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GRAPHICAL MODELS FOR NONSTATIONARY TIME SERIES

BY SUMANTA BASU!"® AND SUHASINI SUBBA RA0ZP

1Department of Statistics and Data Science, Cornell University, *sumbose @ cornell.edu

2Department of Statistics, Texas A&M University, Y suhasini@stat.tamu.edu

We propose NonStGM, a general nonparametric graphical modeling
framework, for studying dynamic associations among the components of a
nonstationary multivariate time series. It builds on the framework of Gaus-
sian graphical models (GGM) and stationary time series graphical models
(StGM) and complements existing works on parametric graphical models
based on change point vector autoregressions (VAR). Analogous to StGM,
the proposed framework captures conditional noncorrelations (both intertem-
poral and contemporaneous) in the form of an undirected graph. In addition,
to describe the more nuanced nonstationary relationships among the compo-
nents of the time series, we introduce the new notion of conditional nonsta-
tionarity/stationarity and incorporate it within the graph. This can be used to
search for small subnetworks that serve as the “source” of nonstationarity in
a large system.

We explicitly connect conditional noncorrelation and stationarity between
and within components of the multivariate time series to zero and Toeplitz
embeddings of an infinite-dimensional inverse covariance operator. In the
Fourier domain, conditional stationarity and noncorrelation relationships in
the inverse covariance operator are encoded with a specific sparsity structure
of its integral kernel operator. We show that these sparsity patterns can be
recovered from finite-length time series by nodewise regression of discrete
Fourier transforms (DFT) across different Fourier frequencies. We demon-
strate the feasibility of learning NonStGM structure from data using simula-
tion studies.
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We investigate multivariate bootstrap procedures for general stabilizing
statistics, with specific application to topological data analysis. The work re-
lates to other general results in the area of stabilizing statistics, including cen-
tral limit theorems for geometric and topological functionals of Poisson and
binomial processes in the critical regime, where limit theorems prove difficult
to use in practice, motivating the use of a bootstrap approach. A smoothed
bootstrap procedure is shown to give consistent estimation in these settings.
Specific statistics considered include the persistent Betti numbers of Cech
and Vietoris—Rips complexes over point sets in RY, along with Euler char-
acteristics, and the total edge length of the k-nearest neighbor graph. Special
emphasis is given to weakening the necessary conditions needed to establish
bootstrap consistency. In particular, the assumption of a continuous underly-
ing density is not required. Numerical studies illustrate the performance of
the proposed method.
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It is a common phenomenon that for high-dimensional and nonparamet-
ric statistical models, rate-optimal estimators balance squared bias and vari-
ance. Although this balancing is widely observed, little is known whether
methods exist that could avoid the trade-off between bias and variance. We
propose a general strategy to obtain lower bounds on the variance of any es-
timator with bias smaller than a prespecified bound. This shows to which
extent the bias-variance trade-off is unavoidable and allows to quantify the
loss of performance for methods that do not obey it. The approach is based
on a number of abstract lower bounds for the variance involving the change
of expectation with respect to different probability measures as well as in-
formation measures such as the Kullback—Leibler or x 2—divergence. Some of
these inequalities rely on a new concept of information matrices. In a second
part of the article, the abstract lower bounds are applied to several statisti-
cal models including the Gaussian white noise model, a boundary estimation
problem, the Gaussian sequence model and the high-dimensional linear re-
gression model. For these specific statistical applications, different types of
bias-variance trade-offs occur that vary considerably in their strength. For
the trade-off between integrated squared bias and integrated variance in the
Gaussian white noise model, we propose to combine the general strategy for
lower bounds with a reduction technique. This allows us to reduce the original
problem to a lower bound on the bias-variance trade-off for estimators with
additional symmetry properties in a simpler statistical model. In the Gaussian
sequence model, different phase transitions of the bias-variance trade-off oc-
cur. Although there is a non-trivial interplay between bias and variance, the
rate of the squared bias and the variance do not have to be balanced in order
to achieve the minimax estimation rate.
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This paper formulates a general cross-validation framework for signal
denoising. The general framework is then applied to nonparametric regres-
sion methods such as trend filtering and dyadic CART. The resulting cross-
validated versions are then shown to attain nearly the same rates of conver-
gence as are known for the optimally tuned analogues. There did not exist any
previous theoretical analyses of cross-validated versions of trend filtering or
dyadic CART. To illustrate the generality of the framework, we also propose
and study cross-validated versions of two fundamental estimators; lasso for
high-dimensional linear regression and singular value thresholding for ma-
trix estimation. Our general framework is inspired by the ideas in Chatterjee
and Jafarov (2015) and is potentially applicable to a wide range of estimation
methods which use tuning parameters.
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We consider off-policy evaluation of dynamic treatment rules under se-
quential ignorability, given an assumption that the underlying system can be
modeled as a partially observed Markov decision process (POMDP). We pro-
pose an estimator, partial history importance weighting, and show that it can
consistently estimate the stationary mean rewards of a target policy, given
long enough draws from the behavior policy. We provide an upper bound
on its error that decays polynomially in the number of observations (i.e., the
number of trajectories times their length) with an exponent that depends on
the overlap of the target and behavior policies as well as the mixing time of
the underlying system. Furthermore, we show that this rate of convergence
is minimax, given only our assumptions on mixing and overlap. Our results
establish that off-policy evaluation in POMDPs is strictly harder than off-
policy evaluation in (fully observed) Markov decision processes but strictly
easier than model-free off-policy evaluation.
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Given a times series Y in R”, with a piecewise constant mean and in-
dependent components, the twin problems of change-point detection and
change-point localization, respectively amount to detecting the existence of
times where the mean varies and estimating the positions of those change-
points. In this work, we tightly characterize optimal rates for both problems
and uncover the phase transition phenomenon from a global testing prob-
lem to a local estimation problem. Introducing a suitable definition of the
energy of a change-point, we first establish in the single change-point set-
ting that the optimal detection threshold is «/2Ioglog(n). When the energy is
just above the detection threshold, then the problem of localizing the change-
point becomes purely parametric: it only depends on the difference in means
and not on the position of the change-point anymore. Interestingly, for most
change-point positions, including all those away from the endpoints of the
time series, it is possible to detect and localize them at a much smaller energy
level. In the multiple change-point setting, we establish the energy detection
threshold and show similarly that the optimal localization error of a specific
change-point becomes purely parametric. Along the way, tight minimax rates
for Hausdorff and /| estimation losses of the vector of all change-points po-
sitions are also established. Two procedures achieving these optimal rates are
introduced. The first one is a least-squares estimator with a new multiscale
penalty that favours well spread change-points. The second one is a two-step
multiscale post-processing procedure whose computational complexity can
be as low as O(nlog(n)). Notably, these two procedures accommodate with
the presence of possibly many low-energy and therefore undetectable change-
points and are still able to detect and localize high-energy change-points even
with the presence of those nuisance parameters.
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NOISY LINEAR INVERSE PROBLEMS UNDER CONVEX CONSTRAINTS:
EXACT RISK ASYMPTOTICS IN HIGH DIMENSIONS

