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EMPIRICAL PARTIALLY BAYES MULTIPLE TESTING AND
COMPOUND χ2 DECISIONS
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1Department of Statistics and Data Science Institute, University of Chicago, aignat@uchicago.edu
2Department of Statistics, Columbia University, bbodhi@stat.columbia.edu

A common task in high-throughput biology is to screen for associations
across thousands of units of interest, for example, genes or proteins. Often,
the data for each unit are modeled as Gaussian measurements with unknown
mean and variance and are summarized as per-unit sample averages and sam-
ple variances. The downstream goal is multiple testing for the means. In
this domain, it is routine to “moderate” (i.e., to shrink) the sample variances
through parametric empirical Bayes methods before computing p-values for
the means. Such an approach is asymmetric in that a prior is posited and esti-
mated for the nuisance parameters (variances) but not the primary parameters
(means). Our work initiates the formal study of this paradigm, which we term
“empirical partially Bayes multiple testing.” In this framework, if the prior for
the variances were known, one could proceed by computing p-values condi-
tional on the sample variances—a strategy called partially Bayes inference by
Sir David Cox. We show that these conditional p-values satisfy an Edding-
ton/Tweedie-type formula and are approximated at nearly-parametric rates
when the prior is estimated by nonparametric maximum likelihood. The esti-
mated p-values can be used with the Benjamini–Hochberg procedure to guar-
antee asymptotic control of the false discovery rate. Even in the compound
setting, wherein the variances are fixed, the approach retains asymptotic type-
I error guarantees.
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There has been an increasing interest on summary-free solutions for ap-
proximate Bayesian computation (ABC) that replace distances among sum-
maries with discrepancies between the empirical distributions of the observed
data and the synthetic samples generated under the proposed parameter val-
ues. The success of these strategies has motivated theoretical studies on the
limiting properties of the induced posteriors. However, there is still the lack
of a theoretical framework for summary-free ABC that (i) is unified, instead of
discrepancy-specific, (ii) does not necessarily require to constrain the analysis
to data generating processes and statistical models meeting specific regularity
conditions, but rather facilitates the derivation of limiting properties that hold
uniformly, and (iii) relies on verifiable assumptions that provide more explicit
concentration bounds clarifying which factors govern the limiting behavior of
the ABC posterior. We address this gap via a novel theoretical framework that
introduces the concept of Rademacher complexity in the analysis of the lim-
iting properties for discrepancy-based ABC posteriors, including in non-i.i.d.
and misspecified settings. This yields a unified theory that relies on construc-
tive arguments and provides more informative asymptotic results and uniform
concentration bounds, even in those settings not covered by current studies.
These key advancements are obtained by relating the asymptotic properties of
summary-free ABC posteriors to the behavior of the Rademacher complexity
associated with the chosen discrepancy within the family of integral proba-
bility semimetrics (IPS). The IPS class extends summary-based distances, and
also includes the widely implemented Wasserstein distance and maximum
mean discrepancy (MMD), among others. As clarified in specialized theoreti-
cal analyses of popular IPS discrepancies and via illustrative simulations, this
new perspective improves the understanding of summary-free ABC.
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We study the sample complexity of entropic optimal transport in high di-
mensions using computationally efficient plug-in estimators. We significantly
advance the state of the art by establishing dimension-free, parametric rates
for estimating various quantities of interest, including the entropic regression
function, which is a natural analog to the optimal transport map. As an appli-
cation, we propose a practical model for transfer learning based on entropic
optimal transport and establish parametric rates of convergence for nonpara-
metric regression and classification.
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This paper is concerned with estimating the column subspace of a low-
rank matrix X⋆ ∈ R

n1×n2 from contaminated data. How to obtain opti-
mal statistical accuracy while accommodating the widest range of signal-
to-noise ratios (SNRs) becomes particularly challenging in the presence of
heteroskedastic noise and unbalanced dimensionality (i.e., n2 ≫ n1). While
the state-of-the-art algorithm HeteroPCA emerges as a powerful solution for
solving this problem, it suffers from “the curse of ill-conditioning,” namely,
its performance degrades as the condition number of X⋆ grows. In order
to overcome this critical issue without compromising the range of allow-
able SNRs, we propose a novel algorithm, called Deflated − HeteroPCA,
that achieves near-optimal and condition-number-free theoretical guaran-
tees in terms of both ℓ2 and ℓ2,∞ statistical accuracy. The proposed algo-
rithm divides the spectrum of X⋆ into well-conditioned and mutually well-
separated subblocks, and applies HeteroPCA to conquer each subblock suc-
cessively. Further, an application of our algorithm and theory to two canonical
examples—the factor model and tensor PCA—leads to remarkable improve-
ment for each application.

REFERENCES

ABBE, E., FAN, J. and WANG, K. (2022). An ℓp theory of PCA and spectral clustering. Ann. Statist. 50 2359–2385.
MR4474494 https://doi.org/10.1214/22-aos2196

ABBE, E., FAN, J., WANG, K. and ZHONG, Y. (2020). Entrywise eigenvector analysis of random matrices with
low expected rank. Ann. Statist. 48 1452–1474. MR4124330 https://doi.org/10.1214/19-AOS1854

AGTERBERG, J., LUBBERTS, Z. and PRIEBE, C. E. (2022). Entrywise estimation of singular vectors of low-rank
matrices with heteroskedasticity and dependence. IEEE Trans. Inf. Theory 68 4618–4650. MR4449064 https://
doi.org/10.1109/tit.2022.3159085

BAI, J. and LI, K. (2012). Statistical analysis of factor models of high dimension. Ann. Statist. 40 436–465.
MR3014313 https://doi.org/10.1214/11-AOS966

BAI, J. and WANG, P. (2016). Econometric analysis of large factor models. Ann. Rev. Econ. 8 53–80.
BAI, Z. and DING, X. (2012). Estimation of spiked eigenvalues in spiked models. Random Matrices Theory Appl.

1 1150011, 21. MR2934717 https://doi.org/10.1142/S2010326311500110
BALZANO, L., CHI, Y. and LU, Y. M. (2018). Streaming PCA and subspace tracking: The missing data case. Proc.

