ISSN 0090-5364 (print)
ISSN 2168-8966 (online)

THE ANNALS
of
STATISTICS

AN OFFICIAL JOURNAL OF THE
INSTITUTE OF MATHEMATICAL STATISTICS

Articles
Asymptotic distributions of largest Pearson correlation coefficients under dependent
SLIUCKUTES ... v oottt et e e e TIEFENG JIANG AND TUAN PHAM 907
On the convergence of coordinate ascent variational inference
ANIRBAN BHATTACHARYA, DEBDEEP PATI AND YUN YANG 929
Optimal transport map estimation in general function spaces
VINCENT DIVOL, JONATHAN NILES-WEED AND ARAM-ALEXANDRE POOLADIAN 963
Semiparametric inference based on adaptively collected data
LI1CONG LIN, KOULIK KHAMARU AND MARTIN J. WAINWRIGHT 989
The numeraire e-variable and reverse information projection
MARTIN LARSSON, AADITYA RAMDAS AND JOHANNES RUF 1015
A duality framework for analyzing random feature and two-layer neural networks
HONGRUI CHEN, JIHAO LONG AND LEI WU 1044
BELIEF in dependence: Leveraging atomic linearity in data bits for rethinking
generalized linear models ... BENJAMIN BROWN, KA1 ZHANG AND XIAO-L1 MENG 1068
Sparsity meets correlation in Gaussian sequence model
SUBHODH KOTEKAL AND CHAO GAO 1095
Conformal inference for random objects. . . .. HANG ZHOU AND HANS-GEORG MULLER 1123
Statistical algorithms for low-frequency diffusion data: A PDE approach
MATTEO GIORDANO AND SVEN WANG 1150
Minimax rate for multivariate data under componentwise local differential privacy
CONSIraints .......ovvneiniiienn... CHIARA AMORINO AND ARNAUD GLOTER 1176
Strong approximations for empirical processes indexed by Lipschitz functions
MATIAS D. CATTANEO AND RUIQI RAE YU 1203
Testing stationarity and change point detection in reinforcement learning
MENGBING LI, CHENGCHUN SHI, ZHENKE WU AND PIOTR FRYZLEWICZ 1230
Adaptive estimation of the IL,-norm of a probability density and related topics 1. Lower
bounds.................. G. CLEANTHOUS, A. G. GEORGIADIS AND O. V. LEPSKI 1257
Adaptive estimation of the LL,-norm of a probability density and related topics II. Upper
bounds via the oracle approach................. ... ... L G. CLEANTHOUS,
A.G. GEORGIADIS AND O.V. LEPSKI 1275
Asymptotic distribution of maximum likelihood estimator in generalized linear mixed
models with crossed random effects................... ... ... JIMING JIANG 1298
Self-normalized Cramér type moderate deviation theorem for Gaussian approximation
JINGKUN QIU, SONG XI CHEN AND QI-MAN SHAO 1319
Semiparametric adaptive estimation under informative sampling
KOSUKE MORIKAWA, YOSHIKAZU TERADA AND JAE KWANG KiMm 1347

Vol. 53, No. 3—June 2025



THE ANNALS OF STATISTICS Vol. 53, No. 3, pp. 907-1369 June 2025



INSTITUTE OF MATHEMATICAL STATISTICS

(Organized September 12, 1935)

The purpose of the Institute is to foster the development and dissemination of the theory and
applications of statistics and probability.

IMS OFFICERS

President: Tony Cai, Department of Statistics and Data Science, University of Pennsylvania, Philadelphia, PA
19104-6304, USA

President-Elect: Kavita Ramanan, Division of Applied Mathematics, Brown University, Providence, RI 02912,
USA

Past President: Michael Kosorok, Department of Biostatistics and Department of Statistics and Operations
Research, University of North Carolina, Chapel Hill, Chapel Hill, NC 27599, USA

Executive Secretary: Peter Hoff, Department of Statistical Science, Duke University, Durham, NC 27708-0251,
USA

Treasurer: Jiashun Jin, Department of Statistics, Carnegie Mellon University, Pittsburgh, PA 15213-3890, USA

Program Secretary: Annie Qu, Department of Statistics, University of California, Irvine, Irvine, CA 92697-3425,
USA

IMS EDITORS

The Annals of Statistics. Editors: Hans-Georg Miiller, Department of Statistics, University of California, Davis,
Davis, CA 95616, USA. Harrison Zhou, Department of Statistics and Data Science, Yale University, New
Haven, CT 06520, USA

The Annals of Applied Statistics. Editor-in-Chief: Lexin Li, Department of Biostatistics and Epidemiology, Uni-
versity of California, Berkeley, Berkeley, CA 94720-7360, USA

The Annals of Probability. Editors: Paul Bourgade, Courant Institute of Mathematical Sciences, New York Univer-
sity, New York, NY 10012-1185, USA. Julien Dubedat, Department of Mathematics, Columbia University,
New York, NY 10027, USA

The Annals of Applied Probability. Editors: Jian Ding, School of Mathematical Sciences, Peking University,
100871, Bejing, China. Claudio Landim, IMPA, 22461-320, Rio de Janeiro, Brazil

Statistical Science. Editor: Moulinath Banerjee, Department of Statistics, University of Michigan, Ann Arbor, MI
48109, USA

The IMS Bulletin. Editor: Tati Howell, bulletin@imstat.org

The Annals of Statistics [ISSN 0090-5364 (print); ISSN 2168-8966 (online)], Volume 53, Number 3, June 2025.
Published bimonthly by the Institute of Mathematical Statistics, 9760 Smith Road, Waite Hill, OH 44094, USA.
Periodicals postage paid at Cleveland, Ohio, and at additional mailing offices.

POSTMASTER: Send address changes to The Annals of Statistics, Institute of Mathematical Statistics, Dues and
Subscriptions Office, PO Box 729, Middletown, MD 21769, USA.

Copyright © 2025 by the Institute of Mathematical Statistics
Printed in the United States of America


mailto:bulletin@imstat.org

The Annals of Statistics

2025, Vol. 53, No. 3, 907-928
https://doi.org/10.1214/24-A0S2462

© Institute of Mathematical Statistics, 2025

ASYMPTOTIC DISTRIBUTIONS OF LARGEST PEARSON CORRELATION
COEFFICIENTS UNDER DEPENDENT STRUCTURES

BY TIEFENG JIANG!? AND TUAN PHAMZ?

