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RANK TESTS FOR PCA UNDER WEAK IDENTIFIABILITY

BY DAVY PAINDAVEINE?, LAURA PERALVO MAROTOP AND THOMAS VERDEBOUT®

ECARES and Department of Mathematics, Université libre de Bruxelles,  Davy.Paindaveine @ulb.be, L aura.Peralvo@uib.be,
€Thomas.Verdebout@ulb.be

In a triangular array framework where n observations are randomly sam-
pled from a p-dimensional elliptical distribution with shape matrix V,, we
consider the problem of testing the null hypothesis Hg : # = 6 against the
alternative hypothesis H1 : @ # 6, where 6 is the (fixed) leading unit eigen-
vector of V,; and 6 is a given unit p-vector. The dependence of the shape
matrix on the sample size allows us to consider challenging asymptotic sce-
narios in which the parameter of interest § is unidentified in the limit, because
the ratio between both leading eigenvalues of V,, converges to one. We care-
fully study the corresponding limiting experiments under such weak identi-
fiability, and we show that these may be LAN or non-LAN. While earlier
work in the framework was strictly limited to Gaussian distributions, where
the study of local log-likelihood ratios could simply rely on explicit expres-
sions, our asymptotic investigation allows for essentially arbitrary elliptical
distributions. This requires original results on quadratic mean differentiable
families for triangular arrays of observations, which are likely to be of interest
in other models, too. Even in non-LAN experiments, our results enable us to
investigate, through Le Cam’s first and third lemmas, the asymptotic null and
nonnull properties of multivariate rank tests. These nonparametric tests are
shown to exhibit an excellent behavior under weak identifiability: not only do
they maintain the target nominal size irrespective of the amount of weak iden-
tifiability, but they also keep their outstanding uniform efficiency properties
under such nonstandard scenarios. In particular, Gaussian-score rank tests,
under arbitrarily weak identifiability, still uniformly dominate their paramet-
ric pseudo-Gaussian competitor in terms of asymptotic relative efficiencies.
Our theoretical results, which are the first ones to study rank tests in the tri-
angular array framework allowing for weak identifiability, are supported by
several Monte Carlo exercises.
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DISTRIBUTIONALLY ROBUST LEARNING FOR MULTISOURCE
UNSUPERVISED DOMAIN ADAPTATION

BY ZHENYU WANG!2, PETER BUHLMANNZ? AND ZIJIAN GUO>¢
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Empirical risk minimization often performs poorly when the distribution
of the target domain differs from those of the source domains. To address
such potential distributional shifts, we develop an unsupervised domain adap-
tation approach that leverages labeled data from multiple source domains and
unlabeled data from the target domain. We introduce a distributionally ro-
bust model that optimizes an adversarial reward based on explained variance
across a class of target distributions, ensuring generalization to the target do-
main. We show that the proposed robust model is a weighted average of con-
ditional outcome models from the source domains. This formulation allows
us to compute the robust model through the aggregation of source models,
which can be estimated using various machine learning algorithms of the
user’s choice such as random forests, boosting and neural networks. Addi-
tionally, we introduce a bias-correction step to obtain a more accurate ag-
gregation weight, which is effective for various machine learning algorithms.
Our framework can be interpreted as a distributionally robust federated learn-
ing approach that satisfies privacy constraints while providing insights into
the importance of each source for prediction on the target domain. The per-
formance of our method is evaluated on both simulated and real data.

REFERENCES

AGARWAL, A. and ZHANG, T. (2022). Minimax regret optimization for robust machine learning under dis-
tribution shift. In Conference on Learning Theory 2704-2729. PMLR.

BEN-DAVID, S., BLITZER, J., CRAMMER, K. and PEREIRA, F. (2006). Analysis of representations for do-
main adaptation. Adv. Neural Inf. Process. Syst. 19.

BEN-TAL, A., DEN HERTOG, D., DE WAEGENAERE, A., MELENBERG, B. and RENNEN, G. (2013). Robust
solutions of optimization problems affected by uncertain probabilities. Manag. Sci. 59 341-357.

Bi1AU, G. (2012). Analysis of a random forests model. J. Mach. Learn. Res. 13 1063—1095. MR2930634

BIAU, G., DEVROYE, L. and LUGOSsI, G. (2008). Consistency of random forests and other averaging classi-
fiers. J. Mach. Learn. Res. 9 2015-2033. MR2447310

BICKEL, P. J., RITOV, Y. and TSYBAKOV, A. B. (2009). Simultaneous analysis of lasso and Dantzig selector.
Ann. Statist. 37 1705-1732. MR25334609 https://doi.org/10.1214/08-A0S620

BUHLMANN, P. and MEINSHAUSEN, N. (2015). Magging: Maximin aggregation for inhomogeneous large-
scale data. Proc. IEEE 104 126-135.

CANDES, E. and TA0, T. (2007). The Dantzig selector: Statistical estimation when p is much larger than n.
Ann. Statist. 35 2313-2404.

