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A COMMON-CAUSE PRINCIPLE FOR ELIMINATING SELECTION BIAS IN
CAUSAL ESTIMANDS THROUGH COVARIATE ADJUSTMENT

BY MAYA B. MATHUR1,a , TYLER J. VANDERWEELE2,b AND ILYA SHPITSER3,c

1Quantitative Sciences Unit, Department of Biomedical Data Sciences, Stanford University, ammathur@stanford.edu
2Department of Epidemiology, Harvard University, btvanderw@hsph.harvard.edu
3Department of Computer Science, Johns Hopkins University, cilyas@cs.jhu.edu

Average treatment effects (ATEs) may be subject to selection bias when
they are estimated among only a nonrepresentative subset of the target popu-
lation. Selection bias can sometimes be eliminated by conditioning on a “suf-
ficient adjustment set” of covariates, even for some forms of missingness not
at random (MNAR). Without requiring full specification of the causal struc-
ture, we consider sufficient adjustment sets to allow nonparametric identifica-
tion of conditional ATEs in the target population. Covariates in the sufficient
set may be collected among only the selected sample. We establish that if
a sufficient set exists, then the set consisting of common causes of the out-
come and selection, excluding the exposure and its descendants, also suffices.
We establish simple graphical criteria for when a sufficient set will not exist,
which could help indicate whether this is plausible for a given study. Simu-
lations considering selection due to missing data indicated that sufficiently-
adjusted complete-case analysis (CCA) can considerably outperform multiple
imputation under MNAR and, if the sample size is not large, sometimes even
under missingness at random. Analogous to the common-cause principle for
confounding, these sufficiency results clarify when and how selection bias
can be eliminated through covariate adjustment.
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NEAR-OPTIMAL INFERENCE IN ADAPTIVE LINEAR REGRESSION
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When data is collected in an adaptive manner, even simple methods like
ordinary least squares can exhibit nonnormal asymptotic behavior. As an un-
desirable consequence, hypothesis tests and confidence intervals based on
asymptotic normality can lead to erroneous results. We propose a family of
online debiasing estimators to correct these distributional anomalies in least
squares estimation. Our proposed methods take advantage of the covariance
structure present in the dataset and provide sharper estimates in directions for
which more information has accrued. We establish an asymptotic normality
property for our proposed online debiasing estimators under mild conditions
on the data collection process and provide asymptotically exact confidence
intervals. We additionally prove a minimax lower bound for the adaptive lin-
ear regression problem, thereby providing a baseline by which to compare
estimators. There are various conditions under which our proposed estima-
tors achieve the minimax lower bound. We demonstrate the usefulness of our
theory via applications to multi-armed bandit, autoregressive time series es-
timation, and active learning with exploration.
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In modern data analysis, it is common to select a model before perform-
ing statistical inference. Selective inference tools make adjustments for the
model selection process in order to ensure reliable inference post selection.
In this paper, we introduce an asymptotic pivot to infer about the effects
of selected variables on conditional quantile functions. Utilizing estimators
from smoothed quantile regression, our proposed pivot is easy to compute
and yields asymptotically-exact selective inference without making strict dis-
tributional assumptions about the response variable.

