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HIGH-DIMENSIONAL INFERENCE FOR DYNAMIC TREATMENT EFFECTS

BY JELENA BRADIC1,a, WEIJIE JI2,b AND YUQIAN ZHANG3,c

1Department of Mathematics and Halicioglu Data Science Institute, University of California San Diego, ajbradic@ucsd.edu
2School of Statistics and Management, Shanghai University of Finance and Economics, bw6ji@ucsd.edu

3Institute of Statistics and Big Data, Renmin University of China, cyuqianzhang@ruc.edu.cn

Estimating dynamic treatment effects is a crucial endeavor in causal in-
ference, particularly when confronted with high-dimensional confounders.
Doubly robust (DR) approaches have emerged as promising tools for esti-
mating treatment effects due to their flexibility. However, we showcase that
the traditional DR approaches that only focus on the DR representation of the
expected outcomes may fall short of delivering optimal results. In this paper,
we propose a novel DR representation for intermediate conditional outcome
models that leads to superior robustness guarantees. The proposed method
achieves consistency even with high-dimensional confounders, as long as at
least one nuisance function is appropriately parametrized for each exposure
time and treatment path. Our results represent a significant step forward as
they provide faster convergence rates and new robustness guarantees. The
key to achieving these results lies in utilizing DR representations for inter-
mediate conditional outcome models, which offer superior inferential perfor-
mance while requiring weaker assumptions. Lastly, we examine finite sample
behavior through simulations and a real data application.
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THE CURSE OF OVERPARAMETRIZATION IN ADVERSARIAL TRAINING:
PRECISE ANALYSIS OF ROBUST GENERALIZATION FOR RANDOM
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BY HAMED HASSANI1,a AND ADEL JAVANMARD2,b
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1Department of Electrical and Systems Engineering, University of Pennsylvania, ahassani@seas.upenn.edu
2Data Sciences and Operations Department, University of Southern California, bajavanma@usc.edu

Successful deep learning models often involve training neural network
architectures that contain more parameters than the number of training sam-
ples. Such overparametrized models have recently been extensively studied,
and the virtues of overparametrization have been established from both the
statistical perspective, via the double-descent phenomenon, and the computa-
tional perspective via the structural properties of the optimization landscape.
Despite this success, it is also well known that these models are highly vulner-
able to small adversarial perturbations in their inputs. Even when adversar-
ially trained, their performance on perturbed inputs (robust generalization)
is considerably worse than their best attainable performance on benign in-
puts (standard generalization). It is thus imperative to understand how over-
parametrization fundamentally affects robustness.

In this paper, we will provide a precise characterization of the role of
overparametrization on robustness by focusing on random features regression
models (two-layer neural networks with random first layer weights). We con-
sider a regime where the sample size, the input dimension and the number of
parameters grow proportionally, and derive an asymptotically exact formula
for the robust generalization error when the model is adversarially trained.
Our developed theory reveals the nontrivial effect of overparametrization on
robustness and indicates that high overparametrization can hurt robust gener-
alization.
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We develop a theoretical framework for the analysis of oblique decision
trees, where the splits at each decision node occur at linear combinations of
the covariates (as opposed to conventional tree constructions that force axis-
aligned splits involving only a single covariate). While this methodology has
garnered significant attention from the computer science and optimization
communities since the mid-80s, the advantages they offer over their axis-
aligned counterparts remain only empirically justified, and explanations for
their success are largely based on heuristics. Filling this long-standing gap be-
tween theory and practice, we show that oblique regression trees (constructed
by recursively minimizing squared error) satisfy a type of oracle inequality
and can adapt to a rich library of regression models consisting of linear com-
binations of ridge functions and their limit points. This provides a quantitative
baseline to compare and contrast decision trees with other less interpretable
methods, such as projection pursuit regression and neural networks, which
target similar model forms. Contrary to popular belief, one needs not always
trade-off interpretability with accuracy. Specifically, we show that, under suit-
able conditions, oblique decision trees achieve similar predictive accuracy as
neural networks for the same library of regression models. To address the
combinatorial complexity of finding the optimal splitting hyperplane at each
decision node, our proposed theoretical framework can accommodate many
existing computational tools in the literature. Our results rely on (arguably
surprising) connections between recursive adaptive partitioning and sequen-
tial greedy approximation algorithms for convex optimization problems (e.g.,
orthogonal greedy algorithms), which may be of independent theoretical in-
terest. Using our theory and methods, we also study oblique random forests.
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Increasingly high-dimensional data sets require that estimation methods
do not only satisfy statistical guarantees but also remain computationally
feasible. In this context, we consider L2-boosting via orthogonal matching
pursuit in a high-dimensional linear model and analyze a data-driven early
stopping time τ of the algorithm, which is sequential in the sense that its
computation is based on the first τ iterations only. This approach is much
less costly than established model selection criteria, that require the compu-
tation of the full boosting path, which may even be computationally infeasible
in truly high-dimensional applications. We prove that sequential early stop-
ping preserves statistical optimality in this setting in terms of a fully general
oracle inequality for the empirical risk and recently established optimal con-
vergence rates for the population risk. Finally, an extensive simulation study
shows that at a significantly reduced computational cost, the performance of
early stopping methods is on par with other state of the art algorithms such as
the cross-validated Lasso or model selection via a high-dimensional Akaike
criterion based on the full boosting path.
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Let (Xt ) be a reflected diffusion process in a bounded convex domain in
R