BY QIYANG HAN?

Department of Statistics, Rutgers University, *gh85 @stat.rutgers.edu

In the standard Gaussian linear measurement model ¥ = X + & € R™
with a fixed noise level o > 0, we consider the problem of estimating the
unknown signal i under a convex constraint pg € K, where K is a closed
convex set in R”. We show that the risk of the natural convex constrained
least squares estimator (LSE) fi(c) can be characterized exactly in high-
dimensional limits, by that of the convex constrained LSE ﬁ}eq in the cor-
responding Gaussian sequence model at a different noise level. Formally, we
show that

|(o) = wo|?/(nr2) = 1 in probability,
where r,% > 0 solves the fixed-point equation

E|a() (7 +02)/Gm/m) = o> =nry.
This characterization holds (uniformly) for risks r,% in the maximal regime
that ranges from constant order all the way down to essentially the parametric
rate, as long as certain necessary nondegeneracy condition is satisfied for
m(o).

The precise risk characterization reveals a fundamental difference be-
tween noiseless (or low noise limit) and noisy linear inverse problems in
terms of the sample complexity for signal recovery. A concrete example is
given by the isotonic regression problem: While exact recovery of a general
monotone signal requires m > ni/3 samples in the noiseless setting, consis-
tent signal recovery in the noisy setting requires as few as m >> log n samples.
Such a discrepancy occurs when the low and high noise risk behavior of /’I'i(eq
differ significantly. In statistical languages, this occurs when ﬁ}eq estimates
0 at a faster “adaptation rate” than the slower “worst-case rate” for general
signals. Several other examples, including nonnegative least squares and gen-
eralized Lasso (in constrained forms), are also worked out to demonstrate the
concrete applicability of the theory in problems of different types.

