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DEBIASING CONVEX REGULARIZED ESTIMATORS AND INTERVAL
ESTIMATION IN LINEAR MODELS

BY PIERRE C. BELLEC?* AND CUN-HUI ZHANG?

Department of Statistics, Rutgers University, ®pierre.bellec @rutgers.edu, bczhang@stat. rutgers.edu

New upper bounds are developed for the L, distance between &/
Var[£] 1/2 and linear and quadratic functions of z ~ N (0, I,;) for random vari-
ables of the form & = sz (z) — div f(z). The linear approximation yields a
central limit theorem when the squared norm of f(z) dominates the squared
Frobenius norm of V f(z) in expectation.

Applications of this normal approximation are given for the asymptotic
normality of debiased estimators in linear regression with correlated design
and convex penalty in the regime p/n < y for constant y € (0, c0). For
the estimation of linear functions (aq, ) of the unknown coefficient vec-
tor 3, this analysis leads to asymptotic normality of the debiased estimate for
most normalized directions ag, where “most” is quantified in a precise sense.
This asymptotic normality holds for any convex penalty if y < 1 and for any
strongly convex penalty if y > 1. In particular, the penalty needs not be sepa-
rable or permutation invariant. By allowing arbitrary regularizers, the results
vastly broaden the scope of applicability of debiasing methodologies to obtain
confidence intervals in high dimensions. In the absence of strong convexity
for p > n, asymptotic normality of the debiased estimate is obtained for the
Lasso and the group Lasso under additional conditions. For general convex
penalties, our analysis also provides prediction and estimation error bounds
of independent interest.
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CONDITIONAL SEQUENTIAL MONTE CARLO IN HIGH DIMENSIONS

BY AXEL FINKE!"® AND ALEXANDRE H. THIERY>"

1Department of Mathematical Sciences, Loughborough University, ®a.finke@lboro.ac.uk
2Department of Statistics and Applied Probability, National University of Singapore, ba.h, thiery@nus.edu.sg

The iterated conditional sequential Monte Carlo (i-CSMC) algorithm
from Andrieu, Doucet and Holenstein (J. R. Stat. Soc. Ser. B Stat. Methodol.
72 (2010) 269-342) is an MCMC approach for efficiently sampling from the
joint posterior distribution of the T latent states in challenging time-series
models, for example, in nonlinear or non-Gaussian state-space models. It is
also the main ingredient in particle Gibbs samplers which infer unknown
model parameters alongside the latent states. In this work, we first prove that
the i-CSMC algorithm suffers from a curse of dimension in the dimension of
the states, D: it breaks down unless the number of samples (‘particles’), N,
proposed by the algorithm grows exponentially with D. Then we present a
novel ‘local’ version of the algorithm which proposes particles using Gaus-
sian random-walk moves that are suitably scaled with D. We prove that this iz-
erated random-walk conditional sequential Monte Carlo (i-RW-CSMC) algo-
rithm avoids the curse of dimension: for arbitrary N, its acceptance rates and
expected squared jumping distance converge to nontrivial limits as D — oo.
If T = N =1, our proposed algorithm reduces to a Metropolis—Hastings or
Barker’s algorithm with Gaussian random-walk moves and we recover the
well-known scaling limits for such algorithms.
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Local differential privacy has recently received increasing attention from
the statistics community as a valuable tool to protect the privacy of individual
data owners without the need of a trusted third party. Similar to the classical
notion of randomized response, the idea is that data owners randomize their
true information locally and only release the perturbed data. Many different
protocols for such local perturbation procedures can be designed. In most
estimation problems studied in the literature so far, however, no significant
difference in terms of minimax risk between purely noninteractive protocols
and protocols that allow for some amount of interaction between individual
data providers could be observed. In this paper, we show that for estimating
the integrated square of a density, sequentially interactive procedures improve
substantially over the best possible noninteractive procedure in terms of min-
imax rate of estimation.

In particular, in the noninteractive scenario we identify an elbow in the
minimax rate at s = %, whereas in the sequentially interactive scenario the

elbow is at s = % This is markedly different from both, the case of direct

observations, where the elbow is well known to be at s = %, as well as from
the case where Laplace noise is added to the original data, where an elbow at
s = 49_1 is obtained.

We also provide adaptive estimators that achieve the optimal rate up to
log-factors, we draw connections to nonparametric goodness-of-fit testing
and estimation of more general integral functionals and conduct a series of
numerical experiments. The fact that a particular locally differentially pri-
vate, but interactive, mechanism improves over the simple noninteractive one
is also of great importance for practical implementations of local differential
privacy.
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We study the classical problem of recovering a multidimensional source
signal from observations of nonlinear mixtures of this signal. We show that
this recovery is possible (up to a permutation and monotone scaling of the
source’s original component signals) if the mixture is due to a sufficiently
differentiable and invertible but otherwise arbitrarily nonlinear function and
the component signals of the source are statistically independent with ‘non-
degenerate’ second-order statistics. The latter assumption requires the source
signal to meet one of three regularity conditions which essentially ensure that
the source is sufficiently far away from the nonrecoverable extremes of be-
ing deterministic or constant in time. These assumptions, which cover many
popular time series models and stochastic processes, allow us to reformulate
the initial problem of nonlinear blind source separation as a simple-to-state
problem of optimisation-based function approximation. We propose to solve
this approximation problem by minimizing a novel type of objective function
that efficiently quantifies the mutual statistical dependence between multi-
ple stochastic processes via cumulant-like statistics. This yields a scalable
and direct new method for nonlinear Independent Component Analysis with
widely applicable theoretical guarantees and for which our experiments indi-
cate good performance.
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We study mean-field variational Bayesian inference using the TAP
approach, for Z,-synchronization as a prototypical example of a high-
dimensional Bayesian model. We show that for any signal strength A > 1 (the
weak-recovery threshold), there exists a unique local minimizer of the TAP
free energy functional near the mean of the Bayes posterior law. Furthermore,
the TAP free energy in a local neighborhood of this minimizer is strongly con-
vex. Consequently, a natural-gradient/mirror-descent algorithm achieves lin-
ear convergence to this minimizer from a local initialization, which may be
obtained by a constant number of iterations of Approximate Message Passing
(AMP). This provides a rigorous foundation for variational inference in high
dimensions via minimization of the TAP free energy.

