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LOW-DEGREE HARDNESS OF DETECTION FOR CORRELATED
ERDOS-RENYI GRAPHS

BY JiaN DING!2, HANG DU%¢ AND ZHANGSONG Li1!-P

LSchool of Mathematical Science, Peking University, *dingjian@math.pku.edu.cn, bmmblerlzs@pku.edu.cn
2Department of Mathematics, Massachusetts Institute of Technology, hangdu@mit.edu

Given two Erd6s—Rényi graphs with n vertices whose edges are cor-
related through a latent vertex correspondence, we study complexity lower
bounds for the associated correlation detection problem for the class of low-
degree polynomial algorithms. We prove that no degree—O(p‘l) polynomial
algorithm can succeed for detection under an appropriate definition of suc-
cess, where p is the edge correlation. Furthermore, in the sparse regime where
the edge density ¢ = n~ 1o we prove that no degree-d polynomial algo-
rithm can succeed for detection under an appropriate definition of success,

as long as d = exp(o(lgoggnnq A +/logn)) and the correlation p < /o where
o ~(.338 is the Otter’s constant. Our result suggests that several state-of-
the-art algorithms on correlation detection and exact matching recovery may

be essentially the best possible.
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We consider the problem of recovering conditional independence rela-
tionships between p jointly distributed Hilbertian random elements given n
realizations thereof. We operate in the sparse high-dimensional regime, where
n < p and no element is related to more than d < p other elements. In this
context, we propose an infinite-dimensional generalization of the graphical
lasso. We prove model selection consistency under natural assumptions and
extend many classical results to infinite dimensions. In particular, we do not
make additional structural assumptions. The plug-in nature of our method
makes it applicable to heterogeneous data measured under any observational
regime, whether sparse or dense, and indifferent to serial dependence between
samples. In addition, it does not require dimensionality reduction by trunca-
tion. Importantly, our method can be understood as naturally arising from a
coherent maximum likelihood philosophy.
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Deep Gaussian processes have recently been proposed as natural ob-
jects to fit, similarly to deep neural networks, possibly complex features
present in modern data samples, such as compositional structures. Adopting
a Bayesian nonparametric approach, it is natural to use deep Gaussian pro-
cesses as prior distributions, and use the corresponding posterior distributions
for statistical inference. We introduce the deep Horseshoe Gaussian process
Deep-HGP, a new simple prior based on deep Gaussian processes with a
squared-exponential kernel, that in particular enables data-driven choices of
the key lengthscale parameters. For nonparametric regression with random
design, we show that the associated posterior distribution recovers the un-
known true regression curve optimally in terms of quadratic loss, up to a
logarithmic factor, in an adaptive way. The convergence rates are simultane-
ously adaptive to both the smoothness of the regression function and to its
structure in terms of compositions. The dependence of the rates in terms of
dimension are explicit, allowing in particular for input spaces of dimension
increasing with the number of observations.
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Linkage disequilibrium score regression (LDSC) has emerged as an es-
sential tool for genetic and genomic analyses of complex traits, utilizing high-
dimensional data derived from genome-wide association studies (GWAS).
LDSC computes the linkage disequilibrium (LD) scores using an external ref-
erence panel, and integrates the LD scores with only summary data from the
original GWAS. In this paper, we investigate LDSC within a fixed-effect data
integration framework, underscoring its ability to merge multisource GWAS
data and reference panels. In particular, we take account of the genome-wide
dependence among the high-dimensional GWAS summary statistics, along
with the block-diagonal dependence pattern in estimated LD scores. Our
analysis uncovers several key factors of both the original GWAS and refer-
ence panel datasets that determine the performance of LDSC. We show that
it is relatively feasible for LDSC-based estimators to achieve asymptotic nor-
mality when applied to genome-wide genetic variants (e.g., in genetic vari-
ance and covariance estimation), whereas it becomes considerably challeng-
ing when we focus on a much smaller subset of genetic variants (e.g., in par-
titioned heritability analysis). Moreover, by modeling the disparities in LD
patterns across different populations, we show that LDSC can be expanded
to conduct cross-ancestry analyses using data from genetically distinct global
populations. We validate our theoretical findings through extensive numerical
evaluations using real genetic data from the UK Biobank study.
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The problem of structured matrix estimation has been studied mostly
under strong noise dependence assumptions. This paper considers a gen-
eral framework of noisy low-rank-plus-sparse matrix recovery, where the
noise matrix may come from any joint distribution with arbitrary dependence
across entries. We propose an incoherent-constrained least-square estimator
and prove its tightness both in the sense of deterministic lower bound and
matching minimax risks under various noise distributions. To attain this, we
establish a novel result asserting that the difference between two arbitrary
low-rank incoherent matrices must spread energy out across its entries; in
other words, it cannot be too sparse, which sheds light on the structure of
incoherent low-rank matrices and may be of independent interest. We then
showcase the applications of our framework to several important statistical
machine learning problems. In the problem of estimating a structured Markov
transition kernel, the proposed method achieves the minimax optimality and
the result can be extended to estimating the conditional mean operator, a cru-
cial component in reinforcement learning. The applications to multitask re-
gression and structured covariance estimation are also presented. We propose
an alternating minimization algorithm to approximately solve the potentially
hard optimization problem. Numerical results corroborate the effectiveness
of our method which typically converges in a few steps.
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The study of online decision-making problems that leverage contextual
information has drawn notable attention due to their significant applications
in fields ranging from healthcare to autonomous systems. In modern appli-
cations, contextual information can be rich and is often represented as a ma-
trix. Moreover, while existing online decision algorithms mainly focus on
reward maximization, less attention has been devoted to statistical inference.
To address these gaps, in this work, we consider an online decision-making
problem with a matrix context where the true model parameters have a low-
rank structure. We propose a fully online procedure to conduct statistical in-
ference with adaptively collected data. The low-rank structure of the model
parameter and the adaptive nature of the data collection process make this
difficult: standard low-rank estimators are biased and cannot be obtained in a
sequential manner while existing inference approaches in sequential decision-
making algorithms fail to account for the low-rankness and are also biased.
To overcome these challenges, we introduce a new online debiasing proce-
dure to simultaneously handle both sources of bias. Our inference framework
encompasses both parameter inference and optimal policy value inference. In
theory, we establish the asymptotic normality of the proposed online debi-
ased estimators and prove the validity of the constructed confidence intervals
for both inference tasks. Our inference results are built upon a newly de-
veloped low-rank stochastic gradient descent estimator and its convergence
result, which are also of independent interest.
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In this paper, we study distributional reinforcement learning from the
perspective of statistical efficiency. We investigate distributional policy eval-
uation, aiming to estimate the complete return distribution (denoted n™) at-
tained by a given policy . We use the certainty equivalence method to con-