The proof relies on a collection of new analytic and probabilistic results
concerning estimation error, log likelihood ratio test statistics and degree-of-
freedom associated with ﬁi(eq, regarded as stochastic processes indexed by
the noise level. These results are of independent interest in and of themselves.
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Off-policy evaluation is considered a fundamental and challenging prob-
lem in reinforcement learning (RL). This paper focuses on value estimation
of a target policy based on pre-collected data generated from a possibly dif-
ferent policy, under the framework of infinite-horizon Markov decision pro-
cesses. Motivated by the recently developed marginal importance sampling
method in RL and the covariate balancing idea in causal inference, we pro-
pose a novel estimator with approximately projected state-action balancing
weights for the policy value estimation. We obtain the convergence rate of
these weights, and show that the proposed value estimator is asymptotically
normal under technical conditions. In terms of asymptotics, our results scale
with both the number of trajectories and the number of decision points at each
trajectory. As such, consistency can still be achieved with a limited number
of subjects when the number of decision points diverges. In addition, we de-
velop a necessary and sufficient condition for establishing the well-posedness
of the operator that relates to the nonparametric Q-function estimation in the
off-policy setting, which characterizes the difficulty of Q-function estimation
and may be of independent interest. Numerical experiments demonstrate the
promising performance of our proposed estimator.
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POST-SELECTION INFERENCE VIA ALGORITHMIC STABILITY
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When the target of statistical inference is chosen in a data-driven manner,
the guarantees provided by classical theories vanish. We propose a solution to
the problem of inference after selection by building on the framework of al-
gorithmic stability, in particular its branch with origins in the field of differen-
tial privacy. Stability is achieved via randomization of selection and it serves
as a quantitative measure that is sufficient to obtain nontrivial post-selection
corrections for classical confidence intervals. Importantly, the underpinnings
of algorithmic stability translate directly into computational efficiency—our
method computes simple corrections for selective inference without recourse
to Markov chain Monte Carlo sampling.

REFERENCES

ANDREWS, 1., KITAGAWA, T. and MCCLOSKEY, A. (2019). Inference on winners. National Bureau of
Economic Research.

BACHOC, F., PREINERSTORFER, D. and STEINBERGER, L. (2020). Uniformly valid confidence intervals
post-model-selection. Ann. Statist. 48 440—463. MR4065169 https://doi.org/10.1214/19-A0S1815

BARBER, R. F., CANDES, E. J., RAMDAS, A. and TIBSHIRANI, R. J. (2021). Predictive inference with the
jackknife+. Ann. Statist. 49 486-507. MR4206687 https://doi.org/10.1214/20- AOS1965

BASSILY, R. and FREUND, Y. (2016). Typical stability. Preprint. Available at arXiv:1604.03336.

BASSILY, R., NissiM, K., SMITH, A., STEINKE, T., STEMMER, U. and ULLMAN, J. (2016). Algorith-
mic stability for adaptive data analysis. In STOC’16—Proceedings of the 48th Annual ACM SIGACT
Symposium on Theory of Computing 1046-1059. ACM, New York. MR3536635

BEIMEL, A., KASIVISWANATHAN, S. P. and N1ssiM, K. (2010). Bounds on the sample complexity for pri-
vate learning and private data release. In Theory of Cryptography. Lecture Notes in Computer Science
5978 437-454. Springer, Berlin. MR2673387 https://doi.org/10.1007/978-3-642-11799-2_26

BENJAMINI, Y. (2010). Simultaneous and selective inference: Current successes and future challenges.
Biom. J. 52 708-721. MR2758547 https://doi.org/10.1002/bimj.200900299

BENJAMINI, Y., HECHTLINGER, Y. and STARK, P. B. (2019). Confidence intervals for selected parameters.
Preprint. Available at arXiv:1906.00505.

BERK, R., BROWN, L., BUJA, A., ZHANG, K. and ZHAO, L. (2013). Valid post-selection inference. Ann.
Statist. 41 802-837. MR3099122 https://doi.org/10.1214/12-A0S1077

BI1, N., MARKOVIC, J., XIA, L. and TAYLOR, J. (2020). Inferactive data analysis. Scand. J. Stat. 47 212—
249. MR4075236 https://doi.org/10.1111/sjos.12425

BOUSQUET, O. and ELISSEEFF, A. (2002). Stability and generalization. J. Mach. Learn. Res. 2 499-526.
MR1929416 https://doi.org/10.1162/153244302760200704

Buia, A., BROWN, L., BERK, R., GEORGE, E., PITKIN, E., TRASKIN, M., ZHANG, K. and ZHAO, L.
(2019). Models as approximations I: Consequences illustrated with linear regression. Statist. Sci. 34
523-544. MR4048582 https://doi.org/10.1214/18-STS693

CUMMINGS, R., LIGETT, K., NissiM, K., ROTH, A. and WU, Z. S. (2016). Adaptive learning with robust
generalization guarantees. In Conference on Learning Theory (COLT) 772-814.

