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WALD TESTS WHEN RESTRICTIONS ARE LOCALLY SINGULAR

BY JEAN-MARIE DUFOUR'2, ERIC RENAULT?® AND VICTORIA ZINDE-WALSH!-?

1Department of Economics, McGill University, *jean-marie.dufour@mcgill.ca, bvictoria.zinde—walsh@mcgill. ca

2Department of Economics, University of Warwick, Eric.Renault@warwick.ac.uk

This paper provides an exhaustive characterization of the asymptotic null
distribution of Wald-type statistics for testing restrictions given by polyno-
mial functions—which may involve singularities—when the limiting distri-
bution of the parameter estimator is absolutely continuous (e.g., Gaussian).
In addition to the well-known finite-sample noninvariance, there is also an
asymptotic noninvariance (nonpivotality): with standard critical values, the
test may either under-reject or over-reject, and even diverge under the null
hypothesis. The asymptotic distribution of the test statistic can vary under
the null hypothesis and depends on the true unknown parameter value. All
these situations are possible in testing restrictions which arise in the statisti-
cal and econometric literatures, for example, for examining the specification
of ARMA models, causality at different horizons, indirect effects, zero de-
terminant hypotheses on matrices of coefficients, and other situations where
singularities cannot be excluded. We provide the limit distribution and gen-
eral bounds for the single restriction case. For multiple restrictions, we give
a necessary and sufficient condition for the existence of a limit distribution,
and its form if it exists.
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In this paper, we investigate the optimal statistical performance and
the impact of computational constraints for independent component analy-
sis (ICA). Our goal is twofold. On the one hand, we characterize the precise
role of dimensionality on sample complexity and statistical accuracy, and how
computational consideration may affect them. In particular, we show that the
optimal sample complexity is linear in dimensionality, and interestingly, the
commonly used sample kurtosis-based approaches are necessarily subopti-
mal. However, the optimal sample complexity becomes quadratic, up to a
logarithmic factor, in the dimension if we restrict ourselves to estimates that
can be computed with low-degree polynomial algorithms. On the other hand,
we develop computationally tractable estimates that attain both the optimal
sample complexity and minimax optimal rates of convergence. We study the
asymptotic properties of the proposed estimates and establish their asymp-
totic normality that can be readily used for statistical inferences. Our method
is fairly easy to implement and numerical experiments are presented to fur-
ther demonstrate its practical merits.
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Ever since the seminal work of R. A. Fisher and F. Yates, factorial de-
signs have been an important experimental tool to simultaneously estimate
the effects of multiple treatment factors. In factorial designs, the number of
treatment combinations grows exponentially with the number of treatment
factors, which motivates the forward selection strategy based on the sparsity,
hierarchy and heredity principles for factorial effects. Although this strategy
is intuitive and has been widely used in practice, its rigorous statistical theory
has not been formally established. To fill this gap, we establish design-based
theory for forward factor selection in factorial designs based on the poten-
tial outcome framework. We not only prove a consistency property for the
factor selection procedure but also discuss statistical inference after factor
selection. In particular, with selection consistency, we quantify the advan-
tages of forward selection based on asymptotic efficiency gain in estimating
factorial effects. With inconsistent selection in higher-order interactions, we
propose two strategies and investigate their impact on subsequent inference.
Our formulation differs from the existing literature on variable selection and
post-selection inference because our theory is based solely on the physical
randomization of the factorial design and does not rely on a correctly speci-
fied outcome model.
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OBSERVABLE ADJUSTMENTS IN SINGLE-INDEX MODELS FOR
REGULARIZED M-ESTIMATORS WITH BOUNDED P/N

By PIERRE C. BELLEC?