IEEE Inst. Electr. Electron. Eng. 106 1293–1310. https://doi.org/10.1109/JPROC.2018.2847041
BAO, Z., DING, X., WANG, J. and WANG, K. (2022). Statistical inference for principal components of spiked

covariance matrices. Ann. Statist. 50 1144–1169. MR4404931 https://doi.org/10.1214/21-aos2143
BAO, Z., DING, X. and WANG, K. (2021). Singular vector and singular subspace distribution for the matrix

denoising model. Ann. Statist. 49 370–392. MR4206682 https://doi.org/10.1214/20-AOS1960
CAI, C., LI, G., CHI, Y., POOR, H. V. and CHEN, Y. (2021). Subspace estimation from unbalanced and incomplete

data matrices: ℓ2,∞ statistical guarantees. Ann. Statist. 49 944–967. MR4255114 https://doi.org/10.1214/20-
aos1986

CAI, C., LI, G., POOR, H. V. and CHEN, Y. (2022). Nonconvex low-rank tensor completion from noisy data. Oper.
Res. 70 1219–1237. MR4409613

CAI, J.-F., CANDÈS, E. J. and SHEN, Z. (2010). A singular value thresholding algorithm for matrix completion.
SIAM J. Optim. 20 1956–1982. MR2600248 https://doi.org/10.1137/080738970

MSC2020 subject classifications. Primary 62F10; secondary 62H25.
Key words and phrases. Principal component analysis (PCA), heteroskedastic noise, the curse of ill-

conditioning, factor models, tensor PCA.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/24-AOS2456
https://www.imstat.org
mailto:yuchenz@illinois.edu
mailto:yuxinc@wharton.upenn.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4474494
https://doi.org/10.1214/22-aos2196
https://mathscinet.ams.org/mathscinet-getitem?mr=4124330
https://doi.org/10.1214/19-AOS1854
https://mathscinet.ams.org/mathscinet-getitem?mr=4449064
https://doi.org/10.1109/tit.2022.3159085
https://doi.org/10.1109/tit.2022.3159085
https://mathscinet.ams.org/mathscinet-getitem?mr=3014313
https://doi.org/10.1214/11-AOS966
https://mathscinet.ams.org/mathscinet-getitem?mr=2934717
https://doi.org/10.1142/S2010326311500110
https://doi.org/10.1109/JPROC.2018.2847041
https://mathscinet.ams.org/mathscinet-getitem?mr=4404931
https://doi.org/10.1214/21-aos2143
https://mathscinet.ams.org/mathscinet-getitem?mr=4206682
https://doi.org/10.1214/20-AOS1960
https://mathscinet.ams.org/mathscinet-getitem?mr=4255114
https://doi.org/10.1214/20-aos1986
https://doi.org/10.1214/20-aos1986
https://mathscinet.ams.org/mathscinet-getitem?mr=4409613
https://mathscinet.ams.org/mathscinet-getitem?mr=2600248
https://doi.org/10.1137/080738970
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


CAI, T. T. and ZHANG, A. (2018). Rate-optimal perturbation bounds for singular subspaces with applications to
high-dimensional statistics. Ann. Statist. 46 60–89. MR3766946 https://doi.org/10.1214/17-AOS1541

CANDÈS, E. J. and RECHT, B. (2009). Exact matrix completion via convex optimization. Found. Comput. Math.
9 717–772. MR2565240 https://doi.org/10.1007/s10208-009-9045-5

CHATTERJEE, S. (2015). Matrix estimation by universal singular value thresholding. Ann. Statist. 43 177–214.
MR3285604 https://doi.org/10.1214/14-AOS1272

CHEN, P. H., CHEN, J., YESHURUN, Y., HASSON, U., HAXBY, J. V. and RAMADGE, P. J. (2015). A reduced-
dimension fMRI shared response model. Adv. Neural Inf. Process. Syst. 2015 460–468.

CHEN, S., LIU, S. and MA, Z. (2022). Global and individualized community detection in inhomogeneous multi-
layer networks. Ann. Statist. 50 2664–2693. MR4500621 https://doi.org/10.1214/22-aos2202

CHEN, Y., CHI, Y., FAN, J. and MA, C. (2021). Spectral Methods for Data Science: A Statistical Perspective.
Foundations and Trends® in Machine Learning 14 566–806.

CHEN, Y., CHI, Y., FAN, J., MA, C. and YAN, Y. (2020). Noisy matrix completion: Understanding statistical
guarantees for convex relaxation via nonconvex optimization. SIAM J. Optim. 30 3098–3121. MR4167625
https://doi.org/10.1137/19M1290000

CHEN, Y., FAN, J., MA, C. and YAN, Y. (2019). Inference and uncertainty quantification for noisy matrix comple-
tion. Proc. Natl. Acad. Sci. USA 116 22931–22937. MR4036123 https://doi.org/10.1073/pnas.1910053116

CHEN, Y., FAN, J., MA, C. and YAN, Y. (2021). Bridging convex and nonconvex optimization in robust PCA:
Noise, outliers and missing data. Ann. Statist. 49 2948–2971. MR4338899 https://doi.org/10.1214/21-aos2066

DE LATHAUWER, L., DE MOOR, B. and VANDEWALLE, J. (2000). On the best rank-1 and rank-(R1,R2, · · · ,RN)

approximation of higher-order tensors. SIAM J. Matrix Anal. Appl. 21 1324–1342. MR1780276 https://doi.org/
10.1137/S0895479898346995

DESHPANDE, Y., ABBE, E. and MONTANARI, A. (2017). Asymptotic mutual information for the balanced binary
stochastic block model. Inf. Inference 6 125–170. MR3671474 https://doi.org/10.1093/imaiai/iaw017

DOBRIBAN, E. and OWEN, A. B. (2019). Deterministic parallel analysis: An improved method for selecting
factors and principal components. J. R. Stat. Soc. Ser. B. Stat. Methodol. 81 163–183. MR3904784

DONOHO, D. and GAVISH, M. (2014). Minimax risk of matrix denoising by singular value thresholding. Ann.
Statist. 42 2413–2440. MR3269984 https://doi.org/10.1214/14-AOS1257

DONOHO, D., GAVISH, M. and JOHNSTONE, I. (2018). Optimal shrinkage of eigenvalues in the spiked covariance
model. Ann. Statist. 46 1742–1778. MR3819116 https://doi.org/10.1214/17-AOS1601

ELSENER, A. and VAN DE GEER, S. (2019). Sparse spectral estimation with missing and corrupted measurements.
Stat 8 e229, 11. MR3978409 https://doi.org/10.1002/sta4.229

FAN, J., LI, R., ZHANG, C.-H. and ZOU, H. (2020). Statistical Foundations of Data Science. CRC Press, Boca
Raton.

FAN, J., LIAO, Y. and WANG, W. (2016). Projected principal component analysis in factor models. Ann. Statist.
44 219–254. MR3449767 https://doi.org/10.1214/15-AOS1364

FAN, J., WANG, K., ZHONG, Y. and ZHU, Z. (2021). Robust high-dimensional factor models with applications to
statistical machine learning. Statist. Sci. 36 303–327. MR4255196 https://doi.org/10.1214/20-sts785

FENG, O. Y., VENKATARAMANAN, R., RUSH, C., SAMWORTH, R. J. et al. (2022). A Unifying Tutorial on Ap-
proximate Message Passing. Foundations and Trends® in Machine Learning 15 335–536.