CAo, L., YANG, Q. and YU, P. S. (2021). Data science and Al in FinTech: An overview. Int. J. Data Sci.
Anal. 12 81-99.

CHEN, X., HONG, H. and TAROZZI, A. (2008). Semiparametric efficiency in GMM models with auxiliary
data. Ann. Statist. 36 808—843. MR2396816 https://doi.org/10.1214/009053607000000947

CHEN, Z., CHEN, D., ZHAO, C., KWAN, M.-P,, CAl, J., ZHUANG, Y., ZHAO, B., WANG, X., CHEN, B. et al.
(2020). Influence of meteorological conditions on PM2. 5 concentrations across China: A review of
methodology and mechanism. Environ. Int. 139 105558.

MSC2020 subject classifications. Primary 62R07; secondary 62G05.
Key words and phrases. Unsupervised domain adaptation, distributionally robust optimization, federated
learning, interpretable machine learning.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/25-AOS2578
https://www.imstat.org
mailto:zw425@stat.rutgers.edu
mailto:peter.buehlmann@stat.math.ethz.ch
mailto:zijguo@zju.edu.cn
https://mathscinet.ams.org/mathscinet-getitem?mr=2930634
https://mathscinet.ams.org/mathscinet-getitem?mr=2447310
https://mathscinet.ams.org/mathscinet-getitem?mr=2533469
https://doi.org/10.1214/08-AOS620
https://mathscinet.ams.org/mathscinet-getitem?mr=2396816
https://doi.org/10.1214/009053607000000947
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(12]

(13]

[14]

[15]

(16]

(17]

(18]

[19]

[20]
(21]
(22]

(23]

[24]

[25]

(26]
(27]

(28]
[29]

(30]
[31]
(32]
(33]
(34]

(35]

(36]
(37]

(38]

DENG, Y., KAMANI, M. M. and MAHDAVI, M. (2020). Distributionally robust federated averaging. Adv.
Neural Inf. Process. Syst. 33 15111-15122.

DIANA, E., GILL, W., KEARNS, M., KENTHAPADI, K. and ROTH, A. (2021). Minimax group fairness:
Algorithms and experiments. In Proceedings of the 2021 AAAI/ACM Conference on Al, Ethics, and
Society 66-76.

DuAN, L., Xu, D. and TSANG, I. W.-H. (2012). Domain adaptation from multiple sources: A domain-
dependent regularization approach. IEEE Trans. Neural Netw. Learn. Syst. 23 504-518.

ELDAR, Y. C., BECK, A. and TEBOULLE, M. (2008). A minimax Chebyshev estimator for bounded error es-
timation. IEEE Trans. Signal Process. 56 1388—1397. MR2512472 https://doi.org/10.1109/TSP.2007.
908945

FARRELL, M. H., LIANG, T. and MISRA, S. (2021). Deep neural networks for estimation and inference.
Econometrica 89 181-213. MR4220387 https://doi.org/10.3982/ectal 6901

GANIN, Y., USTINOVA, E., AJAKAN, H., GERMAIN, P, LAROCHELLE, H., LAVIOLETTE, F., MARC-
HAND, M. and LEMPITSKY, V. (2016). Domain-adversarial training of neural networks. J. Mach.
Learn. Res. 17 Paper No. 59. MR3504619

GRETTON, A., SMOLA, A. J., HUANG, J., SCHMITTFULL, M., BORGWARDT, K. M. and SCHOLLKOPF, B.
(2009). Covariate shift by kernel mean matching. 131-160.

GUoO, Z. (2024). Statistical inference for maximin effects: Identifying stable associations across multiple
studies. J. Amer. Statist. Assoc. 119 1968—1984. MR4797916 https://doi.org/10.1080/01621459.2023.
2233162

Hu,J., LU, J. and TAN, Y.-P. (2015). Deep transfer metric learning. In Proceedings of the IEEE Conference
on Computer Vision and Pattern Recognition 325-333.

Hu, W., N1U, G., SATO, I. and SUGIYAMA, M. (2018). Does distributionally robust supervised learning give
robust classifiers? In International Conference on Machine Learning 2029-2037. PMLR.

KANAMORI, T., HIDO, S. and SUGIYAMA, M. (2009). A least-squares approach to direct importance esti-
mation. J. Mach. Learn. Res. 10 1391-1445. MR2534866

KoH, P. W., SAGAWA, S., MARKLUND, H., XIE, S. M., ZHANG, M., BALSUBRAMANI, A., HU, W., YA-
SUNAGA, M., PHILLIPS, R. L. et al. (2021). Wilds: A benchmark of in-the-wild distribution shifts. In
International Conference on Machine Learning 5637-5664. PMLR.

LoNG, M., CAO, Y., CAO, Z., WANG, J. and JORDAN, M. L. (2018). Transferable representation learning
with deep adaptation networks. I[EEE Trans. Pattern Anal. Mach. Intell. 41 3071-3085.