DURFEE, D. and ROGERS, R. M. (2019). Practical differentially private top-k selection with pay-what-you-
get composition. In Advances in Neural Information Processing Systems (NeurlPS) 3532-3542.
DWORK, C., FELDMAN, V., HARDT, M., PITASSI, T. and REINGOLD, O. (2015). Generalization in adap-
tive data analysis and holdout reuse. In Advances in Neural Information Processing Systems (NIPS)

2350-2358.

MSC2020 subject classifications. Primary 62J15; secondary 62J05, 62F07.
Key words and phrases. Post-selection inference, selective inference, stability, differential privacy, model se-
lection, linear regression.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/23-AOS2303
http://www.imstat.org
mailto:tijana.zrnic@berkeley.edu
mailto:jordan@cs.berkeley.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4065169
https://doi.org/10.1214/19-AOS1815
https://mathscinet.ams.org/mathscinet-getitem?mr=4206687
https://doi.org/10.1214/20-AOS1965
http://arxiv.org/abs/arXiv:1604.03336
https://mathscinet.ams.org/mathscinet-getitem?mr=3536635
https://mathscinet.ams.org/mathscinet-getitem?mr=2673387
https://doi.org/10.1007/978-3-642-11799-2_26
https://mathscinet.ams.org/mathscinet-getitem?mr=2758547
https://doi.org/10.1002/bimj.200900299
http://arxiv.org/abs/arXiv:1906.00505
https://mathscinet.ams.org/mathscinet-getitem?mr=3099122
https://doi.org/10.1214/12-AOS1077
https://mathscinet.ams.org/mathscinet-getitem?mr=4075236
https://doi.org/10.1111/sjos.12425
https://mathscinet.ams.org/mathscinet-getitem?mr=1929416
https://doi.org/10.1162/153244302760200704
https://mathscinet.ams.org/mathscinet-getitem?mr=4048582
https://doi.org/10.1214/18-STS693
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(16]

(17]

(18]
[19]

(20]

(21]
(22]
(23]
[24]
[25]
(26]

[27]

(28]

(29]

(30]

(31]

(32]

[33]
[34]

(35]

(36]
(37]
(38]

[39]

[40]

DWORK, C., FELDMAN, V., HARDT, M., PITASSI, T., REINGOLD, O. and ROTH, A. (2015). Preserving
statistical validity in adaptive data analysis [extended abstract]. In STOC’15—Proceedings of the 2015
ACM Symposium on Theory of Computing 117-126. ACM, New York. MR3388189

DWORK, C., MCSHERRY, F., NIssiM, K. and SMITH, A. (2006). Calibrating noise to sensitivity in private
data analysis. In Theory of Cryptography. Lecture Notes in Computer Science 3876 265-284. Springer,
Berlin. MR2241676 https://doi.org/10.1007/11681878_14

DWORK, C. and ROTH, A. (2013). The algorithmic foundations of differential privacy. Found. Trends Theor.
Comput. Sci. 9 211-487. MR3254020 https://doi.org/10.1561/0400000042

DwWORK, C., Su, W. and ZHANG, L. (2015). Private false discovery rate control. Available at
arXiv:1511.03803.

FAN, J. and Lv, J. (2008). Sure independence screening for ultrahigh dimensional feature space. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 70 849-911. MR2530322 https://doi.org/10.1111/j.1467-9868.2008.
00674.x

FITHIAN, W., SUN, D. and TAYLOR, J. (2014). Optimal inference after model selection. Available at
arXiv:1410.2597.

FRANK, M. and WOLFE, P. (1956). An algorithm for quadratic programming. Nav. Res. Logist. Q. 3 95—
110. MR0089102 https://doi.org/10.1002/nav.3800030109

GUYON, I. and ELISSEEFF, A. (2003). An introduction to variable and feature selection. J. Mach. Learn.
Res. 3 1157-1182.

JAGGI, M. (2013). Revisiting Frank-Wolfe: Projection-free sparse convex optimization. In Proceedings of
the 30th International Conference on Machine Learning 427-435.

KASIVISWANATHAN, S. P., LEE, H. K., N1ssiM, K., RASKHODNIKOVA, S. and SMITH, A. (2011). What
can we learn privately? SIAM J. Comput. 40 793-826. MR2823508 https://doi.org/10.1137/090756090

KIVARANOVIC, D. and LEEB, H. (2020). A (tight) upper bound for the length of confidence intervals with
conditional coverage. Available at arXiv:2007.12448.