FLORESCU, L. and PERKINS, W. (2016). Spectral thresholds in the bipartite stochastic block model. In Conference
on Learning Theory 943–959. PMLR.

GAVISH, M. and DONOHO, D. L. (2014). The optimal hard threshold for singular values is 4/
√

3. IEEE Trans.
Inf. Theory 60 5040–5053. MR3245370 https://doi.org/10.1109/TIT.2014.2323359

GAVISH, M. and DONOHO, D. L. (2017). Optimal shrinkage of singular values. IEEE Trans. Inf. Theory 63
2137–2152. MR3626861 https://doi.org/10.1109/TIT.2017.2653801

HAN, R., LUO, Y., WANG, M. and ZHANG, A. R. (2022). Exact clustering in tensor block model: Statistical
optimality and computational limit. J. R. Stat. Soc. Ser. B. Stat. Methodol. 84 1666–1698. MR4515554

HAN, R., WILLETT, R. and ZHANG, A. R. (2022). An optimal statistical and computational framework for gener-
alized tensor estimation. Ann. Statist. 50 1–29. MR4382094 https://doi.org/10.1214/21-AOS2061

HAN, Y. and ZHANG, C.-H. (2023). Tensor principal component analysis in high dimensional CP models. IEEE
Trans. Inf. Theory 69 1147–1167. MR4564648 https://doi.org/10.1109/tit.2022.3203972

HONG, D., BALZANO, L. and FESSLER, J. A. (2016). Towards a theoretical analysis of PCA for heteroscedas-
tic data. In 2016 54th Annual Allerton Conference on Communication, Control, and Computing (Allerton)
496–503. IEEE.

HONG, D., BALZANO, L. and FESSLER, J. A. (2018). Asymptotic performance of PCA for high-dimensional
heteroscedastic data. J. Multivariate Anal. 167 435–452. MR3830656 https://doi.org/10.1016/j.jmva.2018.06.
002

HONG, D., YANG, F., FESSLER, J. A. and BALZANO, L. (2023). Optimally weighted PCA for high-dimensional
heteroscedastic data. SIAM J. Math. Data Sci. 5 222–250. MR4567414 https://doi.org/10.1137/22M1470244

https://mathscinet.ams.org/mathscinet-getitem?mr=3766946
https://doi.org/10.1214/17-AOS1541
https://mathscinet.ams.org/mathscinet-getitem?mr=2565240
https://doi.org/10.1007/s10208-009-9045-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3285604
https://doi.org/10.1214/14-AOS1272
https://mathscinet.ams.org/mathscinet-getitem?mr=4500621
https://doi.org/10.1214/22-aos2202
https://mathscinet.ams.org/mathscinet-getitem?mr=4167625
https://doi.org/10.1137/19M1290000
https://mathscinet.ams.org/mathscinet-getitem?mr=4036123
https://doi.org/10.1073/pnas.1910053116
https://mathscinet.ams.org/mathscinet-getitem?mr=4338899
https://doi.org/10.1214/21-aos2066
https://mathscinet.ams.org/mathscinet-getitem?mr=1780276
https://doi.org/10.1137/S0895479898346995
https://doi.org/10.1137/S0895479898346995
https://mathscinet.ams.org/mathscinet-getitem?mr=3671474
https://doi.org/10.1093/imaiai/iaw017
https://mathscinet.ams.org/mathscinet-getitem?mr=3904784
https://mathscinet.ams.org/mathscinet-getitem?mr=3269984
https://doi.org/10.1214/14-AOS1257
https://mathscinet.ams.org/mathscinet-getitem?mr=3819116
https://doi.org/10.1214/17-AOS1601
https://mathscinet.ams.org/mathscinet-getitem?mr=3978409
https://doi.org/10.1002/sta4.229
https://mathscinet.ams.org/mathscinet-getitem?mr=3449767
https://doi.org/10.1214/15-AOS1364
https://mathscinet.ams.org/mathscinet-getitem?mr=4255196
https://doi.org/10.1214/20-sts785
https://mathscinet.ams.org/mathscinet-getitem?mr=3245370
https://doi.org/10.1109/TIT.2014.2323359
https://mathscinet.ams.org/mathscinet-getitem?mr=3626861
https://doi.org/10.1109/TIT.2017.2653801
https://mathscinet.ams.org/mathscinet-getitem?mr=4515554
https://mathscinet.ams.org/mathscinet-getitem?mr=4382094
https://doi.org/10.1214/21-AOS2061
https://mathscinet.ams.org/mathscinet-getitem?mr=4564648
https://doi.org/10.1109/tit.2022.3203972
https://mathscinet.ams.org/mathscinet-getitem?mr=3830656
https://doi.org/10.1016/j.jmva.2018.06.002
https://doi.org/10.1016/j.jmva.2018.06.002
https://mathscinet.ams.org/mathscinet-getitem?mr=4567414
https://doi.org/10.1137/22M1470244


JOHNSTONE, I. M. (2001). On the distribution of the largest eigenvalue in principal components analysis. Ann.
Statist. 29 295–327. MR1863961 https://doi.org/10.1214/aos/1009210544

JOHNSTONE, I. M. and PAUL, D. (2018). PCA in high dimensions: An orientation. Proc. IEEE Inst. Electr. Elec-
tron. Eng. 106 1277–1292. https://doi.org/10.1109/JPROC.2018.2846730

KESHAVAN, R. H., MONTANARI, A. and OH, S. (2010). Matrix completion from noisy entries. J. Mach. Learn.
Res. 11 2057–2078. MR2678022

KOLTCHINSKII, V. and GINÉ, E. (2000). Random matrix approximation of spectra of integral operators. Bernoulli
6 113–167. MR1781185 https://doi.org/10.2307/3318636

KOLTCHINSKII, V., LOUNICI, K. and TSYBAKOV, A. B. (2011). Nuclear-norm penalization and optimal rates
for noisy low-rank matrix completion. Ann. Statist. 39 2302–2329. MR2906869 https://doi.org/10.1214/11-
AOS894

KOLTCHINSKII, V. and XIA, D. (2016). Perturbation of linear forms of singular vectors under Gaussian noise. In
High Dimensional Probability VII. Progress in Probability 71 397–423. Springer, Berlin. MR3565274 https://
doi.org/10.1007/978-3-319-40519-3_18

KRITCHMAN, S. and NADLER, B. (2008). Determining the number of components in a factor model from limited
noisy data. Chemom. Intell. Lab. Syst. 94 19–32.

KRITCHMAN, S. and NADLER, B. (2009). Non-parametric detection of the number of signals: Hypothesis testing
and random matrix theory. IEEE Trans. Signal Process. 57 3930–3941. MR2683143 https://doi.org/10.1109/
TSP.2009.2022897

LAWLEY, D. N. and MAXWELL, A. E. (1962). Factor analysis as a statistical method. J. R. Stat. Soc., Ser. D, Stat.
12 209–229.