struct our estimator 777, based on a generative model. In this circumstance,
we need a dataset of size O(|S||Ale 2P (1 — y)~@P+2) to guarantee the
supremum p-Wasserstein metric between 77 and 77 less than & with high
probability. This implies the distributional policy evaluation problem can be
solved with sample efficiency. Also, we show that under different mild as-
sumptions a dataset of size 5(|S||A|e_2(1 — y)_4) suffices to ensure the
supremum Kolmogorov-Smirnov metric and supremum total variation met-
ric between 777 and n” is below & with high probability. Furthermore, we
investigate the asymptotic behavior of 7] . We demonstrate that the “empir-
ical process” /n(f — n™) converges weakly to a Gaussian process in the
space of bounded functionals on a Lipschitz function class £>° (Fyy, ), also in
the space of bounded functionals on an indicator function class £*° (Fgg) and
a bounded measurable function class ¢°°(Fry) when some mild conditions
hold. Our findings give rise to a unified approach to statistical inference of a
wide class of statistical functionals of n7 .
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Uncovering genuine relationships between a response variable and a
large collection of covariates is a fundamental and practically important prob-
lem. In the context of Gaussian linear models, both the Bayesian and non-
Bayesian literature is well-developed and there are no substantial differences
in the model selection consistency results available from the two schools.
For generalized linear models (GLMs), however, Bayesian model selection
consistency results are lacking in several ways. In this paper, we construct a
Bayesian posterior distribution using an appropriate data-dependent prior and
develop its asymptotic concentration properties using new theoretical tech-
niques. In particular, we leverage Spokoiny’s powerful nonasymptotic theory
to obtain sharp quadratic approximations of the GLM’s log-likelihood func-
tion, which leads to tight bounds on the errors associated with the model-
specific maximum likelihood estimators and the Laplace approximation of
our Bayesian marginal likelihood. In turn, these improved bounds lead to
significantly stronger, near-optimal Bayesian model selection consistency re-
sults, for example, far weaker beta-min conditions, compared to those avail-
able in the existing literature. In particular, our results are applicable to the
Poisson regression model, in which the score function is not sub-Gaussian.
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In this paper, we present the framework of symmetry in nonparametric
regression. This generalises the framework of covariate sparsity, where the
regression function f : [0, 119 > R depends only on at most s < d of the
covariates, which is a special case of translation symmetry with linear orbits.
In general, this extends to other types of functions that capture lower dimen-
sional behavior even when these structures are nonlinear. We show both that
known symmetries of regression functions can be exploited to give similarly
faster rates, and that unknown symmetries with Lipschitz actions can be es-
timated sufficiently quickly to adaptively obtain the same rates. This is done
by explicit constructions of partial symmetrisation operators that are then ap-
plied to usual estimators, and with a two-step M -estimator of the maximal
symmetry of the regression function. We also demonstrate the finite sample
performance of these estimators on synthetic data.
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The Plackett—Luce model has been extensively used for rank aggregation
in social choice theory. A central statistical question in this model concerns
estimating the utility vector that governs the model’s likelihood. In this paper,
we investigate the asymptotic theory of utility vector estimation by maximiz-
ing different types of likelihood, such as full, marginal, and quasi-likelihood.
Starting from interpreting the estimating equations of these estimators to gain
some initial insights, we analyze their asymptotic behavior as the number of
compared objects increases. In particular, we establish both uniform consis-
tency and asymptotic normality of these estimators and discuss the trade-off
between statistical efficiency and computational complexity. For generality,
our results are proven for deterministic graph sequences under appropriate
graph topology conditions. These conditions are shown to be informative
when applied to common sampling scenarios, such as nonuniform random
hypergraph models and hypergraph stochastic block models. Numerical re-
sults are provided to support our findings.
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Functional data analysis is an important research field in statistics which
treats data as random functions drawn from some infinite-dimensional func-
tional space, and functional principal component analysis (FPCA) based on
eigen-decomposition plays a central role for data reduction and representa-
tion. After nearly three decades of research, there remains a key problem
unsolved, namely, the perturbation analysis of covariance operator for diverg-
ing number of eigencomponents obtained from noisy and discretely observed
data. This is fundamental for studying models and methods based on FPCA,
while there has not been substantial progress since Hall, Miiller and Wang
(Ann. Statist. 34 (2006) 1493—-1517)’s result for a fixed number of eigen-
function estimates. In this work, we aim to establish a unified theory for this
problem, obtaining upper bounds for eigenfunctions with diverging indices in
both the £2 and supremum norms, and deriving the asymptotic distributions
of eigenvalues for a wide range of sampling schemes. Our results provide
insight into the phenomenon when the £2 bound of eigenfunction estimates
with diverging indices is minimax optimal as if the curves are fully observed,
and reveal the transition of convergence rates from nonparametric to para-
metric regimes in connection to sparse or dense sampling. We also develop a
double truncation technique to handle the uniform convergence of estimated
covariance and eigenfunctions. The technical arguments in this work are use-
ful for handling the perturbation series with noisy and discretely observed
functional data and can be applied in models or those involving inverse prob-
lems based on FPCA as regularization, such as functional linear regression.
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Reinforcement learning has emerged as one of the prominent topics at-
tracting attention in modern statistical learning, with policy evaluation being
a key component. Unlike the traditional machine learning literature on this
topic, our work emphasizes statistical inference for the model parameters
and value functions of reinforcement learning algorithms. While most ex-
isting analyses assume random rewards to follow standard distributions, we
embrace the concept of robust statistics in reinforcement learning by simulta-
neously addressing issues of outlier contamination and heavy-tailed rewards
within a unified framework. In this paper, we develop a fully online robust
policy evaluation procedure, and establish the Bahadur-type representation
of our estimator. Furthermore, we develop an online procedure to efficiently
conduct statistical inference based on the asymptotic distribution. This paper
connects robust statistics and statistical inference in reinforcement learning,
offering a more versatile and reliable approach to online policy evaluation.
Finally, we validate the efficacy of our algorithm through numerical experi-
ments conducted in simulations and real-world reinforcement learning exper-
iments.
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It is well known that trimmed sample means are robust against heavy
tails and data contamination. This paper analyzes the performance of trimmed
means and related methods in two novel contexts. The first one consists of
estimating expectations of functions in a given family, with uniform error
bounds; this is closely related to the problem of estimating the mean of a ran-
dom vector under a general norm. The second problem considered is that of
regression with quadratic loss. In both cases, trimmed-mean-based estimators
are the first to obtain optimal dependence on the (adversarial) contamination
level. Moreover, they also match or improve upon the state of the art in terms
of heavy tails. Experiments with synthetic data show that a natural “trimmed
mean linear regression” method often performs better than both ordinary least
squares and alternative methods based on median-of-means.

