics community as a valuable tool to protect the privacy of individual
data owners without the need of a trusted third party. Similar to the classical
notion of randomized response, the idea is that data owners randomize their
true information locally and only release the perturbed data. Many different
protocols for such local perturbation procedures can be designed. In most
estimation problems studied in the literature so far, however, no significant
difference in terms of minimax risk between purely noninteractive protocols
and protocols that allow for some amount of interaction between individual
data providers could be observed. In this paper, we show that for estimating
the integrated square of a density, sequentially interactive procedures improve
substantially over the best possible noninteractive procedure in terms of min-
imax rate of estimation.

In particular, in the noninteractive scenario we identify an elbow in the
minimax rate at s = 3

4 , whereas in the sequentially interactive scenario the

elbow is at s = 1
2 . This is markedly different from both, the case of direct

observations, where the elbow is well known to be at s = 1
4 , as well as from

the case where Laplace noise is added to the original data, where an elbow at
s = 9

4 is obtained.
We also provide adaptive estimators that achieve the optimal rate up to

log-factors, we draw connections to nonparametric goodness-of-fit testing
and estimation of more general integral functionals and conduct a series of
numerical experiments. The fact that a particular locally differentially pri-
vate, but interactive, mechanism improves over the simple noninteractive one
is also of great importance for practical implementations of local differential
privacy.
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We study the classical problem of recovering a multidimensional source
signal from observations of nonlinear mixtures of this signal. We show that
this recovery is possible (up to a permutation and monotone scaling of the
source’s original component signals) if the mixture is due to a sufficiently
differentiable and invertible but otherwise arbitrarily nonlinear function and
the component signals of the source are statistically independent with ‘non-
degenerate’ second-order statistics. The latter assumption requires the source
signal to meet one of three regularity conditions which essentially ensure that
the source is sufficiently far away from the nonrecoverable extremes of be-
ing deterministic or constant in time. These assumptions, which cover many
popular time series models and stochastic processes, allow us to reformulate
the initial problem of nonlinear blind source separation as a simple-to-state
problem of optimisation-based function approximation. We propose to solve
this approximation problem by minimizing a novel type of objective function
that efficiently quantifies the mutual statistical dependence between multi-
ple stochastic processes via cumulant-like statistics. This yields a scalable
and direct new method for nonlinear Independent Component Analysis with
widely applicable theoretical guarantees and for which our experiments indi-
cate good performance.
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We study mean-field variational Bayesian inference using the TAP
approach, for Z2-synchronization as a prototypical example of a high-
dimensional Bayesian model. We show that for any signal strength λ > 1 (the
weak-recovery threshold), there exists a unique local minimizer of the TAP
free energy functional near the mean of the Bayes posterior law. Furthermore,
the TAP free energy in a local neighborhood of this minimizer is strongly con-
vex. Consequently, a natural-gradient/mirror-descent algorithm achieves lin-
ear convergence to this minimizer from a local initialization, which may be
obtained by a constant number of iterations of Approximate Message Passing
(AMP). This provides a rigorous foundation for variational inference in high
dimensions via minimization of the TAP free energy.

We also analyze the finite-sample convergence of AMP, showing that
AMP is asymptotically stable at the TAP minimizer for any λ > 1, and is
linearly convergent to this minimizer from a spectral initialization for suffi-
ciently large λ. Such a guarantee is stronger than results obtainable by state
evolution analyses, which only describe a fixed number of AMP iterations in
the infinite-sample limit.

Our proofs combine the Kac–Rice formula and Sudakov–Fernique Gaus-
sian comparison inequality to analyze the complexity of critical points that
satisfy strong convexity and stability conditions within their local neighbor-
hoods.
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f -DP has recently been proposed as a generalization of differential pri-
vacy allowing a lossless analysis of composition, post-processing, and pri-
vacy amplification via subsampling. In the setting of f -DP, we propose the
concept of a canonical noise distribution (CND), the first mechanism de-
signed for an arbitrary f -DP guarantee. The notion of CND captures whether
an additive privacy mechanism perfectly matches the privacy guarantee of a
given f . We prove that a CND always exists, and give a construction that pro-
duces a CND for any f . We show that private hypothesis tests are intimately
related to CNDs, allowing for the release of private p-values at no additional
privacy cost, as well as the construction of uniformly most powerful (UMP)
tests for binary data, within the general f -DP framework.