d , solving the stochastic differential equation

dXt = ∇f (Xt ) dt +
√

2f (Xt ) dWt , t ≥ 0,

with Wt a d-dimensional Brownian motion. The data X0,XD, . . . ,XND con-
sist of discrete measurements and the time interval D between consecutive
observations is fixed so that one cannot ‘zoom’ into the observed path of the
process. The goal is to infer the diffusivity f and the associated transition
operator Pt,f . We prove injectivity theorems and stability inequalities for the
maps f �→ Pt,f �→ PD,f , t < D. Using these estimates, we establish the
statistical consistency of a class of Bayesian algorithms based on Gaussian
process priors for the infinite-dimensional parameter f , and show optimality
of some of the convergence rates obtained. We discuss an underlying rela-
tionship between the degree of ill-posedness of this inverse problem and the
‘hot spots’ conjecture from spectral geometry.
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A GENERAL FRAMEWORK TO QUANTIFY DEVIATIONS FROM
STRUCTURAL ASSUMPTIONS IN THE ANALYSIS OF NONSTATIONARY

FUNCTION-VALUED PROCESSES
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We present a general theory to quantify the uncertainty from impos-
ing structural assumptions on the second-order structure of nonstationary
Hilbert space-valued processes, which can be measured via functionals of
time-dependent spectral density operators. The second-order dynamics are
well known to be elements of the space of trace class operators, the latter is
a Banach space of type 1 and of cotype 2, which makes the development
of statistical inference tools more challenging. A part of our contribution
is to obtain a weak invariance principle as well as concentration inequali-
ties for (functionals of) the sequential time-varying spectral density operator.
In addition, we introduce deviation measures in the nonstationary context,
and derive corresponding estimators that are asymptotically pivotal. We then
apply this framework and propose statistical methodology to investigate the
validity of structural assumptions for nonstationary functional data, such as
low-rank assumptions in the context of time-varying dynamic fPCA and prin-
ciple separable component analysis, deviations from stationarity with respect
to the square root distance, and deviations from zero functional canonical
coherency.
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[14] HÖRMANN, S., KIDZIŃSKI, Ł. and HALLIN, M. (2015). Dynamic functional principal components. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 77 319–348. MR3310529 https://doi.org/10.1111/rssb.12076

[15] JENTSCH, C. and SUBBA RAO, S. (2015). A test for second order stationarity of a multivariate time series.
J. Econometrics 185 124–161. MR3300340 https://doi.org/10.1016/j.jeconom.2014.09.010

[16] JOLLIFFE, I. T. (2002). Principal Component Analysis, 2nd ed. Springer Series in Statistics. Springer, New
York. MR2036084

[17] KREISS, J.-P. and PAPARODITIS, E. (2015). Bootstrapping locally stationary processes. J. R. Stat. Soc. Ser.
B. Stat. Methodol. 77 267–290. MR3299408 https://doi.org/10.1111/rssb.12068

[18] LEDOUX, M. and TALAGRAND, M. (1991). Probability in Banach Spaces: Isoperimetry and Processes.
Ergebnisse der Mathematik und Ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas
(3)] 23. Springer, Berlin. MR1102015 https://doi.org/10.1007/978-3-642-20212-4