We also analyze the finite-sample convergence of AMP, showing that
AMP is asymptotically stable at the TAP minimizer for any A > 1, and is
linearly convergent to this minimizer from a spectral initialization for suffi-
ciently large A. Such a guarantee is stronger than results obtainable by state
evolution analyses, which only describe a fixed number of AMP iterations in
the infinite-sample limit.

Our proofs combine the Kac—Rice formula and Sudakov—Fernique Gaus-
sian comparison inequality to analyze the complexity of critical points that
satisfy strong convexity and stability conditions within their local neighbor-
hoods.
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f-DP has recently been proposed as a generalization of differential pri-
vacy allowing a lossless analysis of composition, post-processing, and pri-
vacy amplification via subsampling. In the setting of f-DP, we propose the
concept of a canonical noise distribution (CND), the first mechanism de-
signed for an arbitrary f-DP guarantee. The notion of CND captures whether
an additive privacy mechanism perfectly matches the privacy guarantee of a
given f. We prove that a CND always exists, and give a construction that pro-
duces a CND for any f. We show that private hypothesis tests are intimately
related to CNDs, allowing for the release of private p-values at no additional
privacy cost, as well as the construction of uniformly most powerful (UMP)
tests for binary data, within the general f-DP framework.

We apply our techniques to the problem of difference-of-proportions test-
ing, and construct a UMP unbiased (UMPU) “semiprivate” test which upper
bounds the performance of any f-DP test. Using this as a benchmark, we pro-
pose a private test based on the inversion of characteristic functions, which
allows for optimal inference on the two population parameters and is nearly as
powerful as the semiprivate UMPU. When specialized to the case of (¢, 0)-
DP, we show empirically that our proposed test is more powerful than any
(€/+/2)-DP test and has more accurate type I errors than the classic normal
approximation test.
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Modeling univariate block maxima by the generalized extreme value dis-
tribution constitutes one of the most widely applied approaches in extreme
value statistics. It has recently been found that, for an underlying station-
ary time series, respective estimators may be improved by calculating block
maxima in an overlapping way. A proof of concept is provided that the lat-
ter finding also holds in situations that involve certain piecewise stationari-
ties. A weak convergence result for an empirical process of central interest
is provided, and further details are examplarily worked out for the proba-
bility weighted moment estimator. Irrespective of the serial dependence, the
asymptotic estimation variance is shown to be smaller for the new estimator.
In extensive simulation experiments, the finite-sample variance was typically
found to be smaller as well, while the bias stays approximately the same. The
results are illustrated by Monte Carlo simulation experiments and are applied
to a common situation involving temperature extremes in a changing climate.
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The problem of learning graphons has attracted considerable attention
across several scientific communities, with significant progress over the re-
cent years in sparser regimes. Yet, the current techniques still require diverg-
ing degrees in order to succeed with efficient algorithms in the challenging
cases where the local structure of the graph is homogeneous. This paper pro-
vides an efficient algorithm to learn graphons in the constant expected degree
regime. The algorithm is shown to succeed in estimating the rank-k projec-
tion of a graphon in the L, metric if the top k eigenvalues of the graphon
satisfy a generalized Kesten—Stigum condition.
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ON SINGULAR VALUES OF DATA MATRICES WITH GENERAL
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We analyze the singular values of a large p x n data matrix X, =
(Xn1> - » Xnn), where the columns {x;,;} are independent p-dimensional vec-
tors, possibly with different distributions. Assuming that the covariance ma-
trices X,,; = Cov(x,;) of the column vectors can be asymptotically simulta-
neously diagonalized, with appropriately converging spectra, we establish a
limiting spectral distribution (LSD) for the singular values of X;, when both
dimensions p and n grow to infinity in comparable magnitudes. Our ma-
trix model goes beyond and includes many different types of sample covari-
ance matrices in existing work, such as weighted sample covariance matri-
ces, Gram matrices, and sample covariance matrices of a linear time series
model. Furthermore, three applications of our general approach are devel-
oped. First, we obtain the existence and uniqueness of the LSD for realized
covariance matrices of a multi-dimensional diffusion process with anisotropic
time-varying co-volatility. Second, we derive the LSD for singular values of
data matrices from a recent matrix-valued auto-regressive model. Finally, we
also obtain the LSD for singular values of data matrices from a generalized
finite mixture model.
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Structural matrix-variate observations routinely arise in diverse fields
such as multilayer network analysis and brain image clustering. While data
of this type have been extensively investigated with fruitful outcomes being
delivered, the fundamental questions like its statistical optimality and compu-
tational limit are largely under-explored. In this paper, we propose a low-rank
Gaussian mixture model (LrMM) assuming each matrix-valued observation
has a planted low-rank structure. Minimax lower bounds for estimating the
underlying low-rank matrix are established allowing a whole range of sam-
ple sizes and signal strength. Under a minimal condition on signal strength,
referred to as the information-theoretical limit or statistical limit, we prove
the minimax optimality of a maximum likelihood estimator which, in gen-
eral, is computationally infeasible. If the signal is stronger than a certain
threshold, called the computational limit, we design a computationally fast
estimator based on spectral aggregation and demonstrate its minimax opti-
mality. Moreover, when the signal strength is smaller than the computational
limit, we provide evidences based on the low-degree likelihood ratio frame-
work to claim that no polynomial-time algorithm can consistently recover the
underlying low-rank matrix. Our results reveal multiple phase transitions in
the minimax error rates and the statistical-to-computational gap. Numerical
experiments confirm our theoretical findings. We further showcase the merit
of our spectral aggregation method on the worldwide food trading dataset.
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We consider the estimation of two-sample integral functionals, of the
type that occur naturally, for example, when the object of interest is a diver-
gence between unknown probability densities. Our first main result is that,
in wide generality, a weighted nearest neighbour estimator is efficient, in the
sense of achieving the local asymptotic minimax lower bound. Moreover, we
also prove a corresponding central limit theorem, which facilitates the con-
struction of asymptotically valid confidence intervals for the functional, hav-
ing asymptotically minimal width. One interesting consequence of our results
is the discovery that, for certain functionals, the worst-case performance of
our estimator may improve on that of the natural ‘oracle’ estimator, which it-
self can be optimal in the related problem where the data consist of the values
of the unknown densities at the observations.
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DEEP NONPARAMETRIC REGRESSION ON APPROXIMATE MANIFOLDS:
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We study the properties of nonparametric least squares regression using
deep neural networks. We derive nonasymptotic upper bounds for the excess
risk of the empirical risk minimizer of feedforward deep neural regression.
Our error bounds achieve minimax optimal rate and improve over the exist-
ing ones in the sense that they depend polynomially on the dimension of the
predictor, instead of exponentially on dimension. We show that the neural
regression estimator can circumvent the curse of dimensionality under the as-
sumption that the predictor is supported on an approximate low-dimensional
manifold or a set with low Minkowski dimension. We also establish the opti-
mal convergence rate under the exact manifold support assumption. We inves-
tigate how the prediction error of the neural regression estimator depends on
the structure of neural networks and propose a notion of network relative ef-
ficiency between two types of neural networks, which provides a quantitative
measure for evaluating the relative merits of different network structures. To
establish these results, we derive a novel approximation error bound for the
Holder smooth functions using ReLU activated neural networks, which may
be of independent interest. Our results are derived under weaker assumptions
on the data distribution and the neural network structure than those in the
existing literature.
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It is of soaring demand to develop statistical analysis tools that are robust
against contamination as well as preserving individual data owners’ privacy.
In spite of the fact that both topics host a rich body of literature, to the best
of our knowledge, we are the first to systematically study the connections
between the optimality under Huber’s contamination model and the local dif-
ferential privacy (LDP) constraints.