Department of Statistics, Rutgers University, 2pierre.bellec @ rutgers.edu

We consider observations (X, y) from single index models with un-
known link function, Gaussian covariates and a regularized M-estimator ﬁ
constructed from convex loss function and regularizer. In the regime where
sample size n and dimension p are both increasing such that p/n has a finite
limit, the behavior of the empirical distribution of B and the predicted values
X ,[9 has been previously characterized in a number of models: The empiri-
cal distributions are known to converge to proximal operators of the loss and
penalty in a related Gaussian sequence model, which captures the interplay
between ratio 2 4 » loss, regularization and the data generating process. This
connection between (,B, X /3) and the corresponding proximal operators in-
volves mean-field parameters defined as solutions to a nonlinear system of
equations. This system typically involve unobservable quantities such as the
prior distribution on the index or the link function, so the mean-field parame-
ters need to be estimated. Although estimators for the mean-field parameters
have been proposed in specific cases, a general framework that applies simul-
taneously to a broad class of loss and penalty has so far been missing.

This paper develops a different theory to describe the empirical distribu-
tion of ﬁ and X ﬂ Approximations of (ﬁ X ﬁ) in terms of proximal operators
are provided that only involve observable adjustments in place of the mean-
field parameters. These proposed observable adjustments are data-driven, for
example, do not require prior knowledge of the index or the link function.
These new adjustments yield confidence intervals for individual components
of the index, as well as estimators of the correlation of fi with the index, en-
abling parameter tuning to maximize the correlation. The interplay between
loss, regularization and the model is captured in a data-driven manner, with-
out relying on the nonlinear systems studied in previous works. The results
are proved to hold both strongly convex regularizers and unregularized M-
estimation.
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We introduce a new framework to analyze shape descriptors that cap-
ture the geometric features of an ensemble of point clouds. At the core of
our approach is the point of view that the data arises as sampled record-
ings from a metric space-valued stochastic process, possibly of nonstationary
nature, thereby integrating geometric data analysis into the realm of func-
tional time series analysis. Our framework allows for natural incorporation
of spatial-temporal dynamics, heterogeneous sampling, and the study of con-
vergence rates. Further, we derive complete invariants for classes of metric
space-valued stochastic processes in the spirit of Gromov, and relate these
invariants to so-called ball volume processes. Under mild dependence con-
ditions, a weak invariance principle in D([0, 1] x [0, Z]) is established for
sequential empirical versions of the latter, assuming the probabilistic struc-
ture possibly changes over time. Finally, we use this result to introduce novel
test statistics for topological change, which are distribution-free in the limit
under the hypothesis of stationarity. We explore these test statistics on time
series of single-cell mRNA expression data, using shape descriptors coming
from topological data analysis.
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Converting a continuous variable into a discrete one is a commonly used
technique for solving various problems in both statistics and machine learn-
ing. It is well known that discretizations result in biases. However, this issue
has not been studied systematically. In this paper, a general framework is
proposed to understand and compare the approximation errors of different
slicing strategies. Poincaré-type inequalities are first established for univari-
ate discretizations and then generalized to the multivariate and other settings.
It is shown that the bias is controlled by two factors: the distance between
two specific distributions that are generated with and without discretizations
respectively, and the smoothness of the functions involved. Several impor-
tant applications are considered to illustrate the usefulness of the results. Our
results help to understand the approximation error of some matrix used in
the literature of dimension reduction. Furthermore, as an illustration of the
usefulness of discretizations, we propose an algorithm for regression prob-
lems, by combining random forest with partial discretizations of responses.
Simulation results confirm the advantages of this algorithm over the classical
random forest.
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We adapt concepts, methodology, and theory originally developed in the
areas of multidimensional scaling and dimensionality reduction for Euclidean
data to be applicable to distributional data. We focus on classical scaling
and Isomap—prototypical methods that have played important roles in these
areas—and showcase their use in the context of distributional data analysis.
In the process, we highlight the crucial role that the ambient metric plays.
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Estimation of the average treatment effect (ATE) is a central problem
in causal inference. In recent times, inference for the ATE in the presence
of high-dimensional covariates has been extensively studied. Among diverse
approaches that have been proposed, augmented inverse propensity weight-
ing (AIPW) with cross-fitting has emerged a popular choice in practice. In
this work, we study this cross-fit AIPW estimator under well-specified out-
come regression and propensity score models in a high-dimensional regime
where the number of features and samples are both large and comparable.
Under assumptions on the covariate distribution, we establish a new central
limit theorem for the suitably scaled cross-fit AIPW that applies without any
sparsity assumptions on the underlying high-dimensional parameters. Our
CLT uncovers two crucial phenomena among others: (i) the AIPW exhibits
a substantial variance inflation that can be precisely quantified in terms of
the signal-to-noise ratio and other problem parameters, (ii) the asymptotic
covariance between the precross-fit estimators is nonnegligible even on the
J/n scale. These findings are strikingly different from their classical coun-