[19] LIU, W. and WU, W. B. (2010). Asymptotics of spectral density estimates. Econometric Theory 26 1218–
1245. MR2660298 https://doi.org/10.1017/S026646660999051X

[20] MAS, A. (2006). A sufficient condition for the CLT in the space of nuclear operators—application to covari-
ance of random functions. Statist. Probab. Lett. 76 1503–1509. MR2245571 https://doi.org/10.1016/j.
spl.2006.03.010

[21] MASAK, T., SARKAR, S. and PANARETOS, V. M. (2023). Separable expansions for covariance estimation
via the partial inner product. Biometrika 110 225–247. MR4565453 https://doi.org/10.1093/biomet/
asac035

[22] NASON, G. P., VON SACHS, R. and KROISANDT, G. (2000). Wavelet processes and adaptive estimation of
the evolutionary wavelet spectrum. J. R. Stat. Soc. Ser. B. Stat. Methodol. 62 271–292. MR1749539
https://doi.org/10.1111/1467-9868.00231

[23] PANARETOS, V. M., KRAUS, D. and MADDOCKS, J. H. (2010). Second-order comparison of Gaussian
random functions and the geometry of DNA minicircles. J. Amer. Statist. Assoc. 105 670–682. Supple-
mentary materials available online. MR2724851 https://doi.org/10.1198/jasa.2010.tm09239

[24] PANARETOS, V. M. and TAVAKOLI, S. (2013). Cramér–Karhunen–Loève representation and harmonic
principal component analysis of functional time series. Stochastic Process. Appl. 123 2779–2807.
MR3054545 https://doi.org/10.1016/j.spa.2013.03.015

[25] PIGOLI, D., ASTON, J. A. D., DRYDEN, I. L. and SECCHI, P. (2014). Distances and inference for covari-
ance operators. Biometrika 101 409–422. MR3215356 https://doi.org/10.1093/biomet/asu008

[26] POLITIS, D. N., ROMANO, J. P. and WOLF, M. (1999). Subsampling. Springer Series in Statistics. Springer,
New York. MR1707286 https://doi.org/10.1007/978-1-4612-1554-7

[27] SHAO, X. (2015). Self-normalization for time series: A review of recent developments. J. Amer. Statist.
Assoc. 110 1797–1817. MR3449074 https://doi.org/10.1080/01621459.2015.1050493

[28] TOMCZAK-JAEGERMANN, N. (1974). The moduli of smoothness and convexity and the Rademacher aver-
ages of trace classes Sp (1 ≤ p < ∞). Studia Math. 50 163–182. MR0355667

[29] VAN DELFT, A. (2020). A note on quadratic forms of stationary functional time series under mild conditions.
Stochastic Process. Appl. 130 4206–4251. MR4102264 https://doi.org/10.1016/j.spa.2019.12.002

[30] VAN DELFT, A., CHARACIEJUS, V. and DETTE, H. (2021). A nonparametric test for stationarity in func-
tional time series. Statist. Sinica 31 1375–1395. MR4297704 https://doi.org/10.5705/ss.202018.0320

[31] VAN DELFT, A. and DETTE, H. (2022). Pivotal tests for relevant differences in the second order dynamics
of functional time series. Bernoulli 28 2260–2293. MR4474543 https://doi.org/10.3150/21-bej1418

[32] VAN DELFT, A. and DETTE, H. (2024). Supplement to “A general framework to quantify deviations from
structural assumptions in the analysis of nonstationary function-valued processes.” https://doi.org/10.
1214/24-AOS2358SUPP

[33] VAN DELFT, A. and EICHLER, M. (2018). Locally stationary functional time series. Electron. J. Stat. 12
107–170. MR3746979 https://doi.org/10.1214/17-EJS1384

[34] VAN DELFT, A. and EICHLER, M. (2020). A note on Herglotz’s theorem for time series on function spaces.
Stochastic Process. Appl. 130 3687–3710. MR4092417 https://doi.org/10.1016/j.spa.2019.10.006