In this paper, we start with a general minimax lower bound result, which
disentangles the costs of being robust against Huber contamination and pre-
serving LDP. We further study four concrete examples: a two-point testing
problem, a potentially diverging mean estimation problem, a nonparametric
density estimation problem and a univariate median estimation problem. For
each problem, we demonstrate procedures that are optimal in the presence of
both contamination and LDP constraints, comment on the connections with
the state-of-the-art methods that are only studied under either contamination
or privacy constraints, and unveil the connections between robustness and
LDP via partially answering whether LDP procedures are robust and whether
robust procedures can be efficiently privatised. Overall, our work showcases a
promising prospect of joint study for robustness and local differential privacy.
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We study the covariate shift problem in the context of nonparametric re-
gression over a reproducing kernel Hilbert space (RKHS). We focus on two
natural families of covariate shift problems defined using the likelihood ratios
between the source and target distributions. When the likelihood ratios are
uniformly bounded, we prove that the kernel ridge regression (KRR) estima-
tor with a carefully chosen regularization parameter is minimax rate-optimal
(up to a log factor) for a large family of RKHSs with regular kernel eigen-
values. Interestingly, KRR does not require full knowledge of the likelihood
ratio apart from an upper bound on it. In striking contrast to the standard
statistical setting without covariate shift, we also demonstrate that a naive es-
timator, which minimizes the empirical risk over the function class, is strictly
suboptimal under covariate shift as compared to KRR. We then address the
larger class of covariate shift problems where likelihood ratio is possibly un-
bounded yet has a finite second moment. Here, we propose a reweighted KRR
estimator that weights samples based on a careful truncation of the likelihood
ratios. Again, we are able to show that this estimator is minimax optimal, up
to logarithmic factors.
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We consider the task of estimating a conditional density using i.i.d. sam-
ples from a joint distribution, which is a fundamental problem with applica-
tions in both classification and uncertainty quantification for regression. For
joint density estimation, minimax rates have been characterized for general
density classes in terms of uniform (metric) entropy, a well-studied notion
of statistical capacity. When applying these results to conditional density es-
timation, the use of uniform entropy—which is infinite when the covariate
space is unbounded and suffers from the curse of dimensionality—can lead
to suboptimal rates. Consequently, minimax rates for conditional density es-
timation cannot be characterized using these classical results.

We resolve this problem for well-specified models, obtaining match-
ing (within logarithmic factors) upper and lower bounds on the minimax
Kullback—Leibler risk in terms of the empirical Hellinger entropy for the
conditional density class. The use of empirical entropy allows us to appeal
to concentration arguments based on local Rademacher complexity, which—
in contrast to uniform entropy—Ileads to matching rates for large, potentially
nonparametric classes and captures the correct dependence on the complexity
of the covariate space. Our results require only that the conditional densities
are bounded above, and do not require that they are bounded below or other-
wise satisfy any tail conditions.

REFERENCES

[1] AGARWAL, A., KAKADE, S., KRISHNAMURTHY, A. and SUN, W. (2020). FLAMBE: Structural com-
plexity and representation learning of low rank MDPs. In Advances in Neural Information Processing
Systems, Vol. 33.

[2] BARAUD, Y. and CHEN, J. (2020). Robust estimation of a regression function in exponential families.
Available at arXiv:2011.01657.