At the core of our pivot is the use of external randomization variables,
which allows us to utilize all available samples for both selection and in-
ference, without partitioning the data into independent subsets or discarding
samples at any step. From simulation studies, we find that: (i) the asymptotic
confidence intervals based on our pivot achieve the desired coverage rates,
even in cases where sample splitting fails due to insufficient sample size for
inference; (ii) our intervals are consistently shorter than those produced by
sample splitting across various models and signal settings. We report simi-
lar findings when we apply our approach to study risk factors for low birth
weights in a publicly accessible dataset of US birth records from 2022.
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We consider after-study statistical inference for sequentially designed ex-
periments wherein multiple units are assigned treatments for multiple time
points using treatment policies that adapt over time. Our goal is to pro-
vide inference guarantees for the counterfactual mean at the smallest pos-
sible scale—mean outcome under different treatments for each unit and each
time—with minimal assumptions on the adaptive treatment policy. With-
out any structural assumptions on the counterfactual means, this challeng-
ing task is infeasible due to more unknowns than observed data points. To
make progress, we introduce a latent factor model over the counterfactual
means that serves as a nonparametric generalization of the nonlinear mixed
effects model and the bilinear latent factor model considered in prior works.
For estimation, we use a nonparametric method, namely a variant of nearest
neighbors, and establish a nonasymptotic high probability error bound for the
counterfactual mean for each unit and each time. Under regularity conditions,
this bound leads to asymptotically valid confidence intervals for the counter-
factual mean as the number of units and time points grows to ∞ together
at suitable rates. We illustrate our theory via several simulations and a case
study involving data from a mobile health clinical trial HeartSteps.
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We conduct an in-depth analysis of the Bayes risk of clustering in the
context of hidden Markov and i.i.d. models. In both settings, we identify the
situations where this risk is comparable to the Bayes risk of classification
and those where its minimizer, the Bayes clusterer, can be derived from the
Bayes classifier. While we demonstrate that clustering based on the Bayes
classifier does not always match the optimal Bayes clusterer, we show that
this difference is primarily theoretical and that the Bayes classifier remains
nearly optimal for clustering. A key quantity emerges, capturing the funda-
mental difficulty of both classification and clustering tasks. Furthermore, by
leveraging the identifiability of HMMs, we establish bounds on the clustering
excess risk of a plug-in Bayes classifier in the general nonparametric setting,
offering theoretical justification for its widespread use in practice. Simula-
tions further illustrate our findings.
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[23] MEILĂ, M. (2005). Comparing clusterings: An axiomatic view. In Proceedings of the 22nd International
Conference on Machine Learning 577–584.
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We study causal effect estimation from observational data under interfer-
ence. The interference pattern is captured by an observed network. We adopt
the chain graph framework of (J. Amer. Statist. Assoc. 116 (2021) 833–844),
which allows (i) interaction among the outcomes of distinct study units con-
nected along the graph and (ii) long range interference, whereby the outcome
of an unit may depend on the treatments assigned to distant units connected
along the interference network. For “mean-field” interaction networks, we
develop a new scalable iterative algorithm to estimate the causal effects. For
Gaussian weighted networks, we introduce a novel causal effect estimation
algorithm based on Approximate Message Passing (AMP). Our algorithms
are provably consistent under a “high temperature” condition on the under-
lying model. We estimate the (unknown) parameters of the model from data
using maximum pseudo-likelihood and establish