[35] WU, W. B. (2005). Nonlinear system theory: Another look at dependence. Proc. Natl. Acad. Sci. USA 102
14150–14154. MR2172215 https://doi.org/10.1073/pnas.0506715102

https://mathscinet.ams.org/mathscinet-getitem?mr=2750388
https://doi.org/10.1214/09-AOAS249
https://mathscinet.ams.org/mathscinet-getitem?mr=3024036
https://doi.org/10.1111/j.1467-9469.2012.00796.x
https://mathscinet.ams.org/mathscinet-getitem?mr=2408938
https://doi.org/10.1002/env.854
https://mathscinet.ams.org/mathscinet-getitem?mr=3310529
https://doi.org/10.1111/rssb.12076
https://mathscinet.ams.org/mathscinet-getitem?mr=3300340
https://doi.org/10.1016/j.jeconom.2014.09.010
https://mathscinet.ams.org/mathscinet-getitem?mr=2036084
https://mathscinet.ams.org/mathscinet-getitem?mr=3299408
https://doi.org/10.1111/rssb.12068
https://mathscinet.ams.org/mathscinet-getitem?mr=1102015
https://doi.org/10.1007/978-3-642-20212-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2660298
https://doi.org/10.1017/S026646660999051X
https://mathscinet.ams.org/mathscinet-getitem?mr=2245571
https://doi.org/10.1016/j.spl.2006.03.010
https://mathscinet.ams.org/mathscinet-getitem?mr=4565453
https://doi.org/10.1093/biomet/asac035
https://mathscinet.ams.org/mathscinet-getitem?mr=1749539
https://doi.org/10.1111/1467-9868.00231
https://mathscinet.ams.org/mathscinet-getitem?mr=2724851
https://doi.org/10.1198/jasa.2010.tm09239
https://mathscinet.ams.org/mathscinet-getitem?mr=3054545
https://doi.org/10.1016/j.spa.2013.03.015
https://mathscinet.ams.org/mathscinet-getitem?mr=3215356
https://doi.org/10.1093/biomet/asu008
https://mathscinet.ams.org/mathscinet-getitem?mr=1707286
https://doi.org/10.1007/978-1-4612-1554-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3449074
https://doi.org/10.1080/01621459.2015.1050493
https://mathscinet.ams.org/mathscinet-getitem?mr=0355667
https://mathscinet.ams.org/mathscinet-getitem?mr=4102264
https://doi.org/10.1016/j.spa.2019.12.002
https://mathscinet.ams.org/mathscinet-getitem?mr=4297704
https://doi.org/10.5705/ss.202018.0320
https://mathscinet.ams.org/mathscinet-getitem?mr=4474543
https://doi.org/10.3150/21-bej1418
https://doi.org/10.1214/24-AOS2358SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3746979
https://doi.org/10.1214/17-EJS1384
https://mathscinet.ams.org/mathscinet-getitem?mr=4092417
https://doi.org/10.1016/j.spa.2019.10.006
https://mathscinet.ams.org/mathscinet-getitem?mr=2172215
https://doi.org/10.1073/pnas.0506715102
https://doi.org/10.1111/j.1467-9469.2012.00796.x
https://doi.org/10.1016/j.spl.2006.03.010
https://doi.org/10.1093/biomet/asac035
https://doi.org/10.1214/24-AOS2358SUPP


[36] YANG, J. and ZHOU, Z. (2022). Spectral inference under complex temporal dynamics. J. Amer. Statist.
Assoc. 117 133–155. MR4399075 https://doi.org/10.1080/01621459.2020.1764365

[37] YANG, W., MÜLLER, H.-G. and STADTMÜLLER, U. (2011). Functional singular component analysis. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 73 303–324. MR2815778 https://doi.org/10.1111/j.1467-9868.2010.
00769.x

[38] ZHANG, D. and WU, W. B. (2021). Convergence of covariance and spectral density estimates for high-
dimensional locally stationary processes. Ann. Statist. 49 233–254. MR4206676 https://doi.org/10.
1214/20-AOS1954