[3] BARRON, A., RISSANEN, J. and YU, B. (1998). The minimum description length principle in coding and
modeling 44 2743-2760. MR1658898 https://doi.org/10.1109/18.720554

[4] BARTLETT, P. L. (1998). The sample complexity of pattern classification with neural networks: The size
of the weights is more important than the size of the network. IEEE Trans. Inf. Theory 44 525-536.
MR1607706 https://doi.org/10.1109/18.661502

[5] BARTLETT, P. L., BOUSQUET, O. and MENDELSON, S. (2005). Local Rademacher complexities. Ann.
Statist. 33 1497-1537. MR2166554 https://doi.org/10.1214/009053605000000282

[6] BARTLETT, P. L. and MENDELSON, S. (2002). Rademacher and Gaussian complexities: Risk bounds
and structural results. J. Mach. Learn. Res. 3 463-482. MR1984026 https://doi.org/10.1162/
153244303321897690

[7] BEN-DAVID, S. and SHALEV-SHWARTZ, S. (2014). Understanding Machine Learning: From Theory to
Algorithms. Cambridge Univ. Press, Cambridge.

[8] BHATT, A. and K1M, Y.-H. (2021). Sequential prediction under log-loss with side information. In Algorith-
mic Learning Theory. Proc. Mach. Learn. Res. 132 5. PMLR, Online. MR4227325

[9] BILODEAU, B., FOSTER, D. J. and RoY, D. M. (2020). Tight bounds on minimax regret under logarithmic
loss via self-concordance. In Proceedings of the 37th International Conference on Machine Learning.

MSC2020 subject classifications. Primary 62G07, 62G05; secondary 62C20, 94A17.
Key words and phrases. Conditional density estimation, empirical entropy, logarithmic loss, nonparametric
estimation, minimax rates.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2270
http://www.imstat.org
mailto:blair.bilodeau@mail.utoronto.ca
mailto:daniel.roy@utoronto.ca
mailto:dylanfoster@microsoft.com
http://arxiv.org/abs/arXiv:2011.01657
https://mathscinet.ams.org/mathscinet-getitem?mr=1658898
https://doi.org/10.1109/18.720554
https://mathscinet.ams.org/mathscinet-getitem?mr=1607706
https://doi.org/10.1109/18.661502
https://mathscinet.ams.org/mathscinet-getitem?mr=2166554
https://doi.org/10.1214/009053605000000282
https://mathscinet.ams.org/mathscinet-getitem?mr=1984026
https://doi.org/10.1162/153244303321897690
https://mathscinet.ams.org/mathscinet-getitem?mr=4227325
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1162/153244303321897690

(10]
(11]
(12]
(13]

[14]

[15]
(16]
(17]
(18]

(19]

(20]

(21]

[22]
(23]
(24]
[25]

(26]

[27]
(28]
[29]
(30]
(31]

(32]

(33]
[34]

(35]

BILODEAU, B., FOSTER, D. J. and ROy, D. M. (2023). Supplement to “Minimax rates for conditional
density estimation via empirical entropy.” https://doi.org/10.1214/23- AOS2270SUPP

BIRGE, L. (1983). Approximation dans les espaces métriques et théorie de I’estimation. Z. Wahrsch. Verw.
Gebiete 65 181-237. MR0722129 https://doi.org/10.1007/BF00532480

BIRGE, L. (1986). On estimating a density using Hellinger distance and some other strange facts. Probab.
Theory Related Fields 71 271-291. MR0816706 https://doi.org/10.1007/BF00332312

BIRGE, L. (1987). Estimating a density under order restrictions: Nonasymptotic minimax risk. Ann. Statist.
15 995-1012. MR0902241 https://doi.org/10.1214/a0s/1176350488

BIRGE, L. (2013). Robust tests for model selection. In From Probability to Statistics and Back: High-
Dimensional Models and Processes. Inst. Math. Stat. (IMS) Collect. 9 47-64. IMS, Beachwood, OH.
MR3186748 https://doi.org/10.1214/12-IMSCOLL905

BIRGE, L. and MASSART, P. (1993). Rates of convergence for minimum contrast estimators. Probab. The-
ory Related Fields 97 113—-150. MR1240719 https://doi.org/10.1007/BF01199316

BIRGE, L. and MASSART, P. (1998). Minimum contrast estimators on sieves: Exponential bounds and rates
of convergence. Bernoulli 4 329-375. MR1653272 https://doi.org/10.2307/3318720

BOTT, A.-K. and KOHLER, M. (2017). Nonparametric estimation of a conditional density. Ann. Inst. Statist.
Math. 69 189-214. MR3590717 https://doi.org/10.1007/s10463-015-0535-8

BOUSQUET, O. (2002). Concentration inequalities and empirical processes theory applied to the analysis of
learning algorithms. Ph.D. thesis, Ecole Polytechnique.

BOUSQUET, O., KOLTCHINSKII, V. and PANCHENKO, D. (2002). Some local measures of complexity
of convex hulls and generalization bounds. In Computational Learning Theory (Sydney, 2002). Lec-
ture Notes in Computer Science 2375 59-73. Springer, Berlin. MR2040405 https://doi.org/10.1007/
3-540-45435-7_5

BoyD, D. W. and STEELE, J. M. (1978). Lower bounds for nonparametric density estimation rates. Ann.
Statist. 6 932-934. MR0494674

CESA-BIANCHI, N. and LUGOSI, G. (1999). Minimax regret under log loss for general classes of experts.
In Proceedings of the Twelfth Annual Conference on Computational Learning Theory (Santa Cruz,
CA, 1999) 12-18. ACM, New York. MR1811597 https://doi.org/10.1145/307400.307407

CESA-BIANCHI, N. and LucGosli, G. (2006). Prediction, Learning, and Games. Cambridge Univ. Press,
Cambridge. MR2409394 https://doi.org/10.1017/CB0O9780511546921

COHEN, S. and LE PENNEC, E. (2011). Conditional density estimation by penalized likelihood model
selection and applications. Available at arXiv:1103.2021.