LI, G., FAN, W. and WEI, Y. (2023). Approximate message passing from random initialization with applications
to Z2 synchronization. Proc. Natl. Acad. Sci. USA 120 Paper No. e2302930120, 7. MR4637851

LI, G. and WEI, Y. (2022). A non-asymptotic framework for approximate message passing in spiked models.
arXiv preprint. Available at arXiv:2208.03313.

LIU, L. T., DOBRIBAN, E. and SINGER, A. (2018). ePCA: High dimensional exponential family PCA. Ann. Appl.
Stat. 12 2121–2150. MR3875695 https://doi.org/10.1214/18-AOAS1146

LÖFFLER, M., ZHANG, A. Y. and ZHOU, H. H. (2021). Optimality of spectral clustering in the Gaussian mixture
model. Ann. Statist. 49 2506–2530. MR4338373 https://doi.org/10.1214/20-aos2044

LOH, P.-L. and WAINWRIGHT, M. J. (2012). High-dimensional regression with noisy and missing data: Provable
guarantees with nonconvexity. Ann. Statist. 40 1637–1664. MR3015038 https://doi.org/10.1214/12-AOS1018

LOUNICI, K. (2014). High-dimensional covariance matrix estimation with missing observations. Bernoulli 20
1029–1058. MR3217437 https://doi.org/10.3150/12-BEJ487

MA, C., WANG, K., CHI, Y. and CHEN, Y. (2020). Implicit regularization in nonconvex statistical estimation:
Gradient descent converges linearly for phase retrieval, matrix completion, and blind deconvolution. Found.
Comput. Math. 20 451–632. MR4099988 https://doi.org/10.1007/s10208-019-09429-9

MONTANARI, A. and SUN, N. (2018). Spectral algorithms for tensor completion. Comm. Pure Appl. Math. 71
2381–2425. MR3862094 https://doi.org/10.1002/cpa.21748

MONTANARI, A. and VENKATARAMANAN, R. (2021). Estimation of low-rank matrices via approximate message
passing. Ann. Statist. 49 321–345. MR4206680 https://doi.org/10.1214/20-AOS1958

MONTANARI, A. and WU, Y. (2024). Fundamental limits of low-rank matrix estimation with diverging aspect
ratios. Ann. Statist. 52 1460–1484. MR4804816 https://doi.org/10.1214/24-aos2400

NADAKUDITI, R. R. (2014). OptShrink: An algorithm for improved low-rank signal matrix denoising by optimal,
data-driven singular value shrinkage. IEEE Trans. Inf. Theory 60 3002–3018. MR3200641 https://doi.org/10.
1109/TIT.2014.2311661

NDAOUD, M. (2022). Sharp optimal recovery in the two component Gaussian mixture model. Ann. Statist. 50
2096–2126. MR4474484 https://doi.org/10.1214/22-aos2178

NDAOUD, M., SIGALLA, S. and TSYBAKOV, A. B. (2022). Improved clustering algorithms for the bipartite
stochastic block model. IEEE Trans. Inf. Theory 68 1960–1975. MR4395508 https://doi.org/10.1109/tit.2021.
3130683

PAUL, D. (2007). Asymptotics of sample eigenstructure for a large dimensional spiked covariance model. Statist.
Sinica 17 1617–1642. MR2399865

PAVEZ, E. and ORTEGA, A. (2021). Covariance matrix estimation with non uniform and data dependent missing
observations. IEEE Trans. Inf. Theory 67 1201–1215. MR4232009 https://doi.org/10.1109/tit.2020.3039118

PERRY, A., WEIN, A. S., BANDEIRA, A. S. and MOITRA, A. (2018). Optimality and sub-optimality of PCA I:
Spiked random matrix models. Ann. Statist. 46 2416–2451. MR3845022 https://doi.org/10.1214/17-AOS1625

RICHARD, E. and MONTANARI, A. (2014). A statistical model for tensor PCA. In Advances in Neural Information
Processing Systems 2897–2905.

ROHE, K., CHATTERJEE, S. and YU, B. (2011). Spectral clustering and the high-dimensional stochastic block-
model. Ann. Statist. 39 1878–1915. MR2893856 https://doi.org/10.1214/11-AOS887

https://mathscinet.ams.org/mathscinet-getitem?mr=1863961
https://doi.org/10.1214/aos/1009210544
https://doi.org/10.1109/JPROC.2018.2846730
https://mathscinet.ams.org/mathscinet-getitem?mr=2678022
https://mathscinet.ams.org/mathscinet-getitem?mr=1781185
https://doi.org/10.2307/3318636
https://mathscinet.ams.org/mathscinet-getitem?mr=2906869
https://doi.org/10.1214/11-AOS894
https://doi.org/10.1214/11-AOS894
https://mathscinet.ams.org/mathscinet-getitem?mr=3565274
https://doi.org/10.1007/978-3-319-40519-3_18
https://doi.org/10.1007/978-3-319-40519-3_18
https://mathscinet.ams.org/mathscinet-getitem?mr=2683143
https://doi.org/10.1109/TSP.2009.2022897
https://doi.org/10.1109/TSP.2009.2022897
https://mathscinet.ams.org/mathscinet-getitem?mr=4637851
https://arxiv.org/abs/2208.03313
https://mathscinet.ams.org/mathscinet-getitem?mr=3875695
https://doi.org/10.1214/18-AOAS1146
https://mathscinet.ams.org/mathscinet-getitem?mr=4338373
https://doi.org/10.1214/20-aos2044
https://mathscinet.ams.org/mathscinet-getitem?mr=3015038
https://doi.org/10.1214/12-AOS1018
https://mathscinet.ams.org/mathscinet-getitem?mr=3217437
https://doi.org/10.3150/12-BEJ487
https://mathscinet.ams.org/mathscinet-getitem?mr=4099988
https://doi.org/10.1007/s10208-019-09429-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3862094
https://doi.org/10.1002/cpa.21748
https://mathscinet.ams.org/mathscinet-getitem?mr=4206680
https://doi.org/10.1214/20-AOS1958
https://mathscinet.ams.org/mathscinet-getitem?mr=4804816
https://doi.org/10.1214/24-aos2400
https://mathscinet.ams.org/mathscinet-getitem?mr=3200641
https://doi.org/10.1109/TIT.2014.2311661
https://doi.org/10.1109/TIT.2014.2311661
https://mathscinet.ams.org/mathscinet-getitem?mr=4474484
https://doi.org/10.1214/22-aos2178
https://mathscinet.ams.org/mathscinet-getitem?mr=4395508
https://doi.org/10.1109/tit.2021.3130683
https://doi.org/10.1109/tit.2021.3130683
https://mathscinet.ams.org/mathscinet-getitem?mr=2399865
https://mathscinet.ams.org/mathscinet-getitem?mr=4232009
https://doi.org/10.1109/tit.2020.3039118
https://mathscinet.ams.org/mathscinet-getitem?mr=3845022
https://doi.org/10.1214/17-AOS1625
https://mathscinet.ams.org/mathscinet-getitem?mr=2893856
https://doi.org/10.1214/11-AOS887