[39] ZHANG, X. and SHAO, X. (2015). Two sample inference for the second-order property of temporally de-
pendent functional data. Bernoulli 21 909–929. MR3338651 https://doi.org/10.3150/13-BEJ592

https://mathscinet.ams.org/mathscinet-getitem?mr=4399075
https://doi.org/10.1080/01621459.2020.1764365
https://mathscinet.ams.org/mathscinet-getitem?mr=2815778
https://doi.org/10.1111/j.1467-9868.2010.00769.x
https://mathscinet.ams.org/mathscinet-getitem?mr=4206676
https://doi.org/10.1214/20-AOS1954
https://mathscinet.ams.org/mathscinet-getitem?mr=3338651
https://doi.org/10.3150/13-BEJ592
https://doi.org/10.1111/j.1467-9868.2010.00769.x
https://doi.org/10.1214/20-AOS1954


The Annals of Statistics
2024, Vol. 52, No. 2, 580–601
https://doi.org/10.1214/24-AOS2359
© Institute of Mathematical Statistics, 2024

THE EDGE OF DISCOVERY: CONTROLLING THE LOCAL FALSE
DISCOVERY RATE AT THE MARGIN

BY JAKE A. SOLOFF1,a, DANIEL XIANG1,b AND WILLIAM FITHIAN2,c

1Department of Statistics, University of Chicago, asoloff@uchicago.edu, bdxiang@uchicago.edu
2Department of Statistics, University of California, Berkeley, cwfithian@berkeley.edu

Despite the popularity of the false discovery rate (FDR) as an error con-
trol metric for large-scale multiple testing, its close Bayesian counterpart the
local false discovery rate (lfdr), defined as the posterior probability that a
particular null hypothesis is false, is a more directly relevant standard for jus-
tifying and interpreting individual rejections. However, the lfdr is difficult to
work with in small samples, as the prior distribution is typically unknown. We
propose a simple multiple testing procedure and prove that it controls the ex-
pectation of the maximum lfdr across all rejections; equivalently, it controls
the probability that the rejection with the largest p-value is a false discov-
ery. Our method operates without knowledge of the prior, assuming only that
the p-value density is uniform under the null and decreasing under the alter-
native. We also show that our method asymptotically implements the oracle
Bayes procedure for a weighted classification risk, optimally trading off be-
tween false positives and false negatives. We derive the limiting distribution
of the attained maximum lfdr over the rejections, and the limiting empirical
Bayes regret relative to the oracle procedure.
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�2 INFERENCE FOR CHANGE POINTS IN HIGH-DIMENSIONAL TIME
SERIES VIA A TWO-WAY MOSUM
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We propose an inference method for detecting multiple change points in
high-dimensional time series, targeting dense or spatially clustered signals.
Our method aggregates moving sum (MOSUM) statistics cross-sectionally
by an �2-norm and maximizes them over time. We further introduce a
novel Two-Way MOSUM, which utilizes spatial-temporal moving regions
to search for breaks, with the added advantage of enhancing testing power
when breaks occur in only a few groups. The limiting distribution of an �2-
aggregated statistic is established for testing break existence by extending a
high-dimensional Gaussian approximation theorem to spatial-temporal non-
stationary processes. Simulation studies exhibit promising performance of
our test in detecting nonsparse weak signals. Two applications on equity re-
turns and COVID-19 cases in the United States show the real-world relevance
of our algorithms. The R package “L2hdchange” is available on CRAN.
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TESTING FOR PRACTICALLY SIGNIFICANT DEPENDENCIES IN HIGH
DIMENSIONS VIA BOOTSTRAPPING MAXIMA OF U-STATISTICS
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This paper takes a different look on the problem of testing the mutual in-
dependence of the components of a high-dimensional vector. Instead of test-
ing if all pairwise associations (e.g., all pairwise Kendall’s τ ) between the
components vanish, we are interested in the (null) hypothesis that all pair-
wise associations do not exceed a certain threshold in absolute value. The
consideration of these hypotheses is motivated by the observation that in the
high-dimensional regime, it is rare, and perhaps impossible, to have a null
hypothesis that can be exactly modeled by assuming that all pairwise associ-
ations are precisely equal to zero.