LSchool of Data Science, Chinese University of Hong Kong, #jiang040@ cuhk.edu.cn

2Department of Statistics and Data Science, University of Texas, btuan.pham@utexas. edu

Given a random sample from a multivariate normal distribution whose
covariance matrix is a Toeplitz matrix, we study the largest off-diagonal en-
try of the sample correlation matrix. Assuming the multivariate normal distri-
bution has the covariance structure of an autoregressive sequence, we estab-
lish a phase transition in the limiting distribution of the largest off-diagonal
entry. We show that the limiting distributions are of Gumbel-type (with dif-
ferent parameters), depending on how large or small the parameter of the
autoregressive sequence is. At the critical case, we obtain that the limiting
distribution is the maximum of two independent random variables of Gumbel
distributions. This phase transition establishes the exact threshold at which
the autoregressive covariance structure behaves differently than its counter-
part with the covariance matrix equal to the identity. Assuming the covariance
matrix is a general Toeplitz matrix, we obtain the limiting distribution of the
largest entry under the ultrahigh-dimensional settings: it is a weighted sum
of two independent random variables, one normal and the other following a
Gumbel-type law. The counterpart of the non-Gaussian case is also discussed.
We use our results to obtain new testing procedures for some problems in
high-dimensional statistics.

REFERENCES

BASTIAN, P, DETTE, H. and HEINY, J. (2024). Testing for practically significant dependencies in high dimensions
via bootstrapping maxima of U -statistics. Ann. Statist. 52 628—653. MR4744190 https://doi.org/10.1214/24-
2052361

BICKEL, P. J. and LEVINA, E. (2008a). Covariance regularization by thresholding. Ann. Statist. 36 2577-2604.
MR2485008 https://doi.org/10.1214/08-A0S600

BICKEL, P. J. and LEVINA, E. (2008b). Regularized estimation of large covariance matrices. Ann. Statist. 36
199-227. MR2387969 https://doi.org/10.1214/009053607000000758

CAI, T. (2017). Global testing and large-scale multiple testing for high-dimensional covariance structures. Annu.
Rev. Stat. Appl. 4 423-446.

CAL T., FAN, J. and JIANG, T. (2013). Distributions of angles in random packing on spheres. J. Mach. Learn. Res.
14 1837-1864. MR3104497

CAl1, T. and L1U, W. (2011). Adaptive thresholding for sparse covariance matrix estimation. J. Amer. Statist. Assoc.
106 672-684. MR2847949 https://doi.org/10.1198/jasa.2011.tm10560

Cal T, Liu, W. and XI1A, Y. (2013). Two-sample covariance matrix testing and support recovery in high-
dimensional and sparse settings. J. Amer. Statist. Assoc. 108 265-277. MR3174618 https://doi.org/10.1080/
01621459.2012.758041

CAI T. T. and JIANG, T. (2011). Limiting laws of coherence of random matrices with applications to testing co-
variance structure and construction of compressed sensing matrices. Ann. Statist. 39 1496-1525. MR2850210
https://doi.org/10.1214/11-AOS879

CAIL T. T. and JIANG, T. (2012). Phase transition in limiting distributions of coherence of high-dimensional
random matrices. J. Multivariate Anal. 107 24-39. MR2890430 https://doi.org/10.1016/j.jmva.2011.11.008

CAL T. T, L1u, W. and XIA, Y. (2014). Two-sample test of high dimensional means under dependence. J. R. Stat.
Soc. Ser. B. Stat. Methodol. 76 349-372. MR3164870 https://doi.org/10.1111/rssb.12034

MSC2020 subject classifications. Primary 62E20; secondary 62H15.
Key words and phrases. High-dimensional testing, extreme values, sample correlation matrix, uniform central
limit theorem.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/24-AOS2462
https://www.imstat.org
mailto:jiang040@cuhk.edu.cn
mailto:tuan.pham@utexas.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4744190
https://doi.org/10.1214/24-aos2361
https://doi.org/10.1214/24-aos2361
https://mathscinet.ams.org/mathscinet-getitem?mr=2485008
https://doi.org/10.1214/08-AOS600
https://mathscinet.ams.org/mathscinet-getitem?mr=2387969
https://doi.org/10.1214/009053607000000758
https://mathscinet.ams.org/mathscinet-getitem?mr=3104497
https://mathscinet.ams.org/mathscinet-getitem?mr=2847949
https://doi.org/10.1198/jasa.2011.tm10560
https://mathscinet.ams.org/mathscinet-getitem?mr=3174618
https://doi.org/10.1080/01621459.2012.758041
https://doi.org/10.1080/01621459.2012.758041
https://mathscinet.ams.org/mathscinet-getitem?mr=2850210
https://doi.org/10.1214/11-AOS879
https://mathscinet.ams.org/mathscinet-getitem?mr=2890430
https://doi.org/10.1016/j.jmva.2011.11.008
https://mathscinet.ams.org/mathscinet-getitem?mr=3164870
https://doi.org/10.1111/rssb.12034
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

Cal, T. T. and MA, Z. (2013). Optimal hypothesis testing for high dimensional covariance matrices. Bernoulli 19
2359-2388. MR3160557 https://doi.org/10.3150/12-BEJ455

CAL T. T. and ZHANG, A. (2016). Inference for high-dimensional differential correlation matrices. J. Multivariate
Anal. 143 107-126. MR3431422 https://doi.org/10.1016/j.jmva.2015.08.019

CHEN, X. and L1U, W. (2018). Testing independence with high-dimensional correlated samples. Ann. Statist. 46
866-894. MR3782387 https://doi.org/10.1214/17-A0S1571

CHERNOZHUKOV, V., CHETVERIKOV, D. and KOIKE, Y. (2023). Nearly optimal central limit theorem and boot-
strap approximations in high dimensions. Ann. Appl. Probab. 33 2374-2425. MR4583674 https://doi.org/10.
1214/22-aap1870

CUTTING, C., PAINDAVEINE, D. and VERDEBOUT, T. (2017). Testing uniformity on high-dimensional spheres
against monotone rotationally symmetric alternatives. Ann. Statist. 45 1024-1058. MR3662447 https://doi.
org/10.1214/16-A0S1473

