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ORTHOGONAL STATISTICAL LEARNING

BY DYLAN J. FOSTER1,a AND VASILIS SYRGKANIS2,b

1Microsoft Research, New England, adylanfoster@microsoft.com
2Department of Management Science and Engineering, Stanford University, bvsyrgk@stanford.edu

We provide nonasymptotic excess risk guarantees for statistical learning
in a setting where the population risk with respect to which we evaluate the
target parameter depends on an unknown nuisance parameter that must be
estimated from data. We analyze a two-stage sample splitting meta-algorithm
that takes as input arbitrary estimation algorithms for the target parameter and
nuisance parameter. We show that if the population risk satisfies a condition
called Neyman orthogonality, the impact of the nuisance estimation error on
the excess risk bound achieved by the meta-algorithm is of second order.
Our theorem is agnostic to the particular algorithms used for the target and
nuisance and only makes an assumption on their individual performance. This
enables the use of a plethora of existing results from machine learning to
give new guarantees for learning with a nuisance component. Moreover, by
focusing on excess risk rather than parameter estimation, we can provide rates
under weaker assumptions than in previous works and accommodate settings
in which the target parameter belongs to a complex nonparametric class. We
provide conditions on the metric entropy of the nuisance and target classes
such that oracle rates of the same order, as if we knew the nuisance parameter,
are achieved.
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We derive minimax testing errors in a distributed framework where the
data is split over multiple machines and their communication to a central ma-
chine is limited to b bits. We investigate both the d- and infinite-dimensional
signal detection problem under Gaussian white noise. We also derive dis-
tributed testing algorithms reaching the theoretical lower bounds.

Our results show that distributed testing is subject to fundamentally dif-
ferent phenomena that are not observed in distributed estimation. Among our
findings we show that testing protocols that have access to shared random-
ness can perform strictly better in some regimes than those that do not. We
also observe that consistent nonparametric distributed testing is always pos-
sible, even with as little as one bit of communication, and the corresponding
test outperforms the best local test using only the information available at
a single local machine. Furthermore, we also derive adaptive nonparametric
distributed testing strategies and the corresponding theoretical lower bounds.
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Motivated by crowdsourcing applications, we consider a model where
we have partial observations from a bivariate isotonic n × d matrix with an
unknown permutation π∗ acting on its rows. Focusing on the twin problems
of recovering the permutation π∗ and estimating the unknown matrix, we
introduce a polynomial-time procedure achieving the minimax risk for these
two problems, this for all possible values of n, d, and all possible sampling
efforts. Along the way we establish that, in some regimes, recovering the
unknown permutation π∗ is considerably simpler than estimating the matrix.
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Positive dependence is present in many real world data sets and has ap-
pealing stochastic properties that can be exploited in statistical modeling and
in estimation. In particular, the notion of multivariate total positivity of or-
der 2 (MTP2) is a convex constraint and acts as an implicit regularizer in the
Gaussian case. We study positive dependence in multivariate extremes and
introduce EMTP2, an extremal version of MTP2. This notion turns out to
appear prominently in extremes, and in fact, it is satisfied by many classical
models. For a Hüsler–Reiss distribution, the analogue of a Gaussian distri-
bution in extremes, we show that it is EMTP2 if and only if its precision
matrix is a Laplacian of a connected graph. We propose an estimator for the
parameters of the Hüsler–Reiss distribution under EMTP2 as the solution of
a convex optimization problem with Laplacian constraint. We prove that this
estimator is consistent and typically yields a sparse model with possibly non-
decomposable extremal graphical structure. Applying our methods to a data
set of Danube River flows, we illustrate this regularization and the superior
performance compared to existing methods.
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Variable selection properties of procedures utilizing penalized-likelihood
estimates is a central topic in the study of high-dimensional linear regression
problems. Existing literature emphasizes the quality of ranking of the vari-
ables by such procedures as reflected in the receiver operating characteristic
curve or in prediction performance. Specifically, recent works have harnessed
modern theory of approximate message-passing (AMP) to obtain, in a partic-
ular setting, exact asymptotic predictions of the type I, type II error tradeoff
for selection procedures that rely on �p-regularized estimators.

In practice, effective ranking by itself is often not sufficient because some
calibration for Type I error is required. In this work, we study theoretically
the power of selection procedures that similarly rank the features by the size
of an �p-regularized estimator, but further use Model-X knockoffs to con-
trol the false discovery rate in the realistic situation where no prior infor-
mation about the signal is available. In analyzing the power of the resulting
procedure, we extend existing results in AMP theory to handle the pairing
between original variables and their knockoffs. This is used to derive exact
asymptotic predictions for power. We apply the general results to compare
the power of the knockoffs versions of Lasso and thresholded-Lasso selec-
tion, and demonstrate that in the i.i.d. covariate setting under consideration,
tuning by cross-validation on the augmented design matrix is nearly optimal.
We further demonstrate how the techniques allow to analyze also the Type S
error, and a corresponding notion of power, when selections are supplemented
with a decision on the sign of the coefficient.

REFERENCES

[1] BARBER, R. F. and CANDÈS, E. J. (2015). Controlling the false discovery rate via knockoffs. Ann. Statist.
43 2055–2085. MR3375876 https://doi.org/10.1214/15-AOS1337

[2] BARBER, R. F. and CANDÈS, E. J. (2019). A knockoff filter for high-dimensional selective inference. Ann.
Statist. 47 2504–2537. MR3988764 https://doi.org/10.1214/18-AOS1755

[3] BAYATI, M. and MONTANARI, A. (2011). The dynamics of message passing on dense graphs, with appli-
cations to compressed sensing. IEEE Trans. Inf. Theory 57 764–785. MR2810285 https://doi.org/10.
1109/TIT.2010.2094817

[4] BAYATI, M. and MONTANARI, A. (2012). The LASSO risk for Gaussian matrices. IEEE Trans. Inf. Theory
58 1997–2017. MR2951312 https://doi.org/10.1109/TIT.2011.2174612

[5] BENJAMINI, Y., KRIEGER, A. M. and YEKUTIELI, D. (2006). Adaptive linear step-up procedures that
control the false discovery rate. Biometrika 93 491–507. MR2261438 https://doi.org/10.1093/biomet/
93.3.491

[6] BLANCHARD, G. and ROQUAIN, É. (2009). Adaptive false discovery rate control under independence and
dependence. J. Mach. Learn. Res. 10 2837–2871. MR2579914

MSC2020 subject classifications. 62F03, 62F07, 62F05, 62F12.
Key words and phrases. Knockoffs, variable selection, false discovery rate (FDR), power analysis, high-

dimensional regression.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2274
http://www.imstat.org
mailto:asaf.weinstein@mail.huji.ac.il
mailto:suw@wharton.upenn.edu
mailto:malgorzata.bogdan@uwr.edu.pl
mailto:rina@uchicago.edu
mailto:candes@stanford.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3375876
https://doi.org/10.1214/15-AOS1337
https://mathscinet.ams.org/mathscinet-getitem?mr=3988764
https://doi.org/10.1214/18-AOS1755
https://mathscinet.ams.org/mathscinet-getitem?mr=2810285
https://doi.org/10.1109/TIT.2010.2094817
https://mathscinet.ams.org/mathscinet-getitem?mr=2951312
https://doi.org/10.1109/TIT.2011.2174612
https://mathscinet.ams.org/mathscinet-getitem?mr=2261438
https://doi.org/10.1093/biomet/93.3.491
https://mathscinet.ams.org/mathscinet-getitem?mr=2579914
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1109/TIT.2010.2094817
https://doi.org/10.1093/biomet/93.3.491


[7] BOGDAN, M., VAN DEN BERG, E., SABATTI, C., SU, W. and CANDÈS, E. J. (2015). SLOPE—
adaptive variable selection via convex optimization. Ann. Appl. Stat. 9 1103–1140. MR3418717
https://doi.org/10.1214/15-AOAS842

[8] BOGDAN, M., VAN DEN BERG, E., SU, W. J. and CANDÈS, E. J. (2013). Statistical estimation and testing
via the sorted �1 norm. ArXiv preprint. Available at arXiv:1310.1969.

[9] BÜHLMANN, P. and VAN DE GEER, S. (2011). Statistics for High-Dimensional Data: Methods, Theory and
Applications. Springer Series in Statistics. Springer, Heidelberg. MR2807761 https://doi.org/10.1007/
978-3-642-20192-9

[10] CANDÈS, E., FAN, Y., JANSON, L. and LV, J. (2018). Panning for gold: ‘model-X’ knockoffs for
high dimensional controlled variable selection. J. R. Stat. Soc. Ser. B. Stat. Methodol. 80 551–577.
MR3798878 https://doi.org/10.1111/rssb.12265

[11] DONOHO, D. and TANNER, J. (2009). Observed universality of phase transitions in high-dimensional ge-
ometry, with implications for modern data analysis and signal processing. Philos. Trans. R. Soc. Lond.
Ser. A Math. Phys. Eng. Sci. 367 4273–4293. MR2546388 https://doi.org/10.1098/rsta.2009.0152

[12] DOSSAL, C. (2012). A necessary and sufficient condition for exact sparse recovery by �1 minimization.
C. R. Math. Acad. Sci. Paris 350 117–120. MR2887848 https://doi.org/10.1016/j.crma.2011.12.014

[13] GELMAN, A. and TUERLINCKX, F. (2000). Type S error rates for classical and Bayesian single and multiple
comparison procedures. Comput. Statist. 15 373–390.