The formulation of the null hypothesis as a composite hypothesis makes
the problem of constructing tests nonstandard and in this paper we provide a
solution for a broad class of dependence measures, which can be estimated
by U -statistics. In particular, we develop an asymptotic and a bootstrap level
α-test for the new hypotheses in the high-dimensional regime. We also prove
that the new tests are minimax-optimal and investigate their finite sample
properties by means of a small simulation study and a data example.
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TRANSFER LEARNING FOR FUNCTIONAL MEAN ESTIMATION:
PHASE TRANSITION AND ADAPTIVE ALGORITHMS

BY T. TONY CAIa, DONGWOO KIMb AND HONGMING PUc
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This paper studies transfer learning for estimating the mean of random
functions based on discretely sampled data, where in addition to observa-
tions from the target distribution, auxiliary samples from similar but distinct
source distributions are available. The paper considers both common and in-
dependent designs and establishes the minimax rates of convergence for both
designs. The results reveal an interesting phase transition phenomenon under
the two designs and demonstrate the benefits of utilizing the source samples
in the low sampling frequency regime.

For practical applications, this paper proposes novel data-driven adaptive
algorithms that attain the optimal rates of convergence within a logarithmic
factor simultaneously over a large collection of parameter spaces. The theo-
retical findings are complemented by a simulation study that further supports
the effectiveness of the proposed algorithms.
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SMOOTH FISHER CONSISTENT SURROGATE LOSS
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Large health care data repositories such as electronic health records
(EHR) open new opportunities to derive individualized treatment strategies
for complicated diseases such as sepsis. In this paper, we consider the prob-
lem of estimating sequential treatment rules tailored to a patient’s individual
characteristics, often referred to as dynamic treatment regimes (DTRs). Our
main objective is to find the optimal DTR that maximizes a discontinuous
value function through direct maximization of Fisher consistent surrogate
loss functions. In this regard, we demonstrate that a large class of concave
surrogates fails to be Fisher consistent—a behavior that differs from the clas-
sical binary classification problems. We further characterize a nonconcave
family of Fisher consistent smooth surrogate functions, which is amenable to
gradient-descent type optimization algorithms. Compared to the existing di-
rect search approach under the support vector machine framework (J. Amer.
Statist. Assoc. 110 (2015) 583–598), our proposed DTR estimation via surro-
gate loss optimization (DTRESLO) method is more computationally scalable
to large sample sizes and allows for broader functional classes for treatment
policies. We establish theoretical properties for our proposed DTR estimator
and obtain a sharp upper bound on the regret corresponding to our DTRESLO
method. The finite sample performance of our proposed estimator is evalu-
ated through extensive simulations. We also illustrate the working principles
and benefits of our method for estimating an optimal DTR for treating sepsis
using EHR data from sepsis patients admitted to intensive care units.
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A standing challenge in data privacy is the trade-off between the level
of privacy and the efficiency of statistical inference. Here, we conduct an in-
depth study of this trade-off for parameter estimation in the β-model (Ann.
Appl. Probab. 21 (2011) 1400–1435) for edge differentially private network
data released via jittering (J. R. Stat. Soc. Ser. C. Appl. Stat. 66 (2017) 481–
500). Unlike most previous approaches based on maximum likelihood esti-
mation for this network model, we proceed via the method of moments. This
choice facilitates our exploration of a substantially broader range of privacy
levels—corresponding to stricter privacy—than has been to date. Over this
new range, we discover our proposed estimator for the parameters exhibits
an interesting phase transition, with both its convergence rate and asymptotic
variance following one of three different regimes of behavior depending on
the level of privacy. Because identification of the operable regime is difficult,
if not impossible in practice, we devise a novel adaptive bootstrap procedure
to construct uniform inference across different phases. In fact, leveraging this
bootstrap we are able to provide for simultaneous inference of all parame-
ters in the β-model (i.e., equal to the number of nodes), which, to our best
knowledge, is the first result of its kind. Numerical experiments confirm the
competitive and reliable finite sample performance of the proposed inference
methods, next to a comparable maximum likelihood method, as well as sig-
nificant advantages in terms of computational speed and memory.
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This paper studies how to construct confidence regions for principal
component analysis (PCA) in high dimension, a problem that has been
vastly underexplored. While computing measures of uncertainty for nonlin-
ear/nonconvex estimators is in general difficult in high dimension, the chal-
lenge is further compounded by the prevalent presence of missing data and
heteroskedastic noise. We propose a novel approach to performing valid infer-
ence on the principal subspace, on the basis of an estimator called HeteroPCA
(Ann. Statist. 50 (2022b) 53–80). We develop nonasymptotic distributional