SRIVASTAVA, P. R., SARKAR, P. and HANASUSANTO, G. A. (2023). A robust spectral clustering algorithm for
sub-Gaussian mixture models with outliers. Oper. Res. 71 224–244. MR4560196 https://doi.org/10.1287/opre.
2022.2317

TONG, T., MA, C. and CHI, Y. (2021). Accelerating ill-conditioned low-rank matrix estimation via scaled gradient
descent. J. Mach. Learn. Res. 22 Paper No. 150, 63. MR4318506

WANG, W. and FAN, J. (2017). Asymptotics of empirical eigenstructure for high dimensional spiked covariance.
Ann. Statist. 45 1342–1374. MR3662457 https://doi.org/10.1214/16-AOS1487

XIA, D. (2021). Normal approximation and confidence region of singular subspaces. Electron. J. Stat. 15
3798–3851. MR4298986 https://doi.org/10.1214/21-ejs1876

XIA, D., ZHANG, A. R. and ZHOU, Y. (2022). Inference for low-rank tensors—no need to debias. Ann. Statist. 50
1220–1245. MR4404934 https://doi.org/10.1214/21-aos2146

XU, X., SHEN, Y., CHI, Y. and MA, C. (2023). The power of preconditioning in overparameterized low-rank
matrix sensing. arXiv preprint. Available at arXiv:2302.01186.

YAN, Y., CHEN, Y. and FAN, J. (2024). Inference for heteroskedastic PCA with missing data. Ann. Statist. 52
729–756. MR4744194 https://doi.org/10.1214/24-aos2366

ZHANG, A. and XIA, D. (2018). Tensor SVD: Statistical and computational limits. IEEE Trans. Inf. Theory 64
7311–7338. MR3876445 https://doi.org/10.1109/TIT.2018.2841377

ZHANG, A. R., CAI, T. T. and WU, Y. (2022). Heteroskedastic PCA: Algorithm, optimality, and applications. Ann.
Statist. 50 53–80. MR4382008 https://doi.org/10.1214/21-aos2074

ZHANG, A. Y. and ZHOU, H. Y. (2024). Leave-one-out singular subspace perturbation analysis for spectral clus-
tering. Ann. Statist. 52 2004–2033. MR4829478 https://doi.org/10.1214/24-aos2418

ZHAO, L. C., KRISHNAIAH, P. R. and BAI, Z. D. (1986). On detection of the number of signals in presence of
white noise. J. Multivariate Anal. 20 1–25. MR0862239 https://doi.org/10.1016/0047-259X(86)90017-5

ZHOU, Y. and CHEN, Y. (2023). Heteroskedastic tensor clustering. arXiv preprint. Available at arXiv:2311.02306.
ZHOU, Y. and CHEN, Y. (2025). Supplement to “Deflated HeteroPCA: Overcoming the curse of ill-

conditioning in heteroskedastic PCA.” https://doi.org/10.1214/24-AOS2456SUPPA, https://doi.org/10.1214/
24-AOS2456SUPPB

ZHOU, Y., ZHANG, A. R., ZHENG, L. and WANG, Y. (2022). Optimal high-order tensor SVD via tensor-train
orthogonal iteration. IEEE Trans. Inf. Theory 68 3991–4019. MR4433265 https://doi.org/10.1109/tit.2022.
3152733

ZHU, Z., WANG, T. and SAMWORTH, R. J. (2022). High-dimensional principal component analysis with hetero-
geneous missingness. J. R. Stat. Soc. Ser. B. Stat. Methodol. 84 2000–2031. MR4515564

https://mathscinet.ams.org/mathscinet-getitem?mr=4560196
https://doi.org/10.1287/opre.2022.2317
https://doi.org/10.1287/opre.2022.2317
https://mathscinet.ams.org/mathscinet-getitem?mr=4318506
https://mathscinet.ams.org/mathscinet-getitem?mr=3662457
https://doi.org/10.1214/16-AOS1487
https://mathscinet.ams.org/mathscinet-getitem?mr=4298986
https://doi.org/10.1214/21-ejs1876
https://mathscinet.ams.org/mathscinet-getitem?mr=4404934
https://doi.org/10.1214/21-aos2146
https://arxiv.org/abs/2302.01186
https://mathscinet.ams.org/mathscinet-getitem?mr=4744194
https://doi.org/10.1214/24-aos2366
https://mathscinet.ams.org/mathscinet-getitem?mr=3876445
https://doi.org/10.1109/TIT.2018.2841377
https://mathscinet.ams.org/mathscinet-getitem?mr=4382008
https://doi.org/10.1214/21-aos2074
https://mathscinet.ams.org/mathscinet-getitem?mr=4829478
https://doi.org/10.1214/24-aos2418
https://mathscinet.ams.org/mathscinet-getitem?mr=0862239
https://doi.org/10.1016/0047-259X(86)90017-5
https://arxiv.org/abs/2311.02306
https://doi.org/10.1214/24-AOS2456SUPPA
https://doi.org/10.1214/24-AOS2456SUPPB
https://doi.org/10.1214/24-AOS2456SUPPB
https://mathscinet.ams.org/mathscinet-getitem?mr=4433265
https://doi.org/10.1109/tit.2022.3152733
https://doi.org/10.1109/tit.2022.3152733
https://mathscinet.ams.org/mathscinet-getitem?mr=4515564


The Annals of Statistics
2025, Vol. 53, No. 1, 117–143
https://doi.org/10.1214/24-AOS2457
© Institute of Mathematical Statistics, 2025

NONLINEAR GLOBAL FRÉCHET REGRESSION FOR RANDOM OBJECTS
VIA WEAK CONDITIONAL EXPECTATION

BY SATARUPA BHATTACHARJEE1,a, BING LI2,b AND LINGZHOU XUE2,c

1Department of Statistics, University of Florida, abhattacharjee.sa@ufl.edu
2Department of Statistics, Pennsylvania State University, bbxl9@psu.edu, clzxue@psu.edu