[14] MEINSHAUSEN, N. and BÜHLMANN, P. (2006). High-dimensional graphs and variable selection with the
lasso. Ann. Statist. 34 1436–1462. MR2278363 https://doi.org/10.1214/009053606000000281

[15] SU, W., BOGDAN, M. and CANDÈS, E. (2017). False discoveries occur early on the Lasso path. Ann. Statist.
45 2133–2150. MR3718164 https://doi.org/10.1214/16-AOS1521

[16] TARDIVEL, P. J. C. and BOGDAN, M. (2022). On the sign recovery by least absolute shrinkage and selection
operator, thresholded least absolute shrinkage and selection operator, and thresholded basis pursuit
denoising. Scand. J. Stat. 49 1636–1668. MR4544815

[17] TUKEY, J. W. (1960). Conclusions vs decisions. Technometrics 2 423–433. MR0116435 https://doi.org/10.
2307/1266451

[18] TUKEY, J. W. (1991). The philosophy of multiple comparisons. Statist. Sci. 100–116.
[19] VAN DE GEER, S., BÜHLMANN, P. and ZHOU, S. (2011). The adaptive and the thresholded Lasso for poten-

tially misspecified models (and a lower bound for the Lasso). Electron. J. Stat. 5 688–749. MR2820636
https://doi.org/10.1214/11-EJS624

[20] WAINWRIGHT, M. J. (2009). Sharp thresholds for high-dimensional and noisy sparsity recovery using
�1-constrained quadratic programming (Lasso). IEEE Trans. Inf. Theory 55 2183–2202. MR2729873
https://doi.org/10.1109/TIT.2009.2016018

[21] WANG, S., WENG, H. and MALEKI, A. (2020). Which bridge estimator is the best for variable selection?
Ann. Statist. 48 2791–2823. MR4152121 https://doi.org/10.1214/19-AOS1906

[22] WANG, W. and JANSON, L. (2022). A high-dimensional power analysis of the conditional randomization
test and knockoffs. Biometrika 109 631–645. MR4472839 https://doi.org/10.1093/biomet/asab052

[23] WEINSTEIN, A., BARBER, R. and CANDÈS, E. J. (2017). A power and prediction analysis for knockoffs
with lasso statistics. ArXiv preprint. Available at arXiv:1712.06465.

[24] WEINSTEIN, A., SU, W. J., BOGDAN, M., FOYGEL BARBER, R. and CANDÈS, E. J. (2023). Supplement
to “A power analysis for model-X knockoffs with �p-regularized statistics.” https://doi.org/10.1214/
23-AOS2274SUPP

[25] WENG, H., MALEKI, A. and ZHENG, L. (2018). Overcoming the limitations of phase transition by higher
order analysis of regularization techniques. Ann. Statist. 46 3099–3129. MR3851766 https://doi.org/10.
1214/17-AOS1651

[26] YE, F. and ZHANG, C.-H. (2010). Rate minimaxity of the Lasso and Dantzig selector for the �q loss in �r

balls. J. Mach. Learn. Res. 11 3519–3540. MR2756192
[27] ZHAO, P. and YU, B. (2006). On model selection consistency of Lasso. J. Mach. Learn. Res. 7 2541–2563.

MR2274449
[28] ZHOU, S. (2009). Thresholding procedures for high dimensional variable selection and statistical estimation.

In Advances in Neural Information Processing Systems 2304–2312.
[29] ZOU, H. (2006). The adaptive lasso and its oracle properties. J. Amer. Statist. Assoc. 101 1418–1429.

MR2279469 https://doi.org/10.1198/016214506000000735

https://mathscinet.ams.org/mathscinet-getitem?mr=3418717
https://doi.org/10.1214/15-AOAS842
http://arXiv:1310.1969
https://mathscinet.ams.org/mathscinet-getitem?mr=2807761
https://doi.org/10.1007/978-3-642-20192-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3798878
https://doi.org/10.1111/rssb.12265
https://mathscinet.ams.org/mathscinet-getitem?mr=2546388
https://doi.org/10.1098/rsta.2009.0152
https://mathscinet.ams.org/mathscinet-getitem?mr=2887848
https://doi.org/10.1016/j.crma.2011.12.014
https://mathscinet.ams.org/mathscinet-getitem?mr=2278363
https://doi.org/10.1214/009053606000000281
https://mathscinet.ams.org/mathscinet-getitem?mr=3718164
https://doi.org/10.1214/16-AOS1521
https://mathscinet.ams.org/mathscinet-getitem?mr=4544815
https://mathscinet.ams.org/mathscinet-getitem?mr=0116435
https://doi.org/10.2307/1266451
https://mathscinet.ams.org/mathscinet-getitem?mr=2820636
https://doi.org/10.1214/11-EJS624
https://mathscinet.ams.org/mathscinet-getitem?mr=2729873
https://doi.org/10.1109/TIT.2009.2016018
https://mathscinet.ams.org/mathscinet-getitem?mr=4152121
https://doi.org/10.1214/19-AOS1906
https://mathscinet.ams.org/mathscinet-getitem?mr=4472839
https://doi.org/10.1093/biomet/asab052
http://arXiv:1712.06465
https://doi.org/10.1214/23-AOS2274SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3851766
https://doi.org/10.1214/17-AOS1651
https://mathscinet.ams.org/mathscinet-getitem?mr=2756192
https://mathscinet.ams.org/mathscinet-getitem?mr=2274449
https://mathscinet.ams.org/mathscinet-getitem?mr=2279469
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1007/978-3-642-20192-9
https://doi.org/10.2307/1266451
https://doi.org/10.1214/23-AOS2274SUPP
https://doi.org/10.1214/17-AOS1651


The Annals of Statistics
2023, Vol. 51, No. 3, 1030–1057
https://doi.org/10.1214/23-AOS2275
© Institute of Mathematical Statistics, 2023

A GENERAL CHARACTERIZATION OF OPTIMAL TIE-BREAKER DESIGNS

BY HARRISON H. LIa AND ART B. OWENb

Department of Statistics, Stanford University, ahli90722@stanford.edu, bowen@stanford.edu

Tie-breaker designs trade off a measure of statistical efficiency against a
short-term gain from preferentially assigning a binary treatment to subjects
with higher values of a running variable x. The efficiency measure can be any
continuous function of the expected information matrix in a two-line regres-
sion model. The short-term gain is expressed as the covariance between the
running variable and the treatment indicator. We investigate how to choose
design functions p(x) specifying the probability of treating a subject with
running variable x in order to optimize these competing objectives, under ex-
ternal constraints on the number of subjects receiving treatment. Our results
include sharp existence and uniqueness guarantees, while accommodating the
ethically appealing requirement that p(x) be nondecreasing in x. Under this
condition, there is always an optimal treatment probability function p(x) that
is constant on the sets (−∞, t) and (t,∞) for some threshold t and generally
discontinuous at x = t . When the running variable distribution is not symmet-
ric or the fraction of subjects receiving the treatment is not 1/2, our optimal
designs improve upon a D-optimality objective without sacrificing short-term
gain, compared to a typical three-level tie-breaker design that fixes treatment
probabilities at 0, 1/2 and 1. We illustrate our optimal designs with data from
Head Start, an early childhood government intervention program.
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COMPLEXITY ANALYSIS OF BAYESIAN LEARNING OF
HIGH-DIMENSIONAL DAG MODELS AND THEIR EQUIVALENCE

CLASSES
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Department of Statistics, Texas A&M University, aquan@stat.tamu.edu, bhwchang@stat.tamu.edu