KIVARANOVIC, D. and LEEB, H. (2021). On the length of post-model-selection confidence intervals condi-
tional on polyhedral constraints. J. Amer. Statist. Assoc. 116 845-857. MR4270029 https://doi.org/10.
1080/01621459.2020.1732989

KUCHIBHOTLA, A. K., BROWN, L. D., BUJA, A. and CAL J. (2019). All of linear regression. Preprint.
Available at arXiv:1910.06386.

KUCHIBHOTLA, A. K., BROWN, L. D., BuJA, A., CAlL J., GEORGE, E. 1. and ZHAO, L. H. (2020).
Valid post-selection inference in model-free linear regression. Ann. Statist. 48 2953-2981. MR4152630
https://doi.org/10.1214/19-A0S1917

LEE, J. D.,SUN, D. L., SUN, Y. and TAYLOR, J. E. (2016). Exact post-selection inference, with application
to the lasso. Ann. Statist. 44 907-927. MR3485948 https://doi.org/10.1214/15-A0S1371

LEE, J. D. and TAYLOR, J. E. (2014). Exact post model selection inference for marginal screening. In
NIPS’14: Proceedings of the 27th International Conference on Neural Information Processing Sys-
tems. 1 136—144. https://doi.org/10.5555/2968826.2968842

LEIL J., CHAREST, A.-S., SLAVKOVIC, A., SMITH, A. and FIENBERG, S. (2018). Differentially private
model selection with penalized and constrained likelihood. J. Roy. Statist. Soc. Ser. A 181 609-633.
MR3807500 https://doi.org/10.1111/rssa.12324

Liu, K., MARKOVIC, J. and TIBSHIRANI, R. (2018). More powerful post-selection inference, with appli-
cation to the Lasso. Preprint. Available at arXiv:1801.09037.

MARKOVIC, J. and TAYLOR, J. (2016). Bootstrap inference after using multiple queries for model selection.
Preprint. Available at arXiv:1612.07811.

KUCHIBHOTLA, A. K., RINALDO, A. and WASSERMAN, L. (2020). Berry-Esseen bounds for pro-
jection parameters and partial correlations with increasing dimension. Preprint. Available at
arXiv:2007.09751.

PANIGRAHI, S., MARKOVIC, J. and TAYLOR, J. (2017). An MCMC-free approach to post-selective infer-
ence. Available at arXiv:1703.06154.

PANIGRAHI, S. and TAYLOR, J. (2022). Approximate selective inference via maximum likelihood. J. Amer.
Statist. Assoc. 1-11.

RASINES, D. G. and YOUNG, G. A. (2023). Splitting strategies for post-selection inference. Biometrika
110 597-614. MR4627773 https://doi.org/10.1093/biomet/asac070

RINALDO, A., WASSERMAN, L. and G’SELL, M. (2019). Bootstrapping and sample splitting for high-
dimensional, assumption-lean inference. Ann. Statist. 47 3438-3469. MR4025748 https://doi.org/10.
1214/18-A0S1784

ROGERS, R., ROTH, A., SMITH, A. and THAKKAR, O. (2016). Max-information, differential pri-
vacy, and post-selection hypothesis testing. In 57th Annual IEEE Symposium on Foundations of


https://mathscinet.ams.org/mathscinet-getitem?mr=3388189
https://mathscinet.ams.org/mathscinet-getitem?mr=2241676
https://doi.org/10.1007/11681878_14
https://mathscinet.ams.org/mathscinet-getitem?mr=3254020
https://doi.org/10.1561/0400000042
http://arxiv.org/abs/arXiv:1511.03803
https://mathscinet.ams.org/mathscinet-getitem?mr=2530322
https://doi.org/10.1111/j.1467-9868.2008.00674.x
http://arxiv.org/abs/arXiv:1410.2597
https://mathscinet.ams.org/mathscinet-getitem?mr=0089102
https://doi.org/10.1002/nav.3800030109
https://mathscinet.ams.org/mathscinet-getitem?mr=2823508
https://doi.org/10.1137/090756090
http://arxiv.org/abs/arXiv:2007.12448
https://mathscinet.ams.org/mathscinet-getitem?mr=4270029
https://doi.org/10.1080/01621459.2020.1732989
http://arxiv.org/abs/arXiv:1910.06386
https://mathscinet.ams.org/mathscinet-getitem?mr=4152630
https://doi.org/10.1214/19-AOS1917
https://mathscinet.ams.org/mathscinet-getitem?mr=3485948
https://doi.org/10.1214/15-AOS1371
https://doi.org/10.5555/2968826.2968842
https://mathscinet.ams.org/mathscinet-getitem?mr=3807500
https://doi.org/10.1111/rssa.12324
http://arxiv.org/abs/arXiv:1801.09037
http://arxiv.org/abs/arXiv:1612.07811
http://arxiv.org/abs/arXiv:2007.09751
http://arxiv.org/abs/arXiv:1703.06154
https://mathscinet.ams.org/mathscinet-getitem?mr=4627773
https://doi.org/10.1093/biomet/asac070
https://mathscinet.ams.org/mathscinet-getitem?mr=4025748
https://doi.org/10.1214/18-AOS1784
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1080/01621459.2020.1732989
https://doi.org/10.1214/18-AOS1784