Random objects are complex non-Euclidean data taking values in gen-
eral metric spaces, possibly devoid of any underlying vector space structure.
Such data are becoming increasingly abundant with the rapid advancement
in technology. Examples include probability distributions, positive semidefi-
nite matrices and data on Riemannian manifolds. However, except for regres-
sion for object-valued response with Euclidean predictors and distribution-
on-distribution regression, there has been limited development of a general
framework for object-valued response with object-valued predictors in the
literature. To fill this gap, we introduce the notion of a weak conditional
Fréchet mean based on Carleman operators and then propose a global non-
linear Fréchet regression model through the reproducing kernel Hilbert space
(RKHS) embedding. Furthermore, we establish the relationships between the
conditional Fréchet mean and the weak conditional Fréchet mean for both Eu-
clidean and object-valued data. We also show that the state-of-the-art global
Fréchet regression developed by Petersen and Müller (Ann. Statist. 47 (2019)
691–719) emerges as a special case of our method by choosing a linear ker-
nel. We require that the metric space for the predictor admits a reproducing
kernel, while the intrinsic geometry of the metric space for the response is uti-
lized to study the asymptotic properties of the proposed estimates. Numerical
studies, including extensive simulations and a real application, are conducted
to investigate the finite-sample performance.
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Noncrossing quantile regression with an emphasis on model misspeci-
fication is investigated. While many sophisticated methods for noncrossing
quantile have been developed under the assumption of correct model specifi-
cation, model misspecification and extrapolation are two issues rarely consid-
ered in the literature. In this paper, a monotonicity representation for quantile
regression models is obtained under simplex embedding, which leads to the
simplex quantile regression (SQR) method. SQR model advocates the use of
the Barycentric coordinate system and is immune to quantile crossing. An in-
novative concept, the maximum effective region, which defines the allowable
region for extrapolation without quantile crossing is introduced. Under model
misspecification, the existence of pseudo true quantile regression parameters,
the asymptotic property of SQR estimator and asymptotic optimality of cross-
validation for model selection and model averaging are established. The ad-
vantages of our new approach are also illustrated by numerical results. The
proposed method is applied to U.S. financial market data. Our SQR-based
strategy of asset pricing analysis allows for head-to-head transparent com-
parisons of five periods between October 1987 (Black Monday crash period)
and February 2020 (COVID-19 pandemic).

REFERENCES

[1] ANDO, T. and BAI, J. (2020). Quantile co-movement in financial markets: A panel quantile model with
unobserved heterogeneity. J. Amer. Statist. Assoc. 115 266–279. MR4078462 https://doi.org/10.1080/
01621459.2018.1543598

[2] ANDO, T. and LI, K. (2017). A weight-relaxed model averaging approach for high-dimensional generalized
linear models. Ann. Statist. 45 2654–2679. MR3737905 https://doi.org/10.1214/17-AOS1538

[3] ANDO, T. and LI, K.-C. (2014). A model-averaging approach for high-dimensional regression. J. Amer.
Statist. Assoc. 109 254–265. MR3180561 https://doi.org/10.1080/01621459.2013.838168

[4] ANDO, T. and LI, K.-C. (2025). Supplement to “Simplex quantile regression without crossing.” https://doi.
org/10.1214/24-AOS2458SUPP

[5] ANGRIST, J., CHERNOZHUKOV, V. and FERNÁNDEZ-VAL, I. (2006). Quantile regression under misspecifi-
cation, with an application to the U.S. wage structure. Econometrica 74 539–563. MR2207400 https://
doi.org/10.1111/j.1468-0262.2006.00671.x

[6] BONDELL, H. D., REICH, B. J. and WANG, H. (2010). Noncrossing quantile regression curve estimation.
Biometrika 97 825–838. MR2746154 https://doi.org/10.1093/biomet/asq048

[7] CARHART, M. M. (1997). On persistence in mutual fund performance. J. Finance 52 57–82.
[8] CHEN, C. W. S., GERLACH, R. and WEI, D. C. M. (2009). Bayesian causal effects in quantiles: Account-

ing for heteroscedasticity. Comput. Statist. Data Anal. 53 1993–2007. MR2665090 https://doi.org/10.
1016/j.csda.2008.12.014

[9] DE BOOR, C. (1978). A Practical Guide to Splines. Applied Mathematical Sciences 27. Springer, New York.
MR0507062

[10] FAMA, E. F. and FRENCH, K. R. (1993). Common factors in the returns on stocks and bonds. J. Financ.
Econ. 33 3–56.

[11] FAN, J. and LI, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle properties.
J. Amer. Statist. Assoc. 96 1348–1360. MR1946581 https://doi.org/10.1198/016214501753382273

MSC2020 subject classifications. Primary 62J99; secondary 62G20.
Key words and phrases. Asymptotic optimality, cross-validation, extrapolation, model misspecification, quan-

tile noncrossing.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/24-AOS2458
https://www.imstat.org
mailto:T.Ando@mbs.edu
mailto:kcli@stat.ucla.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4078462
https://doi.org/10.1080/01621459.2018.1543598
https://doi.org/10.1080/01621459.2018.1543598
https://mathscinet.ams.org/mathscinet-getitem?mr=3737905
https://doi.org/10.1214/17-AOS1538
https://mathscinet.ams.org/mathscinet-getitem?mr=3180561
https://doi.org/10.1080/01621459.2013.838168
https://doi.org/10.1214/24-AOS2458SUPP
https://doi.org/10.1214/24-AOS2458SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=2207400
https://doi.org/10.1111/j.1468-0262.2006.00671.x
https://doi.org/10.1111/j.1468-0262.2006.00671.x
https://mathscinet.ams.org/mathscinet-getitem?mr=2746154
https://doi.org/10.1093/biomet/asq048
https://mathscinet.ams.org/mathscinet-getitem?mr=2665090
https://doi.org/10.1016/j.csda.2008.12.014
https://doi.org/10.1016/j.csda.2008.12.014
https://mathscinet.ams.org/mathscinet-getitem?mr=0507062
https://mathscinet.ams.org/mathscinet-getitem?mr=1946581
https://doi.org/10.1198/016214501753382273
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[12] FLYNN, C. J., HURVICH, C. M. and SIMONOFF, J. S. (2013). Efficiency for regularization parameter selec-
tion in penalized likelihood estimation of misspecified models. J. Amer. Statist. Assoc. 108 1031–1043.
MR3174682 https://doi.org/10.1080/01621459.2013.801775

[13] FRUMENTO, P. and BOTTAI, M. (2017). Parametric modeling of quantile regression coefficient functions
with censored and truncated data. Biometrics 73 1179–1188. MR3744532 https://doi.org/10.1111/
biom.12675

[14] GERACI, M. and BOTTAI, M. (2007). Quantile regression for longitudinal data using the asymmetric Laplace
distribution. Biostatistics 8 140–154. https://doi.org/10.1093/biostatistics/kxj039

[15] GERLACH, R., CHEN, C. W. S. and LIN, E. M. H. (2016). Bayesian assessment of dynamic quantile forecasts.
J. Forecast. 35 751–764. MR3573060 https://doi.org/10.1002/for.2408

[16] GERLACH, R. H., CHEN, C. W. S. and CHAN, N. Y. C. (2011). Bayesian time-varying quantile forecasting
for value-at-risk in financial markets. J. Bus. Econom. Statist. 29 481–492. MR2879236 https://doi.
org/10.1198/jbes.2010.08203