CUTTING, C., PAINDAVEINE, D. and VERDEBOUT, T. (2022). Testing uniformity on high-dimensional spheres:
The non-null behaviour of the Bingham test. Ann. Inst. Henri Poincaré Probab. Stat. 58 567-602. MR4374686
https://doi.org/10.1214/21-aihp1168

FAN, J. and JIANG, T. (2019). Largest entries of sample correlation matrices from equi-correlated normal popula-
tions. Ann. Probab. 47 3321-3374. MR4021253 https://doi.org/10.1214/19-A0OP1341

FENG, L., JIANG, T., L1U, B. and XIONG, W. (2022). Max-sum tests for cross-sectional independence of high-
dimensional panel data. Ann. Statist. 50 1124—1143. MR4404930 https://doi.org/10.1214/21-a0s2142

HAN, F., CHEN, S. and L1u, H. (2017). Distribution-free tests of independence in high dimensions. Biometrika
104 813-828. MR3737306 https://doi.org/10.1093/biomet/asx050

HAN, Q., JIANG, T. and SHEN, Y. (2023). Contiguity under high-dimensional Gaussianity with applications to
covariance testing. Ann. Appl. Probab. 33 4272-4321. MR4674051 https://doi.org/10.1214/22-aap1917

HEINY, J. (2022). Large sample correlation matrices: A comparison theorem and its applications. Electron. J.
Probab. 27 Paper No. 94, 20. MR4456777 https://doi.org/10.1214/22-ejp817

HEINY, J. and KLEEMANN, C. (2025). Maximum interpoint distance of high-dimensional random vectors.
Bernoulli 31 537-560. MR4815995 https://doi.org/10.3150/24-bej1738

HEINY, J. and MIKOSCH, T. (2018). Almost sure convergence of the largest and smallest eigenvalues of high-
dimensional sample correlation matrices. Stochastic Process. Appl. 128 2779-2815. MR3811704 https://doi.
org/10.1016/j.spa.2017.10.002

HEINY, J., MIKOSCH, T. and YSLAS, J. (2021). Point process convergence for the off-diagonal entries of sample
covariance matrices. Ann. Appl. Probab. 31 538-560. MR4254488 https://doi.org/10.1214/20-aap1597

HEINY, J. and YAO, J. (2022). Limiting distributions for eigenvalues of sample correlation matrices from heavy-
tailed populations. Ann. Statist. 50 3249-3280. MR4524496 https://doi.org/10.1214/22-a0s2226

IsHIL, A., YATA, K. and AOSHIMA, M. (2021). Hypothesis tests for high-dimensional covariance structures. Ann.
Inst. Statist. Math. 73 599-622. MR4247072 https://doi.org/10.1007/s10463-020-00760-5

JIANG, T. (2004). The asymptotic distributions of the largest entries of sample correlation matrices. Ann. Appl.
Probab. 14 865-880. MR2052906 https://doi.org/10.1214/105051604000000143

JIANG, T. (2019). Determinant of sample correlation matrix with application. Ann. Appl. Probab. 29 1356-1397.
MR3914547 https://doi.org/10.1214/17-AAP1362

JIANG, T. and PHAM, T. (2025). Supplement to “Asymptotic distributions of largest Pearson correlation coeffi-
cients under dependent structures.” https://doi.org/10.1214/24-A0S2462SUPP

KATO, N., YAMADA, T. and FUJIKOSHI, Y. (2010). High-dimensional asymptotic expansion of LR statistic for
testing intraclass correlation structure and its error bound. J. Multivariate Anal. 101 101-112. MR2557621
https://doi.org/10.1016/j.jmva.2009.05.006

KOIKE, Y. (2021). Notes on the dimension dependence in high-dimensional central limit theorems for hyperrect-
angles. Jpn. J. Stat. Data Sci. 4 257-297. MR4273258 https://doi.org/10.1007/s42081-020-00096-7

LEADBETTER, M. R., LINDGREN, G. and ROOTZEN, H. (1983). Extremes and Related Properties of Random
Sequences and Processes. Springer Series in Statistics. Springer, New York. MR0691492

Li, D, L1u, W.-D. and ROSALSKY, A. (2010). Necessary and sufficient conditions for the asymptotic distribution
of the largest entry of a sample correlation matrix. Probab. Theory Related Fields 148 5-35. MR2653220
https://doi.org/10.1007/s00440-009-0220-z

L1, D, Q1, Y. and ROSALSKY, A. (2012). On Jiang’s asymptotic distribution of the largest entry of a sample
correlation matrix. J. Multivariate Anal. 111 256-270. MR2944420 https://doi.org/10.1016/j.jmva.2012.04.
002

L1, D. and ROSALSKY, A. (2006). Some strong limit theorems for the largest entries of sample correlation matri-
ces. Ann. Appl. Probab. 16 423—447. MR2209348 https://doi.org/10.1214/105051605000000773

L1, D. and XUE, L. (2015). Joint limiting laws for high-dimensional independence tests. Preprint. Available at
arXiv:1512.08819.