terparts. On the technical front, our work utilizes a novel interplay between
three distinct tools—approximate message passing theory, the theory of de-
terministic equivalents and the leave-one-out approach. We believe our proof
techniques should be useful for analyzing other two-stage estimators in this
high-dimensional regime. We complement our theoretical results with sim-
ulations that demonstrate both the finite sample efficacy of our CLT and its
robustness to our assumptions. Finally, we provide some theoretical evidence
for the universality of our CLT to the law of the covariates, and explore the
effects of certain forms of model misspecification.
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Detecting anomalies in large sets of observations is crucial in various
applications, such as epidemiological studies, gene expression studies, and
systems monitoring. We consider settings where the units of interest result
in multiple independent observations from potentially distinct referentials.
Scan statistics and related methods are commonly used in such settings, but
rely on stringent modeling assumptions for proper calibration. We instead
propose a rank-based variant of the higher criticism statistic that only requires
independent observations originating from ordered spaces. We show under
what conditions the resulting methodology is able to detect the presence of
anomalies. These conditions are stated in a general, nonparametric manner,
and depend solely on the probabilities of anomalous observations exceeding
nominal observations. The analysis requires a refined understanding of the
distribution of the ranks under the presence of anomalies, and in particular
of the rank-induced dependencies. The methodology is robust against heavy-
tailed distributions through the use of ranks. Within the exponential family
and a family of convolutional models, we analytically quantify the asymptotic
performance of our methodology and the performance of the oracle, and show
the difference is small for many common models. Simulations confirm these
results. We show the applicability of the methodology through an analysis of
quality control data of a pharmaceutical manufacturing process.
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The exploration of associations between random objects with complex
geometric structures has catalyzed the development of various novel statis-
tical tests encompassing distance-based and kernel-based statistics. These
methods have various strengths and limitations. One problem is that their test
statistics tend to converge to asymptotic null distributions involving second-
order Wiener chaos, which are hard to compute and need approximation or
permutation techniques that use much computing power to build rejection re-
gions. In this work, we take an entirely different and novel strategy by using
the so-called “random-lifter.” This method is engineered to yield test statis-
tics with the standard normal limit under null distributions without the need
for sample splitting. In other words, we set our sights on having simple limit-
ing distributions and finding the proper statistics through reverse engineering.
We use the Central Limit Theorems (CLTs) for degenerate U-statistics de-
rived from our novel association measures to do this. As a result, the asymp-
totic distributions of our proposed tests are straightforward to compute. Our
test statistics also have the minimax property. We further substantiate that
our method maintains competitive power against existing methods with mini-
mal adjustments to constant factors. Both numerical simulations and real-data
analysis corroborate the efficacy of the random-lifter method.
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TESTING
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We consider the problem of testing whether a single coefficient is equal
to zero in linear models when the dimension of covariates p can be up to a
constant fraction of sample size n. In this regime, an important topic is to
propose tests with finite-sample valid size control without requiring the noise
to follow strong distributional assumptions. In this paper, we propose a new
method, called the residual permutation test (RPT), which is constructed by
projecting the regression residuals onto the space orthogonal to the union of
the column spaces of the original and permuted design matrices. RPT can be
proved to achieve finite-sample size validity under fixed design with just ex-
changeable noises, whenever p < n/2. Moreover, RPT is shown to be asymp-
totically powerful for heavy-tailed noises with bounded (1 + #)th order mo-
ment when the true coefficient is at least of order n ="/ for ¢t € [0, 1]. We
further proved that this signal size requirement is essentially rate-optimal in
the minimax sense. Numerical studies confirm that RPT performs well in a
wide range of simulation settings with normal and heavy-tailed noise distri-
butions.
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We investigate the robustness of the model-X knockoffs framework with
respect to the misspecified or estimated feature distribution. We achieve such
a goal by theoretically studying the feature selection performance of a practi-
cally implemented knockoffs algorithm, which we name as the approximate
knockoffs (ARK) procedure, under the measures of the false discovery rate
(FDR) and k-familywise error rate (k-FWER). The approximate knockoffs
procedure differs from the model-X knockoffs procedure only in that the
former uses the misspecified or estimated feature distribution. A key tech-
nique in our theoretical analyses is to couple the approximate knockoffs pro-
cedure with the model-X knockoffs procedure so that random variables in
these two procedures can be close in realizations. We prove that if such cou-
pled model-X knockoffs procedure exists, the approximate knockoffs proce-
dure can achieve the asymptotic FDR or k-FWER control at the target level.
We showcase three specific constructions of such coupled model-X knock-
off variables, verifying their existence and justifying the robustness of the
model-X knockoffs framework. Additionally, we formally connect our con-
cept of knockoff variable coupling to a type of Wasserstein distance.
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LOW COORDINATE DEGREE ALGORITHMS I: UNIVERSALITY OF
COMPUTATIONAL THRESHOLDS FOR HYPOTHESIS TESTING