√
n-consistency of this es-

timator in all parameter regimes. Finally, we prove that the downstream esti-
mators obtained by plugging in estimated parameters into the aforementioned
algorithms are consistent at high temperature. Our methods can accommo-
date dense interactions among the study units—a setting beyond reach using
existing techniques. Our algorithms originate from the study of variational
inference approaches in high-dimensional statistics; overall, we demonstrate
the usefulness of these ideas in the context of causal effect estimation under
interference.
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The empirical copula process, a fundamental tool for copula inference,
is studied in the high dimensional regime where the dimension is allowed
to grow to infinity exponentially in the sample size. Under natural, weak
smoothness assumptions on the underlying copula, it is shown that Stute’s
representation is valid in the following sense: all low-dimensional margins
of fixed dimension of the empirical copula process can be approximated by
a functional of the low-dimensional margins of the standard empirical pro-
cess, with the almost sure error term being uniform in the margins. The result
has numerous potential applications, and is exemplary applied to the problem
of testing pairwise stochastic independence in high dimensions, leading to
various extensions of recent results in the literature: for certain test statistics
based on pairwise association measures, type-I error control is obtained for
models beyond mutual independence. Moreover, bootstrap-based critical val-
ues are shown to yield strong control of the familywise error rate for a large
class of data generating processes.
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Semi-supervised datasets are ubiquitous across diverse domains where
obtaining fully labeled data is costly or time-consuming. The prevalence of
such datasets has consistently driven the demand for new tools and meth-
ods that exploit the potential of unlabeled data. Responding to this demand,
we introduce semi-supervised U-statistics enhanced by the abundance of un-
labeled data, and investigate their statistical properties. We show that the
proposed approach is asymptotically Normal and exhibits notable efficiency
gains over classical U-statistics by effectively integrating various powerful
prediction tools into the framework. To understand the fundamental difficulty
of the problem, we derive minimax lower bounds in semi-supervised set-
tings and showcase that our procedure is semi-parametrically efficient under
regularity conditions. Moreover, tailored to bivariate kernels, we propose a
refined approach that outperforms the classical U-statistic across all degener-
acy regimes, and demonstrate its optimality properties. Simulation studies are
conducted to corroborate our findings and to further demonstrate our frame-
work.
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Across science and policy, decision-makers often need to draw conclu-
sions about the best candidate among competing alternatives. For instance,
researchers may seek to infer the effectiveness of the most successful treat-
ment or determine which demographic group benefits most from a specific
treatment. Similarly, in machine learning, practitioners are often interested
in the population performance of the model that performs best empirically.
However, cherry-picking the best candidate leads to the winner’s curse: the
observed performance for the winner is biased upwards, rendering conclu-
sions based on standard measures of uncertainty invalid. We introduce the
zoom correction, a novel approach for valid inference on the winner. Our
method is flexible: it can be employed in both parametric and nonparametric
settings, can handle arbitrary dependencies between candidates, and auto-
matically adapts to the level of selection bias. The method easily extends to
important related problems, such as inference on the top k winners, inference
on the value and identity of the population winner, and inference on “near-
winners.”
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We consider several hill-climbing approaches to clustering as formulated
by Fukunaga and Hostetler (IEEE Trans. Inf. Theory IT-21 (1975) 32–40) in
the 1970s. We study both continuous-space and discrete-space (i.e., medoid)
variants and establish their consistency.

REFERENCES

[1] ALIYARI GHASSABEH, Y. (2015). A sufficient condition for the convergence of the mean shift algorithm
with Gaussian kernel. J. Multivariate Anal. 135 1–10. MR3306422 https://doi.org/10.1016/j.jmva.
2014.11.009

[2] ARIAS-CASTRO, E., MASON, D. and PELLETIER, B. (2016). On the estimation of the gradient lines of a
density and the consistency of the mean-shift algorithm. J. Mach. Learn. Res. 17 Paper No. 43, 28.
MR3491137

[3] ARIAS-CASTRO, E. and QIAO, W. (2025). Supplement to “Clustering by hill-climbing: Consistency results.”
https://doi.org/10.1214/25-AOS2554SUPP

[4] ARIAS-CASTRO, E. and QIAO, W. (2023). A unifying view of modal clustering. Inf. Inference 12 897–920.
MR4565754 https://doi.org/10.1093/imaiai/iaac030

[5] BANYAGA, A. and HURTUBISE, D. (2004). Lectures on Morse Homology. Kluwer Texts in the Mathematical
Sciences 29. Kluwer Academic, Dordrecht. MR2145196 https://doi.org/10.1007/978-1-4020-2696-6

[6] CARREIRA-PERPIÑÁN, M. A. (2000). Mode-finding for mixtures of Gaussian distributions. IEEE Trans.
Pattern Anal. Mach. Intell. 22 1318–1323.

[7] CARREIRA-PERPINÁN, M. A. (2006). Fast nonparametric clustering with Gaussian blurring mean-shift. In
International Conference on Machine Learning 153–160.

[8] CARREIRA-PERPINÁN, M. A. (2008). Generalised blurring mean-shift algorithms for nonparametric clus-
tering. In 2008 IEEE Conference on Computer Vision and Pattern Recognition 1–8.