https://mathscinet.ams.org/mathscinet-getitem?mr=3160557
https://doi.org/10.3150/12-BEJ455
https://mathscinet.ams.org/mathscinet-getitem?mr=3431422
https://doi.org/10.1016/j.jmva.2015.08.019
https://mathscinet.ams.org/mathscinet-getitem?mr=3782387
https://doi.org/10.1214/17-AOS1571
https://mathscinet.ams.org/mathscinet-getitem?mr=4583674
https://doi.org/10.1214/22-aap1870
https://doi.org/10.1214/22-aap1870
https://mathscinet.ams.org/mathscinet-getitem?mr=3662447
https://doi.org/10.1214/16-AOS1473
https://doi.org/10.1214/16-AOS1473
https://mathscinet.ams.org/mathscinet-getitem?mr=4374686
https://doi.org/10.1214/21-aihp1168
https://mathscinet.ams.org/mathscinet-getitem?mr=4021253
https://doi.org/10.1214/19-AOP1341
https://mathscinet.ams.org/mathscinet-getitem?mr=4404930
https://doi.org/10.1214/21-aos2142
https://mathscinet.ams.org/mathscinet-getitem?mr=3737306
https://doi.org/10.1093/biomet/asx050
https://mathscinet.ams.org/mathscinet-getitem?mr=4674051
https://doi.org/10.1214/22-aap1917
https://mathscinet.ams.org/mathscinet-getitem?mr=4456777
https://doi.org/10.1214/22-ejp817
https://mathscinet.ams.org/mathscinet-getitem?mr=4815995
https://doi.org/10.3150/24-bej1738
https://mathscinet.ams.org/mathscinet-getitem?mr=3811704
https://doi.org/10.1016/j.spa.2017.10.002
https://doi.org/10.1016/j.spa.2017.10.002
https://mathscinet.ams.org/mathscinet-getitem?mr=4254488
https://doi.org/10.1214/20-aap1597
https://mathscinet.ams.org/mathscinet-getitem?mr=4524496
https://doi.org/10.1214/22-aos2226
https://mathscinet.ams.org/mathscinet-getitem?mr=4247072
https://doi.org/10.1007/s10463-020-00760-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2052906
https://doi.org/10.1214/105051604000000143
https://mathscinet.ams.org/mathscinet-getitem?mr=3914547
https://doi.org/10.1214/17-AAP1362
https://doi.org/10.1214/24-AOS2462SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=2557621
https://doi.org/10.1016/j.jmva.2009.05.006
https://mathscinet.ams.org/mathscinet-getitem?mr=4273258
https://doi.org/10.1007/s42081-020-00096-7
https://mathscinet.ams.org/mathscinet-getitem?mr=0691492
https://mathscinet.ams.org/mathscinet-getitem?mr=2653220
https://doi.org/10.1007/s00440-009-0220-z
https://mathscinet.ams.org/mathscinet-getitem?mr=2944420
https://doi.org/10.1016/j.jmva.2012.04.002
https://doi.org/10.1016/j.jmva.2012.04.002
https://mathscinet.ams.org/mathscinet-getitem?mr=2209348
https://doi.org/10.1214/105051605000000773
https://arxiv.org/abs/1512.08819

L1, D., XUE, L. and Zou, H. (2018). Applications of Peter Hall’s martingale limit theory to estimating and testing
high dimensional covariance matrices. Statist. Sinica 28 2657-2670. MR3839878

Liu, W.-D., LIN, Z. and SHAO, Q.-M. (2008). The asymptotic distribution and Berry-Esseen bound of a new
test for independence in high dimension with an application to stochastic optimization. Ann. Appl. Probab. 18
2337-2366. MR2474539 https://doi.org/10.1214/08-AAP527

PAROLYA, N., HEINY, J. and KUROWICKA, D. (2024). Logarithmic law of large random correlation matrices.
Bernoulli 30 346-370. MR4665581 https://doi.org/10.3150/23-bej1600

QIvu, Y. and CHEN, S. X. (2012). Test for bandedness of high-dimensional covariance matrices and bandwidth
estimation. Ann. Statist. 40 1285-1314. MR3015026 https://doi.org/10.1214/12-A0S 1002

SASVARI, Z. (1998). On a classical theorem in the theory of Fourier integrals. Proc. Amer. Math. Soc. 126
711-713. MR1469433 https://doi.org/10.1090/S0002-9939-98-04604-8

SHAO, Q.-M. and ZHOU, W.-X. (2014). Necessary and sufficient conditions for the asymptotic distributions of
coherence of ultra-high dimensional random matrices. Ann. Probab. 42 623-648. MR3178469 https://doi.org/
10.1214/13-A0P837

SRIVASTAVA, M. S. and REID, N. (2012). Testing the structure of the covariance matrix with fewer observations
than the dimension. J. Multivariate Anal. 112 156-171. MR2957293 https://doi.org/10.1016/j.jmva.2012.06.
004

SRIVASTAVA, M. S. and SINGULL, M. (2017). Testing sphericity and intraclass covariance structures under a
growth curve model in high dimension. Comm. Statist. Simulation Comput. 46 5740-5751. MR3698554
https://doi.org/10.1080/03610918.2016.1175623

WAINWRIGHT, M. J. (2019). High-Dimensional Statistics: A Non-asymptotic Viewpoint. Cambridge Series in
Statistical and Probabilistic Mathematics 48. Cambridge Univ. Press, Cambridge. MR3967104 https://doi.
org/10.1017/9781108627771

Yu, X., L1, D. and XUE, L. (2024). Fisher’s combined probability test for high-dimensional covariance matrices.
J. Amer. Statist. Assoc. 119 511-524. MR4713910 https://doi.org/10.1080/01621459.2022.2126781

Yu, X., L1, D., XUE, L. and LI, R. (2023). Power-enhanced simultaneous test of high-dimensional mean vec-
tors and covariance matrices with application to gene-set testing. J. Amer. Statist. Assoc. 118 2548-2561.
MR4681603 https://doi.org/10.1080/01621459.2022.2061354

ZHAO, K., ZoU, T., ZHENG, S. and CHEN, J. (2023). Hypothesis testing on compound symmetric structure of
high-dimensional covariance matrix. Comput. Statist. Data Anal. 185 Paper No. 107779, 20. MR4593087
https://doi.org/10.1016/j.csda.2023.107779

ZHENG, S., CHEN, Z., Cul, H. and L1, R. (2019). Hypothesis testing on linear structures of high-dimensional
covariance matrix. Ann. Statist. 47 3300-3334. MR4025743 https://doi.org/10.1214/18-A0S1779