We apply our techniques to the problem of difference-of-proportions test-
ing, and construct a UMP unbiased (UMPU) “semiprivate” test which upper
bounds the performance of any f -DP test. Using this as a benchmark, we pro-
pose a private test based on the inversion of characteristic functions, which
allows for optimal inference on the two population parameters and is nearly as
powerful as the semiprivate UMPU. When specialized to the case of (ε,0)-
DP, we show empirically that our proposed test is more powerful than any
(ε/

√
2)-DP test and has more accurate type I errors than the classic normal

approximation test.
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Modeling univariate block maxima by the generalized extreme value dis-
tribution constitutes one of the most widely applied approaches in extreme
value statistics. It has recently been found that, for an underlying station-
ary time series, respective estimators may be improved by calculating block
maxima in an overlapping way. A proof of concept is provided that the lat-
ter finding also holds in situations that involve certain piecewise stationari-
ties. A weak convergence result for an empirical process of central interest
is provided, and further details are examplarily worked out for the proba-
bility weighted moment estimator. Irrespective of the serial dependence, the
asymptotic estimation variance is shown to be smaller for the new estimator.
In extensive simulation experiments, the finite-sample variance was typically
found to be smaller as well, while the bias stays approximately the same. The
results are illustrated by Monte Carlo simulation experiments and are applied
to a common situation involving temperature extremes in a changing climate.
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The problem of learning graphons has attracted considerable attention
across several scientific communities, with significant progress over the re-
cent years in sparser regimes. Yet, the current techniques still require diverg-
ing degrees in order to succeed with efficient algorithms in the challenging
cases where the local structure of the graph is homogeneous. This paper pro-
vides an efficient algorithm to learn graphons in the constant expected degree
regime. The algorithm is shown to succeed in estimating the rank-k projec-
tion of a graphon in the L2 metric if the top k eigenvalues of the graphon
satisfy a generalized Kesten–Stigum condition.
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We analyze the singular values of a large p × n data matrix Xn =
(xn1, . . . ,xnn), where the columns {xnj } are independent p-dimensional vec-
tors, possibly with different distributions. Assuming that the covariance ma-
trices �nj = Cov(xnj ) of the column vectors can be asymptotically simulta-
neously diagonalized, with appropriately converging spectra, we establish a
limiting spectral distribution (LSD) for the singular values of Xn when both
dimensions p and n grow to infinity in comparable magnitudes. Our ma-
trix model goes beyond and includes many different types of sample covari-
ance matrices in existing work, such as weighted sample covariance matri-
ces, Gram matrices, and sample covariance matrices of a linear time series
model. Furthermore, three applications of our general approach are devel-
oped. First, we obtain the existence and uniqueness of the LSD for realized
covariance matrices of a multi-dimensional diffusion process with anisotropic
time-varying co-volatility. Second, we derive the LSD for singular values of
data matrices from a recent matrix-valued auto-regressive model. Finally, we
also obtain the LSD for singular values of data matrices from a generalized
finite mixture model.

REFERENCES

[1] ANDERSEN, T. G., BOLLERSLEV, T., DIEBOLD, F. X. and LABYS, P. (2001). The distribution of real-
ized exchange rate volatility. J. Amer. Statist. Assoc. 96 42–55. MR1952727 https://doi.org/10.1198/
016214501750332965

[2] BAI, Z. and SILVERSTEIN, J. W. (2010). Spectral Analysis of Large Dimensional Random Matrices,
2nd ed. Springer Series in Statistics. Springer, New York. MR2567175 https://doi.org/10.1007/
978-1-4419-0661-8

[3] BAI, Z. and ZHOU, W. (2008). Large sample covariance matrices without independence structures in
columns. Statist. Sinica 18 425–442. MR2411613

[4] CHEN, E. Y., TSAY, R. S. and CHEN, R. (2020). Constrained factor models for high-dimensional
matrix-variate time series. J. Amer. Statist. Assoc. 115 775–793. MR4107679 https://doi.org/10.1080/
01621459.2019.1584899

[5] CHEN, R., XIAO, H. and YANG, D. (2021). Autoregressive models for matrix-valued time series. J. Econo-
metrics 222 539–560. MR4234832 https://doi.org/10.1016/j.jeconom.2020.07.015

[6] FRÜHWIRTH-SCHNATTER, S. (2006). Finite Mixture and Markov Switching Models. Springer Series in
Statistics. Springer, New York. MR2265601

[7] GRAY, R. M. (2006). Toeplitz and circulant matrices: A review. Found. Trends Commun. Inf. Theory 2
155–239.

[8] HACHEM, W., LOUBATON, P. and NAJIM, J. (2006). The empirical distribution of the eigenvalues of a Gram
matrix with a given variance profile. Ann. Inst. Henri Poincaré Probab. Stat. 42 649–670. MR2269232
https://doi.org/10.1016/j.anihpb.2005.10.001

[9] JACOD, J. and PROTTER, P. (1998). Asymptotic error distributions for the Euler method for stochastic dif-
ferential equations. Ann. Probab. 26 267–307. MR1617049 https://doi.org/10.1214/aop/1022855419