MALININ, A., BAND, N., CHESNOKOV, G., GAL, Y., GALES, M. J., NOSKOV, A., PLOSKONOSOV, A.,
PROKHORENKOVA, L., PROVILKOV, L. et al. (2021). Shifts: a dataset of real distributional shift across
multiple large-scale tasks. arXiv Preprint. Available at arXiv:2107.07455.

MANSOUR, Y., MOHRI, M. and ROSTAMIZADEH, A. (2008). Domain adaptation with multiple sources. Adv.
Neural Inf. Process. Syst. 21.

MARTINEZ, N., BERTRAN, M. and SAPIRO, G. (2020). Minimax Pareto fairness: A multi objective perspec-
tive. In International Conference on Machine Learning 6755-6764. PMLR.

MEINSHAUSEN, N. (2006). Quantile regression forests. J. Mach. Learn. Res. T 983-999. MR2274394

MEINSHAUSEN, N. and BUHLMANN, P. (2015). Maximin effects in inhomogeneous large-scale data. Ann.
Statist. 43 1801-1830. MR3357879 https://doi.org/10.1214/15-A0S1325

MENON, A. and ONG, C. S. (2016). Linking losses for density ratio and class-probability estimation. In
International Conference on Machine Learning 304-313. PMLR.

MILANESE, M. and TEMPO, R. (1985). Optimal algorithms theory for robust estimation and prediction.
IEEE Trans. Automat. Control 30 730-738. MR0794206 https://doi.org/10.1109/TAC.1985.1104056

Mo, W, TANG, W., XUE, S., LIU, Y. and ZHU, J. (2024). Minimax Regret Learning for Data with Hetero-
geneous Subgroups. arXiv Preprint. Available at arXiv:2405.01709.

MOHRI, M., SIVEK, G. and SURESH, A. T. (2019). Agnostic federated learning. In International Conference
on Machine Learning 4615-4625. PMLR.

NAMKOONG, H. and DucHL, J. C. (2017). Variance-based regularization with convex objectives. Adv. Neural
Inf. Process. Syst. 30.

NGUYEN, X., WAINWRIGHT, M. J. and JORDAN, M. 1. (2010). Estimating divergence functionals and the
likelihood ratio by convex risk minimization. [EEE Trans. Inf. Theory 56 5847-5861. MR2808937
https://doi.org/10.1109/TIT.2010.2068870

PERONE, C. S., BALLESTER, P., BARROS, R. C. and COHEN-ADAD, J. (2019). Unsupervised domain adap-
tation for medical imaging segmentation with self-ensembling. NeuroImage 194 1-11.

QUINONERO-CANDELA, J., SUGIYAMA, M., SCHWAIGHOFER, A. and LAWRENCE, N. D. (2008). Dataset
Shift in Machine Learning. MIT Press, Cambridge.

REN, C.-X., XU, X.-L. and YAN, H. (2018). Generalized conditional domain adaptation: A causal perspective
with low-rank translators. IEEE Trans. Cybern. 50 821-834.


https://mathscinet.ams.org/mathscinet-getitem?mr=2512472
https://doi.org/10.1109/TSP.2007.908945
https://doi.org/10.1109/TSP.2007.908945
https://mathscinet.ams.org/mathscinet-getitem?mr=4220387
https://doi.org/10.3982/ecta16901
https://mathscinet.ams.org/mathscinet-getitem?mr=3504619
https://mathscinet.ams.org/mathscinet-getitem?mr=4797916
https://doi.org/10.1080/01621459.2023.2233162
https://doi.org/10.1080/01621459.2023.2233162
https://mathscinet.ams.org/mathscinet-getitem?mr=2534866
https://arxiv.org/abs/2107.07455
https://mathscinet.ams.org/mathscinet-getitem?mr=2274394
https://mathscinet.ams.org/mathscinet-getitem?mr=3357879
https://doi.org/10.1214/15-AOS1325
https://mathscinet.ams.org/mathscinet-getitem?mr=0794206
https://doi.org/10.1109/TAC.1985.1104056
https://arxiv.org/abs/2405.01709
https://mathscinet.ams.org/mathscinet-getitem?mr=2808937
https://doi.org/10.1109/TIT.2010.2068870

(39]

[40]

[41]

(42]

[43]
[44]
[45]
[46]
[47]

(48]

[49]

[50]

[51]
[52]
[53]
[54]

[55]

[56]
[57]
(58]
[59]
[60]
[61]

[62]

ROSENBAUM, P. R. and RUBIN, D. B. (1983). The central role of the propensity score in observational
studies for causal effects. Biometrika 70 41-55. MR0742974 https://doi.org/10.1093/biomet/70.1.41

ROTHENHAUSLER, D., MEINSHAUSEN, N. and BUHLMANN, P. (2016). Confidence intervals for maximin
effects in inhomogeneous large-scale data. In Statistical Analysis for High-Dimensional Data. Abel
Symp. 11 255-277. Springer, Cham. MR3616272

SAGAWA, S., KoH, P. W., HASHIMOTO, T. B. and LIANG, P. (2019). Distributionally robust neural networks
for group shifts: on the importance of regularization for worst-case generalization. arXiv Preprint.
Available at arXiv:1911.08731.