ZHOU, W. (2007). Asymptotic distribution of the largest off-diagonal entry of correlation matrices. Trans. Amer.
Math. Soc. 359 5345-5363. MR2327033 https://doi.org/10.1090/S0002-9947-07-04192-X


https://mathscinet.ams.org/mathscinet-getitem?mr=3839878
https://mathscinet.ams.org/mathscinet-getitem?mr=2474539
https://doi.org/10.1214/08-AAP527
https://mathscinet.ams.org/mathscinet-getitem?mr=4665581
https://doi.org/10.3150/23-bej1600
https://mathscinet.ams.org/mathscinet-getitem?mr=3015026
https://doi.org/10.1214/12-AOS1002
https://mathscinet.ams.org/mathscinet-getitem?mr=1469433
https://doi.org/10.1090/S0002-9939-98-04604-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3178469
https://doi.org/10.1214/13-AOP837
https://doi.org/10.1214/13-AOP837
https://mathscinet.ams.org/mathscinet-getitem?mr=2957293
https://doi.org/10.1016/j.jmva.2012.06.004
https://doi.org/10.1016/j.jmva.2012.06.004
https://mathscinet.ams.org/mathscinet-getitem?mr=3698554
https://doi.org/10.1080/03610918.2016.1175623
https://mathscinet.ams.org/mathscinet-getitem?mr=3967104
https://doi.org/10.1017/9781108627771
https://doi.org/10.1017/9781108627771
https://mathscinet.ams.org/mathscinet-getitem?mr=4713910
https://doi.org/10.1080/01621459.2022.2126781
https://mathscinet.ams.org/mathscinet-getitem?mr=4681603
https://doi.org/10.1080/01621459.2022.2061354
https://mathscinet.ams.org/mathscinet-getitem?mr=4593087
https://doi.org/10.1016/j.csda.2023.107779
https://mathscinet.ams.org/mathscinet-getitem?mr=4025743
https://doi.org/10.1214/18-AOS1779
https://mathscinet.ams.org/mathscinet-getitem?mr=2327033
https://doi.org/10.1090/S0002-9947-07-04192-X

The Annals of Statistics

2025, Vol. 53, No. 3, 929-962
https://doi.org/10.1214/24-A0S2481

© Institute of Mathematical Statistics, 2025

(1]
(2]
(3]
(4]
(3]

(6]
(71

(8]
(9]
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As a computational alternative to Markov chain Monte Carlo approaches,
variational inference (VI) is becoming more and more popular for approxi-
mating intractable posterior distributions in large-scale Bayesian models due
to its comparable efficacy and superior efficiency. Several recent works pro-
vide theoretical justifications of VI by proving its statistical optimality for
parameter estimation under various settings; meanwhile, formal analysis on
the algorithmic convergence aspects of VI is still largely lacking. In this pa-
per, we consider the common coordinate ascent variational inference (CAVI)
algorithm for implementing the mean-field (MF) VI towards optimizing a
Kullback—Leibler divergence objective functional over the space of all fac-
torized distributions. Focusing on the two-block case, we analyze the conver-
gence of CAVI by leveraging the extensive toolbox from functional analysis
and optimization. We provide general conditions for certifying global or local
exponential convergence of CAVI. Specifically, a new notion of generalized
correlation for characterizing the interaction between the constituting blocks
in influencing the VI objective functional is introduced, which according to
the theory, quantifies the algorithmic contraction rate of two-block CAVI. As
illustrations, we apply the theory to a number of examples, and derive explicit
problem-dependent upper bounds on the algorithmic contraction rate.
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We study the problem of estimating a function 7', given independent
samples from a distribution P and from the pushforward distribution 73 P.
This setting is motivated by applications in the sciences, where T represents
the evolution of a physical system over time, and in machine learning, where,
for example, 7 may represent a transformation learned by a deep neural net-
work trained for a generative modeling task. To ensure identifiability, we as-
sume that 7' = Vg is the gradient of a convex function in which case T is
known as an optimal transport map. Prior work has studied the estimation of
T under the assumption that it lies in a Holder class, but general theory is
lacking. We present a unified methodology for obtaining rates of estimation
of optimal transport maps in general function spaces. Our assumptions are
significantly weaker than those appearing in the literature: we require only
that the source measure P satisfy a Poincaré inequality and that the optimal
map be the gradient of a smooth convex function that lies in a space whose
metric entropy can be controlled. As a special case, we recover known esti-
mation rates for Holder transport maps but also obtain nearly sharp results in
many settings not covered by prior work. For example, we provide the first
statistical rates of estimation when P is the normal distribution and the trans-
port map is given by an infinite-width shallow neural network.
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Many standard estimators, when applied to adaptively collected data, fail
to be asymptotically normal, thereby complicating the construction of confi-
dence intervals. We address this challenge in a semiparametric context: es-
timating the parameter vector of a generalized linear regression model con-
taminated by a nonparametric nuisance component. We construct suitably
weighted estimating equations that account for adaptivity in data collection
and provide conditions under which the associated estimates are asymptoti-
cally normal. Our results characterize the degree of “explorability” required
for asymptotic normality to hold. For the simpler problem of estimating a
linear functional, we provide similar guarantees under much weaker assump-
tions. We illustrate our general theory with concrete consequences for various
problems, including standard linear bandits and sparse generalized bandits,
and compare with other methods via simulation studies.
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We consider testing a composite null hypothesis /P against a point alter-
native Q using e-variables, which are nonnegative random variables X such
that Ep[X] < 1 for every P € P. This paper establishes a fundamental re-
sult: under no conditions whatsoever on P or Q, there exists a special e-
variable X* that we call the numeraire, which is strictly positive and satisfies
Eq[X/X*] < 1 for every other e-variable X. In particular, X* is log-optimal
in the sense that Eq[log(X/X™*)] < 0. Moreover, X* identifies a particular
subprobability measure P* via the density dP*/dQ = 1/ X*. As a result, X*
can be seen as a generalized likelihood ratio of Q against P. We show that
P* coincides with the reverse information projection (RIPr) when additional
assumptions are made that are required for the latter to exist. Thus, P* is a
natural definition of the RIPr in the absence of any assumptions on P or Q.
In addition to the abstract theory, we provide several tools for finding the
numeraire and RIPr in concrete cases. We discuss several nonparametric ex-
amples where we can indeed identify the numeraire and RIPr, despite not
having a reference measure. Our results have interpretations outside of test-
ing in that they yield the optimal Kelly bet against P if we believe reality
follows Q. We end with a more general optimality theory that goes beyond
the ubiquitous logarithmic utility. We focus on certain power utilities, leading
to reverse Rényi projections in place of the RIPr, which also always exist.
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We consider the problem of learning functions within the F » and Bar-
ron spaces, which play crucial roles in understanding random feature models
(RFMs), two-layer neural networks as well as kernel methods. Leveraging
tools from information-based complexity (IBC), we establish a dual equiva-
lence between approximation and estimation and then apply it to study the
learning of the preceding function spaces. The duality allows us to focus on
the more tractable problem between approximation and estimation. To show-
case the efficacy of our duality framework, we delve into two important but
under-explored problems:

(1) Random feature learning beyond kernel regime. We derive sharp
bounds for learning Fp 5 using RFMs. Notably, the learning is efficient with-
out the curse of dimensionality for p > 1. This underscores the extended ap-
plicability of RFMs beyond the traditional kernel regime, since Fp  with
p < 2 is strictly larger than the corresponding reproducing kernel Hilbert
space (RKHS) where p = 2.