COVER, T. M. (1991). Universal portfolios. Math. Finance 1 1-29. MR1113417 https://doi.org/10.1111/j.
1467-9965.1991.tb00002.x

COVER, T. M. and THOMAS, J. A. (1991). Elements of Information Theory. Wiley Series in Telecommuni-
cations. Wiley, New York. MR1122806 https://doi.org/10.1002/047120061 1

DE HEIDE, R., KIRICHENKO, A., MEHTA, N. A. and GRUNWALD, P. (2020). Safe-Bayesian generalized
linear regression. In Proceedings of the 23rd International Conference on Artificial Intelligence and
Statistics.

DEVROYE, L. (1983). On arbitrarily slow rates of global convergence in density estimation. Z. Wahrsch.
Verw. Gebiete 62 475-483. MR0690572 https://doi.org/10.1007/BF00534199

DEVROYE, L. and REDDAD, T. (2019). Discrete minimax estimation with trees. Electron. J. Stat. 13 2595—
2623. MR3992499 https://doi.org/10.1214/19-EJS1586

Doss, C. R. and WELLNER, J. A. (2016). Global rates of convergence of the MLEs of log-concave and
s-concave densities. Ann. Statist. 44 954-981. MR3485950 https://doi.org/10.1214/15-A0S1394

DUDLEY, R. M. (1974). Metric entropy of some classes of sets with differentiable boundaries. J. Approx.
Theory 10 227-236. MR0358168 https://doi.org/10.1016/0021-9045(74)90120-8

EFROMOVICH, S. (2007). Conditional density estimation in a regression setting. Ann. Statist. 35 2504-2535.
MR2382656 https://doi.org/10.1214/009053607000000253

FAHRMEIR, L. and KAUFMANN, H. (1985). Consistency and asymptotic normality of the maximum likeli-
hood estimator in generalized linear models. Ann. Statist. 13 342-368. MR0773172 https://doi.org/10.
1214/20s/1176346597

FOSTER, D. J., KALE, S., Luo, H., MOHRI, M. and SRIDHARAN, K. (2018). Logistic regression: The
importance of being improper. In Proceedings of the 31st Conference on Learning Theory.

FOSTER, D. J. and KRISHNAMURTHY, A. (2021). Efficient first-order contextual bandits: Prediction, allo-
cation, and triangular discrimination. In Advances in Neural Information Processing Systems, Vol. 34.

GAO, F. and WELLNER, J. A. (2009). On the rate of convergence of the maximum likelihood estima-
tor of a k-monotone density. Sci. China Ser. A 52 1525-1538. MR2520591 https://doi.org/10.1007/
s11425-009-0102-y


https://doi.org/10.1214/23-AOS2270SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=0722129
https://doi.org/10.1007/BF00532480
https://mathscinet.ams.org/mathscinet-getitem?mr=0816706
https://doi.org/10.1007/BF00332312
https://mathscinet.ams.org/mathscinet-getitem?mr=0902241
https://doi.org/10.1214/aos/1176350488
https://mathscinet.ams.org/mathscinet-getitem?mr=3186748
https://doi.org/10.1214/12-IMSCOLL905
https://mathscinet.ams.org/mathscinet-getitem?mr=1240719
https://doi.org/10.1007/BF01199316
https://mathscinet.ams.org/mathscinet-getitem?mr=1653272
https://doi.org/10.2307/3318720
https://mathscinet.ams.org/mathscinet-getitem?mr=3590717
https://doi.org/10.1007/s10463-015-0535-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2040405
https://doi.org/10.1007/3-540-45435-7_5
https://mathscinet.ams.org/mathscinet-getitem?mr=0494674
https://mathscinet.ams.org/mathscinet-getitem?mr=1811597
https://doi.org/10.1145/307400.307407
https://mathscinet.ams.org/mathscinet-getitem?mr=2409394
https://doi.org/10.1017/CBO9780511546921
http://arxiv.org/abs/arXiv:1103.2021
https://mathscinet.ams.org/mathscinet-getitem?mr=1113417
https://doi.org/10.1111/j.1467-9965.1991.tb00002.x
https://mathscinet.ams.org/mathscinet-getitem?mr=1122806
https://doi.org/10.1002/0471200611
https://mathscinet.ams.org/mathscinet-getitem?mr=0690572
https://doi.org/10.1007/BF00534199
https://mathscinet.ams.org/mathscinet-getitem?mr=3992499
https://doi.org/10.1214/19-EJS1586
https://mathscinet.ams.org/mathscinet-getitem?mr=3485950
https://doi.org/10.1214/15-AOS1394
https://mathscinet.ams.org/mathscinet-getitem?mr=0358168
https://doi.org/10.1016/0021-9045(74)90120-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2382656
https://doi.org/10.1214/009053607000000253
https://mathscinet.ams.org/mathscinet-getitem?mr=0773172
https://doi.org/10.1214/aos/1176346597
https://mathscinet.ams.org/mathscinet-getitem?mr=2520591
https://doi.org/10.1007/s11425-009-0102-y
https://doi.org/10.1007/3-540-45435-7_5
https://doi.org/10.1111/j.1467-9965.1991.tb00002.x
https://doi.org/10.1214/aos/1176346597
https://doi.org/10.1007/s11425-009-0102-y

(36]
[37]

(38]

[39]

[40]
[41]
[42]

[43]

[44]

(45]

[46]
[47]
(48]
[49]

[50]

[51]

[52]
(53]
[54]
[55]
[56]

[57]

(58]
[59]
[60]

[61]

GEMAN, S. and HWANG, C.-R. (1982). Nonparametric maximum likelihood estimation by the method of
sieves. Ann. Statist. 10 401-414. MR0653512

GRUNWALD, P. (2011). Safe learning: Bridging the gap between Bayes, MDL, and statistical learning theory
via empirical convexity. In Proceedings of the 24th Conference on Learning Theory.