Structure learning via MCMC sampling is known to be very challenging
because of the enormous search space and the existence of Markov equivalent
DAGs. Theoretical results on the mixing behavior are lacking. In this work,
we prove the rapid mixing of a random walk Metropolis–Hastings algorithm,
which reveals that the complexity of Bayesian learning of sparse equivalence
classes grows only polynomially in n and p, under some high-dimensional
assumptions. A series of high-dimensional consistency results is obtained,
including the strong selection consistency of an empirical Bayes model for
structure learning. Our proof is based on two new results. First, we derive
a general mixing time bound on finite-state spaces, which can be applied to
local MCMC schemes for other model selection problems. Second, we con-
struct high-probability search paths on the space of equivalence classes with
node degree constraints by proving a combinatorial property of DAG com-
parisons. Simulation studies on the proposed MCMC sampler are conducted
to illustrate the main theoretical findings.
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We study the estimation of the reach, an ubiquitous regularity parameter
in manifold estimation and geometric data analysis. Given an i.i.d. sample
over an unknown d-dimensional Ck-smooth submanifold M of RD , we pro-
vide optimal nonasymptotic bounds for the estimation of its reach. We build
upon a formulation of the reach in terms of maximal curvature on one hand
and geodesic metric distortion on the other. The derived rates are adaptive,
with rates depending on whether the reach of M arises from curvature or
from a bottleneck structure. In the process we derive optimal geodesic metric
estimation bounds.
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Determining the precise rank is an important problem in many large-
scale applications with matrix data exploiting low-rank plus noise models. In
this paper, we suggest a universal approach to rank inference via residual sub-
sampling (RIRS) for testing and estimating rank in a wide family of models,
including many popularly used network models such as the degree corrected
mixed membership model as a special case. Our procedure constructs a test
statistic via subsampling entries of the residual matrix after extracting the
spiked components. The test statistic converges in distribution to the stan-
dard normal under the null hypothesis, and diverges to infinity with asymp-
totic probability one under the alternative hypothesis. The effectiveness of
RIRS procedure is justified theoretically, utilizing the asymptotic expansions
of eigenvectors and eigenvalues for large random matrices recently developed
in (J. Amer. Statist. Assoc. 117 (2022) 996–1009) and (J. R. Stat. Soc. Ser. B.
Stat. Methodol. 84 (2022) 630–653). The advantages of the newly suggested
procedure are demonstrated through several simulation and real data exam-
ples.
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The class of Gibbs point processes (GPP) is a large class of spatial point
processes able to model both clustered and repulsive point patterns. They are
specified by their conditional intensity, which for a point pattern x and a loca-
tion u, is roughly speaking the probability that an event occurs in an infinites-
imal ball around u given the rest of the configuration is x. The most simple
and natural class of models is the class of pairwise interaction point processes
where the conditional intensity depends on the number of points and pairwise
distances between them. This paper is concerned with the problem of esti-
mating the pairwise interaction function nonparametrically. We propose to
estimate it using an orthogonal series expansion of its logarithm. Such an ap-
proach has numerous advantages compared to existing ones. The estimation
procedure is simple, fast and completely data-driven. We provide asymptotic
properties such as consistency and asymptotic normality and show the effi-
ciency of the procedure through simulation experiments and illustrate it with
several data sets.
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We herein establish an asymptotic representation theorem for locally
asymptotically normal quantum statistical models. This theorem enables us to
study the asymptotic efficiency of quantum estimators, such as quantum reg-
ular estimators and quantum minimax estimators, leading to a universal tight
lower bound beyond the i.i.d. assumption. This formulation complements the
theory of quantum contiguity developed in the previous paper [Fujiwara and
Yamagata, Bernoulli 26 (2020) 2105–2141], providing a solid foundation of
the theory of weak quantum local asymptotic normality.
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[5] GILL, R. D. and GUŢĂ, M. I. (2013). On asymptotic quantum statistical inference. In From Probability
to Statistics and Back: High-Dimensional Models and Processes. Inst. Math. Stat. (IMS) Collect. 9
105–127. IMS, Beachwood, OH. MR3186752 https://doi.org/10.1214/12-IMSCOLL909

[6] GILL, R. D. and MASSAR, S. (2000). State estimation for large ensembles. Phys. Rev. A 61 042312.
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In this paper, we derive the limit of experiments for one-parameter Ising
models on dense regular graphs. In particular, we show that the limiting ex-
periment is Gaussian in the “low temperature” regime, and non-Gaussian in
the “critical” regime. We also derive the limiting distributions of the maxi-
mum likelihood and maximum pseudolikelihood estimators, and study limit-
ing power for tests of hypothesis against contiguous alternatives. To the best
of our knowledge, this is the first attempt at establishing the classical limits
of experiments for Ising models (and more generally, Markov random fields).
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Understanding the time-varying structure of complex temporal systems
is one of the main challenges of modern time-series analysis. In this paper,
we show that every uniformly-positive-definite-in-covariance and sufficiently
short-range dependent nonstationary and nonlinear time series can be well ap-
proximated globally by a white-noise-driven autoregressive (AR) process of
slowly diverging order. To our best knowledge, it is the first time such a struc-
tural approximation result is established for general classes of nonstationary
time series. A high-dimensional L2 test and an associated multiplier boot-
strap procedure are proposed for the inference of the AR approximation co-
efficients. In particular, an adaptive stability test is proposed to check whether
the AR approximation coefficients are time-varying, a frequently encountered
question for practitioners and researchers of time series. As an application,
globally optimal sffollowing hort-term forecasting theory and methodology
for a wide class of locally stationary time series are established via the method
of sieves.

REFERENCES

[1] BAXTER, G. (1962). An asymptotic result for the finite predictor. Math. Scand. 10 137–144. MR0149584
https://doi.org/10.7146/math.scand.a-10520

[2] BAXTER, G. (1963). A norm inequality for a “finite-section” Wiener-Hopf equation. Illinois J. Math. 7
97–103. MR0145285

[3] BROCKWELL, P. J. and DAVIS, R. A. (1987). Time Series: Theory and Methods. Springer Series in Statis-
tics. Springer, New York. MR0868859 https://doi.org/10.1007/978-1-4899-0004-3

[4] CAI, T. T., LIU, W. and ZHOU, H. H. (2016). Estimating sparse precision matrix: Optimal rates of
convergence and adaptive estimation. Ann. Statist. 44 455–488. MR3476606 https://doi.org/10.1214/
13-AOS1171

[5] CHEN, L. and FANG, X. (2011). Multivariate normal approximation by Stein’s method: The concentration
inequality approach. ArXiv preprint. Available at arXiv:1111.4073.

[6] CHEN, X. (2007). Large sample sieve estimation of semi-nonparametric models. In Handbook of Econo-
metrics, Vol. 6B (J. J. Heckman and E. E. Leamer, eds.). Chapter 76.

[7] CHEN, X., XU, M. and WU, W. B. (2013). Covariance and precision matrix estimation for
high-dimensional time series. Ann. Statist. 41 2994–3021. MR3161455 https://doi.org/10.1214/
13-AOS1182

[8] DAHLHAUS, R. (2000). A likelihood approximation for locally stationary processes. Ann. Statist. 28 1762–
1794. MR1835040 https://doi.org/10.1214/aos/1015957480

[9] DAHLHAUS, R. (2012). Locally stationary processes. In Handbook of Statistics 30 351–413. Elsevier, Am-
sterdam.

[10] DAHLHAUS, R., RICHTER, S. and WU, W. B. (2019). Towards a general theory for nonlinear locally
stationary processes. Bernoulli 25 1013–1044. MR3920364 https://doi.org/10.3150/17-bej1011

[11] DAHLHAUS, R. and SUBBA RAO, S. (2006). Statistical inference for time-varying ARCH processes. Ann.
Statist. 34 1075–1114. MR2278352 https://doi.org/10.1214/009053606000000227

[12] DAS, S. and POLITIS, D. N. (2021). Predictive inference for locally stationary time series with an ap-
plication to climate data. J. Amer. Statist. Assoc. 116 919–934. MR4270034 https://doi.org/10.1080/
01621459.2019.1708368

MSC2020 subject classifications. Primary 62M10, 62M20; secondary 60G07.
Key words and phrases. Nonstationary time series, AR approximation, high-dimensional convex Gaussian ap-

proximation, multiplier bootstrap, globally optimal forecasting.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2288
http://www.imstat.org
mailto:xcading@ucdavis.edu
mailto:zhou@utstat.utoronto.ca
https://mathscinet.ams.org/mathscinet-getitem?mr=0149584
https://doi.org/10.7146/math.scand.a-10520
https://mathscinet.ams.org/mathscinet-getitem?mr=0145285
https://mathscinet.ams.org/mathscinet-getitem?mr=0868859
https://doi.org/10.1007/978-1-4899-0004-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3476606
https://doi.org/10.1214/13-AOS1171
http://arxiv.org/abs/arXiv:1111.4073
https://mathscinet.ams.org/mathscinet-getitem?mr=3161455
https://doi.org/10.1214/13-AOS1182
https://mathscinet.ams.org/mathscinet-getitem?mr=1835040
https://doi.org/10.1214/aos/1015957480
https://mathscinet.ams.org/mathscinet-getitem?mr=3920364
https://doi.org/10.3150/17-bej1011
https://mathscinet.ams.org/mathscinet-getitem?mr=2278352
https://doi.org/10.1214/009053606000000227
https://mathscinet.ams.org/mathscinet-getitem?mr=4270034
https://doi.org/10.1080/01621459.2019.1708368
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/13-AOS1171
https://doi.org/10.1214/13-AOS1182
https://doi.org/10.1080/01621459.2019.1708368