[9] CARREIRA-PERPIÑÁN, M. Á. (2016). Clustering methods based on kernel density estimators: Mean-shift
algorithms. In Handbook of Cluster Analysis (C. Hennig, M. Meila, F. Murtagh and R. Rocci, eds.).
Chapman & Hall/CRC Handb. Mod. Stat. Methods 383–417. CRC Press, Boca Raton, FL. MR3644721

[10] CHACÓN, J. E. (2015). A population background for nonparametric density-based clustering. Statist. Sci. 30
518–532. MR3432839 https://doi.org/10.1214/15-STS526

[11] CHACÓN, J. E. and DUONG, T. (2013). Data-driven density derivative estimation, with applications to non-
parametric clustering and bump hunting. Electron. J. Stat. 7 499–532. MR3035264 https://doi.org/10.
1214/13-EJS781

[12] CHAZAL, F., GUIBAS, L. J., OUDOT, S. Y. and SKRABA, P. (2013). Persistence-based clustering in Rieman-
nian manifolds. J. ACM 60 Art. 41, 38. MR3144911 https://doi.org/10.1145/2535927

[13] CHEN, Y. and WAINWRIGHT, M. J. (2015). Fast low-rank estimation by projected gradient descent: General
statistical and algorithmic guarantees. Preprint. Available at arXiv:1509.03025.

[14] CHEN, Y.-C., GENOVESE, C. R. and WASSERMAN, L. (2015). Asymptotic theory for density ridges. Ann.
Statist. 43 1896–1928. MR3375871 https://doi.org/10.1214/15-AOS1329

[15] CHEN, Y.-C., GENOVESE, C. R. and WASSERMAN, L. (2017). Statistical inference using the Morse-Smale
complex. Electron. J. Stat. 11 1390–1433. MR3635917 https://doi.org/10.1214/17-EJS1271

[16] CHEN, Y.-C., GENOVESE, C. R. and WASSERMAN, L. (2017). Density level sets: Asymptotics, infer-
ence, and visualization. J. Amer. Statist. Assoc. 112 1684–1696. MR3750891 https://doi.org/10.1080/
01621459.2016.1228536

MSC2020 subject classifications. Primary 62H30; secondary 62G20.
Key words and phrases. Clustering, gradient lines, gradient flow, dynamical systems, ordinary differential

equations, Euler scheme, Morse theory, Mean Shift, Max Shift, Max Slope Shift, hill-climbing methods for clus-
tering.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/25-AOS2554
https://www.imstat.org
mailto:eariascastro@ucsd.edu
mailto:wqiao@gmu.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3306422
https://doi.org/10.1016/j.jmva.2014.11.009
https://doi.org/10.1016/j.jmva.2014.11.009
https://mathscinet.ams.org/mathscinet-getitem?mr=3491137
https://doi.org/10.1214/25-AOS2554SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4565754
https://doi.org/10.1093/imaiai/iaac030
https://mathscinet.ams.org/mathscinet-getitem?mr=2145196
https://doi.org/10.1007/978-1-4020-2696-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3644721
https://mathscinet.ams.org/mathscinet-getitem?mr=3432839
https://doi.org/10.1214/15-STS526
https://mathscinet.ams.org/mathscinet-getitem?mr=3035264
https://doi.org/10.1214/13-EJS781
https://doi.org/10.1214/13-EJS781
https://mathscinet.ams.org/mathscinet-getitem?mr=3144911
https://doi.org/10.1145/2535927
https://arxiv.org/abs/1509.03025
https://mathscinet.ams.org/mathscinet-getitem?mr=3375871
https://doi.org/10.1214/15-AOS1329
https://mathscinet.ams.org/mathscinet-getitem?mr=3635917
https://doi.org/10.1214/17-EJS1271
https://mathscinet.ams.org/mathscinet-getitem?mr=3750891
https://doi.org/10.1080/01621459.2016.1228536
https://doi.org/10.1080/01621459.2016.1228536
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[17] CHENG, M.-Y., HALL, P. and HARTIGAN, J. A. (2004). Estimating gradient trees. In A Festschrift for Her-
man Rubin. Institute of Mathematical Statistics Lecture Notes—Monograph Series 45 237–249. IMS,
Beachwood, OH. MR2126901 https://doi.org/10.1214/lnms/1196285394

[18] CHENG, Y. (1995). Mean shift, mode seeking, and clustering. IEEE Trans. Pattern Anal. Mach. Intell. 17
790–799.