GRUNWALD, P. (2012). The safe Bayesian: Learning the learning rate via the mixability gap. In Algo-
rithmic Learning Theory. Lecture Notes in Computer Science 7568 169—183. Springer, Heidelberg.
MR3042889 https://doi.org/10.1007/978-3-642-34106-9_16

GRUNWALD, P. and MEHTA, N. A. (2019). A tight excess risk bound via a unified PAC-Bayesian—
Rademacher—Shtarkov-MDL complexity. In Algorithmic Learning Theory 2019. Proc. Mach. Learn.
Res. 98 433-465, 33. PMLR, Chicago, IL. MR3932854

GRUNWALD, P. and MEHTA, N. A. (2020). Fast rates for general unbounded loss functions: From ERM to
generalized Bayes. J. Mach. Learn. Res. 21 Paper No. 56, 80. MR4095335

GYORFI, L. and KOHLER, M. (2007). Nonparametric estimation of conditional distributions. /EEE Trans.
Inf. Theory 53 1872—1879. MR2317148 https://doi.org/10.1109/TIT.2007.894631

GYORFI, L., KOHLER, M., KRYZAK, A. and WALK, H. (2002). A Distribution-Free Theory of Nonpara-
metric Regression. Springer, New York.

HALL, P., RACINE, J. and L1, Q. (2004). Cross-validation and the estimation of conditional prob-
ability densities. J. Amer. Statist. Assoc. 99 1015-1026. MR2109491 https://doi.org/10.1198/
016214504000000548

HAN, Q. (2021). Set structured global empirical risk minimizers are rate optimal in general dimensions.
Ann. Statist. 49 2642-2671. MR4338378 https://doi.org/10.1214/21-20s2049

HAUSSLER, D. (1992). Decision-theoretic generalizations of the PAC model for neural net and other
learning applications. Inform. and Comput. 100 78-150. MR1175977 https://doi.org/10.1016/
0890-5401(92)90010-D

HoLMES, M. P., GRAY, A. G. and ISBELL, JR., C. L. (2007). Fast nonparametric conditional density
estimation. In Proceedings of the 23rd Conference on Uncertainty in Artificial Intelligence.

IBRAGIMOV, 1. A. and KHAS MINSKII, R. Z. (1983). Estimation of distribution density. J. Sov. Math. 21
40-57.

KiMm, A. K. H. and SAMWORTH, R. J. (2016). Global rates of convergence in log-concave density estima-
tion. Ann. Statist. 44 2756-2779. MR3576560 https://doi.org/10.1214/16- AOS1480

KOLTCHINSKII, V. (2001). Rademacher penalties and structural risk minimization. IEEE Trans. Inf. Theory
47 1902-1914. MR 1842526 https://doi.org/10.1109/18.930926

KoLTCHINSKII, V. (2011). Oracle Inequalities in Empirical Risk Minimization and Sparse Recovery
Problems. Lecture Notes in Math. 2033. Springer, Heidelberg. MR2829871 https://doi.org/10.1007/
978-3-642-22147-7

KOLTCHINSKII, V. and PANCHENKO, D. (2000). Rademacher processes and bounding the risk of function
learning. In High Dimensional Probability, Il (Seattle, WA, 1999). Progress in Probability 47 443—457.
Birkhiduser, Boston, MA. MR1857339

KUR, G., DAGAN, Y. and RAKHLIN, A. (2019). Optimality of maximum likelihood for log-concave density
estimation and bounded convex regression. Available at arXiv:1903.05315.

KUR, G., GAO, F., GUNTUBOYINA, A. and SEN, B. (2020). Convex regression in multidimensions: Sub-
optimality of least squares estimators. Available at arXiv:2006.02044.

LECAM, L. (1973). Convergence of estimates under dimensionality restrictions. Ann. Statist. 1 38-53.
MRO0334381

LECUE, G. (2006). Lower bounds and aggregation in density estimation. J. Mach. Learn. Res. 7 971-981.
MR2274393

LEE, K.-Y. and COURTADE, T. A. (2020). Minimax bounds for generalized linear models. In Advances in
Neural Information Processing Systems, Vol. 33.

L1, M., NEYKOV, M. and BALAKRISHNAN, S. (2022). Minimax optimal conditional density estimation un-
der total variation smoothness. Electron. J. Stat. 16 3937-3972. MR4453593 https://doi.org/10.1214/
22-ejs2037

Lucosi, G. and NOBEL, A. B. (1999). Adaptive model selection using empirical complexities. Ann. Statist.
27 1830-1864. MR1765619 https://doi.org/10.1214/a0s/1017939242

MCCULLAGH, P. and NELDER, J. A. (1989). Generalized Linear Models. Monographs on Statistics and
Applied Probability. CRC Press, London. MR3223057 https://doi.org/10.1007/978-1-4899-3242-6

MOURTADA, J. and GAIFFAS, S. (2022). An improper estimator with optimal excess risk in misspecified
density estimation and logistic regression. J. Mach. Learn. Res. 23 Paper No. 31, 49. MR4420756

OPPER, M. and HAUSSLER, D. (1999). Worst case prediction over sequences under log loss. In The Math-
ematics of Information Coding, Extraction and Distribution (G. Cybenko, D. P. O’Leary and J. Rissa-
nen, eds.) 81-90. Springer, New York.