[13] DEMKO, S., MOSS, W. F. and SMITH, P. W. (1984). Decay rates for inverses of band matrices. Math.
Comp. 43 491–499. MR0758197 https://doi.org/10.2307/2008290

[14] DETTE, H., PREUSS, P. and VETTER, M. (2011). A measure of stationarity in locally stationary processes
with applications to testing. J. Amer. Statist. Assoc. 106 1113–1124. MR2894768 https://doi.org/10.
1198/jasa.2011.tm10811

[15] DETTE, H. and WU, W. (2022). Prediction in locally stationary time series. J. Bus. Econom. Statist. 40
370–381. MR4356579 https://doi.org/10.1080/07350015.2020.1819296

[16] DETTE, H., WU, W. and ZHOU, Z. (2019). Change point analysis of correlation in non-stationary time
series. Statist. Sinica 29 611–643. MR3931381

[17] DING, X. and ZHOU, Z. (2020). Estimation and inference for precision matrices of nonstationary time
series. Ann. Statist. 48 2455–2477. MR4134802 https://doi.org/10.1214/19-AOS1894

[18] DING, X. and ZHOU, Z. (2023). Supplement to “AutoRegressive approximations to nonstationary time
series with inference and applications.” https://doi.org/10.1214/23-AOS2288SUPP

[19] DING, X. and ZHOU, Z. (2021). Simultaneous sieve inference for time-inhomogeneous nonlinear time
series regression. ArXiv preprint. Available at arXiv:2112.08545.

[20] DWIVEDI, Y. and SUBBA RAO, S. (2011). A test for second-order stationarity of a time series based on
the discrete Fourier transform. J. Time Series Anal. 32 68–91. MR2790673 https://doi.org/10.1111/j.
1467-9892.2010.00685.x

[21] FANG, X. (2016). A multivariate CLT for bounded decomposable random vectors with the best known rate.
J. Theoret. Probab. 29 1510–1523. MR3571252 https://doi.org/10.1007/s10959-015-0619-7

[22] FRYZLEWICZ, P., VAN BELLEGEM, S. and VON SACHS, R. (2003). Forecasting non-stationary time series
by wavelet process modelling. Ann. Inst. Statist. Math. 55 737–764. MR2028615 https://doi.org/10.
1007/BF02523391

[23] JIN, L., WANG, S. and WANG, H. (2015). A new non-parametric stationarity test of time series in the time
domain. J. R. Stat. Soc. Ser. B. Stat. Methodol. 77 893–922. MR3414133 https://doi.org/10.1111/rssb.
12091

[24] KANG, X., DENG, X., TSUI, K.-W. and POURAHMADI, M. (2020). On variable ordination of modified
Cholesky decomposition for estimating time-varying covariance matrices. Int. Stat. Rev. 88 616–641.
MR4180670 https://doi.org/10.1111/insr.12357

[25] KARMAKAR, S., RICHTER, S. and WU, W. B. (2022). Simultaneous inference for time-varying models. J.
Econometrics 227 408–428. MR4384679 https://doi.org/10.1016/j.jeconom.2021.03.002

[26] KLEY, T., PREUSS, P. and FRYZLEWICZ, P. (2019). Predictive, finite-sample model choice for
time series under stationarity and non-stationarity. Electron. J. Stat. 13 3710–3774. MR4013749
https://doi.org/10.1214/19-ejs1606

[27] KOLMOGOROFF, A. N. (1941). Stationary sequences in Hilbert’s space. Moscow Univ. Math. Bull. 2 1–40.
MR0009098

[28] KOLMOGOROV, A. N. (1941). Interpolation and extrapolation of stationary random sequences. Izv. Ross.
Akad. Nauk Ser. Mat. 5 3–14.

[29] MAYER, U., ZÄHLE, H. and ZHOU, Z. (2020). Functional weak limit theorem for a local empiri-
cal process of non-stationary time series and its application. Bernoulli 26 1891–1911. MR4091095
https://doi.org/10.3150/19-BEJ1174

[30] NASON, G. (2013). A test for second-order stationarity and approximate confidence intervals for localized
autocovariances for locally stationary time series. J. R. Stat. Soc. Ser. B. Stat. Methodol. 75 879–904.
MR3124795 https://doi.org/10.1111/rssb.12015

[31] PAPARODITIS, E. (2009). Testing temporal constancy of the spectral structure of a time series. Bernoulli 15
1190–1221. MR2597589 https://doi.org/10.3150/08-BEJ179

[32] PAPARODITIS, E. (2010). Validating stationarity assumptions in time series analysis by rolling local pe-
riodograms. J. Amer. Statist. Assoc. 105 839–851. MR2724865 https://doi.org/10.1198/jasa.2010.
tm08243

[33] PAPARODITIS, E. and PREUSS, P. (2016). On local power properties of frequency domain-based tests for
stationarity. Scand. J. Stat. 43 664–682. MR3543316 https://doi.org/10.1111/sjos.12197

[34] POURAHMADI, M. (1999). Joint mean-covariance models with applications to longitudinal data: Uncon-
strained parameterisation. Biometrika 86 677–690. MR1723786 https://doi.org/10.1093/biomet/86.3.
677

[35] PREUSS, P., VETTER, M. and DETTE, H. (2013). A test for stationarity based on empirical processes.
Bernoulli 19 2715–2749. MR3160569 https://doi.org/10.3150/12-BEJ472

[36] ROBINSON, P. M. (1997). Large-sample inference for nonparametric regression with dependent errors. Ann.
Statist. 25 2054–2083. MR1474083 https://doi.org/10.1214/aos/1069362387

[37] ROSENBLATT, M. (1952). Remarks on a multivariate transformation. Ann. Math. Stat. 23 470–472.
MR0049525 https://doi.org/10.1214/aoms/1177729394

https://mathscinet.ams.org/mathscinet-getitem?mr=0758197
https://doi.org/10.2307/2008290
https://mathscinet.ams.org/mathscinet-getitem?mr=2894768
https://doi.org/10.1198/jasa.2011.tm10811
https://mathscinet.ams.org/mathscinet-getitem?mr=4356579
https://doi.org/10.1080/07350015.2020.1819296
https://mathscinet.ams.org/mathscinet-getitem?mr=3931381
https://mathscinet.ams.org/mathscinet-getitem?mr=4134802
https://doi.org/10.1214/19-AOS1894
https://doi.org/10.1214/23-AOS2288SUPP
http://arxiv.org/abs/arXiv:2112.08545
https://mathscinet.ams.org/mathscinet-getitem?mr=2790673
https://doi.org/10.1111/j.1467-9892.2010.00685.x
https://mathscinet.ams.org/mathscinet-getitem?mr=3571252
https://doi.org/10.1007/s10959-015-0619-7
https://mathscinet.ams.org/mathscinet-getitem?mr=2028615
https://doi.org/10.1007/BF02523391
https://mathscinet.ams.org/mathscinet-getitem?mr=3414133
https://doi.org/10.1111/rssb.12091
https://mathscinet.ams.org/mathscinet-getitem?mr=4180670
https://doi.org/10.1111/insr.12357
https://mathscinet.ams.org/mathscinet-getitem?mr=4384679
https://doi.org/10.1016/j.jeconom.2021.03.002
https://mathscinet.ams.org/mathscinet-getitem?mr=4013749
https://doi.org/10.1214/19-ejs1606
https://mathscinet.ams.org/mathscinet-getitem?mr=0009098
https://mathscinet.ams.org/mathscinet-getitem?mr=4091095
https://doi.org/10.3150/19-BEJ1174
https://mathscinet.ams.org/mathscinet-getitem?mr=3124795
https://doi.org/10.1111/rssb.12015
https://mathscinet.ams.org/mathscinet-getitem?mr=2597589
https://doi.org/10.3150/08-BEJ179
https://mathscinet.ams.org/mathscinet-getitem?mr=2724865
https://doi.org/10.1198/jasa.2010.tm08243
https://mathscinet.ams.org/mathscinet-getitem?mr=3543316
https://doi.org/10.1111/sjos.12197
https://mathscinet.ams.org/mathscinet-getitem?mr=1723786
https://doi.org/10.1093/biomet/86.3.677
https://mathscinet.ams.org/mathscinet-getitem?mr=3160569
https://doi.org/10.3150/12-BEJ472
https://mathscinet.ams.org/mathscinet-getitem?mr=1474083
https://doi.org/10.1214/aos/1069362387
https://mathscinet.ams.org/mathscinet-getitem?mr=0049525
https://doi.org/10.1214/aoms/1177729394
https://doi.org/10.1198/jasa.2011.tm10811
https://doi.org/10.1111/j.1467-9892.2010.00685.x
https://doi.org/10.1007/BF02523391
https://doi.org/10.1111/rssb.12091
https://doi.org/10.1198/jasa.2010.tm08243
https://doi.org/10.1093/biomet/86.3.677


[38] ROUEFF, F. and SÁNCHEZ-PÉREZ, A. (2018). Prediction of weakly locally stationary processes by auto-
regression. ALEA Lat. Am. J. Probab. Math. Stat. 15 1215–1239. MR3867204 https://doi.org/10.
30757/alea.v15-45

[39] SHERK, J. (2014). Not Looking for Work: Why Labor Force Participation Has Fallen
During the Recovery. Available at https://www.heritage.org/jobs-and-labor/report/
not-looking-work-why-labor-force-participation-has-fallen-during-the-recovery.