REFERENCES

ABDALLA, P. and ZHIVOTOVSKIY, N. (2024). Covariance estimation: Optimal dimension-free guarantees
for adversarial corruption and heavy tails. J. Eur. Math. Soc.

ALON, N. and SPENCER, J. H. (2016). The Probabilistic Method, 4th ed. Wiley Series in Discrete Mathe-
matics and Optimization. Wiley, Hoboken, NJ. MR3524748

AUDIBERT, J.-Y. and CATONI, O. (2011). Robust linear least squares regression. Ann. Statist. 39 2766-2794.
MR2906886 https://doi.org/10.1214/11-AO0S918

BIRGE, L. and MASSART, P. (2001). Gaussian model selection. J. Eur. Math. Soc. (JEMS) 3 203-268.
MR1848946 https://doi.org/10.1007/s10097010003 1

BOUCHERON, S., LUGOSI, G. and MASSART, P. (2013). Concentration Inequalities: A Nonasymptotic The-
ory of Independence. Oxford Univ. Press, Oxford. MR3185193 https://doi.org/10.1093/acprof:oso/
9780199535255.001.0001

BOUSQUET, O. (2002). A Bennett concentration inequality and its application to suprema of empirical
processes. C. R. Math. Acad. Sci. Paris 334 495-500. MR1890640 https://doi.org/10.1016/S1631-
073X(02)02292-6

BROWNLEES, C., JOLY, E. and LUGoOSI, G. (2015). Empirical risk minimization for heavy-tailed losses.
Ann. Statist. 43 2507-2536. MR3405602 https://doi.org/10.1214/15-A0S1350