https://mathscinet.ams.org/mathscinet-getitem?mr=0653512
https://mathscinet.ams.org/mathscinet-getitem?mr=3042889
https://doi.org/10.1007/978-3-642-34106-9_16
https://mathscinet.ams.org/mathscinet-getitem?mr=3932854
https://mathscinet.ams.org/mathscinet-getitem?mr=4095335
https://mathscinet.ams.org/mathscinet-getitem?mr=2317148
https://doi.org/10.1109/TIT.2007.894631
https://mathscinet.ams.org/mathscinet-getitem?mr=2109491
https://doi.org/10.1198/016214504000000548
https://mathscinet.ams.org/mathscinet-getitem?mr=4338378
https://doi.org/10.1214/21-aos2049
https://mathscinet.ams.org/mathscinet-getitem?mr=1175977
https://doi.org/10.1016/0890-5401(92)90010-D
https://mathscinet.ams.org/mathscinet-getitem?mr=3576560
https://doi.org/10.1214/16-AOS1480
https://mathscinet.ams.org/mathscinet-getitem?mr=1842526
https://doi.org/10.1109/18.930926
https://mathscinet.ams.org/mathscinet-getitem?mr=2829871
https://doi.org/10.1007/978-3-642-22147-7
https://mathscinet.ams.org/mathscinet-getitem?mr=1857339
http://arxiv.org/abs/arXiv:1903.05315
http://arxiv.org/abs/arXiv:2006.02044
https://mathscinet.ams.org/mathscinet-getitem?mr=0334381
https://mathscinet.ams.org/mathscinet-getitem?mr=2274393
https://mathscinet.ams.org/mathscinet-getitem?mr=4453593
https://doi.org/10.1214/22-ejs2037
https://mathscinet.ams.org/mathscinet-getitem?mr=1765619
https://doi.org/10.1214/aos/1017939242
https://mathscinet.ams.org/mathscinet-getitem?mr=3223057
https://doi.org/10.1007/978-1-4899-3242-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4420756
https://doi.org/10.1198/016214504000000548
https://doi.org/10.1016/0890-5401(92)90010-D
https://doi.org/10.1007/978-3-642-22147-7
https://doi.org/10.1214/22-ejs2037

[62]
[63]
[64]
[65]

[66]

[67]
[68]
[69]
[70]
[71]
[72]
(73]

[74]

[75]

[76]

(771

(78]
(791
[80]
[81]

[82]

PARK, J. and MUANDET, K. (2022). Towards empirical process theory for vector-valued functions: metric
entropy of smooth function classes. Available at arXiv:2202.04415.

RAKHLIN, A. and SRIDHARAN, K. (2015). Sequential probability assignment with binary alphabets and
large classes of experts. Available at arXiv:1501.07340.

RAKHLIN, A., SRIDHARAN, K. and TEWARI, A. (2010). Online learning: Random averages, combinatorial
parameters, and learnability. In Advances in Neural Information Processing Systems, Vol. 23.

RAKHLIN, A., SRIDHARAN, K. and TSYBAKOV, A. B. (2017). Empirical entropy, minimax regret and
minimax risk. Bernoulli 23 789-824. MR3606751 https://doi.org/10.3150/14-BEJ679

RASKUTTI, G., WAINWRIGHT, M. J. and YU, B. (2011). Minimax rates of estimation for high-dimensional
linear regression over £4-balls. IEEE Trans. Inf. Theory 57 6976-6994. MR2882274 https://doi.org/10.
1109/TIT.2011.2165799

RIGOLLET, P. (2012). Kullback-Leibler aggregation and misspecified generalized linear models. Ann.
Statist. 40 639-665. MR2933661 https://doi.org/10.1214/11- AOS961

RISSANEN, J. (1984). Universal coding, information, prediction, and estimation. IEEE Trans. Inf. Theory
30 629-636. MR0755791 https://doi.org/10.1109/TIT.1984.1056936

SAMWORTH, R. J. (2018). Recent progress in log-concave density estimation. Statist. Sci. 33 493-509.
MR3881205 https://doi.org/10.1214/18-STS666

SART, M. (2017). Estimating the conditional density by histogram type estimators and model selection.
ESAIM Probab. Stat. 21 34-55. MR3630602 https://doi.org/10.1051/ps/2016026

SHEN, X. (1997). On methods of sieves and penalization. Ann. Statist. 25 2555-2591. MR1604416
https://doi.org/10.1214/a0s/1030741085

SHEN, X. and WONG, W. H. (1994). Convergence rate of sieve estimates. Ann. Statist. 22 580-615.
MR1292531 https://doi.org/10.1214/a0s/1176325486

STONE, C. J. (1980). Optimal rates of convergence for nonparametric estimators. Ann. Statist. 8§ 1348—1360.
MRO0594650

TSYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation. Springer Series in Statistics. Springer,
New York. Revised and extended from the 2004 French original, translated by Vladimir Zaiats.
MR2724359 https://doi.org/10.1007/b13794

VAN DE GEER, S. (1990). Estimating a regression function. Ann. Statist. 18 907-924. MR1056343
https://doi.org/10.1214/a0s/1176347632

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical Processes:
With Applications to Statistics. Springer Series in Statistics. Springer, New York. MR1385671
https://doi.org/10.1007/978-1-4757-2545-2

WAINWRIGHT, M. J. (2019). High-Dimensional Statistics: A Non-asymptotic Viewpoint. Cambridge Se-
ries in Statistical and Probabilistic Mathematics 48. Cambridge Univ. Press, Cambridge. MR3967104
https://doi.org/10.1017/9781108627771

WONG, W. H. and SHEN, X. (1995). Probability inequalities for likelihood ratios and convergence rates of
sieve MLEs. Ann. Statist. 23 339-362. MR1332570 https://doi.org/10.1214/a0s/1176324524

YANG, Y. (1999). Minimax nonparametric classification. I. Rates of convergence. IEEE Trans. Inf. Theory
45 2271-2284. MR1725115 https://doi.org/10.1109/18.796368

YANG, Y. and BARRON, A. (1999). Information-theoretic determination of minimax rates of convergence.
Ann. Statist. 27 1564-1599. MR 1742500 https://doi.org/10.1214/a0s/1017939142

YANG, Y. and BARRON, A. R. (1998). An asymptotic property of model selection criteria. I[EEE Trans. Inf.
Theory 44 95-116. MR1486651 https://doi.org/10.1109/18.650993