[19] COMANICIU, D. and MEER, P. (1999). Mean shift analysis and applications. In Proceedings of the Seventh
IEEE International Conference on Computer Vision 2 1197–1203. IEEE.

[20] COMANICIU, D. and MEER, P. (2002). Mean shift: A robust approach toward feature space analysis. IEEE
Trans. Pattern Anal. Mach. Intell. 24 603–619.

[21] CUEVAS, A., GONZÁLEZ-MANTEIGA, W. and RODRÍGUEZ-CASAL, A. (2006). Plug-in estimation of gen-
eral level sets. Aust. N. Z. J. Stat. 48 7–19. MR2234775 https://doi.org/10.1111/j.1467-842X.2006.
00421.x

[22] DEMPSTER, A. P., LAIRD, N. M. and RUBIN, D. B. (1977). Maximum likelihood from incomplete data via
the EM algorithm. J. Roy. Statist. Soc. Ser. B, Methodol. 39 1–38. MR0501537

[23] EINMAHL, U. and MASON, D. M. (2005). Uniform in bandwidth consistency of kernel-type function esti-
mators. Ann. Statist. 33 1380–1403. MR2195639 https://doi.org/10.1214/009053605000000129

[24] FUKUNAGA, K. and HOSTETLER, L. D. (1975). The estimation of the gradient of a density function, with
applications in pattern recognition. IEEE Trans. Inf. Theory IT-21 32–40. MR0388638 https://doi.org/
10.1109/tit.1975.1055330

[25] GENOVESE, C. R., PERONE-PACIFICO, M., VERDINELLI, I. and WASSERMAN, L. (2014). Nonparametric
ridge estimation. Ann. Statist. 42 1511–1545. MR3262459 https://doi.org/10.1214/14-AOS1218

[26] GENOVESE, C. R., PERONE-PACIFICO, M., VERDINELLI, I. and WASSERMAN, L. (2016). Non-parametric
inference for density modes. J. R. Stat. Soc. Ser. B. Stat. Methodol. 78 99–126. MR3453648 https://
doi.org/10.1111/rssb.12111

[27] HARAUX, A. (2012). Some applications of the Łojasiewicz gradient inequality. Commun. Pure Appl. Anal.
11 2417–2427. MR2912754 https://doi.org/10.3934/cpaa.2012.11.2417

[28] HARTIGAN, J. A. (1975). Clustering Algorithms. Wiley Series in Probability and Mathematical Statistics.
Wiley, New York. MR0405726

[29] HARTIGAN, J. A. and WONG, M. (1979). Algorithm AS 136: A K-means clustering algorithm. J. R. Stat.
Soc., Ser. C 28 100–108.

[30] HIRSCH, M. W., SMALE, S. and DEVANEY, R. L. (2013). Differential Equations, Dynamical Systems, and
an Introduction to Chaos, 3rd ed. Elsevier/Academic Press, Amsterdam. MR3293130 https://doi.org/
10.1016/B978-0-12-382010-5.00001-4

[31] ISERLES, A. (2009). A First Course in the Numerical Analysis of Differential Equations, 2nd ed. Cambridge
Texts in Applied Mathematics. Cambridge Univ. Press, Cambridge. MR2478556

[32] JIANG, H. (2017). On the consistency of quick shift. In Advances in Neural Information Processing Systems.
[33] JIANG, H., JANG, J. and KPOTUFE, S. (2018). Quickshift++: Provably good initializations for sample-based

mean shift. In International Conference on Machine Learning 2294–2303.
[34] KERNIGHAN, B. W. and LIN, S. (1970). An efficient heuristic procedure for partitioning graphs. Bell Syst.

Tech. J. 49 291–307.
[35] KOONTZ, W. L. G., NARENDRA, P. M. and FUKUNAGA, K. (1976). A graph-theoretic approach to nonpara-

metric cluster analysis. IEEE Trans. Comput. C-25 936–944. MR0489093 https://doi.org/10.1109/tc.
1976.1674719

[36] LI, X., HU, Z. and WU, F. (2007). A note on the convergence of the mean shift. Pattern Recognit. 40
1756–1762.