[40] STONE, C. J. (1982). Optimal global rates of convergence for nonparametric regression. Ann. Statist. 10
1040–1053. MR0673642

[41] VOGT, M. (2012). Nonparametric regression for locally stationary time series. Ann. Statist. 40 2601–2633.
MR3097614 https://doi.org/10.1214/12-AOS1043

[42] WIENER, N. (1949). Extrapolation, Interpolation and Smoothing of Stationary Time Series. Wiley, New
York.

[43] WOLD, H. (1954). A Study in the Analysis of Stationary Time Series. Almqvist & Wiksell, Stockholm. 2d
ed, With an appendix by Peter Whittle. MR0061344

[44] WU, W. and ZHOU, Z. (2019). Multiscale jump testing and estimation under complex temporal dynamics.
ArXiv preprint. Available at arXiv:1909.06307.

[45] WU, W. B. (2005). Nonlinear system theory: Another look at dependence. Proc. Natl. Acad. Sci. USA 102
14150–14154. MR2172215 https://doi.org/10.1073/pnas.0506715102

[46] WU, W. B. and MIELNICZUK, J. (2010). A new look at measuring dependence. In Dependence in Prob-
ability and Statistics. Lect. Notes Stat. 200 123–142. Springer, Berlin. MR2731829 https://doi.org/10.
1007/978-3-642-14104-1_7

[47] WU, W. B. and ZHAO, Z. (2007). Inference of trends in time series. J. R. Stat. Soc. Ser. B. Stat. Methodol.
69 391–410. MR2323759 https://doi.org/10.1111/j.1467-9868.2007.00594.x

[48] YUAN, M. (2010). High dimensional inverse covariance matrix estimation via linear programming. J. Mach.
Learn. Res. 11 2261–2286. MR2719856

[49] ZHAO, Z. (2015). Inference for local autocorrelations in locally stationary models. J. Bus. Econom. Statist.
33 296–306. MR3337064 https://doi.org/10.1080/07350015.2014.948177

[50] ZHOU, Z. (2013). Heteroscedasticity and autocorrelation robust structural change detection. J. Amer. Statist.
Assoc. 108 726–740. MR3174655 https://doi.org/10.1080/01621459.2013.787184

[51] ZHOU, Z. and WU, W. B. (2009). Local linear quantile estimation for nonstationary time series. Ann. Statist.
37 2696–2729. MR2541444 https://doi.org/10.1214/08-AOS636

[52] ZHOU, Z. and WU, W. B. (2010). Simultaneous inference of linear models with time varying coefficients.
J. R. Stat. Soc. Ser. B. Stat. Methodol. 72 513–531. MR2758526 https://doi.org/10.1111/j.1467-9868.
2010.00743.x

https://mathscinet.ams.org/mathscinet-getitem?mr=3867204
https://doi.org/10.30757/alea.v15-45
https://www.heritage.org/jobs-and-labor/report/not-looking-work-why-labor-force-participation-has-fallen-during-the-recovery
https://mathscinet.ams.org/mathscinet-getitem?mr=0673642
https://mathscinet.ams.org/mathscinet-getitem?mr=3097614
https://doi.org/10.1214/12-AOS1043
https://mathscinet.ams.org/mathscinet-getitem?mr=0061344
http://arxiv.org/abs/arXiv:1909.06307
https://mathscinet.ams.org/mathscinet-getitem?mr=2172215
https://doi.org/10.1073/pnas.0506715102
https://mathscinet.ams.org/mathscinet-getitem?mr=2731829
https://doi.org/10.1007/978-3-642-14104-1_7
https://mathscinet.ams.org/mathscinet-getitem?mr=2323759
https://doi.org/10.1111/j.1467-9868.2007.00594.x
https://mathscinet.ams.org/mathscinet-getitem?mr=2719856
https://mathscinet.ams.org/mathscinet-getitem?mr=3337064
https://doi.org/10.1080/07350015.2014.948177
https://mathscinet.ams.org/mathscinet-getitem?mr=3174655
https://doi.org/10.1080/01621459.2013.787184
https://mathscinet.ams.org/mathscinet-getitem?mr=2541444
https://doi.org/10.1214/08-AOS636
https://mathscinet.ams.org/mathscinet-getitem?mr=2758526
https://doi.org/10.1111/j.1467-9868.2010.00743.x
https://doi.org/10.30757/alea.v15-45
https://www.heritage.org/jobs-and-labor/report/not-looking-work-why-labor-force-participation-has-fallen-during-the-recovery
https://doi.org/10.1007/978-3-642-14104-1_7
https://doi.org/10.1111/j.1467-9868.2010.00743.x


The Annals of Statistics
2023, Vol. 51, No. 3, 1232–1257
https://doi.org/10.1214/23-AOS2289
© Institute of Mathematical Statistics, 2023
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In high-dimensional classification problems, a commonly used approach
is to first project the high-dimensional features into a lower-dimensional
space, and base the classification on the resulting lower-dimensional projec-
tions. In this paper, we formulate a latent-variable model with a hidden low-
dimensional structure to justify this two-step procedure and to guide which
projection to choose. We propose a computationally efficient classifier that
takes certain principal components (PCs) of the observed features as pro-
jections, with the number of retained PCs selected in a data-driven way. A
general theory is established for analyzing such two-step classifiers based on
any projections. We derive explicit rates of convergence of the excess risk of
the proposed PC-based classifier. The obtained rates are further shown to be
optimal up to logarithmic factors in the minimax sense. Our theory allows the
lower dimension to grow with the sample size and is also valid even when the
feature dimension (greatly) exceeds the sample size. Extensive simulations
corroborate our theoretical findings. The proposed method also performs fa-
vorably relative to other existing discriminant methods on three real data ex-
amples.
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DISPERSAL DENSITY ESTIMATION ACROSS SCALES
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We consider a space structured population model generated by two-point
clouds: a homogeneous Poisson process M with intensity n → ∞ as a model
for a parent generation together with a Cox point process N as offspring
generation, with conditional intensity given by the convolution of M with a
scaled dispersal density σ−1f (·/σ). Based on a realisation of M and N , we
study the nonparametric estimation of f and the estimation of the physical
scale parameter σ > 0 simultaneously for all regimes σ = σn. We establish
that the optimal rates of convergence do not depend monotonously on the
scale and we construct minimax estimators accordingly whether σ is known
or considered as a nuisance, in which case we can estimate it and achieve
asymptotic minimaxity by plug-in. The statistical reconstruction exhibits a
competition between a direct and a deconvolution problem. Our study reveals
in particular the existence of a least favorable intermediate inference scale, a
phenomenon that seems to be new.
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Statistical inference from high-dimensional data with low-dimensional
structures has recently attracted a lot of attention. In machine learning, deep
generative modelling approaches implicitly estimate distributions of complex
objects by creating new samples from the underlying distribution, and have
achieved great success in generating synthetic realistic-looking images and
texts. A key step in these approaches is the extraction of latent features or
representations (encoding) that can be used for accurately reconstructing the
original data (decoding). In other words, low-dimensional manifold struc-
ture is implicitly assumed and utilized in the distribution modelling and es-
timation. To understand the benefit of low-dimensional manifold structure
in generative modelling, we build a general minimax framework for distri-
bution estimation on unknown submanifold under adversarial losses, with
suitable smoothness assumptions on the target distribution and the manifold.
The established minimax rate elucidates how various problem characteris-
tics, including intrinsic dimensionality of the data and smoothness levels of
the target distribution and the manifold, affect the fundamental limit of high-
dimensional distribution estimation. To prove the minimax upper bound, we
construct an estimator based on a mixture of locally fitted generative models,
which is motivated by the partition of unity technique from differential geom-
etry and is necessary to cover cases where the underlying data manifold does
not admit a global parametrization. We also propose a data-driven adaptive
estimator that is shown to simultaneously attain within a logarithmic factor
of the optimal rate over a large collection of distribution classes.
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[8] BIŃKOWSKI, M., SUTHERLAND, D. J., ARBEL, M. and GRETTON, A. (2018). Demystifying mmd gans.
ArXiv preprint. Available at arXiv:1801.01401.