[41]
[42]

[43]
[44]

[45]

[46]
[47]
(48]
[49]
[50]
[51]
[52]

(53]

[54]

Computer Science—FOCS 2016 487-494. IEEE Computer Soc., Los Alamitos, CA. MR3631011
https://doi.org/10.1109/FOCS.2016.59

ROSENTHAL, R. (1979). The file drawer problem and tolerance for null results. Psychol. Bull. 86 638.

Russo, D. and Zou, J. (2016). Controlling bias in adaptive data analysis using information theory. In
Artificial Intelligence and Statistics 1232—1240.

SCHEFFE, H. (1999). The Analysis of Variance. Wiley Classics Library. Wiley, New York. MR1673563

STEINBERGER, L. and LEEB, H. (2023). Conditional predictive inference for stable algorithms. Ann. Statist.
51290-311. MR4564857 https://doi.org/10.1214/22-20s2250

STEINKE, T. and ULLMAN, J. (2017). Tight lower bounds for differentially private selection. In 58th Annual
IEEE Symposium on Foundations of Computer Science—FOCS 2017 552-563. IEEE Computer Soc.,
Los Alamitos, CA. MR3734260 https://doi.org/10.1109/FOCS.2017.57

TALWAR, K., THAKURTA, A. G. and ZHANG, L. (2015). Nearly optimal private LASSO. In Advances in
Neural Information Processing Systems (NIPS) 3025-3033.

TAYLOR, J. and TIBSHIRANI, R. J. (2015). Statistical learning and selective inference. Proc. Natl. Acad.
Sci. USA 112 7629-7634. MR3371123 https://doi.org/10.1073/pnas. 1507583112

THAKURTA, A. G. and SMITH, A. (2013). Differentially private feature selection via stability arguments,
and the robustness of the lasso. In Conference on Learning Theory (COLT) 819-850.

TIAN HARRIS, X., PANIGRAHI, S., MARKOVIC, J., BI, N. and TAYLOR, J. (2016). Selective sampling
after solving a convex problem. Preprint. Available at arXiv:1609.056009.

TIAN, X., BI, N. and TAYLOR, J. (2017). MAGIC: a general, powerful and tractable method for selective
inference. Preprint. Available at arXiv:1607.02630.

TIAN, X. and TAYLOR, J. (2018). Selective inference with a randomized response. Ann. Statist. 46 679-710.
MR3782381 https://doi.org/10.1214/17-AOS1564

TIBSHIRANI, R. (1996). Regression shrinkage and selection via the lasso. J. Roy. Statist. Soc. Ser. B 58
267-288. MR1379242

TIBSHIRANI, R. J., TAYLOR, J., LOCKHART, R. and TIBSHIRANI, R. (2016). Exact post-selection in-
ference for sequential regression procedures. J. Amer. Statist. Assoc. 111 600-620. MR3538689
https://doi.org/10.1080/01621459.2015.1108848

ZRNIC, T. and JORDAN, M. I (2023). Supplement to “Post-selection inference via algorithmic stability.”
https://doi.org/10.1214/23- AOS2303SUPP


https://mathscinet.ams.org/mathscinet-getitem?mr=3631011
https://doi.org/10.1109/FOCS.2016.59
https://mathscinet.ams.org/mathscinet-getitem?mr=1673563
https://mathscinet.ams.org/mathscinet-getitem?mr=4564857
https://doi.org/10.1214/22-aos2250
https://mathscinet.ams.org/mathscinet-getitem?mr=3734260
https://doi.org/10.1109/FOCS.2017.57
https://mathscinet.ams.org/mathscinet-getitem?mr=3371123
https://doi.org/10.1073/pnas.1507583112
http://arxiv.org/abs/arXiv:1609.05609
http://arxiv.org/abs/arXiv:1607.02630
https://mathscinet.ams.org/mathscinet-getitem?mr=3782381
https://doi.org/10.1214/17-AOS1564
https://mathscinet.ams.org/mathscinet-getitem?mr=1379242
https://mathscinet.ams.org/mathscinet-getitem?mr=3538689
https://doi.org/10.1080/01621459.2015.1108848
https://doi.org/10.1214/23-AOS2303SUPP