By DMITRIY KUNISKY?

Department of Applied Mathematics and Statistics, Johns Hopkins University, ®kunisky @jhu.edu

We study when low coordinate degree functions (LCDF)—linear combi-
nations of functions depending on small subsets of entries of a vector—can
hypothesis test between high-dimensional probability measures. These func-
tions are a generalization, proposed in Hopkins’ 2018 thesis but seldom stud-
ied since, of low degree polynomials (LDP), a class widely used in recent
literature as a proxy for all efficient algorithms for tasks in statistics and opti-
mization. Instead of the orthogonal polynomial decompositions used in LDP
calculations, our analysis of LCDF is based on the Efron—Stein or ANOVA
decomposition, making it much more broadly applicable. By way of illustra-
tion, we prove channel universality for the success of LCDF in testing for
the presence of sufficiently “dilute” random signals through noisy channels:
the efficacy of LCDF depends on the channel only through the scalar Fisher
information for a class of channels including nearly arbitrary additive i.i.d.
noise and nearly arbitrary exponential families. As applications, we extend
lower bounds against LDP for spiked matrix and tensor models under additive
Gaussian noise to lower bounds against LCDF under general noisy channels.
We also give a simple and unified treatment of the effect of censoring mod-
els by erasing observations at random and of quantizing models by taking
the sign of the observations. These results are the first computational lower
bounds against any large class of algorithms for all of these models when the
channel is not one of a few special cases, and thereby give the first substantial
evidence for the universality of several statistical-to-computational gaps.
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In this paper, we consider deep approximate policy iteration (DAPI) with
the Bellman residual minimization in reinforcement learning. In each itera-
tion of DAPI, we apply convolutional neural networks (CNNs) with ReLU
activation, called ReLU CNNs, to estimate the fixed point of the Bellman
equation by minimizing an unbiased minimax loss. To bound the estimation
error in each iteration, we control the statistical and approximation errors us-
ing the tools of the empirical process theory with dependent data and deep ap-
proximation theory, respectively. We establish a novel statistical error bound
for ReLU CNNs on dependent data that is C-mixing, and an approximation
error bound for ReLU CNNs on Hélder class. Combining with error propa-
gation, we obtain a nonasymptotic error bound between the optimal action-
value function Q* and the estimated Q function induced by the greedy policy
in DAPI. This bound depends on the sample size and ambient dimension of
the data, as well as the size, weight bound, and depth of the CNNs, providing
prior guidance on how to set these hyperparameters to achieve the desired
convergence rate when training DAPI in practice. Moreover, this bound cir-
cumvents the curse of dimensionality if the distribution of state-action pairs
is supported on a set with a low intrinsic dimension.
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Modern machine learning classifiers often exhibit vanishing classifica-
tion error on the training set. They achieve this by learning nonlinear repre-
sentations of the inputs that map the data into linearly separable classes.