[37] LLOYD, S. P. (1982). Least squares quantization in PCM. IEEE Trans. Inf. Theory 28 129–137. MR0651807
https://doi.org/10.1109/TIT.1982.1056489

[38] MA, C., WANG, K., CHI, Y. and CHEN, Y. (2020). Implicit regularization in nonconvex statistical estimation:
Gradient descent converges linearly for phase retrieval, matrix completion, and blind deconvolution.
Found. Comput. Math. 20 451–632. MR4099988 https://doi.org/10.1007/s10208-019-09429-9

[39] MASON, D. M. (2012). Proving consistency of non-standard kernel estimators. Stat. Inference Stoch. Pro-
cess. 15 151–176. MR2928244 https://doi.org/10.1007/s11203-012-9068-4

[40] MASON, D. M. and SWANEPOEL, J. W. H. (2011). A general result on the uniform in bandwidth consistency
of kernel-type function estimators. TEST 20 72–94. MR2806311 https://doi.org/10.1007/s11749-010-
0188-0

[41] MILNOR, J. (1963). Morse Theory. Annals of Mathematics Studies, No. 51. Princeton Univ. Press, Princeton,
NJ. MR0163331

[42] QIAO, W. (2021). Nonparametric estimation of surface integrals on level sets. Bernoulli 27 155–191.
MR4177365 https://doi.org/10.3150/20-BEJ1232

https://mathscinet.ams.org/mathscinet-getitem?mr=2126901
https://doi.org/10.1214/lnms/1196285394
https://mathscinet.ams.org/mathscinet-getitem?mr=2234775
https://doi.org/10.1111/j.1467-842X.2006.00421.x
https://doi.org/10.1111/j.1467-842X.2006.00421.x
https://mathscinet.ams.org/mathscinet-getitem?mr=0501537
https://mathscinet.ams.org/mathscinet-getitem?mr=2195639
https://doi.org/10.1214/009053605000000129
https://mathscinet.ams.org/mathscinet-getitem?mr=0388638
https://doi.org/10.1109/tit.1975.1055330
https://doi.org/10.1109/tit.1975.1055330
https://mathscinet.ams.org/mathscinet-getitem?mr=3262459
https://doi.org/10.1214/14-AOS1218
https://mathscinet.ams.org/mathscinet-getitem?mr=3453648
https://doi.org/10.1111/rssb.12111
https://doi.org/10.1111/rssb.12111
https://mathscinet.ams.org/mathscinet-getitem?mr=2912754
https://doi.org/10.3934/cpaa.2012.11.2417
https://mathscinet.ams.org/mathscinet-getitem?mr=0405726
https://mathscinet.ams.org/mathscinet-getitem?mr=3293130
https://doi.org/10.1016/B978-0-12-382010-5.00001-4
https://doi.org/10.1016/B978-0-12-382010-5.00001-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2478556
https://mathscinet.ams.org/mathscinet-getitem?mr=0489093
https://doi.org/10.1109/tc.1976.1674719
https://doi.org/10.1109/tc.1976.1674719
https://mathscinet.ams.org/mathscinet-getitem?mr=0651807
https://doi.org/10.1109/TIT.1982.1056489
https://mathscinet.ams.org/mathscinet-getitem?mr=4099988
https://doi.org/10.1007/s10208-019-09429-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2928244
https://doi.org/10.1007/s11203-012-9068-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2806311
https://doi.org/10.1007/s11749-010-0188-0
https://doi.org/10.1007/s11749-010-0188-0
https://mathscinet.ams.org/mathscinet-getitem?mr=0163331
https://mathscinet.ams.org/mathscinet-getitem?mr=4177365
https://doi.org/10.3150/20-BEJ1232


[43] QIAO, W. and POLONIK, W. (2016). Theoretical analysis of nonparametric filament estimation. Ann. Statist.
44 1269–1297. MR3485960 https://doi.org/10.1214/15-AOS1405

[44] QIAO, W. and SHEHU, A. (2022). Space partitioning and regression maxima seeking via a mean-shift-
inspired algorithm. Electron. J. Stat. 16 5623–5658. MR4497867 https://doi.org/10.1214/22-ejs2073

[45] RAND, W. M. (1971). Objective criteria for the evaluation of clustering methods. J. Amer. Statist. Assoc. 66
846–850.