SAITO, K., WATANABE, K., USHIKU, Y. and HARADA, T. (2018). Maximum classifier discrepancy for
unsupervised domain adaptation. In Proceedings of the IEEE Conference on Computer Vision and
Pattern Recognition 3723-3732.

SCHMIDT-HIEBER, J. (2020). Nonparametric regression using deep neural networks with ReLU activation
function. Ann. Statist. 48 1875-1897. MR4134774 https://doi.org/10.1214/19-A0S1875

SCHULAM, P. and SARIA, S. (2015). A framework for individualizing predictions of disease trajectories by
exploiting multi-resolution structure. Adv. Neural Inf. Process. Syst. 28.

SCORNET, E., BIAU, G. and VERT, J.-P. (2015). Consistency of random forests. Ann. Statist. 43 1716-1741.
MR3357876 https://doi.org/10.1214/15-A0S1321

SINHA, A., NAMKOONG, H., VOLPI, R. and DUCHL, J. (2017). Certifying some distributional robustness
with principled adversarial training. arXiv Preprint. Available at arXiv:1710.10571.

SoMA, T., GATMIRY, K. and JEGELKA, S. (2022). Optimal algorithms for group distributionally robust
optimization and beyond. arXiv Preprint. Available at arXiv:2212.13669.

SUGIYAMA, M., NAKAJIMA, S., KASHIMA, H., BUENAU, P. and KAWANABE, M. (2007). Direct impor-
tance estimation with model selection and its application to covariate shift adaptation. Adv. Neural Inf.
Process. Syst. 20.

SUGIYAMA, M., SUzUKI, T. and KANAMORI, T. (2012). Density Ratio Estimation in Machine Learning.
Cambridge Univ. Press, Cambridge. MR2895762 https://doi.org/10.1017/CB09781139035613

TAI, A. P., MICKLEY, L. J. and JACOB, D. J. (2010). Correlations between fine particulate matter (PM2. 5)
and meteorological variables in the United States: Implications for the sensitivity of PM2. 5 to climate
change. Atmos. Environ. 44 3976-3984.

TOPALOGLU, M. Y., MORRELL, E. M., RAJENDRAN, S. and TOPALOGLU, U. (2021). In the pursuit of
privacy: The promises and predicaments of federated learning in healthcare. Front. Artif. Intell. 147.

TZENG, E., HOFFMAN, J., SAENKO, K. and DARRELL, T. (2017). Adversarial discriminative domain adapta-
tion. In Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition 7167-7176.

WANG, Z., BUHLMANN, P. and GUO, Z. (2026). Supplement to “Distributionally robust learning for multi-
source unsupervised domain adaptation.” https://doi.org/10.1214/25-A0S2578SUPP

WEISsS, K., KHOSHGOFTAAR, T. M. and WANG, D. (2016). A survey of transfer learning. J. Big Data 3
1-40.

XIA, Y., YANG, M. and WANG, S. (2021). Chebyshev center of the intersection of balls: Complexity, relax-
ation and approximation. Math. Program. 187 287-315. MR4246304 https://doi.org/10.1007/s10107-
020-01479-0

XIONG, X., GUO, Z. and CAl, T. (2023). Distributionally robust transfer learning. arXiv preprint. Available
at arXiv:2309.06534.

XU, S., FREUND, R. M. and SUN, J. (2003). Solution methodologies for the smallest enclosing circle prob-
lem. Comput. Optim. Appl. 25 283-292.

XU, Y., XUE, W., LEL, Y., ZHAO, Y., CHENG, S., REN, Z. and HUANG, Q. (2018). Impact of meteorological
conditions on PM2. 5 pollution in China during winter. Atmosphere 9 429.

ZHANG, J., MENON, A., VEIT, A., BHOJANAPALLI, S., KUMAR, S. and SRA, S. (2020). Coping with label
shift via distributionally robust optimisation. arXiv Preprint. Available at arXiv:2010.12230.

ZHANG, S., Guo, B., DONG, A., HE, J., XU, Z. and CHEN, S. X. (2017). Cautionary tales on air-quality
improvement in Beijing. Proc. R. Soc. A, Math. Phys. Eng. Sci. 473 20170457.

ZHANG, Y., HUANG, M. and IMAI, K. (2024). Minimax Regret Estimation for Generalizing Heterogeneous
Treatment Effects with Multisite Data. arXiv Preprint. Available at arXiv:2412.11136.