[17] GEYER, C. J. (1994). On the asymptotics of constrained M-estimation. Ann. Statist. 22 1993–2010.
MR1329179 https://doi.org/10.1214/aos/1176325768

[18] GIESSING, A. and HE, X. (2019). On the predictive risk in misspecified quantile regression. J. Econometrics
213 235–260. MR4013223 https://doi.org/10.1016/j.jeconom.2019.04.013

[19] HANSEN, B. E. (2007). Least squares model averaging. Econometrica 75 1175–1189. MR2333497 https://
doi.org/10.1111/j.1468-0262.2007.00785.x

[20] HANSEN, B. E. and RACINE, J. S. (2012). Jackknife model averaging. J. Econometrics 167 38–46.
MR2885437 https://doi.org/10.1016/j.jeconom.2011.06.019

[21] HE, X. (1997). Quantile curves without crossing. Amer. Statist. 51 186–191.
[22] HE, X. and SHI, P. D. (1994). Convergence rate of B-spline estimators of nonparametric conditional quantile

functions. J. Nonparametr. Stat. 3 299–308. MR1291551 https://doi.org/10.1080/10485259408832589
[23] KIM, T.-H. and WHITE, H. (2003). Estimation, inference, and specification testing for possibly misspec-

ified quantile regression. In Maximum Likelihood Estimation of Misspecified Models: Twenty Years
Later. Adv. Econom. 17 107–126. Elsevier/JAI, Amsterdam. MR2528712 https://doi.org/10.1016/
S0731-9053(03)17005-3

[24] KOENKER, R. and BASSETT, G. JR. (1978). Regression quantiles. Econometrica 46 33–50. MR0474644
https://doi.org/10.2307/1913643

[25] KOENKER, R. and NG, P. (2005). Inequality constrained quantile regression. Sankhyā 67 418–440.
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BAYESIAN NONPARAMETRIC INFERENCE IN MCKEAN–VLASOV
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We consider nonparametric statistical inference on a periodic interac-
tion potential W from noisy discrete space-time measurements of solutions
ρ = ρW of the nonlinear McKean–Vlasov equation, describing the proba-
bility density of the mean field limit of an interacting particle system. We
show how Gaussian process priors assigned to W give rise to posterior mean
estimators that exhibit fast convergence rates for the implied estimated den-
sities ρ̄ towards ρW . We further show that if the initial condition φ is not
too smooth and satisfies a standard deconvolvability condition, then one can
consistently infer Sobolev-regular potentials W at convergence rates N−θ for
appropriate θ > 0, where N is the number of measurements. The exponent θ

can be taken to approach 1/2 as the regularity of W increases corresponding
to ‘near-parametric’ models.
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Projection pursuit regression (PPR) and artificial neural networks
(ANNs), both introduced around the same time, share a similar approach
to approximating complex structures in data. However, PPR has received far
less attention than ANNs and other popular statistical learning methods such
as random forests (RF) and support vector machines (SVM). In this paper, we
revisit the estimation of PPR and propose an optimal greedy algorithm and
an ensemble approach via feature bagging, hereafter referred to as ePPR, to
improve its effectiveness. Compared to RF, ePPR has two main advantages.
First, its theoretical consistency can be proved for more general regression
functions, as long as they are L2 integrable, and higher consistency rates can
be achieved. Second, ePPR does not split the samples, so each term of the
PPR is estimated using the entire data, making minimisation more efficient
and ensuring the smoothness of the estimator. Extensive comparisons on real
data sets show that ePPR is more efficient in regression and classification
than RF and other competitors.
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Consider the sum Y = B + B(H) of a Brownian motion B and an inde-
pendent fractional Brownian motion B(H) with Hurst parameter H ∈ (0,1).
Even though B(H) is not a semimartingale, it was shown by Cheridito
(Bernoulli 7 (2001) 913–934) that Y is a semimartingale if H > 3/4. More-
over, Y is locally equivalent to B in this case, so H cannot be consistently
estimated from local observations of Y . This paper pivots on another unex-
pected feature in this model: if B and B(H) become correlated, then Y will
never be a semimartingale, and H can be identified, regardless of its value.
This and other results will follow from a detailed statistical analysis of a more
general class of processes called mixed semimartingales, which are semipara-
metric extensions of Y with stochastic volatility in both the martingale and
the fractional component. In particular, we derive consistent estimators and
feasible central limit theorems for all parameters and processes that can be
identified from high-frequency observations. We further show that our esti-
mators achieve optimal rates in a minimax sense.
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Efficient dimension reduction regarding the interaction between two re-
sponse variables, which facilitates statistical analysis in multiple important
application scenarios, was initially discussed by Luo (J. R. Stat. Soc. Ser. B.
Stat. Methodol. 84 (2022) 269–294). The efficient dimension reduction sub-
spaces were introduced, and, under mild conditions on the predictor, they
were equated with the family of dual inverse regression subspaces. Besides
the general framework, however, limited theory has been proposed to uncover
the mystery of these spaces. In this paper, we propose a thorough character-
ization of the family of dual inverse regression subspaces, including their
uniform lower and upper bounds, their explicit forms, their consistent and
exhaustive estimation, some interesting special cases, and certain subfami-
lies that have desired sparsity. In addition, we extend some of these results to
provide more insights into the efficient dimension reduction subspaces under
the general settings, including their uniform lower and upper bounds, and the
sufficient and necessary conditions for the uniqueness of the space that are as-
sessable in practice. These results largely complete the theoretical foundation
for the new type of dimension reduction, and, as such, enhance its applicabil-
ity in statistical problems such as missing data analysis and causal inference.
The latter is illustrated by simulation studies and a real data example at the
end.
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Motivated by the need for analysing large spatio-temporal panel data,
we introduce a novel nonparametric methodology for n-dimensional random
fields observed across S spatial locations and T time periods. We call it gen-
eral spatio-temporal factor model (GSTFM). First, we provide the probabilis-
tic and mathematical underpinning needed for the representation of a ran-
dom field as the sum of two components: the common component (driven
by a small number q of latent factors) and the idiosyncratic component
(mildly cross-correlated). We show that the two components are identified
as n → ∞. Second, we propose an estimator of the common component
and derive its statistical guarantees (consistency and rate of convergence)
as min(n,S,T ) → ∞. Third, we propose an information criterion to deter-
mine the number of factors. Estimation makes use of Fourier analysis in the
frequency domain and thus it fully exploits the information on the spatio-
temporal covariance structure of the whole panel. Synthetic data examples
illustrate the applicability of GSTFM and its advantages over the extant gen-
eralized dynamic factor model that ignores the spatial correlations.
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Heteroskedasticity testing in nonparametric regression is a classic sta-
tistical problem with important practical applications, yet fundamental lim-
its are unknown. Adopting a minimax perspective, this article considers the
testing problem in the context of an α-Hölder mean and a β-Hölder vari-
ance function. For α > 0 and β ∈ (0,1/2), the sharp minimax separation rate
n−4α + n−4β/(4β+1) + n−2β is established. To achieve the minimax separa-
tion rate, a kernel-based statistic using first-order squared differences is devel-
oped. Notably, the statistic estimates a proxy rather than a natural quadratic
functional (the squared distance between the variance function and its best
L2 approximation by a constant) suggested in previous work.