MSC2020 subject classifications. Primary 62H10; secondary 60B20.
Key words and phrases. Large data matrix, large sample covariance matrices, singular value distribution,

eigenvalue distribution, separable covariance matrix, realized covariance matrix, matrix-valued autoregressive
model.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2263
http://www.imstat.org
mailto:meitx@hku.hk
mailto:stacw@hku.hk
mailto:jeffyao@cuhk.edu.cn
https://mathscinet.ams.org/mathscinet-getitem?mr=1952727
https://doi.org/10.1198/016214501750332965
https://mathscinet.ams.org/mathscinet-getitem?mr=2567175
https://doi.org/10.1007/978-1-4419-0661-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2411613
https://mathscinet.ams.org/mathscinet-getitem?mr=4107679
https://doi.org/10.1080/01621459.2019.1584899
https://mathscinet.ams.org/mathscinet-getitem?mr=4234832
https://doi.org/10.1016/j.jeconom.2020.07.015
https://mathscinet.ams.org/mathscinet-getitem?mr=2265601
https://mathscinet.ams.org/mathscinet-getitem?mr=2269232
https://doi.org/10.1016/j.anihpb.2005.10.001
https://mathscinet.ams.org/mathscinet-getitem?mr=1617049
https://doi.org/10.1214/aop/1022855419
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1198/016214501750332965
https://doi.org/10.1007/978-1-4419-0661-8
https://doi.org/10.1080/01621459.2019.1584899


[10] JIN, B., WANG, C., BAI, Z. D., NAIR, K. K. and HARDING, M. (2014). Limiting spectral distribu-
tion of a symmetrized auto-cross covariance matrix. Ann. Appl. Probab. 24 1199–1225. MR3199984
https://doi.org/10.1214/13-AAP945

[11] JIN, B., WANG, C., MIAO, B. and LO HUANG, M.-N. (2009). Limiting spectral distribution of large-
dimensional sample covariance matrices generated by VARMA. J. Multivariate Anal. 100 2112–2125.
MR2543090 https://doi.org/10.1016/j.jmva.2009.06.011

[12] LI, W. and YAO, J. (2018). On structure testing for component covariance matrices of a high dimensional
mixture. J. R. Stat. Soc. Ser. B. Stat. Methodol. 80 293–318. MR3763693 https://doi.org/10.1111/rssb.
12248
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[14] MARČENKO, V. A. and PASTUR, L. A. (1967). Distribution of eigenvalues for some sets of random matri-
ces. Math. USSR, Sb. 1 457–483.

[15] MCLACHLAN, G. and PEEL, D. (2000). Finite Mixture Models. Wiley Series in Probability and Statistics:
Applied Probability and Statistics. Wiley Interscience, New York. MR1789474 https://doi.org/10.1002/
0471721182

[16] MEI, T., WANG, C. and YAO, J. (2023). Supplement to “On singular values of data matrices with general
independent columns.” https://doi.org/10.1214/23-AOS2263SUPP

[17] PAJOR, A. and PASTUR, L. (2009). On the limiting empirical measure of eigenvalues of the sum of rank
one matrices with log-concave distribution. Studia Math. 195 11–29. MR2539559 https://doi.org/10.
4064/sm195-1-2

[18] PAUL, D. and AUE, A. (2014). Random matrix theory in statistics: A review. J. Statist. Plann. Inference
150 1–29. MR3206718 https://doi.org/10.1016/j.jspi.2013.09.005

[19] SILVERSTEIN, J. W. (1995). Strong convergence of the empirical distribution of eigenvalues of large-
dimensional random matrices. J. Multivariate Anal. 55 331–339. MR1370408 https://doi.org/10.1006/
jmva.1995.1083

[20] SILVERSTEIN, J. W. and BAI, Z. D. (1995). On the empirical distribution of eigenvalues of a class of large-
dimensional random matrices. J. Multivariate Anal. 54 175–192. MR1345534 https://doi.org/10.1006/
jmva.1995.1051