Motivated by these phenomena, we revisit high-dimensional maximum
margin classification for linearly separable data. We consider a stylized set-
ting in which data (y;, x;), i <n arei.i.d. withx; ~ N(0, ¥) a p-dimensional
Gaussian feature vector, and y; € {+1, —1} a label whose distribution de-
pends on a linear combination of the covariates (64, x;). Recent universality
results can be used to show that the results derived in the Gaussian setting
also apply when x; = ¢(z;) for standard Gaussian z; and ¢ a nonlinear fea-
turization map.

We consider the proportional asymptotics n, p — oo with p/n — ¥, and
derive exact expressions for the limiting generalization error. We use this the-
ory to derive two results of independent interest: (i) Sufficient conditions on
(X, 0.) for “benign overfitting” that are parallel to previously derived condi-
tions in the case of linear regression; (ii) An asymptotically exact expression
for the generalization error when max-margin classification is used in con-
junction with feature vectors produced by random one-layer neural networks.
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We revisit the fundamental question of simple-versus-simple hypothe-
sis testing with an eye toward computational complexity, as the statistically
optimal likelihood ratio test is often computationally intractable in high-
dimensional settings. In the classical spiked Wigner model with a general
i.i.d. spike prior, we show (conditional on a conjecture) that an existing test
based on linear spectral statistics achieves the best possible trade-off curve
between type-I and type-II error rates among all computationally efficient
tests, even though there are exponential-time tests that do better. This result is
conditional on an appropriate complexity-theoretic conjecture, namely a nat-
ural strengthening of the well-established low-degree conjecture. Our result
shows that the spectrum is a sufficient statistic for computationally bounded
tests (but not for all tests).

To our knowledge, our approach gives the first tool for reasoning about
the precise asymptotic testing error achievable with efficient computation.
The main ingredients required for our hardness result are a sharp bound on
the norm of the low-degree likelihood ratio along with (counterintuitively)
a positive result on achievability of testing. This strategy appears to be new
even in the setting of unbounded computation, in which case it gives an alter-
nate way to analyze the fundamental statistical limits of testing.
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We consider a general class of statistical experiments, in which an n-
dimensional centered Gaussian random variable is observed and its covari-
ance matrix is the parameter of interest. The covariance matrix is assumed to
be well-approximable in a linear space of lower dimension K, with eigen-
values uniformly bounded away from zero and infinity. We prove asymptotic
equivalence of this experiment and a class of K -dimensional Gaussian mod-
els with informative expectation in Le Cam’s sense when n tends to infinity
and K, is allowed to increase moderately in n at a polynomial rate. For this
purpose we derive a new localization technique for non-i.i.d. data and a novel
high-dimensional Central Limit Law in total variation distance. These results
are key ingredients to show asymptotic equivalence between the experiments
of locally stationary Gaussian time series and a bivariate Wiener process with
the log spectral density as its drift. On this way a novel class of matrices is in-
troduced which generalizes circulant Toeplitz matrices traditionally used for
strictly stationary time series.
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