ZHUANG, F, Q1, Z., DUAN, K., X1, D., ZHU, Y., ZHU, H., XIONG, H. and HE, Q. (2020). A comprehensive
survey on transfer learning. Proc. IEEE 109 43-76.


https://mathscinet.ams.org/mathscinet-getitem?mr=0742974
https://doi.org/10.1093/biomet/70.1.41
https://mathscinet.ams.org/mathscinet-getitem?mr=3616272
https://arxiv.org/abs/1911.08731
https://mathscinet.ams.org/mathscinet-getitem?mr=4134774
https://doi.org/10.1214/19-AOS1875
https://mathscinet.ams.org/mathscinet-getitem?mr=3357876
https://doi.org/10.1214/15-AOS1321
https://arxiv.org/abs/1710.10571
https://arxiv.org/abs/2212.13669
https://mathscinet.ams.org/mathscinet-getitem?mr=2895762
https://doi.org/10.1017/CBO9781139035613
https://doi.org/10.1214/25-AOS2578SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4246304
https://doi.org/10.1007/s10107-020-01479-0
https://doi.org/10.1007/s10107-020-01479-0
https://arxiv.org/abs/2309.06534
https://arxiv.org/abs/2010.12230
https://arxiv.org/abs/2412.11136

The Annals of Statistics

2026, Vol. 54, No. 2, 597-620
https://doi.org/10.1214/25-A0S2579

© Institute of Mathematical Statistics, 2026

TRACE TEST FOR HIGH-DIMENSIONAL COINTEGRATION

BY ALEXEI ONATSKI!*®* AND CHEN WANGZ2?P

1Facull‘y of Economics, University of Cambridge, *a0319@ cam.ac.uk
2Department of Statistics and Actuarial Science, University of Hong Kong, b stacw @ hku.hk

This paper studies Johansen’s (J. Econom. Dynam. Control 12 (1988)
231-254) trace test for cointegration in high-dimensional data. We show that
when both cross-sectional and temporal dimension of the data go to infinity
proportionally, the shifted and scaled modified trace statistic converges to a
Gaussian random variable. We give explicit formulae for the shift and scale
parameters as well as for the mean and variance of the Gaussian limit. Monte
Carlo analysis shows excellent size properties of the asymptotic test, which is
an improvement over the Bartlett-corrected versions of the original trace test,
especially for relatively large ratios of the dimensionality to the sample size.
The Monte Carlo also reveals a nonmonotonicity of the power of the test. We
comment on the source of such a nonmonotonicity.
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This paper introduces a flexible time-varying network vector autoregres-
sive model framework for large-scale time series. A latent group structure
is imposed on the heterogeneous and node-specific time-varying momentum
and network spillover effects so that the number of unknown time-varying
coefficients to be estimated can be reduced considerably. A classic agglomer-
ative clustering algorithm with nonparametrically estimated distance matrix
is combined with a ratio criterion to consistently estimate the latent group
number and membership. A postgrouping local linear smoothing method is
proposed to estimate the group-specific time-varying momentum and network
effects, substantially improving the convergence rates of the preliminary esti-
mates which ignore the latent structure. We further modify the methodology
and theory to allow for structural breaks in either the group membership,
group number or group-specific coefficient functions. Numerical studies in-
cluding Monte-Carlo simulation and an empirical application are presented to
examine the finite-sample performance of the developed model and method-

ology.
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DISCOVERY RATE CONTROL AND COMPOUND ORACLE

BY YUTONG NIE* AND YIHONG WUP
Department of Statistics and Data Science, Yale University, *ytniel 998@ gmail.com, byihong. wu@yale.edu

The false discovery rate (FDR) and the false nondiscovery rate (FNR),
defined as the expected false discovery proportion (FDP) and the false nondis-
covery proportion (FNP), are the most popular benchmarks for multiple test-
ing. Despite the theoretical and algorithmic advances in recent years, the op-
timal trade-off between the FDR and the FNR has been largely unknown,
except for certain restricted classes of decision rules, for example, separable
rules, or for other performance metrics, for example, the marginal FDR and
the marginal FNR (mFDR and mFNR). In this paper we determine the asymp-
totically optimal FDR-FNR trade-off under the two-group random mixture
model when the number of hypotheses tends to infinity. Distinct from the op-
timal mFDR-mFNR trade-off, which is achieved by separable decision rules,
the optimal FDR-FNR trade-off requires compound rules, even in the large-
sample limit and for models as simple as the Gaussian location model. This
suboptimality of separable rules also holds for other objectives, such as max-
imizing the expected number of true discoveries. Finally, to address the limi-
tation of the FDR, which only controls the expectation but not the fluctuation
of the FDP, we also determine the optimal tradeoff when the FDP is con-
trolled with high probability and show it coincides with that of the mFDR
and the mFNR. Extensions to models with a fixed nonnull proportion are also
obtained.
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We present a comprehensive analysis of singular vector and singular
subspace perturbations in the signal-plus-noise matrix model with random
Gaussian noise. Assuming a low-rank signal matrix, we extend the Davis—
Kahan—Wedin theorem in a fully generalized manner, applicable to any uni-
tarily invariant matrix norm, building on previous results by O’Rourke, Vu,
and the author. Our analysis provides fine-grained insights, including £
bounds for singular vectors, £; o, bounds for singular subspaces, and results
for linear and bilinear functions of singular vectors. Additionally, we derive
€7, bounds on perturbed singular vectors, taking into account the weight-
ing by their corresponding singular values. Finally, we explore practical im-
plications of these results in the Gaussian mixture model and the submatrix
localization problem.