[21] WANG, D., LIU, X. and CHEN, R. (2019). Factor models for matrix-valued high-dimensional time series.
J. Econometrics 208 231–248. MR3906969 https://doi.org/10.1016/j.jeconom.2018.09.013
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Structural matrix-variate observations routinely arise in diverse fields
such as multilayer network analysis and brain image clustering. While data
of this type have been extensively investigated with fruitful outcomes being
delivered, the fundamental questions like its statistical optimality and compu-
tational limit are largely under-explored. In this paper, we propose a low-rank
Gaussian mixture model (LrMM) assuming each matrix-valued observation
has a planted low-rank structure. Minimax lower bounds for estimating the
underlying low-rank matrix are established allowing a whole range of sam-
ple sizes and signal strength. Under a minimal condition on signal strength,
referred to as the information-theoretical limit or statistical limit, we prove
the minimax optimality of a maximum likelihood estimator which, in gen-
eral, is computationally infeasible. If the signal is stronger than a certain
threshold, called the computational limit, we design a computationally fast
estimator based on spectral aggregation and demonstrate its minimax opti-
mality. Moreover, when the signal strength is smaller than the computational
limit, we provide evidences based on the low-degree likelihood ratio frame-
work to claim that no polynomial-time algorithm can consistently recover the
underlying low-rank matrix. Our results reveal multiple phase transitions in
the minimax error rates and the statistical-to-computational gap. Numerical
experiments confirm our theoretical findings. We further showcase the merit
of our spectral aggregation method on the worldwide food trading dataset.
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We consider the estimation of two-sample integral functionals, of the
type that occur naturally, for example, when the object of interest is a diver-
gence between unknown probability densities. Our first main result is that,
in wide generality, a weighted nearest neighbour estimator is efficient, in the
sense of achieving the local asymptotic minimax lower bound. Moreover, we
also prove a corresponding central limit theorem, which facilitates the con-
struction of asymptotically valid confidence intervals for the functional, hav-
ing asymptotically minimal width. One interesting consequence of our results
is the discovery that, for certain functionals, the worst-case performance of
our estimator may improve on that of the natural ‘oracle’ estimator, which it-
self can be optimal in the related problem where the data consist of the values
of the unknown densities at the observations.
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DEEP NONPARAMETRIC REGRESSION ON APPROXIMATE MANIFOLDS:
NONASYMPTOTIC ERROR BOUNDS WITH POLYNOMIAL PREFACTORS
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We study the properties of nonparametric least squares regression using
deep neural networks. We derive nonasymptotic upper bounds for the excess
risk of the empirical risk minimizer of feedforward deep neural regression.
Our error bounds achieve minimax optimal rate and improve over the exist-
ing ones in the sense that they depend polynomially on the dimension of the
predictor, instead of exponentially on dimension. We show that the neural
regression estimator can circumvent the curse of dimensionality under the as-
sumption that the predictor is supported on an approximate low-dimensional
manifold or a set with low Minkowski dimension. We also establish the opti-
mal convergence rate under the exact manifold support assumption. We inves-
tigate how the prediction error of the neural regression estimator depends on
the structure of neural networks and propose a notion of network relative ef-
ficiency between two types of neural networks, which provides a quantitative
measure for evaluating the relative merits of different network structures. To
establish these results, we derive a novel approximation error bound for the
Hölder smooth functions using ReLU activated neural networks, which may
be of independent interest. Our results are derived under weaker assumptions
on the data distribution and the neural network structure than those in the
existing literature.
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It is of soaring demand to develop statistical analysis tools that are robust
against contamination as well as preserving individual data owners’ privacy.
In spite of the fact that both topics host a rich body of literature, to the best
of our knowledge, we are the first to systematically study the connections
between the optimality under Huber’s contamination model and the local dif-
ferential privacy (LDP) constraints.

In this paper, we start with a general minimax lower bound result, which
disentangles the costs of being robust against Huber contamination and pre-
serving LDP. We further study four concrete examples: a two-point testing
problem, a potentially diverging mean estimation problem, a nonparametric
density estimation problem and a univariate median estimation problem. For
each problem, we demonstrate procedures that are optimal in the presence of
both contamination and LDP constraints, comment on the connections with
the state-of-the-art methods that are only studied under either contamination
or privacy constraints, and unveil the connections between robustness and
LDP via partially answering whether LDP procedures are robust and whether
robust procedures can be efficiently privatised. Overall, our work showcases a
promising prospect of joint study for robustness and local differential privacy.
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We study the covariate shift problem in the context of nonparametric re-
gression over a reproducing kernel Hilbert space (RKHS). We focus on two
natural families of covariate shift problems defined using the likelihood ratios
between the source and target distributions. When the likelihood ratios are
uniformly bounded, we prove that the kernel ridge regression (KRR) estima-
tor with a carefully chosen regularization parameter is minimax rate-optimal
(up to a log factor) for a large family of RKHSs with regular kernel eigen-
values. Interestingly, KRR does not require full knowledge of the likelihood
ratio apart from an upper bound on it. In striking contrast to the standard
statistical setting without covariate shift, we also demonstrate that a naïve es-
timator, which minimizes the empirical risk over the function class, is strictly
suboptimal under covariate shift as compared to KRR. We then address the
larger class of covariate shift problems where likelihood ratio is possibly un-
bounded yet has a finite second moment. Here, we propose a reweighted KRR
estimator that weights samples based on a careful truncation of the likelihood
ratios. Again, we are able to show that this estimator is minimax optimal, up
to logarithmic factors.
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[6] GYÖRFI, L., KOHLER, M., KRZYŻAK, A. and WALK, H. (2002). A Distribution-Free Theory of Nonpara-
metric Regression. Springer Series in Statistics. Springer, New York. MR1920390 https://doi.org/10.
1007/b97848

[7] JIANG, J. and ZHAI, C. (2007). Instance weighting for domain adaptation in NLP. In Proceedings of the
45th Annual Meeting of the Association of Computational Linguistics 264–271. Association for Com-
putational Linguistics, Prague, Czech Republic.

[8] KOH, P. W., SAGAWA, S., MARKLUND, H., XIE, S. M., ZHANG, M., BALSUBRAMANI, A., HU, W.,
YASUNAGA, M., PHILLIPS, R. L. et al. (2021). Wilds: A benchmark of in-the-wild distribution shifts.
In International Conference on Machine Learning 5637–5664. PMLR.