The Annals of Statistics

2023, Vol. 51, No. 4, 16921717
https://doi.org/10.1214/23-A0S2304

© Institute of Mathematical Statistics, 2023

BRIDGING FACTOR AND SPARSE MODELS

BY JIANQING FAN!2 RICARDO P. MASINI>? AND MARCELO C. MEDEIROS>"¢

lDeparz‘mem‘ of Operations Research and Financial Engineering, Princeton University, ®jqfan@princeton.edu

b

2Departmem of Statistics, University of California, Davis, ° rmasini @ucdavis.edu

3Department of Economics, University of Illinois at Urbana-Champaign, “marcelom@illinois.edu

Factor and sparse models are widely used to impose a low-dimensional
structure in high-dimensions. However, they are seemingly mutually exclu-
sive. We propose a lifting method that combines the merits of these two mod-
els in a supervised learning methodology that allows for efficiently explor-
ing all the information in high-dimensional datasets. The method is based
on a flexible model for high-dimensional panel data with observable and/or
latent common factors and idiosyncratic components. The model is called
the factor-augmented regression model. It includes principal components
and sparse regression as specific models, significantly weakens the cross-
sectional dependence, and facilitates model selection and interpretability. The
method consists of several steps and a novel test for (partial) covariance struc-
ture in high dimensions to infer the remaining cross-section dependence at
each step. We develop the theory for the model and demonstrate the validity
of the multiplier bootstrap for testing a high-dimensional (partial) covariance
structure. A simulation study and applications support the theory.
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MATCHING RECOVERY THRESHOLD FOR CORRELATED RANDOM
GRAPHS
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For two correlated graphs which are independently sub-sampled from a
common Erd6s—Rényi graph G(n, p), we wish to recover their latent vertex
matching from the observation of these two graphs without labels. When p =
n—eto) for g € (0, 1], we establish a sharp information-theoretic threshold
for whether it is possible to correctly match a positive fraction of vertices.
Our result sharpens a constant factor in a recent work by Wu, Xu and Yu.
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We propose a kernel-spectral embedding algorithm for learning low-
dimensional nonlinear structures from noisy and high-dimensional observa-
tions, where the data sets are assumed to be sampled from a nonlinear man-
ifold model and corrupted by high-dimensional noise. The algorithm em-
ploys an adaptive bandwidth selection procedure which does not rely on prior
knowledge of the underlying manifold. The obtained low-dimensional em-
beddings can be further utilized for downstream purposes such as data vi-
sualization, clustering and prediction. Our method is theoretically justified
and practically interpretable. Specifically, for a general class of kernel func-
tions, we establish the convergence of the final embeddings to their noiseless
counterparts when the dimension grows polynomially with the size, and char-
acterize the effect of the signal-to-noise ratio on the rate of convergence and
phase transition. We also prove the convergence of the embeddings to the
eigenfunctions of an integral operator defined by the kernel map of some re-
producing kernel Hilbert space capturing the underlying nonlinear structures.
Our results hold even when the dimension of the manifold grows with the
sample size. Numerical simulations and analysis of real data sets show the
superior empirical performance of the proposed method, compared to many
existing methods, on learning various nonlinear manifolds in diverse applica-

tions.
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Single index models provide an effective dimension reduction tool in re-
gression, especially for high-dimensional data, by projecting a general mul-
tivariate predictor onto a direction vector. We propose a novel single-index
model for regression models where metric space-valued random object re-
sponses are coupled with multivariate Euclidean predictors. The responses in
this regression model include complex, non-Euclidean data, including covari-
ance matrices, graph Laplacians of networks and univariate probability dis-
tribution functions, among other complex objects that lie in abstract metric
spaces. While Fréchet regression has proved useful for modeling the condi-
tional mean of such random objects given multivariate Euclidean vectors, it
does not provide for regression parameters such as slopes or intercepts, since
the metric space-valued responses are not amenable to linear operations. As a
consequence, distributional results for Fréchet regression have been elusive.
We show here that for the case of multivariate Euclidean predictors, the pa-
rameters that define a single index and projection vector can be used to substi-
tute for the inherent absence of parameters in Fréchet regression. Specifically,
we derive the asymptotic distribution of suitable estimates of these parame-
ters, which then can be utilized to test linear hypotheses for the parameters,
subject to an identifiability condition. Consistent estimation of the link func-
tion of the single index Fréchet regression model is obtained through local lin-
ear Fréchet regression. We demonstrate the finite sample performance of esti-
mation and inference for the proposed single index Fréchet regression model
through simulation studies, including the special cases where responses are
probability distributions and graph adjacency matrices. The method is illus-
trated for resting-state functional Magnetic Resonance Imaging (fMRI) data
from the ADNI study.
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The Convex Gaussian Min—-Max Theorem (CGMT) has emerged as a
prominent theoretical tool for analyzing the precise stochastic behavior of
various statistical estimators in the so-called high-dimensional proportional
regime, where the sample size and the signal dimension are of the same or-
der. However, a well-recognized limitation of the existing CGMT machinery
rests in its stringent requirement on the exact Gaussianity of the design ma-
trix, therefore rendering the obtained precise high-dimensional asymptotics,
largely a specific Gaussian theory in various important statistical models.