REFERENCES

ABBE, E., FAN, J. and WANG, K. (2022). An £, theory of PCA and spectral clustering. Ann. Statist. S0
2359-2385. https://doi.org/10.1214/22-2052196

ABBE, E., FAN, J., WANG, K. and ZHONG, Y. (2020). Entrywise eigenvector analysis of random matrices
with low expected rank. Ann. Statist. 48 1452-1474.

AGTERBERG, J. (2023). Distributional theory and statistical inference for linear functions of eigenvectors
with small eigengaps. arXiv preprint. Available at arXiv:2308.02480.

AGTERBERG, J., LUBBERTS, Z. and PRIEBE, C. E. (2022). Entrywise estimation of singular vectors of
low-rank matrices with heteroskedasticity and dependence. IEEE Trans. Inf. Theory 68 4618—4650.

ALLEZ, R. and BOUCHAUD, J.-P. (2014). Eigenvector dynamics under free addition. Random Matrices
Theory Appl. 3 1450010. MR3256861 https://doi.org/10.1142/S2010326314500105

ALON, N., KRIVELEVICH, M. and SUDAKOV, B. (1998). Finding a large hidden clique in a random graph.
Random Structures Algorithms 13 457-466.

ARIAS-CASTRO, E. and VERZELEN, N. (2014). Community detection in dense random networks. Ann.
Statist. 42 940-969.

BAI, Z. and YAO, J. (2008). Central limit theorems for eigenvalues in a spiked population model. Ann. Inst.
Henri Poincaré Probab. Stat. 44 447-474. https://doi.org/10.1214/07-AIHP118

BAIK, J., AROUS, G. B., PECHE, S. et al. (2005). Phase transition of the largest eigenvalue for nonnull
complex sample covariance matrices. Ann. Probab. 33 1643-1697.

BAIK, J. and SILVERSTEIN, J. W. (2006). Eigenvalues of large sample covariance matrices of spiked popu-
lation models. J. Multivariate Anal. 97 1382-1408.

BALAKRISHNAN, S., KOLAR, M., RINALDO, A., SINGH, A. and WASSERMAN, L. (2011). Statistical and
computational tradeoffs in biclustering. In NIPS 2011 Workshop on Computational Trade-Offs in Sta-
tistical Learning 4.

BAO, Z., DING, X., WANG, J. and WANG, K. (2022). Statistical inference for principal components of spiked
covariance matrices. Ann. Statist. 50 1144-1169. MR4404931 https://doi.org/10.1214/21-a0s2143

BAO, Z., DING, X. and WANG, K. (2021). Singular vector and singular subspace distribution for the matrix
denoising model. Ann. Statist. 49 370-392.

BAO, Z. and WANG, D. (2021). Eigenvector distribution in the critical regime of BBP transition. Probab.
Theory Related Fields 1-81.

BENAYCH-GEORGES, F., ENRIQUEZ, N. and MICHAIL, A. (2021). Eigenvectors of a matrix under ran-
dom perturbation. Random Matrices Theory Appl. 10 2150023. MR4260218 https://doi.org/10.1142/
$2010326321500234

MSC2020 subject classifications. Primary 60B20; secondary 62H25, 62H30.
Key words and phrases. Singular vector perturbation, singular subspace perturbation, low-rank structures, ran-
dom matrices, spectral clustering, mixture models, submatrix localization.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/25-AOS2582
https://www.imstat.org
mailto:kewang@ust.hk
https://doi.org/10.1214/22-aos2196
https://arxiv.org/abs/2308.02480
https://mathscinet.ams.org/mathscinet-getitem?mr=3256861
https://doi.org/10.1142/S2010326314500105
https://doi.org/10.1214/07-AIHP118
https://mathscinet.ams.org/mathscinet-getitem?mr=4404931
https://doi.org/10.1214/21-aos2143
https://mathscinet.ams.org/mathscinet-getitem?mr=4260218
https://doi.org/10.1142/S2010326321500234
https://doi.org/10.1142/S2010326321500234
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

[16]

[17]

(18]

[19]
[20]
(21]

(22]

(23]

[24]
(25]
[26]
(27]
(28]
[29]

(30]
(31]

(32]
(33]
(34]
(35]
[36]
(37]
(38]
[39]
[40]
[41]
(42]

[43]

BENAYCH-GEORGES, F., GUIONNET, A. and MAIDA, M. (2011). Fluctuations of the extreme eigenvalues
of finite rank deformations of random matrices. Electron. J. Probab. 16 1621-1662.