The setting where no smoothness is assumed on the variance function is
also studied; the variance profile across the design points can be arbitrary.
Despite the lack of structure, consistent testing turns out to still be possible
by using the Gaussian character of the noise, and the minimax rate is shown
to be n−4α + n−1/2. Exploiting noise information happens to be a funda-
mental necessity, as consistent testing is impossible if nothing more than zero
mean and unit variance is known about the noise distribution. Furthermore, in
the setting where the variance function is β-Hölder but heteroskedasticity is
measured only with respect to the design points, the minimax separation rate
is shown to be n−4α +n−((1/2)∨(4β/(4β+1))) when the noise is Gaussian and
n−4α + n−4β/(4β+1) + n−2β when the noise distribution is unknown.
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Since ChatGPT was introduced in November 2022, embedding (nearly)
unnoticeable statistical signals into text generated by large language mod-
els (LLMs), also known as watermarking, has been used as a principled ap-
proach to provable detection of LLM-generated text from its human-written
counterpart. In this paper, we introduce a general and flexible framework for
reasoning about the statistical efficiency of watermarks and designing pow-
erful detection rules. Inspired by the hypothesis testing formulation of water-
mark detection, our framework starts by selecting a pivotal statistic of the text
and a secret key—provided by the LLM to the verifier—to control the false
positive rate (the error of mistakenly detecting human-written text as LLM-
generated). Next, this framework allows one to evaluate the power of water-
mark detection rules by obtaining a closed-form expression of the asymptotic
false negative rate (the error of incorrectly classifying LLM-generated text
as human-written). Our framework further reduces the problem of determin-
ing the optimal detection rule to solving a minimax optimization program.
We apply this framework to two representative watermarks—one of which
has been internally implemented at OpenAI—and obtain several findings that
can be instrumental in guiding the practice of implementing watermarks. In
particular, we derive optimal detection rules for these watermarks under our
framework. These theoretically derived detection rules are demonstrated to
be competitive and sometimes enjoy a higher power than existing detection
approaches through numerical experiments.
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Multivariate regular variation is a common assumption in the statistics
literature and needs to be verified in real-data applications. We develop a
novel hypothesis test for multivariate regular variation, employing localized
empirical likelihood. We establish the weak convergence of the test statistic
to a nonstandard, distribution-free limit and hence can provide universal crit-
ical values for the test. We show the very good finite-sample behavior of the
procedure through simulations and apply the test to several real-data exam-
ples.
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High-dimensional linear regression under heavy-tailed noise or outlier
corruption is challenging, both computationally and statistically. Convex ap-
proaches have been proven statistically optimal but suffer from high com-
putational costs, especially since the robust loss functions are usually nons-
mooth. More recently, computationally fast nonconvex approaches via sub-
gradient descent are proposed, which, unfortunately, fail to deliver a statisti-
cally consistent estimator even under sub-Gaussian noise. In this paper, we
introduce a projected subgradient descent algorithm for both the sparse linear
regression and low-rank linear regression problems. The algorithm is not only
computationally efficient with linear convergence but also statistically opti-
mal, be the noise Gaussian or heavy-tailed with a finite 1 + ε moment. The
convergence theory is established for a general framework and its specific
applications to absolute loss, Huber loss and quantile loss are investigated.
Compared with existing nonconvex methods, ours reveals a surprising phe-
nomenon of two-phase convergence. In phase one, the algorithm behaves as
in typical nonsmooth optimization that requires gradually decaying stepsizes.
However, phase one only delivers a statistically suboptimal estimator, which
is already observed in the existing literature. Interestingly, during phase two,
the algorithm converges linearly as if minimizing a smooth and strongly con-
vex objective function, and thus a constant stepsize suffices. Underlying the
phase-two convergence is the smoothing effect of random noise to the nons-
mooth robust losses in an area close but not too close to the truth. Numerical
simulations confirm our theoretical discovery and showcase the superiority
of our algorithm over prior methods.
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Mediation analysis is an important analytic tool commonly used in a
broad range of scientific applications. In this article, we study the problem of
mediation analysis when there are multivariate and conditionally dependent
mediators, and when the variables are observed over multiple time points. The
problem is challenging, because the effect of a mediator involves not only the
path from the treatment to this mediator itself at the current time point, but
also all possible paths pointed to this mediator from its upstream mediators,
as well as the carryover effects from all previous time points. We propose
a novel multivariate dynamic mediation analysis approach. Drawing inspi-
ration from the Markov decision process model that is frequently employed
in reinforcement learning, we introduce a Markov mediation process paired
with a system of time-varying linear structural equation models to formulate
the problem. We then formally define the individual mediation effect, built
upon the idea of simultaneous interventions and intervention calculus. We
next derive the closed-form expression, propose an iterative estimation pro-
cedure under the Markov mediation process model and develop a bootstrap
method to infer the individual mediation effect. We study both the asymp-
totic property and the empirical performance of the proposed methodology,
and further illustrate its usefulness with a mobile health application.
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Modern Reinforcement Learning (RL) is more than just learning the op-
timal policy; alternative learning goals such as exploring the environment, es-
timating the underlying model and learning from preference feedback are all
of practical importance. While provably sample-efficient algorithms for each
specific goal have been proposed, these algorithms often depend strongly on
the particular learning goal, and thus admit different structures correspond-
ingly. It is an urging open question whether these learning goals can rather be
tackled by a single unified algorithm.

We make progress on this question by developing a unified algorithm
framework for a large class of learning goals, building on the Decision-
Estimation Coefficient (DEC) framework. Our framework handles many
learning goals such as no-regret RL, PAC RL, reward-free learning, model es-
timation and preference-based learning, all by simply instantiating the same
generic complexity measure called “Generalized DEC,” and a correspond-
ing generic algorithm. The generalized DEC also yields a sample complex-
ity lower bound for each specific learning goal. As applications, we propose
“decouplable representation” as a natural sufficient condition for bounding
generalized DECs, and use it to obtain many new sample-efficient results
(and recover existing results) for a wide range of learning goals and prob-
lem classes as direct corollaries. Finally, as a connection, we reanalyze two
existing optimistic model-based algorithms based on posterior sampling and
maximum likelihood estimation, showing that they enjoy sample complexity
bounds under similar structural conditions as the DEC.
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