MSC2020 subject classifications. Primary 62C20, 62G07; secondary 62G05.
Key words and phrases. Adversarial training, generative model, distribution estimation, manifold, minimax

rate, partition of unity.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2291
http://www.imstat.org
mailto:martang@ust.hk
mailto:yy84@illinois.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3909931
https://doi.org/10.1214/18-AOS1685
http://arxiv.org/abs/arXiv:1701.04862
http://arxiv.org/abs/arXiv:1701.07875
https://mathscinet.ams.org/mathscinet-getitem?mr=4255312
https://doi.org/10.1214/21-ejs1826
https://mathscinet.ams.org/mathscinet-getitem?mr=4124334
https://doi.org/10.1214/19-AOS1858
https://mathscinet.ams.org/mathscinet-getitem?mr=2459188
https://doi.org/10.1214/074921707000000148
http://arxiv.org/abs/arXiv:1801.01401
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[9] CAFFARELLI, L. A. (1996). Boundary regularity of maps with convex potentials. II. Ann. of Math. (2) 144
453–496. MR1426885 https://doi.org/10.2307/2118564

[10] CAILLERIE, C., CHAZAL, F., DEDECKER, J. and MICHEL, B. (2011). Deconvolution for the Wasserstein
metric and geometric inference. Electron. J. Stat. 5 1394–1423. MR2851684 https://doi.org/10.1214/
11-EJS646

[11] CAMASTRA, F. and VINCIARELLI, A. (2002). Estimating the intrinsic dimension of data with a fractal-
based method. IEEE Trans. Pattern Anal. Mach. Intell. 24 1404–1407.

[12] CARTER, K. M., RAICH, R. and HERO, A. O. III (2010). On local intrinsic dimension estimation and its
applications. IEEE Trans. Signal Process. 58 650–663. MR2750463 https://doi.org/10.1109/TSP.2009.
2031722

[13] CHAE, M., KIM, D., KIM, Y. and LIN, L. (2023). A likelihood approach to nonparametric estimation of a
singular distribution using deep generative models. J. Mach. Learn. Res. 24 Paper No. 77. MR4582499

[14] CHEN, Y., GAO, Q. and WANG, X. (2022). Inferential Wasserstein generative adversarial networks. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 84 83–113. MR4400391 https://doi.org/10.1111/rssb.12476

[15] CORNEA, O., LUPTON, G., OPREA, J. and TANRÉ, D. (2003). Lusternik–Schnirelmann Category.
Mathematical Surveys and Monographs 103. Amer. Math. Soc., Providence, RI. MR1990857
https://doi.org/10.1090/surv/103

[16] DIVOL, V. (2022). Measure estimation on manifolds: An optimal transport approach. Probab. Theory Re-
lated Fields 183 581–647. MR4421180 https://doi.org/10.1007/s00440-022-01118-z

[17] DO CARMO, M. P. (1992). Riemannian Geometry. Mathematics: Theory & Applications. Birkhäuser, Inc.,
Boston, MA. MR1138207 https://doi.org/10.1007/978-1-4757-2201-7

[18] EVANS, L. C. (2010). Partial Differential Equations, 2nd ed. Graduate Studies in Mathematics 19. Amer.
Math. Soc., Providence, RI. MR2597943 https://doi.org/10.1090/gsm/019

[19] FAN, J. and LI, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle properties.
J. Amer. Statist. Assoc. 96 1348–1360. MR1946581 https://doi.org/10.1198/016214501753382273

[20] FARAHMAND, A. M., SZEPESVÁRI, C. and AUDIBERT, J.-Y. (2007). Manifold-adaptive dimension esti-
mation. In Proceedings of the 24th International Conference on Machine Learning 265–272.

[21] FOX, R. H. (1941). On the Lusternik–Schnirelmann category. Ann. of Math. (2) 42 333–370. MR0004108
https://doi.org/10.2307/1968905

[22] GENOVESE, C. R., PERONE-PACIFICO, M., VERDINELLI, I. and WASSERMAN, L. (2012). Minimax man-
ifold estimation. J. Mach. Learn. Res. 13 1263–1291. MR2930639

[23] GENOVESE, C. R., PERONE-PACIFICO, M., VERDINELLI, I. and WASSERMAN, L. (2012). Manifold
estimation and singular deconvolution under Hausdorff loss. Ann. Statist. 40 941–963. MR2985939
https://doi.org/10.1214/12-AOS994

[24] GOODFELLOW, I., POUGET-ABADIE, J., MIRZA, M., XU, B., WARDE-FARLEY, D., OZAIR, S.,
COURVILLE, A. and BENGIO, Y. (2020). Generative adversarial networks. Commun. ACM 63 139–
144.

[25] GRETTON, A., BORGWARDT, K. M., RASCH, M. J., SCHÖLKOPF, B. and SMOLA, A. (2012). A kernel
two-sample test. J. Mach. Learn. Res. 13 723–773. MR2913716

[26] KINGMA, D. P. and WELLING, M. (2013). Auto-encoding variational bayes. ArXiv preprint. Available at
arXiv:1312.6114.

[27] KNOP, S., SPUREK, P., TABOR, J., PODOLAK, I., MAZUR, M. and JASTRZĘBSKI, S. (2020). Cramer–
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This paper studies inference in linear models with a high-dimensional
parameter matrix that can be well approximated by a “spiked low-rank ma-
trix.” A spiked low-rank matrix has rank that grows slowly compared to its
dimensions and nonzero singular values that diverge to infinity. We show that
this framework covers a broad class of models of latent variables, which can
accommodate matrix completion problems, factor models, varying coefficient
models and heterogeneous treatment effects. For inference, we apply a proce-
dure that relies on an initial nuclear-norm penalized estimation step followed
by two ordinary least squares regressions. We consider the framework of es-
timating incoherent eigenvectors and use a rotation argument to argue that
the eigenspace estimation is asymptotically unbiased. Using this framework,
we show that our procedure provides asymptotically normal inference and
achieves the semiparametric efficiency bound. We illustrate our framework
by providing low-level conditions for its application in a treatment effects
context where treatment assignment might be strongly dependent.
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We extend extreme value statistics to independent data with possibly very
different distributions. In particular, we present novel asymptotic normality
results for the Hill estimator, which now estimates the extreme value index
of the average distribution. Due to the heterogeneity, the asymptotic variance
can be substantially smaller than that in the i.i.d. case. As a special case,
we consider a heterogeneous scales model where the asymptotic variance
can be calculated explicitly. The primary tool for the proofs is the functional
central limit theorem for a weighted tail empirical process. We also present
asymptotic normality results for the extreme quantile estimator. A simulation
study shows the good finite-sample behavior of our limit theorems. We also
present applications to assess the tail heaviness of earthquake energies and of
cross-sectional stock market losses.
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FINITE-SAMPLE COMPLEXITY OF SEQUENTIAL MONTE CARLO
ESTIMATORS
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We present bounds for the finite-sample error of sequential Monte Carlo
samplers on static spaces. Our approach explicitly relates the performance of
the algorithm to properties of the chosen sequence of distributions and mixing
properties of the associated Markov kernels. This allows us to give the first
finite-sample comparison to other Monte Carlo schemes. We obtain bounds
for the complexity of sequential Monte Carlo approximations for a variety of
target distributions such as finite spaces, product measures and log-concave
distributions including Bayesian logistic regression. The bounds obtained are
within a logarithmic factor of similar bounds obtainable for Markov chain
Monte Carlo.

REFERENCES

[1] BESKOS, A., CRISAN, D. and JASRA, A. (2014). On the stability of sequential Monte Carlo methods in
high dimensions. Ann. Appl. Probab. 24 1396–1445. MR3211000 https://doi.org/10.1214/13-AAP951

[2] BESKOS, A., JASRA, A., KANTAS, N. and THIERY, A. (2016). On the convergence of adaptive sequen-
tial Monte Carlo methods. Ann. Appl. Probab. 26 1111–1146. MR3476634 https://doi.org/10.1214/
15-AAP1113

[3] CÉROU, F., DEL MORAL, P., FURON, T. and GUYADER, A. (2012). Sequential Monte Carlo for rare event
estimation. Stat. Comput. 22 795–808. MR2909622 https://doi.org/10.1007/s11222-011-9231-6

[4] CÉROU, F., DEL MORAL, P. and GUYADER, A. (2011). A nonasymptotic theorem for unnormalized
Feynman–Kac particle models. Ann. Inst. Henri Poincaré Probab. Stat. 47 629–649. MR2841068
https://doi.org/10.1214/10-AIHP358

[5] CHOPIN, N. (2002). A sequential particle filter method for static models. Biometrika 89 539–551.
MR1929161 https://doi.org/10.1093/biomet/89.3.539

[6] CHOPIN, N. (2004). Central limit theorem for sequential Monte Carlo methods and its applica-
tion to Bayesian inference. Ann. Statist. 32 2385–2411. MR2153989 https://doi.org/10.1214/
009053604000000698