BENAYCH-GEORGES, F. and NADAKUDITI, R. R. (2011). The eigenvalues and eigenvectors of finite, low
rank perturbations of large random matrices. Adv. Math. 227 494-521. https://doi.org/10.1016/j.aim.
2011.02.007

BENAYCH-GEORGES, F. and NADAKUDITI, R. R. (2012). The singular values and vectors of low rank
perturbations of large rectangular random matrices. J. Multivariate Anal. 111 120-135. https://doi.org/
10.1016/j.jmva.2012.04.019

BENIGNI, L. (2020). Eigenvectors distribution and quantum unique ergodicity for deformed Wigner matri-
ces. Ann. Inst. Henri Poincaré Probab. Stat. 56 2822-2867.

BHARDWAJ, A. and VU, V. (2023). Matrix perturbation: Davis-Kahan in the infinity norm. arXiv preprint.
Available at arXiv:2304.00328.

BHATIA, R. (1997). Matrix Analysis. Graduate Texts in Mathematics 169. Springer, New York. MR1477662
https://doi.org/10.1007/978-1-4612-0653-8

BLOEMENDAL, A., ERDOS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2014). Isotropic local laws for
sample covariance and generalized Wigner matrices. Electron. J. Probab. 19 1-53. MR3183577 https://
doi.org/10.1214/ejp.v19-3054

BLOEMENDAL, A., KNOWLES, A., YAU, H.-T. and YIN, J. (2016). On the principal components of sam-
ple covariance matrices. Probab. Theory Related Fields 164 459—552. MR3449395 https://doi.org/10.
1007/s00440-015-0616-x

BRENNAN, M., BRESLER, G. and HULEIHEL, W. (2018). Reducibility and computational lower bounds for
problems with planted sparse structure. In Conference on Learning Theory 48—166. PMLR.

BUTUCEA, C. and INGSTER, Y. I. (2013). Detection of a sparse submatrix of a high-dimensional noisy
matrix. Bernoulli 19 2652-2688.

BUTUCEA, C., INGSTER, Y. L. and SUSLINA, 1. A. (2015). Sharp variable selection of a sparse submatrix in
a high-dimensional noisy matrix. ESAIM Probab. Stat. 19 115-134.

Cal, C,, L1, G, CHIL, Y., POOR, H. V. and CHEN, Y. (2021). Subspace estimation from unbalanced and
incomplete data matrices: £ , statistical guarantees. Ann. Statist. 49 944-967.

Cal T. T., LIANG, T. and RAKHLIN, A. (2017). Computational and statistical boundaries for submatrix
localization in a large noisy matrix. Ann. Statist. 45 1403-1430.

CAL T.T. and ZHANG, A. (2018). Rate-optimal perturbation bounds for singular subspaces with applications
to high-dimensional statistics. Ann. Statist. 46 60—89.

CANDES, E. J. and PLAN, Y. (2010). Matrix completion with noise. Proc. IEEE 98 925-936.

CANDES, E. J. and RECHT, B. (2009). Exact matrix completion via convex optimization. Found. Comput.
Math. 9 717-772. MR2565240 https://doi.org/10.1007/s10208-009-9045-5

CAPE, J., TANG, M. and PRIEBE, C. E. (2019). The two-to-infinity norm and singular subspace geometry
with applications to high-dimensional statistics. Ann. Statist. 47 2405-2439.

CAPITAINE, M. (2018). Limiting eigenvectors of outliers for spiked information-plus-noise type matrices.
Sémin. Probab. XLIX 119-164.

CAPITAINE, M. and DONATI-MARTIN, C. (2021). Non universality of fluctuations of outlier eigenvectors for
block diagonal deformations of Wigner matrices. ALEA Lat. Amer. J. Probab. Math. Stat. 18 129-165.

CHEN, Y., CHL Y., FAN, J. and MA, C. (2021). Spectral methods for data science: A statistical perspective.
Found. Trends Mach. Learn. 14 566-806.

CHEN, Y., FAN, J., MA, C. and WANG, K. (2019). Spectral method and regularized MLE are both optimal
for top-K ranking. Ann. Statist. 47 2204-2235.

CHEN, Y. and XU, J. (2016). Statistical-computational tradeoffs in planted problems and submatrix localiza-
tion with a growing number of clusters and submatrices. J. Mach. Learn. Res. 17 882-938.

CHENG, C., WEI, Y. and CHEN, Y. (2021). Tackling small eigen-gaps: Fine-grained eigenvector estimation
and inference under heteroscedastic noise. IEEE Trans. Inf. Theory 67 7380-7419.