guarantees for HeteroPCA, and demonstrate how these can be invoked to
compute both confidence regions for the principal subspace and entrywise
confidence intervals for the spiked covariance matrix. Our inference proce-
dures are fully data-driven and adaptive to heteroskedastic random noise,
without requiring prior knowledge about the noise levels.
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This article provides an overview on the statistical modeling of complex
data as increasingly encountered in modern data analysis. It is argued that
such data can often be described as elements of a metric space that satisfies
certain structural conditions and features a probability measure. We refer to
the random elements of such spaces as random objects and to the emerging
field that deals with their statistical analysis as metric statistics. Metric statis-
tics provides methodology, theory and visualization tools for the statistical
description, quantification of variation, centrality and quantiles, regression
and inference for populations of random objects, inferring these quantities
from available data and samples. In addition to a brief review of current
concepts, we focus on distance profiles as a major tool for object data in
conjunction with the pairwise Wasserstein transports of the underlying one-
dimensional distance distributions. These pairwise transports lead to the def-
inition of intuitive and interpretable notions of transport ranks and transport
quantiles as well as two-sample inference. An associated profile metric com-
plements the original metric of the object space and may reveal important
features of the object data in data analysis. We demonstrate these tools for
the analysis of complex data through various examples and visualizations.
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Estimation of heterogeneous causal effects—that is, how effects of poli-
cies and treatments vary across subjects—is a fundamental task in causal in-
ference. Many methods for estimating conditional average treatment effects
(CATEs) have been proposed in recent years, but questions surrounding op-
timality have remained largely unanswered. In particular, a minimax theory
of optimality has yet to be developed, with the minimax rate of convergence
and construction of rate-optimal estimators remaining open problems. In this
paper, we derive the minimax rate for CATE estimation, in a Hölder-smooth
nonparametric model, and present a new local polynomial estimator, giving
high-level conditions under which it is minimax optimal. Our minimax lower
bound is derived via a localized version of the method of fuzzy hypothe-
ses, combining lower bound constructions for nonparametric regression and
functional estimation. Our proposed estimator can be viewed as a local poly-
nomial R-Learner, based on a localized modification of higher-order influ-
ence function methods. The minimax rate we find exhibits several interesting
features, including a nonstandard elbow phenomenon and an unusual inter-
polation between nonparametric regression and functional estimation rates.
The latter quantifies how the CATE, as an estimand, can be viewed as a re-
gression/functional hybrid.
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The closure principle is fundamental in multiple testing and has been
used to derive many efficient procedures with familywise error rate control.
However, it is often unsuitable for modern research, which involves flexible
multiple testing settings where not all hypotheses are known at the beginning
of the evaluation. In this paper, we focus on online multiple testing where a
possibly infinite sequence of hypotheses is tested over time. At each step, it
must be decided on the current hypothesis without having any information
about the hypotheses that have not been tested yet. Our main contribution
is a general and stringent mathematical definition of online multiple testing
and a new online closure principle, which ensures that the resulting closed
procedure can be applied in the online setting. We prove that any familywise
error rate controlling online procedure can be derived by this online closure
principle and provide admissibility results. In addition, we demonstrate how
shortcuts of these online closed procedures can be obtained under a suitable
consonance property.
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The likelihood functions for discretely observed nonlinear continuous
time models based on stochastic differential equations are not available ex-
cept for a few cases. Various parameter estimation techniques have been pro-
posed, each with advantages, disadvantages and limitations depending on
the application. Most applications still use the Euler–Maruyama discretiza-
tion, despite many proofs of its bias. More sophisticated methods, such as
Kessler’s Gaussian approximation, Ozaki’s local linearization, Aït–Sahalia’s
Hermite expansions or MCMC methods, might be complex to implement,
do not scale well with increasing model dimension or can be numerically
unstable. We propose two efficient and easy-to-implement likelihood-based
estimators based on the Lie–Trotter (LT) and the Strang (S) splitting schemes.
We prove that S has Lp convergence rate of order 1, a property already known
for LT. We show that the estimators are consistent and asymptotically efficient
under the less restrictive one-sided Lipschitz assumption. A numerical study
on the 3-dimensional stochastic Lorenz system complements our theoretical
findings. The simulation shows that the S estimator performs the best when
measured on precision and computational speed compared to the state-of-the-
art.
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