[7] CRISAN, D. (2001). Particle filters—a theoretical perspective. In Sequential Monte Carlo Methods in Prac-
tice. Stat. Eng. Inf. Sci. 17–41. Springer, New York. MR1847785

[8] DALALYAN, A. S. (2017). Theoretical guarantees for approximate sampling from smooth and log-concave
densities. J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 651–676. MR3641401 https://doi.org/10.1111/rssb.
12183

[9] DEL MORAL, P. (2004). Feynman–Kac Formulae: Genealogical and Interacting Particle Systems with
Applications. Probability and Its Applications (New York). Springer, New York. MR2044973
https://doi.org/10.1007/978-1-4684-9393-1

[10] DEL MORAL, P., DOUCET, A. and JASRA, A. (2006). Sequential Monte Carlo samplers. J. R. Stat. Soc.
Ser. B. Stat. Methodol. 68 411–436. MR2278333 https://doi.org/10.1111/j.1467-9868.2006.00553.x

[11] DEL MORAL, P. and GUIONNET, A. (1999). Central limit theorem for nonlinear filtering and inter-
acting particle systems. Ann. Appl. Probab. 9 275–297. MR1687359 https://doi.org/10.1214/aoap/
1029962742

[12] DEL MORAL, P. and MICLO, L. (2000). Branching and interacting particle systems approximations
of Feynman–Kac formulae with applications to non-linear filtering. In Séminaire de Probabilités,
XXXIV. Lecture Notes in Math. 1729 1–145. Springer, Berlin. MR1768060 https://doi.org/10.1007/
BFb0103798

MSC2020 subject classifications. Primary 65C60; secondary 65C60, 60J22.
Key words and phrases. Sequential Monte Carlo, computational complexity, Bayesian computation.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2295
http://www.imstat.org
mailto:joseph@berryconsultants.net
mailto:joseph.mathews@duke.edu
mailto:schmidler@stat.duke.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3211000
https://doi.org/10.1214/13-AAP951
https://mathscinet.ams.org/mathscinet-getitem?mr=3476634
https://doi.org/10.1214/15-AAP1113
https://mathscinet.ams.org/mathscinet-getitem?mr=2909622
https://doi.org/10.1007/s11222-011-9231-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2841068
https://doi.org/10.1214/10-AIHP358
https://mathscinet.ams.org/mathscinet-getitem?mr=1929161
https://doi.org/10.1093/biomet/89.3.539
https://mathscinet.ams.org/mathscinet-getitem?mr=2153989
https://doi.org/10.1214/009053604000000698
https://mathscinet.ams.org/mathscinet-getitem?mr=1847785
https://mathscinet.ams.org/mathscinet-getitem?mr=3641401
https://doi.org/10.1111/rssb.12183
https://mathscinet.ams.org/mathscinet-getitem?mr=2044973
https://doi.org/10.1007/978-1-4684-9393-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2278333
https://doi.org/10.1111/j.1467-9868.2006.00553.x
https://mathscinet.ams.org/mathscinet-getitem?mr=1687359
https://doi.org/10.1214/aoap/1029962742
https://mathscinet.ams.org/mathscinet-getitem?mr=1768060
https://doi.org/10.1007/BFb0103798
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/15-AAP1113
https://doi.org/10.1214/009053604000000698
https://doi.org/10.1111/rssb.12183
https://doi.org/10.1214/aoap/1029962742
https://doi.org/10.1007/BFb0103798


[13] DOUC, R. and MOULINES, E. (2008). Limit theorems for weighted samples with applications to sequential
Monte Carlo methods. Ann. Statist. 36 2344–2376. MR2458190 https://doi.org/10.1214/07-AOS514

[14] DURHAM, G. and GEWEKE, J. (2014). Adaptive sequential posterior simulators for massively parallel com-
puting environments. In Advances in Econometrics 34 1–44. Emerald Group Publishing, Limited.

[15] DWIVEDI, R., CHEN, Y., WAINWRIGHT, M. J. and YU, B. (2019). Log-concave sampling: Metropolis–
Hastings algorithms are fast. J. Mach. Learn. Res. 20 Paper No. 183, 42. MR4048994

[16] EBERLE, A. and MARINELLI, C. (2007). Stability of sequential Markov chain Monte Carlo methods. In
Conference Oxford sur les Méthodes de Monte Carlo Séquentielles. ESAIM Proc. 19 22–31. EDP Sci.,
Les Ulis. MR2405646 https://doi.org/10.1051/proc:071905

[17] EBERLE, A. and MARINELLI, C. (2013). Quantitative approximations of evolving probability measures
and sequential Markov chain Monte Carlo methods. Probab. Theory Related Fields 155 665–701.
MR3034790 https://doi.org/10.1007/s00440-012-0410-y

[18] JERRUM, M. R., VALIANT, L. G. and VAZIRANI, V. V. (1986). Random generation of combinatorial struc-
tures from a uniform distribution. Theoret. Comput. Sci. 43 169–188. MR0855970 https://doi.org/10.
1016/0304-3975(86)90174-X

[19] KANNAN, R. and LI, G. (1996). Sampling according to the multivariate normal density. In 37th Annual
Symposium on Foundations of Computer Science (Burlington, VT, 1996) 204–212. IEEE Comput.
Soc. Press, Los Alamitos, CA. MR1450618 https://doi.org/10.1109/SFCS.1996.548479

[20] KANNAN, R., LOVÁSZ, L. and SIMONOVITS, M. (1997). Random walks and an O∗(n5) volume algorithm
for convex bodies. Random Structures Algorithms 11 1–50. MR1608200 https://doi.org/10.1002/(SICI)
1098-2418(199708)11:1<1::AID-RSA1>3.0.CO;2-X

[21] KÜNSCH, H. R. (2005). Recursive Monte Carlo filters: Algorithms and theoretical analysis. Ann. Statist. 33
1983–2021. MR2211077 https://doi.org/10.1214/009053605000000426

[22] LE GLAND, F. and OUDJANE, N. (2004). Stability and uniform approximation of nonlinear filters using
the Hilbert metric and application to particle filters. Ann. Appl. Probab. 14 144–187. MR2023019
https://doi.org/10.1214/aoap/1075828050

[23] LEE, A. and WHITELEY, N. (2016). Forest resampling for distributed sequential Monte Carlo. Stat. Anal.
Data Min. 9 230–248. MR3529396 https://doi.org/10.1002/sam.11280

[24] LEE, A., YAU, C., GILES, M. B., DOUCET, A. and HOLMES, C. C. (2010). On the utility of graphics
cards to perform massively parallel simulation of advanced Monte Carlo methods. J. Comput. Graph.
Statist. 19 769–789.

[25] LEE, Y. T., SHEN, R. and TIAN, K. (2020). Logsmooth gradient concentration and tighter runtimes for
metropolized Hamiltonian Monte Carlo. In Conference on Learning Theory, COLT 2020, 9–12 July
2020, Virtual Event [Graz, Austria] (J. D. Abernethy and S. Agarwal, eds.). Proceedings of Machine
Learning Research 125 9–12. PMLR.

[26] LOVÁSZ, L. and VEMPALA, S. (2004). Hit-and-run from a corner. In Proceedings of the 36th Annual ACM
Symposium on Theory of Computing 310–314. ACM, New York. MR2121613 https://doi.org/10.1145/
1007352.1007403

[27] LOVÁSZ, L. and VEMPALA, S. (2006). Fast algorithms for logconcave functions: Sampling, rounding,
integration and optimization. In 2006 47th Annual IEEE Symposium on Foundations of Computer
Science (FOCS’06) 57–68.

[28] LOVÁSZ, L. and VEMPALA, S. (2007). The geometry of logconcave functions and sampling algorithms.
Random Structures Algorithms 30 307–358. MR2309621 https://doi.org/10.1002/rsa.20135

[29] MOTWANI, R. and RAGHAVAN, P. (1995). Randomized Algorithms. Cambridge Univ. Press, Cambridge.
MR1344451 https://doi.org/10.1017/CBO9780511814075

[30] NEAL, R. M. (2001). Annealed importance sampling. Stat. Comput. 11 125–139. MR1837132
https://doi.org/10.1023/A:1008923215028

[31] PARK, S. and PANDE, V. S. (2007). Choosing weights for simulated tempering. Phys. Rev. E 76 016703.
[32] PAULIN, D., JASRA, A. and THIERY, A. (2019). Error bounds for sequential Monte Carlo samplers for

multimodal distributions. Bernoulli 25 310–340. MR3892321 https://doi.org/10.3150/17-bej988
[33] ROBERTS, G. O. and ROSENTHAL, J. S. (2004). General state space Markov chains and MCMC algorithms.

Probab. Surv. 1 20–71. MR2095565 https://doi.org/10.1214/154957804100000024
[34] SCHWEIZER, N. (2011). Non-asymptotic error bounds for sequential MCMC methods. Ph.D. thesis, Univ.