[9] KPOTUFE, S. and MARTINET, G. (2021). Marginal singularity and the benefits of labels in covariate-shift.
Ann. Statist. 49 3299–3323. MR4352531 https://doi.org/10.1214/21-aos2084

MSC2020 subject classifications. Primary 62C20; secondary 62G08.
Key words and phrases. Covariate shift, nonparametric regression, reproducing kernel Hilbert spaces, kernel

ridge regression, transfer learning.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2268
http://www.imstat.org
mailto:congm@uchicago.edu
mailto:pathakr@berkeley.edu
mailto:wainwrigwork@gmail.com
https://mathscinet.ams.org/mathscinet-getitem?mr=4206671
https://doi.org/10.1214/20-AOS1949
https://mathscinet.ams.org/mathscinet-getitem?mr=2335249
https://doi.org/10.1007/s10208-006-0196-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4177382
https://doi.org/10.3150/20-BEJ1251
https://mathscinet.ams.org/mathscinet-getitem?mr=1920390
https://doi.org/10.1007/b97848
https://mathscinet.ams.org/mathscinet-getitem?mr=4352531
https://doi.org/10.1214/21-aos2084
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.3150/20-BEJ1251
https://doi.org/10.1007/b97848


[10] MA, C., PATHAK, R. and WAINWRIGHT, M. J. (2023). Supplement to “Optimally tackling covariate shift
in RKHS-based nonparametric regression.” https://doi.org/10.1214/23-AOS2268SUPP

[11] MAITY, S., SUN, Y. and BANERJEE, M. (2020). Minimax optimal approaches to the label shift problem.
ArXiv preprint. Available at arXiv:2003.10443.

[12] PAN, S. J. and YANG, Q. (2009). A survey on transfer learning. IEEE Trans. Knowl. Data Eng. 22 1345–
1359.

[13] PATHAK, R., MA, C. and WAINWRIGHT, M. J. (2022). A new similarity measure for covariate shift with
applications to nonparametric regression. In Proceedings of the 39th International Conference on Ma-
chine Learning, PMLR 162 17517–17530.

[14] POLLARD, D. (2012). Convergence of Stochastic Processes. Springer, Berlin.
[15] REEVE, H. W. J., CANNINGS, T. I. and SAMWORTH, R. J. (2021). Adaptive transfer learning. Ann. Statist.

49 3618–3649. MR4352543 https://doi.org/10.1214/21-aos2102
[16] SCHMIDT-HIEBER, J. and ZAMOLODTCHIKOV, P. (2022). Local convergence rates of the least squares

estimator with applications to transfer learning. ArXiv preprint. Available at arXiv:2204.05003.
[17] SCHÖLKOPF, B., SMOLA, A. J., BACH, F. et al. (2002). Learning with Kernels: Support Vector Machines,

Regularization, Optimization, and Beyond. MIT Press, Cambridge.
[18] SHIMODAIRA, H. (2000). Improving predictive inference under covariate shift by weighting the log-

likelihood function. J. Statist. Plann. Inference 90 227–244. MR1795598 https://doi.org/10.1016/
S0378-3758(00)00115-4

[19] SUGIYAMA, M. and KAWANABE, M. (2012). Machine Learning in Non-stationary Environments: Intro-
duction to Covariate Shift Adaptation. MIT Press, Cambridge.

[20] VAPNIK, V. (1999). The Nature of Statistical Learning Theory. Springer, Berlin.
[21] VERSHYNIN, R. (2018). High-Dimensional Probability: An Introduction with Applications in Data Science.

Cambridge Series in Statistical and Probabilistic Mathematics 47. Cambridge Univ. Press, Cambridge.
MR3837109 https://doi.org/10.1017/9781108231596

[22] WAINWRIGHT, M. J. (2019). High-Dimensional Statistics: A Non-asymptotic Viewpoint. Cambridge Se-
ries in Statistical and Probabilistic Mathematics 48. Cambridge Univ. Press, Cambridge. MR3967104
https://doi.org/10.1017/9781108627771

[23] YANG, Y., PILANCI, M. and WAINWRIGHT, M. J. (2017). Randomized sketches for kernels: Fast and
optimal nonparametric regression. Ann. Statist. 45 991–1023. MR3662446 https://doi.org/10.1214/
16-AOS1472

https://doi.org/10.1214/23-AOS2268SUPP
http://arxiv.org/abs/arXiv:2003.10443
https://mathscinet.ams.org/mathscinet-getitem?mr=4352543
https://doi.org/10.1214/21-aos2102
http://arxiv.org/abs/arXiv:2204.05003
https://mathscinet.ams.org/mathscinet-getitem?mr=1795598
https://doi.org/10.1016/S0378-3758(00)00115-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3837109
https://doi.org/10.1017/9781108231596
https://mathscinet.ams.org/mathscinet-getitem?mr=3967104
https://doi.org/10.1017/9781108627771
https://mathscinet.ams.org/mathscinet-getitem?mr=3662446
https://doi.org/10.1214/16-AOS1472
https://doi.org/10.1016/S0378-3758(00)00115-4
https://doi.org/10.1214/16-AOS1472