BUBECK, S., CESA-BIANCHI, N. and LUGOSI, G. (2013). Bandits with heavy tail. IEEE Trans. Inf. Theory
59 7711-7717. MR31246609 https://doi.org/10.1109/TIT.2013.2277869

CATONI, O. (2012). Challenging the empirical mean and empirical variance: A deviation study. Ann. Inst.
Henri Poincaré Probab. Stat. 48 1148-1185. MR3052407 https://doi.org/10.1214/11-AIHP454

CHERAPANAMIERI, Y., TRIPURANENI, N., BARTLETT, P. and JORDAN, M. (2022). Optimal mean estima-
tion without a variance. In Conference on Learning Theory 356-357. PMLR.

CHERNOZHUKOV, V., CHETVERIKOV, D. and KATO, K. (2014). Gaussian approximation of suprema of
empirical processes. Ann. Statist. 42 1564-1597. MR3262461 https://doi.org/10.1214/14-A0S1230

DEPERSIN, J. and LECUE, G. (2022). Robust sub-Gaussian estimation of a mean vector in nearly linear time.
Ann. Statist. 50 511-536. MR4382026 https://doi.org/10.1214/21-a0s2118

DEPERSIN, J. and LECUE, G. (2022). Optimal robust mean and location estimation via convex programs
with respect to any pseudo-norms. Probab. Theory Related Fields 183 997-1025. MR4453320 https://
doi.org/10.1007/s00440-022-01127-y

DEVROYE, L., LERASLE, M., LUGOSI, G. and OLIVEIRA, R. I. (2016). Sub-Gaussian mean estimators. Ann.
Statist. 44 2695-2725. MR3576558 https://doi.org/10.1214/16-A0S 1440

MSC2020 subject classifications. Primary 62G35, 62G08; secondary 62F35, 62J05, 62C20.
Key words and phrases. Sub-Gaussian estimators, robust estimators, regression.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/25-AOS2536
https://www.imstat.org
https://orcid.org/0000-0002-1064-3398
https://orcid.org/0000-0001-6188-299X
mailto:rimfo@impa.br
mailto:lucas.resende@ensae.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=3524748
https://mathscinet.ams.org/mathscinet-getitem?mr=2906886
https://doi.org/10.1214/11-AOS918
https://mathscinet.ams.org/mathscinet-getitem?mr=1848946
https://doi.org/10.1007/s100970100031
https://mathscinet.ams.org/mathscinet-getitem?mr=3185193
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://mathscinet.ams.org/mathscinet-getitem?mr=1890640
https://doi.org/10.1016/S1631-073X(02)02292-6
https://doi.org/10.1016/S1631-073X(02)02292-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3405602
https://doi.org/10.1214/15-AOS1350
https://mathscinet.ams.org/mathscinet-getitem?mr=3124669
https://doi.org/10.1109/TIT.2013.2277869
https://mathscinet.ams.org/mathscinet-getitem?mr=3052407
https://doi.org/10.1214/11-AIHP454
https://mathscinet.ams.org/mathscinet-getitem?mr=3262461
https://doi.org/10.1214/14-AOS1230
https://mathscinet.ams.org/mathscinet-getitem?mr=4382026
https://doi.org/10.1214/21-aos2118
https://mathscinet.ams.org/mathscinet-getitem?mr=4453320
https://doi.org/10.1007/s00440-022-01127-y
https://doi.org/10.1007/s00440-022-01127-y
https://mathscinet.ams.org/mathscinet-getitem?mr=3576558
https://doi.org/10.1214/16-AOS1440
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

[15]

[16]

(17]

(18]

[19]
[20]
(21]

[22]

(23]
[24]
(25]
[26]
(27]
(28]
[29]
(30]

(31]

(32]

[33]

(34]

(35]
(36]

[37]

DIAKONIKOLAS, 1., KAMATH, G., KANE, D., LI, J., MOITRA, A. and STEWART, A. (2019). Robust es-
timators in high-dimensions without the computational intractability. SIAM J. Comput. 48 742-864.
MR3945261 https://doi.org/10.1137/17M 1126680

DIAKONIKOLAS, 1., KAMATH, G., KANE, D., LI, J., STEINHARDT, J. and STEWART, A. (2019). Sever: A
robust meta-algorithm for stochastic optimization. In Proceedings of the 36th International Conference
on Machine Learning (K. Chaudhuri and R. Salakhutdinov, eds.). Proceedings of Machine Learning
Research 97 1596-1606. PMLR.

DIAKONIKOLAS, L., KANE, D. M., PENSIA, A. and PITTAS, T. (2022). Streaming algorithms for high-
dimensional robust statistics. In International Conference on Machine Learning, ICML 2022, 17-23
July 2022, Baltimore, Maryland, USA (K. Chaudhuri, S. Jegelka, L. Song, C. Szepesvdri, G. Niu and
S. Sabato, eds.). Proceedings of Machine Learning Research 162. 5061-5117. PMLR.