Bonn.
[35] VANDERWERKEN, D. N. and SCHMIDLER, S. C. (2013). Parallel Markov chain Monte Carlo. ArXiv e-

prints.
[36] VEMPALA, S. (2005). Geometric random walks: A survey. In Combinatorial and Computational Geometry.

Math. Sci. Res. Inst. Publ. 52 577–616. Cambridge Univ. Press, Cambridge. MR2178341

https://mathscinet.ams.org/mathscinet-getitem?mr=2458190
https://doi.org/10.1214/07-AOS514
https://mathscinet.ams.org/mathscinet-getitem?mr=4048994
https://mathscinet.ams.org/mathscinet-getitem?mr=2405646
https://doi.org/10.1051/proc:071905
https://mathscinet.ams.org/mathscinet-getitem?mr=3034790
https://doi.org/10.1007/s00440-012-0410-y
https://mathscinet.ams.org/mathscinet-getitem?mr=0855970
https://doi.org/10.1016/0304-3975(86)90174-X
https://mathscinet.ams.org/mathscinet-getitem?mr=1450618
https://doi.org/10.1109/SFCS.1996.548479
https://mathscinet.ams.org/mathscinet-getitem?mr=1608200
https://doi.org/10.1002/(SICI)1098-2418(199708)11:1<1::AID-RSA1>3.0.CO;2-X
https://mathscinet.ams.org/mathscinet-getitem?mr=2211077
https://doi.org/10.1214/009053605000000426
https://mathscinet.ams.org/mathscinet-getitem?mr=2023019
https://doi.org/10.1214/aoap/1075828050
https://mathscinet.ams.org/mathscinet-getitem?mr=3529396
https://doi.org/10.1002/sam.11280
https://mathscinet.ams.org/mathscinet-getitem?mr=2121613
https://doi.org/10.1145/1007352.1007403
https://mathscinet.ams.org/mathscinet-getitem?mr=2309621
https://doi.org/10.1002/rsa.20135
https://mathscinet.ams.org/mathscinet-getitem?mr=1344451
https://doi.org/10.1017/CBO9780511814075
https://mathscinet.ams.org/mathscinet-getitem?mr=1837132
https://doi.org/10.1023/A:1008923215028
https://mathscinet.ams.org/mathscinet-getitem?mr=3892321
https://doi.org/10.3150/17-bej988
https://mathscinet.ams.org/mathscinet-getitem?mr=2095565
https://doi.org/10.1214/154957804100000024
https://mathscinet.ams.org/mathscinet-getitem?mr=2178341
https://doi.org/10.1016/0304-3975(86)90174-X
https://doi.org/10.1002/(SICI)1098-2418(199708)11:1<1::AID-RSA1>3.0.CO;2-X
https://doi.org/10.1145/1007352.1007403


[37] VERGÉ, C., DUBARRY, C., DEL MORAL, P. and MOULINES, E. (2015). On parallel implementation of
sequential Monte Carlo methods: The island particle model. Stat. Comput. 25 243–260. MR3306704
https://doi.org/10.1007/s11222-013-9429-x

[38] WHITELEY, N. (2012). Sequential Monte Carlo samplers: Error bounds and insensitivity to initial condi-
tions. Stoch. Anal. Appl. 30 774–798. MR2966098 https://doi.org/10.1080/07362994.2012.684323

[39] WOODARD, D. B., SCHMIDLER, S. C. and HUBER, M. (2009). Sufficient conditions for torpid mixing
of parallel and simulated tempering. Electron. J. Probab. 14 780–804. MR2495560 https://doi.org/10.
1214/EJP.v14-638

[40] WOODARD, D. B., SCHMIDLER, S. C. and HUBER, M. (2009). Conditions for rapid mixing of parallel
and simulated tempering on multimodal distributions. Ann. Appl. Probab. 19 617–640. MR2521882
https://doi.org/10.1214/08-AAP555

[41] WU, K., SCHMIDLER, S. and CHEN, Y. (2022). Minimax mixing time of the Metropolis-adjusted Langevin
algorithm for log-concave sampling. J. Mach. Learn. Res. 23 Paper No. [270], 63. MR4577709

[42] ZHOU, Y., JOHANSEN, A. M. and ASTON, J. A. D. (2016). Toward automatic model comparison: An
adaptive sequential Monte Carlo approach. J. Comput. Graph. Statist. 25 701–726. MR3533634
https://doi.org/10.1080/10618600.2015.1060885

https://mathscinet.ams.org/mathscinet-getitem?mr=3306704
https://doi.org/10.1007/s11222-013-9429-x
https://mathscinet.ams.org/mathscinet-getitem?mr=2966098
https://doi.org/10.1080/07362994.2012.684323
https://mathscinet.ams.org/mathscinet-getitem?mr=2495560
https://doi.org/10.1214/EJP.v14-638
https://mathscinet.ams.org/mathscinet-getitem?mr=2521882
https://doi.org/10.1214/08-AAP555
https://mathscinet.ams.org/mathscinet-getitem?mr=4577709
https://mathscinet.ams.org/mathscinet-getitem?mr=3533634
https://doi.org/10.1080/10618600.2015.1060885
https://doi.org/10.1214/EJP.v14-638


The Annals of Statistics
2023, Vol. 51, No. 3, 1376–1400
https://doi.org/10.1214/23-AOS2298
© Institute of Mathematical Statistics, 2023

COVERAGE OF CREDIBLE INTERVALS IN BAYESIAN MULTIVARIATE
ISOTONIC REGRESSION

BY KANG WANGa AND SUBHASHIS GHOSALb

Department of Statistics, North Carolina State University, akwang22@ncsu.edu, bsghosal@stat.ncsu.edu

We consider the nonparametric multivariate isotonic regression problem,
where the regression function is assumed to be nondecreasing with respect to
each predictor. Our goal is to construct a Bayesian credible interval for the
function value at a given interior point with assured limiting frequentist cov-
erage. A natural prior on the regression function is given by a random step
function with a suitable prior on increasing step-heights, but the resulting
posterior distribution is hard to analyze theoretically due to the complicated
order restriction on the coefficients. We instead put a prior on unrestricted
step-functions, but make inference using the induced posterior measure by
an “immersion map” from the space of unrestricted functions to that of mul-
tivariate monotone functions. This allows for maintaining the natural conju-
gacy for posterior sampling. A natural immersion map to use is a projection
with respect to a distance function, but in the present context, a block iso-
tonization map is found to be more useful. The approach of using the induced
“immersion posterior” measure instead of the original posterior to make in-
ference provides a useful extension of the Bayesian paradigm, particularly
helpful when the model space is restricted by some complex relations. We
establish a key weak convergence result for the posterior distribution of the
function at a point in terms of some functional of a multiindexed Gaussian
process that leads to an expression for the limiting coverage of the Bayesian
credible interval. Analogous to a recent result for univariate monotone func-
tions, we find that the limiting coverage is slightly higher than the credibility,
the opposite of a phenomenon observed in smoothing problems. Interestingly,
the relation between credibility and limiting coverage does not involve any
unknown parameter. Hence, by a recalibration procedure, we can get a prede-
termined asymptotic coverage by choosing a suitable credibility level smaller
than the targeted coverage, and thus also shorten the credible intervals.
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UNIVERSAL REGRESSION WITH ADVERSARIAL RESPONSES
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We provide algorithms for regression with adversarial responses under
large classes of non-i.i.d. instance sequences, on general separable metric
spaces, with provably minimal assumptions. We also give characterizations
of learnability in this regression context. We consider universal consistency,
which asks for strong consistency of a learner without restrictions on the
value responses. Our analysis shows that such an objective is achievable for
a significantly larger class of instance sequences than stationary processes,
and unveils a fundamental dichotomy between value spaces: whether finite-
horizon mean estimation is achievable or not. We further provide optimisti-
cally universal learning rules, that is, such that if they fail to achieve universal
consistency, any other algorithms will fail as well. For unbounded losses, we
propose a mild integrability condition under which there exist algorithms for
adversarial regression under large classes of non-i.i.d. instance sequences. In
addition, our analysis also provides a learning rule for mean estimation in
general metric spaces that is consistent under adversarial responses without
any moment conditions on the sequence, a result of independent interest.
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ASYMPTOTIC NORMALITY FOR EIGENVALUE STATISTICS OF
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p/n → ∞ AND APPLICATIONS
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The asymptotic normality for a large family of eigenvalue statistics of a
general sample covariance matrix is derived under the ultrahigh-dimensional
setting, that is, when the dimension to sample size ratio p/n → ∞. Based on
this CLT result, we extend the covariance matrix test problem to the new ultra-
high-dimensional context, and apply it to test a matrix-valued white noise.
Simulation experiments are conducted for the investigation of finite-sample
properties of the general asymptotic normality of eigenvalue statistics, as well
as the two developed tests.
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