(2) The L learning of RKHS. We establish sharp, spectrum-dependent
characterizations for the convergence of L learning error in both noiseless
and noisy settings. Surprisingly, we show that popular kernel ridge regression
can achieve near-optimal performance in L° learning, despite it primarily
minimizing square loss.

To establish the aforementioned duality, we introduce a type of IBC,
termed /-complexity, to measure the size of a function class. Notably, /-
complexity offers a tight characterization of learning in noiseless settings,
yields lower bounds comparable to Le Cam’s in noisy settings, and is versa-
tile in deriving upper bounds. We believe that our duality framework holds
potential for broad application in learning analysis across more scenarios.
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Two linearly uncorrelated binary variables must be also independent be-
cause nonlinear dependence cannot manifest with only two possible states.
This inherent linearity is the atom of dependency constituting any complex
form of relationship. Inspired by this observation, we develop a framework
called binary expansion linear effect (BELIEF) for understanding arbitrary
relationships with a binary outcome. Models from the BELIEF framework
are easily interpretable because they describe the association of binary vari-
ables in the language of linear models, yielding convenient theoretical insight
and striking Gaussian parallels. With BELIEF, one may study generalized lin-
ear models (GLM) through transparent linear models, providing insight into
how the choice of link affects modeling. For example, setting a GLM interac-
tion coefficient to zero does not necessarily lead to the kind of no-interaction
model assumption as understood under their linear model counterparts. Fur-
thermore, for a binary response, maximum likelihood estimation for GLMs
paradoxically fails under complete separation, when the data are most dis-
criminative, whereas BELIEF estimation automatically reveals the perfect
predictor in the data that is responsible for complete separation. We explore
these phenomena and provide related theoretical results. We also provide pre-
liminary empirical demonstration of some theoretical results.
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We study estimation of an s-sparse signal in the p-dimensional Gaus-
sian sequence model with equicorrelated observations and derive the min-
imax rate. A new phenomenon emerges from correlation, namely, the rate
scales with respect to p — 2s and exhibits a phase transition at p — 2s < ,/p.
Correlation is shown to be a blessing, provided it is sufficiently strong and the
critical correlation level exhibits a delicate dependence on the sparsity level.
Due to correlation, the minimax rate is driven by two subproblems: estima-
tion of a linear functional (the average of the signal) and estimation of the
signal’s (p — 1)-dimensional projection onto the orthogonal subspace. The
high-dimensional projection is estimated via sparse regression, and the linear
functional is cast as a robust location estimation problem. Existing robust es-
timators turn out to be suboptimal, and we show a kernel mode estimator with
a widening bandwidth exploits the Gaussian character of the data to achieve
the optimal estimation rate.
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We develop an inferential tool kit for analyzing object-valued responses,
which correspond to data situated in general metric spaces, paired with Eu-
clidean predictors within the conformal framework. To this end, we intro-
duce conditional profile average transport costs, where we compare distance
profiles that correspond to one-dimensional distributions of probability mass
falling into balls of increasing radius through the optimal transport cost when
moving from one distance profile to another. The average transport cost to
transport a given distance profile to all others is crucial for statistical infer-
ence in metric spaces and underpins the proposed conditional profile scores.
A key feature of the proposed approach is to utilize the distribution of condi-
tional profile average transport costs as conformity score for general metric
space-valued responses, which facilitates the construction of prediction sets
by the split conformal algorithm. We derive the uniform convergence rate
of the proposed conformity score estimators and establish asymptotic con-
ditional validity for the prediction sets. The finite sample performance for
synthetic data in various metric spaces demonstrates that the proposed condi-
tional profile score outperforms existing methods in terms of both coverage
level and size of the resulting prediction sets, even in the special case of scalar
Euclidean responses. We also demonstrate the practical utility of conditional
profile scores for network data from New York taxi trips and for composi-
tional data reflecting energy sourcing of U.S. states.
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We consider the problem of making nonparametric inference in a class of
multi-dimensional diffusions in divergence form, from low-frequency data.
Statistical analysis in this setting is notoriously challenging due to the in-
tractability of the likelihood and its gradient, and computational methods
have thus far largely resorted to expensive simulation-based techniques. In
this article, we propose a new computational approach which is motivated by
PDE theory and is built around the characterisation of the transition densities
as solutions of the associated heat (Fokker-Planck) equation. Employing op-
timal regularity results from the theory of parabolic PDEs, we prove a novel
characterisation for the gradient of the likelihood. Using these developments,
for the nonlinear inverse problem of recovering the diffusivity, we then show
that the numerical evaluation of the likelihood and its gradient can be reduced
to standard elliptic eigenvalue problems, solvable by powerful finite element
methods. This enables the efficient implementation of a large class of pop-
ular statistical algorithms, including (i) preconditioned Crank-Nicolson and
Langevin-type methods for posterior sampling, and (ii) gradient-based de-
scent optimisation schemes to compute maximum likelihood and maximum-
a-posteriori estimates. We showcase the effectiveness of these methods via
extensive simulation studies in a nonparametric Bayesian model with Gaus-
sian process priors, in which both the proposed optimisation and sampling
schemes provide good numerical recovery.
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Our research analyses the balance between maintaining privacy and pre-
serving statistical accuracy when dealing with multivariate data that is subject
to componentwise local differential privacy (CLDP). With CLDP, each com-
ponent of the private data is made public through a separate privacy channel.
This allows for varying levels of privacy protection for different components
or for the privatization of each component by different entities, each with their
own distinct privacy policies. It also covers the practical situations where it
is impossible to privatize jointly all the components of the raw data. We de-
velop general techniques for establishing minimax bounds that shed light on
the statistical cost of privacy in this context, as a function of the privacy levels
ap, ..., aq of the d components.