The Annals of Statistics
2023, Vol. 51, No. 2, 762–790
https://doi.org/10.1214/23-AOS2270
© Institute of Mathematical Statistics, 2023

MINIMAX RATES FOR CONDITIONAL DENSITY ESTIMATION VIA
EMPIRICAL ENTROPY

BY BLAIR BILODEAU1,a, DYLAN J. FOSTER2,c AND DANIEL M. ROY1,b

1Department of Statistical Sciences, University of Toronto, ablair.bilodeau@mail.utoronto.ca, bdaniel.roy@utoronto.ca
2Microsoft Research, New England, cdylanfoster@microsoft.com

We consider the task of estimating a conditional density using i.i.d. sam-
ples from a joint distribution, which is a fundamental problem with applica-
tions in both classification and uncertainty quantification for regression. For
joint density estimation, minimax rates have been characterized for general
density classes in terms of uniform (metric) entropy, a well-studied notion
of statistical capacity. When applying these results to conditional density es-
timation, the use of uniform entropy—which is infinite when the covariate
space is unbounded and suffers from the curse of dimensionality—can lead
to suboptimal rates. Consequently, minimax rates for conditional density es-
timation cannot be characterized using these classical results.

We resolve this problem for well-specified models, obtaining match-
ing (within logarithmic factors) upper and lower bounds on the minimax
Kullback–Leibler risk in terms of the empirical Hellinger entropy for the
conditional density class. The use of empirical entropy allows us to appeal
to concentration arguments based on local Rademacher complexity, which—
in contrast to uniform entropy—leads to matching rates for large, potentially
nonparametric classes and captures the correct dependence on the complexity
of the covariate space. Our results require only that the conditional densities
are bounded above, and do not require that they are bounded below or other-
wise satisfy any tail conditions.
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We study the rank of the instantaneous or spot covariance matrix �X(t)

of a multidimensional process X(t). Given high-frequency observations
X(i/n), i = 0, . . . , n, we test the null hypothesis rank(�X(t)) ≤ r for all
t against local alternatives where the average (r + 1)st eigenvalue is larger
than some signal detection rate vn.

A major problem is that the inherent averaging in local covariance statis-
tics produces a bias that distorts the rank statistics. We show that the bias
depends on the regularity and spectral gap of �X(t). We establish explicit
matrix perturbation and concentration results that provide nonasymptotic uni-
form critical values and optimal signal detection rates vn. This leads to a rank
estimation method via sequential testing. For a class of stochastic volatility
models, we determine data-driven critical values via normed p-variations of
estimated local covariance matrices. The methods are illustrated by simula-
tions and an application to high-frequency data of U.S. government bonds.
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Conformal prediction is a popular, modern technique for providing valid
predictive inference for arbitrary machine learning models. Its validity relies
on the assumptions of exchangeability of the data, and symmetry of the given
model fitting algorithm as a function of the data. However, exchangeability is
often violated when predictive models are deployed in practice. For example,
if the data distribution drifts over time, then the data points are no longer ex-
changeable; moreover, in such settings, we might want to use a nonsymmetric
algorithm that treats recent observations as more relevant. This paper gener-
alizes conformal prediction to deal with both aspects: we employ weighted
quantiles to introduce robustness against distribution drift, and design a new
randomization technique to allow for algorithms that do not treat data points
symmetrically. Our new methods are provably robust, with substantially less
loss of coverage when exchangeability is violated due to distribution drift or
other challenging features of real data, while also achieving the same cov-
erage guarantees as existing conformal prediction methods if the data points
are in fact exchangeable. We demonstrate the practical utility of these new
tools with simulations and real-data experiments on electricity and election
forecasting.

REFERENCES

ANGELOPOULOS, A. and BATES, S. (2023). Conformal prediction: A gentle introduction. Found. Trends Mach.
Learn. 16 495–591.

BARBER, R. F., CANDÈS, E. J., RAMDAS, A. and TIBSHIRANI, R. J. (2021). Predictive inference with the
jackknife+. Ann. Statist. 49 486–507. MR4206687 https://doi.org/10.1214/20-AOS1965

BARBER, R. F., CANDÈS, E. J., RAMDAS, A. and TIBSHIRANI, R. J. (2023). Supplement to “Conformal pre-
diction beyond exchangeability.” https://doi.org/10.1214/23-AOS2276SUPP

BATES, S., CANDÈS, E., LEI, L., ROMANO, Y. and SESIA, M. (2023). Testing for outliers with conformal
p-values. Ann. Statist. 51 149–178. MR4564852 https://doi.org/10.1214/22-aos2244

BURNAEV, E. and VOVK, V. (2014). Efficiency of conformalized ridge regression. In Conference on Learning
Theory 605–622.