[46] STÖGER, D. and SOLTANOLKOTABI, M. (2021). Small random initialization is akin to spectral learning: Op-
timization and generalization guarantees for overparameterized low-rank matrix reconstruction. Adv.
Neural Inf. Process. Syst. 34.

[47] SUN, R. and LUO, Z.-Q. (2016). Guaranteed matrix completion via non-convex factorization. IEEE Trans.
Inf. Theory 62 6535–6579. MR3565131 https://doi.org/10.1109/TIT.2016.2598574

[48] VEDALDI, A. and SOATTO, S. (2008). Quick shift and kernel methods for mode seeking. In European
Conference on Computer Vision 705–718.

[49] WASSERMAN, L. (2006). All of Nonparametric Statistics. Springer Texts in Statistics. Springer, New York.
MR2172729

[50] YAMASAKI, R. and TANAKA, T. (2024). Convergence analysis of mean shift. In IEEE Transactions on
Pattern Analysis and Machine Intelligence.

https://mathscinet.ams.org/mathscinet-getitem?mr=3485960
https://doi.org/10.1214/15-AOS1405
https://mathscinet.ams.org/mathscinet-getitem?mr=4497867
https://doi.org/10.1214/22-ejs2073
https://mathscinet.ams.org/mathscinet-getitem?mr=3565131
https://doi.org/10.1109/TIT.2016.2598574
https://mathscinet.ams.org/mathscinet-getitem?mr=2172729


The Annals of Statistics
2025, Vol. 53, No. 6, 2563–2591
https://doi.org/10.1214/25-AOS2555
© Institute of Mathematical Statistics, 2025

KURTOSIS-BASED PROJECTION PURSUIT FOR MATRIX-VALUED DATA
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We develop projection pursuit for data that admit a natural representation
in matrix form. For projection indices, we propose extensions of the classical
kurtosis and Mardia’s multivariate kurtosis. The first index estimates projec-
tions for both sides of the matrices simultaneously, while the second index
finds the two projections separately. Both indices are shown to recover the
optimally separating projection for two-group Gaussian mixtures in the ab-
sence of any label information. We further establish the strong consistency
of the corresponding sample estimators, as well as the asymptotic normal-
ity and high-dimensional consistency for the first estimator. Simulations and
real data examples on hand-written postal codes and video data are used to
demonstrate the method.
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We obtain upper bounds for the estimation error of Kernel Ridge Regres-
sion (KRR) for all nonnegative regularization parameters, offering a geomet-
ric perspective on various phenomena in KRR. As applications: 1. We address
the Multiple Descents problem, unifying the proofs of (In Proceedings of
Thirty Third Conference on Learning Theory (2020) 2683–2711 PMLR) and
(Ann. Statist. 49 (2021) 1029–1054) for polynomial kernels in nonasymp-
totic regime and we establish Multiple Descents for the generalization er-
ror of KRR for polynomial kernel under sub-Gaussian design in asymptotic
regimes. 2. In the nonasymptotic regime, we have established a one-sided
isomorphic version of the Gaussian Equivalence Conjecture for sub-Gaussian
design vectors. 3. We offer a novel perspective on the linearization of kernel
matrices of nonlinear kernels, extending it to the power regime for polyno-
mial kernels. 4. Our theory extends the results in (J. Mach. Learn. Res. 24
(2023) Paper No. [123]) under weak moment assumption.