ZHANG, T. (2006). Information-theoretic upper and lower bounds for statistical estimation. [EEE Trans. Inf.
Theory 52 1307-1321. MR2241190 https://doi.org/10.1109/TIT.2005.864439


http://arxiv.org/abs/arXiv:2202.04415
http://arxiv.org/abs/arXiv:1501.07340
https://mathscinet.ams.org/mathscinet-getitem?mr=3606751
https://doi.org/10.3150/14-BEJ679
https://mathscinet.ams.org/mathscinet-getitem?mr=2882274
https://doi.org/10.1109/TIT.2011.2165799
https://mathscinet.ams.org/mathscinet-getitem?mr=2933661
https://doi.org/10.1214/11-AOS961
https://mathscinet.ams.org/mathscinet-getitem?mr=0755791
https://doi.org/10.1109/TIT.1984.1056936
https://mathscinet.ams.org/mathscinet-getitem?mr=3881205
https://doi.org/10.1214/18-STS666
https://mathscinet.ams.org/mathscinet-getitem?mr=3630602
https://doi.org/10.1051/ps/2016026
https://mathscinet.ams.org/mathscinet-getitem?mr=1604416
https://doi.org/10.1214/aos/1030741085
https://mathscinet.ams.org/mathscinet-getitem?mr=1292531
https://doi.org/10.1214/aos/1176325486
https://mathscinet.ams.org/mathscinet-getitem?mr=0594650
https://mathscinet.ams.org/mathscinet-getitem?mr=2724359
https://doi.org/10.1007/b13794
https://mathscinet.ams.org/mathscinet-getitem?mr=1056343
https://doi.org/10.1214/aos/1176347632
https://mathscinet.ams.org/mathscinet-getitem?mr=1385671
https://doi.org/10.1007/978-1-4757-2545-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3967104
https://doi.org/10.1017/9781108627771
https://mathscinet.ams.org/mathscinet-getitem?mr=1332570
https://doi.org/10.1214/aos/1176324524
https://mathscinet.ams.org/mathscinet-getitem?mr=1725115
https://doi.org/10.1109/18.796368
https://mathscinet.ams.org/mathscinet-getitem?mr=1742500
https://doi.org/10.1214/aos/1017939142
https://mathscinet.ams.org/mathscinet-getitem?mr=1486651
https://doi.org/10.1109/18.650993
https://mathscinet.ams.org/mathscinet-getitem?mr=2241190
https://doi.org/10.1109/TIT.2005.864439
https://doi.org/10.1109/TIT.2011.2165799

The Annals of Statistics

2023, Vol. 51, No. 2, 791-815
https://doi.org/10.1214/23-A0S2273

© Institute of Mathematical Statistics, 2023

INFERENCE ON THE MAXIMAL RANK OF TIME-VARYING COVARIANCE
MATRICES USING HIGH-FREQUENCY DATA

BY MARKUS REISS!® AND LARS WINKELMANNZ?

Unstitute of Mathematics, Humboldt-Universitiit zu Berlin, *mreiss @math.hu-berlin.de

2School of Business and Economics, Freie Universitdt Berlin, blars.winkelmann@fh-berlin.de

We study the rank of the instantaneous or spot covariance matrix Xy ()
of a multidimensional process X (7). Given high-frequency observations
X(i/n), i =0,...,n, we test the null hypothesis rank(Xx (t)) < r for all
t against local alternatives where the average (r + 1)st eigenvalue is larger
than some signal detection rate v,.

A major problem is that the inherent averaging in local covariance statis-
tics produces a bias that distorts the rank statistics. We show that the bias
depends on the regularity and spectral gap of X x (7). We establish explicit
matrix perturbation and concentration results that provide nonasymptotic uni-
form critical values and optimal signal detection rates v,. This leads to a rank
estimation method via sequential testing. For a class of stochastic volatility
models, we determine data-driven critical values via normed p-variations of
estimated local covariance matrices. The methods are illustrated by simula-
tions and an application to high-frequency data of U.S. government bonds.
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Conformal prediction is a popular, modern technique for providing valid
predictive inference for arbitrary machine learning models. Its validity relies
on the assumptions of exchangeability of the data, and symmetry of the given
model fitting algorithm as a function of the data. However, exchangeability is
often violated when predictive models are deployed in practice. For example,
if the data distribution drifts over time, then the data points are no longer ex-
changeable; moreover, in such settings, we might want to use a nonsymmetric
algorithm that treats recent observations as more relevant. This paper gener-
alizes conformal prediction to deal with both aspects: we employ weighted
quantiles to introduce robustness against distribution drift, and design a new
randomization technique to allow for algorithms that do not treat data points
symmetrically. Our new methods are provably robust, with substantially less
loss of coverage when exchangeability is violated due to distribution drift or
other challenging features of real data, while also achieving the same cov-
erage guarantees as existing conformal prediction methods if the data points
are in fact exchangeable. We demonstrate the practical utility of these new
tools with simulations and real-data experiments on electricity and election
forecasting.
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High-dimensional time series data appear in many scientific areas in the
current data-rich environment. Analysis of such data poses new challenges
to data analysts because of not only the complicated dynamic dependence
between the series, but also the existence of aberrant observations, such as
missing values, contaminated observations, and heavy-tailed distributions.
For high-dimensional vector autoregressive (VAR) models, we introduce a
unified estimation procedure that is robust to model misspecification, heavy-
tailed noise contamination, and conditional heteroscedasticity. The proposed
methodology enjoys both statistical optimality and computational efficiency,
and can handle many popular high-dimensional models, such as sparse,
reduced-rank, banded, and network-structured VAR models. With proper reg-
ularization and data truncation, the estimation convergence rates are shown
to be almost optimal in the minimax sense under a bounded (2 + 2¢)th mo-
ment condition. When € > 1, the rates of convergence match those obtained
under the sub-Gaussian assumption. Consistency of the proposed estimators
is also established for some € € (0, 1), with minimax optimal convergence
rates associated with €. The efficacy of the proposed estimation methods is
demonstrated by simulation and a U.S. macroeconomic example.
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