CANDÈS, E. J., LEI, L. and REN, Z. (2023). Conformalized survival analysis. J. R. Stat. Soc. Ser. B. Stat.
Methodol. 85 24–45. https://doi.org/10.1093/jrsssb/qkac004

CAUCHOIS, M., GUPTA, S. and ALI, A. (2020). Robust validation: Confident predictions even when distributions
shift. arXiv preprint, arXiv:2008.04267.

CHERIAN, J. and BRONNER, L. (2020). How the Washington Post estimates outstanding votes for the 2020 pres-
idential election. Available at https://s3.us-east-1.amazonaws.com/elex-models-prod/2020-general/write-up/
election_model_writeup.pdf.

CHERNOZHUKOV, V., WÜTHRICH, K. and YINCHU, Z. (2018). Exact and robust conformal inference methods
for predictive machine learning with dependent data. In Conference on Learning Theory 732–749. PMLR.

DUNN, R., WASSERMAN, L. and RAMDAS, A. (2022). Distribution-free prediction sets for two-layer hierarchical
models. J. Amer. Statist. Assoc. To appear.

MSC2020 subject classifications. Primary 62G35; secondary 62F40, 62G86.
Key words and phrases. Conformal prediction, distribution-free inference, robust statistics, jackknife, ex-

changeability.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2276
http://www.imstat.org
mailto:rina@uchicago.edu
mailto:candes@stanford.edu
mailto:aramdas@cmu.edu
mailto:ryantibs@cmu.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4206687
https://doi.org/10.1214/20-AOS1965
https://doi.org/10.1214/23-AOS2276SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4564852
https://doi.org/10.1214/22-aos2244
https://doi.org/10.1093/jrsssb/qkac004
http://arxiv.org/abs/arXiv:2008.04267
https://s3.us-east-1.amazonaws.com/elex-models-prod/2020-general/write-up/election_model_writeup.pdf
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://s3.us-east-1.amazonaws.com/elex-models-prod/2020-general/write-up/election_model_writeup.pdf


FANNJIANG, C., BATES, S., ANGELOPOULOS, A. N., LISTGARTEN, J. and JORDAN, M. I. (2022). Conformal
prediction for the design problem. arXiv preprint arXiv:2202.03613.

GIBBS, I. and CANDÈS, E. J. (2021). Adaptive conformal inference under distribution shift. Adv. Neural Inf.
Process. Syst. 34.

GUAN, L. (2023). Localized conformal prediction: A generalized inference framework for conformal prediction.
Biometrika 110 33–50. MR4565442 https://doi.org/10.1093/biomet/asac040

HARRIES, M. (1999). Splice-2 comparative evaluation: Electricity pricing. Tech. rept., Univ.New South Wales.
HARRISON, M. T. (2012). Conservative hypothesis tests and confidence intervals using importance sampling.

Biometrika 99 57–69. MR2899663 https://doi.org/10.1093/biomet/asr079
KIVARANOVIC, D., JOHNSON, K. D. and LEEB, H. (2020). Adaptive, distribution-free prediction intervals for

deep networks. In International Conference on Artificial Intelligence and Statistics. PMLR.
LEI, J. (2019). Fast exact conformalization of the lasso using piecewise linear homotopy. Biometrika 106 749–

764. MR4031197 https://doi.org/10.1093/biomet/asz046
LEI, J., G’SELL, M., RINALDO, A., TIBSHIRANI, R. J. and WASSERMAN, L. (2018). Distribution-free pre-

dictive inference for regression. J. Amer. Statist. Assoc. 113 1094–1111. MR3862342 https://doi.org/10.1080/
01621459.2017.1307116

LEI, J., ROBINS, J. and WASSERMAN, L. (2013). Distribution-free prediction sets. J. Amer. Statist. Assoc. 108
278–287. MR3174619 https://doi.org/10.1080/01621459.2012.751873

LEI, J. and WASSERMAN, L. (2014). Distribution-free prediction bands for non-parametric regression. J. R. Stat.
Soc. Ser. B. Stat. Methodol. 76 71–96. MR3153934 https://doi.org/10.1111/rssb.12021

LEI, L. and CANDÈS, E. J. (2021). Conformal inference of counterfactuals and individual treatment effects. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 83 911–938. MR4349122

MAO, H., MARTIN, R. and REICH, B. (2023). Valid model-free spatial prediction. J. Amer. Statist. Assoc. To
appear.

PODKOPAEV, A. and RAMDAS, A. (2021). Distribution-free uncertainty quantification for classification under
label shift. In Uncertainty in Artificial Intelligence. PMLR.

ROMANO, Y., PATTERSON, E. and CANDÈS, E. J. (2019). Conformalized quantile regression. Adv. Neural Inf.
Process. Syst. 32.

SHAFER, G. and VOVK, V. (2008). A tutorial on conformal prediction. J. Mach. Learn. Res. 9 371–421.
MR2417240

STANKEVICIUTE, K., ALAA, A. M. and VAN DER SCHAAR, M. (2021). Conformal time-series forecasting. Adv.
Neural Inf. Process. Syst. 34.