Our proof is based on three mathematical tools developed in this paper that
can be of independent interest: 1. Dvoretzky–Milman theorem for ellipsoids
under (very) weak moment assumptions. 2. Restricted isomorphic property
in reproducing kernel Hilbert spaces with embedding index conditions. 3. A
concentration inequality for finite-degree polynomial kernel functions.
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Analysis of networks that evolve dynamically requires the joint mod-
elling of individual snapshots and time dynamics. This paper proposes a
new flexible two-way heterogeneity model towards this goal. The new model
equips each node of the network with two heterogeneity parameters, one to
characterize the propensity to form ties with other nodes statically and the
other to differentiate the tendency to retain existing ties over time. With n

observed networks each having p nodes, we develop a new asymptotic the-
ory for the maximum likelihood estimation of 2p parameters when np → ∞.
We overcome the global nonconvexity of the negative log-likelihood function
by the virtue of its local convexity, and propose a novel method of moment
estimator as the initial value for a simple algorithm that leads to the con-
sistent local maximum likelihood estimator (MLE). To establish the upper
bounds for the estimation error of the MLE, we derive a new uniform devia-
tion bound, which is of independent interest. The theory of the model and its
usefulness are further supported by extensive simulation and the analysis of
some real network data sets.
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How many samples should one collect for an empirical distribution to
be as close as possible to the true population? This question is not trivial in
the context of single-cell RNA-sequencing. With limited sequencing depth,
profiling more cells comes at the cost of fewer reads per cell. Therefore, one
must strike a balance between the number of cells sampled and the accuracy
of each measured gene expression profile. In this paper, we analyze an empiri-
cal distribution of cells and obtain upper and lower bounds on the Wasserstein
distance to the true population. Our analysis holds for general, nonparamet-
ric distributions of cells, and is validated by simulation experiments on a real
single-cell dataset.
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In this paper, we propose a novel high-dimensional linear regression
technique for variables taking values in Hilbert manifolds. Our approach of-
fers a flexible framework where the response and covariates originate from
distinct spaces and are interconnected by Hilbert–Schmidt operators. Our
methodology is designed for situations where the number of the covariates
grows exponentially fast as the sample size increases and some of the co-
variates together with the response take values in infinite dimensional spaces.
It is formulated under a general penalization scheme that includes various
nonconvex penalty functions. Leveraging modern statistical theory for data
residing on Hilbert manifolds, we establish the oracle property and derive er-
ror bounds for the proposed estimators. We also provide an efficient compu-
tational algorithm to solve the associated constrained optimization problem.
The practical performance of the proposed method is demonstrated via nu-
merical simulation and real data applications.
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Online nonparametric estimators are gaining popularity due to their effi-
cient computation and competitive generalization abilities. An important ex-
ample includes variants of stochastic gradient descent. These algorithms of-
ten take one sample point at a time and incrementally update the parameter
estimate of interest. In this work, we consider model selection/hyperparame-
ter tuning for such online algorithms. We propose a weighted rolling valida-
tion procedure, an online variant of leave-one-out cross-validation, that costs
minimal extra computation for many typical stochastic gradient descent esti-
mators and maintains their online nature. Similar to batch cross-validation, it
can boost base estimators to achieve better heuristic performance and adap-
tive convergence rate. Our analysis is straightforward, relying mainly on some
general statistical stability assumptions. The simulation study underscores the
significance of diverging weights in practice and demonstrates its favorable
sensitivity even when there is only a slim difference between candidate esti-
mators.
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MULTI-VIEW DATA: MULTI-LAYER, DYNAMIC AND PARTIALLY

LABELED BLOCK MODELS
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Multi-view data arises frequently in modern network analysis for exam-
ple, relations of multiple types among individuals in social network analysis,
longitudinal measurements of interactions among observational units, anno-
tated networks with noisy partial labeling of vertices etc. We study commu-
nity detection in these disparate settings via a unified theoretical framework,
and investigate the fundamental thresholds for community recovery. We char-
acterize the mutual information between the data and the latent parameters,
provided the degrees are sufficiently large. Based on this general result, (i)
we derive a sharp threshold for community detection in an inhomogeneous
multi-layer block model (Ann. Statist. 50 (2022) 2664–2693), (ii) character-
ize a sharp threshold for weak recovery in a dynamic stochastic block model
(J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 (2017) 1119–1141), and (iii) iden-
tify the limiting mutual information in an unbalanced partially labeled block
model. Finally, we introduce iterative algorithms based on Approximate Mes-
sage Passing for community detection in these problems.
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