We demonstrate the versatility and efficiency of these techniques by pre-
senting various statistical applications. Specifically, we examine nonparamet-
ric density and joint moments estimation under CLDP, providing upper and
lower bounds that match up to constant factors, as well as an associated data-
driven adaptive procedure. Additionally, we conduct a detailed analysis of the
effective privacy level, exploring how information about a private character-
istic of an individual may be inferred from the publicly visible characteristics
of the same individual.
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This paper presents new uniform Gaussian strong approximations for
empirical processes indexed by classes of functions based on d-variate ran-
dom vectors (d > 1). First, a uniform Gaussian strong approximation is es-
tablished for general empirical processes indexed by possibly Lipschitz func-
tions, improving on previous results in the literature. In the setting considered
by Rio (Probab. Theory Related Fields 98 (1994) 21-45), and if the function
class is Lipschitzian, our result improves the approximation rate n~1/@2d)
to n~ 1/ max{d.2}, up to a polylog(n) term, where n denotes the sample size.
Remarkably, we establish a valid uniform Gaussian strong approximation at
the rate n—1/2 logn for d = 2, which was previously known to be valid only
for univariate (d = 1) empirical processes via the celebrated Hungarian con-
struction (Komlds, Major and Tusnady, Z. Wahrsch. Verw. Gebiete 32 (1975)
111-131). Second, a uniform Gaussian strong approximation is established
for multiplicative separable empirical processes indexed by possibly Lips-
chitz functions, which addresses some outstanding problems in the literature
(Chernozhukov, Chetverikov and Kato, Ann. Statist. 42 (2014) 1564-1597,
Section 3). Finally, two other uniform Gaussian strong approximation results
are presented when the function class is a sequence of Haar basis based on
quasi-uniform partitions. Applications to nonparametric density and regres-
sion estimation are discussed.
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We consider reinforcement learning (RL) in possibly nonstationary envi-
ronments. Many existing RL algorithms in the literature rely on the station-
arity assumption that requires the state transition and reward functions to be
constant over time. However, this assumption is restrictive in practice and is
likely to be violated in a number of applications, including traffic signal con-
trol, robotics and mobile health. In this paper, we develop a model-free test to
assess the stationarity of the optimal Q-function based on pre-collected his-
torical data, without additional online data collection. Based on the proposed
test, we further develop a change point detection method that can be naturally
coupled with existing state-of-the-art RL methods designed in stationary en-
vironments for online policy optimization in nonstationary environments. The
usefulness of our method is illustrated by theoretical results, simulation stud-
ies, and a real data example from the 2018 Intern Health Study. A Python im-
plementation of the proposed procedure is publicly available at https://github.
com/limengbinggz/CUSUM-RL.
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We deal with the problem of the adaptive estimation of the Lp—norm
of a probability density on R4, d > 1, from independent observations. The
unknown density is assumed to be uniformly bounded and to belong to the
union of balls in the isotropic/anisotropic Nikolskii’s spaces. We will show
that the optimally adaptive estimators over the collection of considered func-
tional classes do no exist. Also, in the framework of an abstract density model
we present several generic lower bounds related to the adaptive estimation of
an arbitrary functional of a probability density. These results having indepen-
dent interest have no analogue in the existing literature. In the companion
paper (Cleanthous, Georgiadis and Lepski (2024)), we prove that established
lower bounds are tight and provide with explicit construction of adaptive es-
timators of Lo—norm of the density.
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This is the second part of the research project initiated in Cleanthous,
Georgiadis and Lepski (2024a). We deal with the problem of the adaptive
estimation of the LLy-norm of a probability density on RY, d > 1, from in-
dependent observations. The unknown density is assumed to be uniformly
bounded by unknown constant and to belong to the union of balls in the
isotropic/anisotropic Nikolskii’s spaces. In Cleanthous, Georgiadis and Lep-
ski (2024a), we have proved that the optimally adaptive estimators do no ex-
ist in the considered problem and provided with several lower bounds for the
adaptive risk. In this part, we show that these bounds are tight and present the
adaptive estimator which is obtained by a data-driven selection from a family
of kernel-based estimators. The proposed estimation procedure as well as the
computation of its risk are heavily based on new concentration inequalities
for decoupled U -statistics of order two established in Section 4. It is also
worth noting that all our results are derived from the unique oracle inequality
which may be of independent interest.

REFERENCES

CLEANTHOUS, G., GEORGIADIS, A. G. and LEPSKI, O. V. (2024). Adaptive estimation of L.-norm of a proba-
bility density and related topics I. Lower bounds. Preprint.

CLEANTHOUS, G., GEORGIADIS, A. and LEPSKI, O. (2025). Supplement to “Adaptive estimation of the L, -norm
of a probability density and related topics II. Upper bounds via the oracle approach https://doi.org/10.1214/
25-A0S2503SUPP

DE LA PENA, V. H. and MONTGOMERY-SMITH, S. J. (1995). Decoupling inequalities for the tail probabilities of
multivariate U -statistics. Ann. Probab. 23 806-816. MR1334173

FOLLAND, G. B. (1999). Real Analysis: Modern Techniques and Their Applications, 2nd ed. Pure and Applied
Mathematics (New York). Wiley, New York. MR1681462

GINE, E., LATALA, R. and ZINN, J. (2000). Exponential and moment inequalities for U -statistics. In High Di-
mensional Probability, Il (Seattle, WA, 1999). Progress in Probability 47 13-38. Birkhiuser, Boston, MA.
MR1857312

GOLDENSHLUGER, A. and LEPSKI, O. V. (2022a). Minimax estimation of norms of a probability density: I.
Lower bounds. Bernoulli 28 1120-1154. MR4388932 https://doi.org/10.3150/21-bej1380

GOLDENSHLUGER, A. and LEPSKI, O. V. (2022b). Minimax estimation of norms of a probability density: II. Rate-
optimal estimation procedures. Bernoulli 28 1155-1178. MR4388933 https://doi.org/10.3150/21-bej1381

HOUDRE, C. and REYNAUD-BOURET, P. (2003). Exponential inequalities, with constants, for U-statistics of or-
der two. In Stochastic Inequalities and Applications. Progress in Probability 56 55—69. Birkhduser, Basel.
MR2073426