DONG, Y., HOPKINS, S. and L1, J. (2019). Quantum entropy scoring for fast robust mean estimation
and improved outlier detection. In Advances in Neural Information Processing Systems (H. Wallach,
H. Larochelle, A. Beygelzimer, F. d’Alché-Buc, E. Fox and R. Garnett, eds.). 32. Curran Associates,
Red Hook.

GEER, S. A. (2000). Empirical Processes in M-Estimation. Cambridge Series in Statistical and Probabilistic
Mathematics. Cambridge Univ. Press, Cambridge.

HALL, P. (1981). Large sample properties of Jaeckel’s adaptive trimmed mean. Ann. Inst. Statist. Math. 33
449-462. MR0637757 https://doi.org/10.1007/BF02480955

HOPKINS, S. B. (2020). Mean estimation with sub-Gaussian rates in polynomial time. Ann. Statist. 48
1193-1213. MR4102693 https://doi.org/10.1214/19-A0S 1843

HoOPKINS, S. B, LI, J. and ZHANG, F. (2020). Robust and heavy-tailed mean estimation made simple,
via regret minimization. In Advances in Neural Information Processing Systems 33: Annual Confer-
ence on Neural Information Processing Systems 2020, NeurlPS 2020, December 6-12, 2020, Virtual
(H. Larochelle, M. Ranzato, R. Hadsell, M. Balcan and H. Lin, eds.).

HUBER, P. J. (1965). A robust version of the probability ratio test. Ann. Math. Statist. 36 1753—-1758.
MRO0185747 https://doi.org/10.1214/a0ms/1177699803

HUBER, P. J. (1972). The 1972 Wald lecture. Robust statistics: A review. Ann. Math. Statist. 43 1041-1067.
MRO0314180 https://doi.org/10.1214/aoms/1177692459

HUBER, P. J. and RONCHETTI, E. M. (2009). Robust Statistics, 2nd ed. Wiley Series in Probability and
Statistics. Wiley, Hoboken, NJ. MR2488795 https://doi.org/10.1002/9780470434697

JAECKEL, L. A. (1971). Some flexible estimates of location. Ann. Math. Statist. 42 1540-1552. MR0350951
https://doi.org/10.1214/aoms/1177693152

JANA JURECKOVA, A. H. W., KOENKER, R. and WELSH, A. H. (1994). Adaptive choice of trimming pro-
portions. Ann. Inst. Statist. Math. 46 737-755. MR1325993 https://doi.org/10.1007/BF00773479

LECUE, G. and LERASLE, M. (2019). Learning from MOM’s principles: Le Cam’s approach. Stochastic
Process. Appl. 129 4385-4410. MR4013866 https://doi.org/10.1016/j.spa.2018.11.024

LECUE, G. and LERASLE, M. (2020). Robust machine learning by median-of-means: Theory and practice.
Ann. Statist. 48 906-931. MR4102681 https://doi.org/10.1214/19-A0S1828

LECUE, G. and MENDELSON, S. (2013). Learning subgaussian classes: Upper and minimax bounds. arXiv
preprint. Available at arXiv:1305.4825.

LEE, J. C. H. and VALIANT, P. (2022). Optimal sub-Gaussian mean estimation in R. In 2021 [EEE 62nd
Annual Symposium on Foundations of Computer Science—FOCS 2021 672-683. IEEE Comput. Soc.,
Los Alamitos, CA. MR4399724 https://doi.org/10.1109/FOCS52979.2021.00071

LIAN, C., RONG, Y. and CHENG, W. (2025). On a novel skewed generalized ¢ distribution: Properties,
estimations, and its applications. Comm. Statist. Theory Methods 54 396-417. MR4839831 https://doi.
org/10.1080/03610926.2024.2313034

LuGosi, G. and MENDELSON, S. (2019). Near-optimal mean estimators with respect to general
norms. Probab. Theory Related Fields 175 957-973. MR4026610 https://doi.org/10.1007/s00440-019-
00906-4

LuGosi, G. and MENDELSON, S. (2019). Mean estimation and regression under heavy-tailed distribu-
tions: A survey. Found. Comput. Math. 19 1145-1190. MR4017683 https://doi.org/10.1007/s10208-
019-09427-x

LucGosi, G. and MENDELSON, S. (2019). Sub-Gaussian estimators of the mean of a random vector. Ann.
Statist. 47 783-794. MR3909950 https://doi.org/10.1214/17-A0S 1639

LucGost, G. and MENDELSON, S. (2019). Risk minimization by median-of-means tournaments. J. Eur.
Math. Soc. (JEMS) 22 925-965. MR4055993 https://doi.org/10.4171/jems/937