TIBSHIRANI, R. J., BARBER, R. F., CANDÈS, E. J. and RAMDAS, A. (2019). Conformal prediction under
covariate shift. Adv. Neural Inf. Process. Syst. 32.

VOLKHONSKIY, D., BURNAEV, E., NOURETDINOV, I., GAMMERMAN, A. and VOVK, V. (2017). Inductive
conformal martingales for change-point detection. In Conformal and Probabilistic Prediction and Applications
132–153. PMLR.

VOVK, V. (2015). Cross-conformal predictors. Ann. Math. Artif. Intell. 74 9–28. MR3353894 https://doi.org/10.
1007/s10472-013-9368-4

VOVK, V. (2021). Testing randomness online. Statist. Sci. 36 595–611. MR4323055 https://doi.org/10.1214/
20-sts817

VOVK, V., GAMMERMAN, A. and SHAFER, G. (2005). Algorithmic Learning in a Random World. Springer, New
York. MR2161220

VOVK, V., NOURETDINOV, I., MANOKHIN, V. and GAMMERMAN, A. (2018). Cross-conformal predictive dis-
tributions. In Conformal and Probabilistic Prediction and Applications 37–51. PMLR.

VOVK, V., PETEJ, I. and GAMMERMAN, A. (2021). Protected probabilistic classification. In Conformal and
Probabilistic Prediction and Applications 297–299. PMLR.

XU, C. and XIE, Y. (2021). Conformal prediction interval for dynamic time-series. In International Conference
on Machine Learning. PMLR.

ZAFFRAN, M., FÉRON, O., GOUDE, Y. and JOSSE, J. (2022). Adaptive conformal predictions for time series. In
International Conference on Machine Learning. PMLR.

http://arxiv.org/abs/arXiv:2202.03613
https://mathscinet.ams.org/mathscinet-getitem?mr=4565442
https://doi.org/10.1093/biomet/asac040
https://mathscinet.ams.org/mathscinet-getitem?mr=2899663
https://doi.org/10.1093/biomet/asr079
https://mathscinet.ams.org/mathscinet-getitem?mr=4031197
https://doi.org/10.1093/biomet/asz046
https://mathscinet.ams.org/mathscinet-getitem?mr=3862342
https://doi.org/10.1080/01621459.2017.1307116
https://mathscinet.ams.org/mathscinet-getitem?mr=3174619
https://doi.org/10.1080/01621459.2012.751873
https://mathscinet.ams.org/mathscinet-getitem?mr=3153934
https://doi.org/10.1111/rssb.12021
https://mathscinet.ams.org/mathscinet-getitem?mr=4349122
https://mathscinet.ams.org/mathscinet-getitem?mr=2417240
https://mathscinet.ams.org/mathscinet-getitem?mr=3353894
https://doi.org/10.1007/s10472-013-9368-4
https://mathscinet.ams.org/mathscinet-getitem?mr=4323055
https://doi.org/10.1214/20-sts817
https://mathscinet.ams.org/mathscinet-getitem?mr=2161220
https://doi.org/10.1080/01621459.2017.1307116
https://doi.org/10.1007/s10472-013-9368-4
https://doi.org/10.1214/20-sts817


The Annals of Statistics
2023, Vol. 51, No. 2, 846–877
https://doi.org/10.1214/23-AOS2278
© Institute of Mathematical Statistics, 2023

RATE-OPTIMAL ROBUST ESTIMATION OF HIGH-DIMENSIONAL VECTOR
AUTOREGRESSIVE MODELS

BY DI WANG1,a AND RUEY S. TSAY2,b

1School of Mathematical Sciences, Shanghai Jiao Tong University, adi.wang@sjtu.edu.cn
2Booth School of Business, University of Chicago, bruey.tsay@chicagobooth.edu

High-dimensional time series data appear in many scientific areas in the
current data-rich environment. Analysis of such data poses new challenges
to data analysts because of not only the complicated dynamic dependence
between the series, but also the existence of aberrant observations, such as
missing values, contaminated observations, and heavy-tailed distributions.
For high-dimensional vector autoregressive (VAR) models, we introduce a
unified estimation procedure that is robust to model misspecification, heavy-
tailed noise contamination, and conditional heteroscedasticity. The proposed
methodology enjoys both statistical optimality and computational efficiency,
and can handle many popular high-dimensional models, such as sparse,
reduced-rank, banded, and network-structured VAR models. With proper reg-
ularization and data truncation, the estimation convergence rates are shown
to be almost optimal in the minimax sense under a bounded (2 + 2ε)th mo-
ment condition. When ε ≥ 1, the rates of convergence match those obtained
under the sub-Gaussian assumption. Consistency of the proposed estimators
is also established for some ε ∈ (0,1), with minimax optimal convergence
rates associated with ε. The efficacy of the proposed estimation methods is
demonstrated by simulation and a U.S. macroeconomic example.
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