This paper provides a structural universality framework for a broad class
of regularized regression estimators that is particularly compatible with the
CGMT machinery. Here, universality means that if a “structure” is satisfied
by the regression estimator i for a standard Gaussian design G, then it will
also be satisfied by fi 4 for a general non-Gaussian design A with independent
entries. In particular, we show that with a good enough ¢~, bound for the
regression estimator i 4, any “‘structural property” that can be detected via the
CGMT for fig also holds for T 4 under a general design A with independent
entries.

As a proof of concept, we demonstrate our new universality framework in
three key examples of regularized regression estimators: the Ridge, Lasso and
regularized robust regression estimators, where new universality properties
of risk asymptotics and/or distributions of regression estimators and other
related quantities are proved. As a major statistical implication of the Lasso
universality results, we validate inference procedures using the degrees-of-
freedom adjusted debiased Lasso under general design and error distributions.
We also provide a counterexample, showing that universality properties for
regularized regression estimators do not extend to general isotropic designs.

The proof of our universality results relies on new comparison inequalities
for the optimum of a broad class of cost functions and Gordon’s max—min (or
min—max) costs, over arbitrary structure sets subject to £, constraints. These
results may be of independent interest and broader applicability.
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STATISTICAL INFERENCE ON A CHANGING EXTREME VALUE
DEPENDENCE STRUCTURE
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Department of Mathematics, University of Hamburg, *holger.drees @uni-hamburg.de

We analyze the extreme value dependence of independent, not neces-
sarily identically distributed multivariate regularly varying random vectors.
More specifically, we propose estimators of the spectral measure locally at
some time point and of the spectral measures integrated over time. The uni-
form asymptotic normality of these estimators is proved under suitable non-
parametric smoothness and regularity assumptions. We then use the process
convergence of the integrated spectral measure to devise consistent tests for
the null hypothesis that the spectral measure does not change over time.
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We consider prediction with expert advice when data are generated from
distributions varying arbitrarily within an unknown constraint set. This semi-
adversarial setting includes (at the extremes) the classical i.i.d. setting, when
the unknown constraint set is restricted to be a singleton, and the uncon-
strained adversarial setting, when the constraint set is the set of all distribu-
tions. The Hedge algorithm—Ilong known to be minimax (rate) optimal in
the adversarial regime—was recently shown to be simultaneously minimax
optimal for i.i.d. data. In this work, we propose to relax the i.i.d. assumption
by seeking adaptivity at all levels of a natural ordering on constraint sets. We
provide matching upper and lower bounds on the minimax regret at all levels,
show that Hedge with deterministic learning rates is suboptimal outside of
the extremes and prove that one can adaptively obtain minimax regret at all
levels. We achieve this optimal adaptivity using the follow-the-regularized-
leader (FTRL) framework, with a novel adaptive regularization scheme that
implicitly scales as the square root of the entropy of the current predictive
distribution, rather than the entropy of the initial predictive distribution. Fi-
nally, we provide novel technical tools to study the statistical performance of
FTRL along the semi-adversarial spectrum.
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The effect of the order in which a set of m treatments is applied can be
modeled by relative-position factors that indicate whether treatment i is car-
ried out before or after treatment j, or by the absolute position for treatment
i in the sequence. A design with the same normalized information matrix as
the design with all m! sequences is D- and G-optimal for the main-effects
model involving the relative-position factors. We prove that such designs are
also I-optimal for this model and D-optimal as well as G- and I-optimal for
the first-order model in the absolute-position factors. We propose a method-
ology for a complete or partial enumeration of nonequivalent designs that are
optimal for both models.
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