LuGosl, G. and MENDELSON, S. (2021). Robust multivariate mean estimation: The optimality of trimmed
mean. Ann. Statist. 49 393-410. MR4206683 https://doi.org/10.1214/20-A0S1961


https://mathscinet.ams.org/mathscinet-getitem?mr=3945261
https://doi.org/10.1137/17M1126680
https://mathscinet.ams.org/mathscinet-getitem?mr=0637757
https://doi.org/10.1007/BF02480955
https://mathscinet.ams.org/mathscinet-getitem?mr=4102693
https://doi.org/10.1214/19-AOS1843
https://mathscinet.ams.org/mathscinet-getitem?mr=0185747
https://doi.org/10.1214/aoms/1177699803
https://mathscinet.ams.org/mathscinet-getitem?mr=0314180
https://doi.org/10.1214/aoms/1177692459
https://mathscinet.ams.org/mathscinet-getitem?mr=2488795
https://doi.org/10.1002/9780470434697
https://mathscinet.ams.org/mathscinet-getitem?mr=0350951
https://doi.org/10.1214/aoms/1177693152
https://mathscinet.ams.org/mathscinet-getitem?mr=1325993
https://doi.org/10.1007/BF00773479
https://mathscinet.ams.org/mathscinet-getitem?mr=4013866
https://doi.org/10.1016/j.spa.2018.11.024
https://mathscinet.ams.org/mathscinet-getitem?mr=4102681
https://doi.org/10.1214/19-AOS1828
https://arxiv.org/abs/1305.4825
https://mathscinet.ams.org/mathscinet-getitem?mr=4399724
https://doi.org/10.1109/FOCS52979.2021.00071
https://mathscinet.ams.org/mathscinet-getitem?mr=4839831
https://doi.org/10.1080/03610926.2024.2313034
https://doi.org/10.1080/03610926.2024.2313034
https://mathscinet.ams.org/mathscinet-getitem?mr=4026610
https://doi.org/10.1007/s00440-019-00906-4
https://doi.org/10.1007/s00440-019-00906-4
https://mathscinet.ams.org/mathscinet-getitem?mr=4017683
https://doi.org/10.1007/s10208-019-09427-x
https://doi.org/10.1007/s10208-019-09427-x
https://mathscinet.ams.org/mathscinet-getitem?mr=3909950
https://doi.org/10.1214/17-AOS1639
https://mathscinet.ams.org/mathscinet-getitem?mr=4055993
https://doi.org/10.4171/jems/937
https://mathscinet.ams.org/mathscinet-getitem?mr=4206683
https://doi.org/10.1214/20-AOS1961

(38]
[39]
[40]
(41]
[42]
(43]
[44]

[45]

[40]

[47]
(48]

[49]

(50]
[51]
[52]
(53]

[54]

MASSART, P. (2000). Some applications of concentration inequalities to statistics. Ann. Fac. Sci. Toulouse
Math. 9 245-303. MR1813803

MENDELSON, S. (2015). Learning without concentration. J. ACM 62 Art. 21, 25. MR3367000 https://doi.
org/10.1145/2699439

MENDELSON, S. and ZHIVOTOVSKIY, N. (2020). Robust covariance estimation under L4-L, norm equiva-
lence. Ann. Statist. 48 1648—1664. MR4124338 https://doi.org/10.1214/19-A0S 1862

MINSKER, S. (2015). Geometric median and robust estimation in Banach spaces. Bernoulli 21 2308-2335.
MR3378468 https://doi.org/10.3150/14-BEJ645

MINSKER, S. (2018). Sub-Gaussian estimators of the mean of a random matrix with heavy-tailed entries.
Ann. Statist. 46 2871-2903. MR3851758 https://doi.org/10.1214/17-A0S1642

MINSKER, S. (2025). Uniform bounds for robust mean estimators. Stochastic Process. Appl. 190 Paper No.
104724. MR4933834 https://doi.org/10.1016/j.spa.2025.104724

MOURTADA, J., VASKEVICIUS, T. and ZHIVOTOVSKIY, N. (2021). Distribution-free robust linear regression.
Math. Stat. Learn. 4 253-292. MR4383735 https://doi.org/10.4171/msl/27

OLIVEIRA, R. I. and RESENDE, L. (2025). Supplement to “Trimmed sample means for robust uniform mean
estimation and regression.” https://doi.org/10.1214/25-A0S2536SUPPA, https://doi.org/10.1214/25-
AOS2536SUPPB

OLIVEIRA, R. I. and RIcO, Z. F. (2024). Improved covariance estimation: Optimal robustness and sub-
Gaussian guarantees under heavy tails. Ann. Statist. 52 1953-1977. MR4829476 https://doi.org/10.
1214/24-a0s2407

RiICO, Z. F. (2022). Optimal statistical estimation: Sub-Gaussian properties, heavy-tailed data, and robust-
ness Ph.D. thesis, Instituto de Matemadtica Pura e Aplicada (IMPA).