KERKYACHARIAN, G., LEPSKI, O. and PICARD, D. (2001). Nonlinear estimation in anisotropic multi-index de-
noising. Probab. Theory Related Fields 121 137-170. MR1863916 https://doi.org/10.1007/PLO0008800

LEPSKI, O. V. (2018). A new approach to estimator selection. Bernoulli 24 2776-2810. MR3779702 https://doi.
org/10.3150/17-BEJ945

LEPSKI, O. V. (2023). Theory of adaptive estimation. In ICM—International Congress of Mathematicians. Vol. 7.
Sections 15-20 5478-5498. EMS Press, Berlin. MR4680451

MSC2020 subject classifications. 62G05, 62G20.
Key words and phrases. 1Lp-norm estimation, U-statistics, minimax risk, anisotropic Nikolskii’s class, mini-
max adaptive estimation, oracle approach, data-driven selection.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/25-AOS2503
https://www.imstat.org
mailto:galatia.cleanthous@mu.ie
mailto:georgiaa@tcd.ie
mailto:oleg.lepski@univ-amu.fr
https://doi.org/10.1214/25-AOS2503SUPP
https://doi.org/10.1214/25-AOS2503SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=1334173
https://mathscinet.ams.org/mathscinet-getitem?mr=1681462
https://mathscinet.ams.org/mathscinet-getitem?mr=1857312
https://mathscinet.ams.org/mathscinet-getitem?mr=4388932
https://doi.org/10.3150/21-bej1380
https://mathscinet.ams.org/mathscinet-getitem?mr=4388933
https://doi.org/10.3150/21-bej1381
https://mathscinet.ams.org/mathscinet-getitem?mr=2073426
https://mathscinet.ams.org/mathscinet-getitem?mr=1863916
https://doi.org/10.1007/PL00008800
https://mathscinet.ams.org/mathscinet-getitem?mr=3779702
https://doi.org/10.3150/17-BEJ945
https://doi.org/10.3150/17-BEJ945
https://mathscinet.ams.org/mathscinet-getitem?mr=4680451
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

The Annals of Statistics

2025, Vol. 53, No. 3, 1298-1318
https://doi.org/10.1214/25-A0S2504

© Institute of Mathematical Statistics, 2025

ASYMPTOTIC DISTRIBUTION OF MAXIMUM LIKELIHOOD ESTIMATOR
IN GENERALIZED LINEAR MIXED MODELS WITH CROSSED RANDOM
EFFECTS
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Generalized linear mixed models (GLMM) with crossed random effects
is infamously known to present major challenges not only computationally
but also theoretically. In fact, to date only consistency of the maximum likeli-
hood estimators (MLE) has been proved for GLMM with crosses random ef-
fects. We introduce a new technique in asymptotic analysis built on a second-
order Laplace approximation (LA) of a conditional expectation, whose coef-
ficients are carefully evaluated. The LA leads to a large system of equations
involving the conditional expectations, which is asymptotically inverted to
obtain explicit approximation to the conditional expectations. This powerful
technique leads to a new approach to establishing asymptotic distribution of
the MLE when the likelihood function is intractable. As a result, asymptotic
normality of the MLE is rigorously established for GLMM with crossed ran-
dom effects, bringing answer to an open problem dating back to decades ago.
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Berry—Esseen type bounds for Gaussian approximation of standardized
sums have been extensively studied under exponential type moment condi-
tions. In this paper, a Cramér type moderate deviation theorem is established
for self-normalized Gaussian approximation under finite moment conditions.
More specifically, let X1, X3, ..., X, be iid. RP-valued random vectors
with zero means. Let S, ; =37, X;; and Vn%j =3, Xl2 We show that
if the correlation matrix of X1 is / p and the third moment of X is finite, then

P(maxi<j<p Sp,j/Vn,j > x)
P(maxi<j<pZj > x)

uniformly for 0 < x < o(nl/ﬁ) and for all p > 1, where Zy, ..., Z) are inde-
pendent standard normal random variables. Similar result is also established
for large x when X has a general correlation matrix. The proof is based on
a new Cramér type moderate deviation theorem for the minimum of several
self-normalized sums. As an application, we propose a high dimensional one-
sample z-test that allows for an exponential growth of p without requiring the
commonly used sub-Gaussian assumption.
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In probability sampling, sampling weights are often used to remove se-
lection bias in the sample. The Horvitz—Thompson estimator is well known to
be consistent and asymptotically normally distributed; however, it is not nec-
essarily efficient. This study derives the semiparametric efficiency bound for
various target parameters by considering the survey weights as random vari-
ables and consequently proposes two semiparametric estimators with work-
ing models on the survey weights. One estimator assumes a reasonable para-
metric working model, but the other estimator does not require specific work-
ing models by using the debiased/double machine learning method. The pro-
posed estimators are consistent, asymptotically normal, and efficient in a class
of regular and asymptotically linear estimators. A limited simulation study
is conducted to investigate the finite sample performance of the proposed
method. The proposed method is applied to the 1999 Canadian Workplace
and Employee Survey data.
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matched, in the world of applications, where logistic regression
by itself has become the go-to methodology in medical statistics,
computer-based prediction algorithms, and the social sciences.
This book is based on a one-semester graduate course for first
year Ph.D. and advanced master’s students. After presenting
the basic structure of univariate and multivariate exponential
Hardback $105.00 families, their application to generalized linear models including
Paperback $39.99 logistic and Poisson regression is described in detail, emphasizing
IMS members are geometrical ideas, computational practice, and the analogy with
entitled to a 40% ordinary linear regression. Connections are made with a variety of
discount: email current statistical methodologies: missing data, survival analysis
ims@imstat.org and proportional hazards, false discovery rates, bootstrapping,
e e and empirical Bayes analysis. The book connects exponential
your code family theory with its applications in a way that doesn't require
advanced mathematical preparation.

www.imstat.org/cup/

Cambridge University Press, with the Institute of Mathematical Statistics, established
the IMS Monographs and IMS Textbooks series of high-quality books. The series
editors are Mark Handcock, Ramon van Handel, Arnaud Doucet, and John Aston.