SRIPERUMBUDUR, B. (2016). On the optimal estimation of probability measures in weak and strong topolo-
gies. Bernoulli 22 1839-1893. MR3474835 https://doi.org/10.3150/15-BEJ713

SRIPERUMBUDUR, B. K., FUKUMIZU, K., GRETTON, A., SCHOLKOPF, B. and LANCKRIET, G. R. G.
(2012). On the empirical estimation of integral probability metrics. Electron. J. Stat. 6 1550-1599.
MR?2988458 https://doi.org/10.1214/12-EJS722

STIGLER, S. M. (1973). The asymptotic distribution of the trimmed mean. Ann. Statist. 1 472-477.
MRO0359134

STIGLER, S. M. (2010). The changing history of robustness. Amer. Statist. 64 277-281. MR2758558 https://
doi.org/10.1198/tast.2010.10159

STIGLER, S. M. (2016). The Seven Pillars of Statistical Wisdom. Harvard Univ. Press, Cambridge, MA.
MR3585675 https://doi.org/10.4159/9780674970199

TALAGRAND, M. (1996). New concentration inequalities in product spaces. Invent. Math. 126 505-563.
MR 1419006 https://doi.org/10.1007/s002220050108

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical Processes: With
Applications to Statistics. Springer Series in Statistics. Springer, New York. MR1385671 https://doi.
org/10.1007/978-1-4757-2545-2


https://mathscinet.ams.org/mathscinet-getitem?mr=1813803
https://mathscinet.ams.org/mathscinet-getitem?mr=3367000
https://doi.org/10.1145/2699439
https://doi.org/10.1145/2699439
https://mathscinet.ams.org/mathscinet-getitem?mr=4124338
https://doi.org/10.1214/19-AOS1862
https://mathscinet.ams.org/mathscinet-getitem?mr=3378468
https://doi.org/10.3150/14-BEJ645
https://mathscinet.ams.org/mathscinet-getitem?mr=3851758
https://doi.org/10.1214/17-AOS1642
https://mathscinet.ams.org/mathscinet-getitem?mr=4933834
https://doi.org/10.1016/j.spa.2025.104724
https://mathscinet.ams.org/mathscinet-getitem?mr=4383735
https://doi.org/10.4171/msl/27
https://doi.org/10.1214/25-AOS2536SUPPA
https://doi.org/10.1214/25-AOS2536SUPPB
https://doi.org/10.1214/25-AOS2536SUPPB
https://mathscinet.ams.org/mathscinet-getitem?mr=4829476
https://doi.org/10.1214/24-aos2407
https://doi.org/10.1214/24-aos2407
https://mathscinet.ams.org/mathscinet-getitem?mr=3474835
https://doi.org/10.3150/15-BEJ713
https://mathscinet.ams.org/mathscinet-getitem?mr=2988458
https://doi.org/10.1214/12-EJS722
https://mathscinet.ams.org/mathscinet-getitem?mr=0359134
https://mathscinet.ams.org/mathscinet-getitem?mr=2758558
https://doi.org/10.1198/tast.2010.10159
https://doi.org/10.1198/tast.2010.10159
https://mathscinet.ams.org/mathscinet-getitem?mr=3585675
https://doi.org/10.4159/9780674970199
https://mathscinet.ams.org/mathscinet-getitem?mr=1419006
https://doi.org/10.1007/s002220050108
https://mathscinet.ams.org/mathscinet-getitem?mr=1385671
https://doi.org/10.1007/978-1-4757-2545-2
https://doi.org/10.1007/978-1-4757-2545-2

The Annals of Statistics

2025, Vol. 53, No. 5, 2179-2203
https://doi.org/10.1214/25-A0S2538

© Institute of Mathematical Statistics, 2025

YURINSKII’S COUPLING FOR MARTINGALES

BY MATIAS D. CATTANEO!2®, RICARDO P. MASINI>P AND
WILLIAM G. UNDERWOOD>:¢

1Department of Operations Research and Financial Engineering, Princeton University, ®cattaneo@princeton.edu

b

2Department of Statistics, University of California, Davis, °rmasini @ucdavis.edu

3Statistical Laboratory, University of Cambridge, “wgu21@cam.ac.uk

Yurinskii’s coupling is a popular theoretical tool for nonasymptotic dis-
tributional analysis in mathematical statistics and applied probability, offer-
ing a Gaussian strong approximation with an explicit error bound under eas-
ily verifiable conditions. Originally stated in £2-norm for sums of indepen-
dent random vectors, it has recently been extended both to the £,-norm, for
1 < p < 00, and to vector-valued martingales in £,-norm, under some strong
conditions. We present as our main result a Yurinskii coupling for approx-
imate martingales in £p-norm, under substantially weaker conditions than
those previously imposed. Our formulation further allows for the coupling
variable to follow a more general Gaussian mixture distribution, and we pro-
vide a novel third-order coupling method, which gives tighter approximations
in certain settings. We specialize our main result to mixingales, martingales,
and independent data, and derive uniform Gaussian mixture strong approx-
imations for martingale empirical processes. Applications to nonparametric
partitioning-based and local polynomial regression procedures are provided,
alongside central limit theorems for high-dimensional martingale vectors.
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We study the problem of testing whether the missing values of a poten-
tially high-dimensional dataset are Missing Completely at Random (MCAR).
We relax the problem of testing MCAR to the problem of testing the compat-
ibility of a collection of covariance matrices, motivated by the fact that this
procedure is feasible when the dimension grows with the sample size. Our
first contributions are to define a natural measure of the incompatibility of
a collection of correlation matrices, which can be characterised as the opti-
mal value of a Semidefinite Programming (SDP) problem, and to establish
a key duality result allowing its practical computation and interpretation. By
analysing the concentration properties of the natural plug-in estimator for
this measure, we propose a novel hypothesis test, which is calibrated via a
bootstrap procedure and demonstrates power against any distribution with in-
compatible covariance matrices. By considering key examples of missingness
structures, we demonstrate that our procedures are minimax rate optimal in
certain cases. We further validate our methodology with numerical simula-
tions that provide evidence of validity and power, even when data are heavy
tailed. Furthermore, tests of compatibility can be used to test the feasibility
of positive semidefinite matrix completion problems with noisy observations,
and thus our results may be of independent interest.
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Pursuing causality from data is a fundamental problem in scientific dis-
covery, treatment intervention, and transfer learning. This paper introduces
a novel algorithmic method for addressing nonparametric invariance and
causality learning in regression models across multiple environments, where
the joint distribution of response variables and covariates varies, but the
conditional expectations of outcome given an unknown set of quasi-causal
variables are invariant. The challenge of finding such an unknown set of
quasi-causal or invariant variables is compounded by the presence of en-
dogenous variables that have heterogeneous effects across different environ-
ments. The proposed Focused Adversarial Invariant Regularization (FAIR)
framework utilizes an innovative minimax optimization approach that drives
regression models toward prediction-invariant solutions through adversarial
testing. Leveraging the representation power of neural networks, FAIR neu-
ral networks (FAIR-NN) are introduced for causality pursuit. It is shown that
FAIR-NN can find the invariant variables and quasi-causal variables under
a minimal identification condition and that the resulting procedure is adap-
tive to low-dimensional composition structures in a nonasymptotic analysis.
Under a structural causal model, variables identified by FAIR-NN represent
pragmatic causality and provably align with exact causal mechanisms under
conditions of sufficient heterogeneity. Computationally, FAIR-NN employs
a novel Gumbel approximation with decreased temperature and a stochastic
gradient descent ascent algorithm. The procedures are demonstrated using
simulated and real-data examples.
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The spectral density function describes the second-order properties of a
stationary stochastic process on RY. This paper considers the nonparamet-
ric estimation of the spectral density of a continuous-time stochastic process
taking values in a separable Hilbert space. Our estimator is based on kernel
smoothing and can be applied to a wide variety of spatial sampling schemes
including those in which data are observed at irregular spatial locations. Thus,
it finds immediate applications in spatial statistics, where irregularly sam-
pled data naturally arise. The rates for the bias and variance of the estimator
are obtained under general conditions in a mixed-domain asymptotic setting.
When the data are observed on a regular grid, the optimal rate of the estima-
tor matches the minimax rate for the class of operator-covariance functions
that decay according to a power law. The asymptotic normality of the spec-
tral density estimator is also established under general conditions for Gaus-
sian Hilbert-space valued processes. Finally, with a view towards practical
applications the asymptotic results are specialized to the case of discretely-
sampled functional data in a reproducing kernel Hilbert space.
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The knockoff filter of (Ann. Statist. 43 (2015) 2055-2085) is a flex-
ible framework for multiple testing in supervised learning models, based
on introducing synthetic predictor variables to control the false discovery
rate (FDR). Using the conditional calibration framework of (Ann. Statist.
50 (2022) 3091-3118), we introduce the calibrated knockoff procedure, a
method that uniformly improves the power of any fixed-X or model-X knock-
off procedure. We show theoretically and empirically that the improvement
is especially notable in two contexts where knockoff methods can be nearly
powerless: when the rejection set is small, and when the structure of the de-
sign matrix in fixed-X knockoffs prevents us from constructing good knock-
off variables. In these contexts, calibrated knockoffs even outperform com-
peting FDR-controlling methods like the (dependence-adjusted) Benjamini—
Hochberg procedure in many scenarios.
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substantial progress. This comprehensive treatment, blending
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measure-theoretic) probability and statistical inference, the book
is accessible to the wide range of researchers who use statistical
modelling techniques. Guiding readers through the main concepts
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Thisbookintroducesinasystematicmannerageneral nonparametric
theory of statistics on manifolds, with emphasis on manifolds of
shapes. The theory has important and varied applications in medical
diagnostics, image analysis, and machine vision. An early chapter
of examples establishes the effectiveness of the new methods and
demonstrates how they outperform their parametric counterparts.
Inference is developed for both intrinsic and extrinsic Fréchet
means of probability distributions on manifolds, then applied to
shape spaces defined as orbits of landmarks under a Lie group of
transformations—in particular, similarity, reflection similarity,
affine and projective transformations. In addition, nonparametric
Bayesian theory is adapted and extended to manifolds for the
purposes of density estimation, regression and classification. Ideal
for statisticians who analyze manifold data and wish to develop
their own methodology, this book is also of interest to probabilists,
mathematicians, computer scientists and morphometricians with
mathematical training.
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