DADON, M., HULEIHEL, W. and BENDORY, T. (2024). Detection and recovery of hidden submatrices. I[EEE
Trans. Signal Inf. Process. Netw.

DaAvis, C. and KAHAN, W. M. (1970). The rotation of eigenvectors by a perturbation. III. SIAM J. Numer.
Anal. 7 1-46. MR0264450 https://doi.org/10.1137/0707001

DEKEL, Y., GUREL-GUREVICH, O. and PERES, Y. (2014). Finding hidden cliques in linear time with high
probability. Combin. Probab. Comput. 23 29-49.

EL KAROUI, N. (2007). Tracy-Widom limit for the largest eigenvalue of a large class of complex sample
covariance matrices. Ann. Probab. 35 663-714.

ELDRIDGE, J., BELKIN, M. and WANG, Y. (2018). Unperturbed: Spectral analysis beyond Davis-Kahan. In
Algorithmic Learning Theory 321-358. PMLR.


https://doi.org/10.1016/j.aim.2011.02.007
https://doi.org/10.1016/j.aim.2011.02.007
https://doi.org/10.1016/j.jmva.2012.04.019
https://doi.org/10.1016/j.jmva.2012.04.019
https://arxiv.org/abs/2304.00328
https://mathscinet.ams.org/mathscinet-getitem?mr=1477662
https://doi.org/10.1007/978-1-4612-0653-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3183577
https://doi.org/10.1214/ejp.v19-3054
https://doi.org/10.1214/ejp.v19-3054
https://mathscinet.ams.org/mathscinet-getitem?mr=3449395
https://doi.org/10.1007/s00440-015-0616-x
https://doi.org/10.1007/s00440-015-0616-x
https://mathscinet.ams.org/mathscinet-getitem?mr=2565240
https://doi.org/10.1007/s10208-009-9045-5
https://mathscinet.ams.org/mathscinet-getitem?mr=0264450
https://doi.org/10.1137/0707001

[44]
[45]
[46]
[47]
(48]
[49]
(50]
(51]

[52]

[53]
[54]
[55]
[56]

(571
(58]

[59]

(60]
[61]
[62]

[63]

[64]
[65]
[66]
[67]
[68]
[69]
[70]
[71]

[72]

FAN, J., FAN, Y., HAN, X. and Lv, J. (2022). Asymptotic theory of eigenvectors for large random matrices.
J. Amer. Statist. Assoc. 117 996-1009.

FAN, J., WANG, W. and ZHONG, Y. (2018). An ¢, eigenvector perturbation bound and its application to
robust covariance estimation. J. Mach. Learn. Res. 18 207-207. MR3827095

FEIGE, U. and RON, D. (2010). Finding hidden cliques in linear time. In Discrete Mathematics and Theo-
retical Computer Science. Discrete Mathematics and Theoretical Computer Science. 189-204.

HAJEK, B., WU, Y. and XU, J. (2016). Achieving exact cluster recovery threshold via semidefinite program-
ming. IEEE Trans. Inf. Theory 62 2788-2797.

JOHNSTONE, I. M. and LU, A. Y. (2009). On consistency and sparsity for principal components analysis in
high dimensions. J. Amer. Statist. Assoc. 104 682—-693.

KESHAVAN, R., MONTANARI, A. and OH, S. (2009). Matrix completion from noisy entries. Adv. Neural Inf.
Process. Syst. 22.

KNOWLES, A. and YIN, J. (2013). The isotropic semicircle law and deformation of Wigner matrices. Comm.
Pure Appl. Math. 66 1663—1750. MR3103909 https://doi.org/10.1002/cpa.21450

KOLAR, M., BALAKRISHNAN, S., RINALDO, A. and SINGH, A. (2011). Minimax localization of structural
information in large noisy matrices. Adv. Neural Inf. Process. Syst. 24.

KOLTCHINSKII, V. and X1A, D. (2016). Perturbation of linear forms of singular vectors under Gaussian
noise. In High Dimensional Probability VII. Progress in Probability 71 397-423. Springer, Cham.
MR3565274 https://doi.org/10.1007/978-3-319-40519-3_18

LE1, L. (2019). Unified ¢,_, o, eigenspace perturbation theory for symmetric random matrices. arXiv
preprint. Available at arXiv:1909.04798.

L1, G., CAl C., POOR, H. V. and CHEN, Y. (2021). Minimax estimation of linear functions of eigenvectors
in the face of small eigen-gaps. arXiv preprint. Available at arXiv:2104.03298.

LOFFLER, M., ZHANG, A. Y. and ZHOU, H. H. (2021). Optimality of spectral clustering in the Gaussian
mixture model. Ann. Statist. 49 2506-2530.

Luo, Y., HAN, R. and ZHANG, A. R. (2021). A Schatten-g low-rank matrix perturbation analysis via per-
turbation projection error bound. Linear Algebra Appl. 630 225-240.

MA,Z.and WU, Y. (2015). Computational barriers in minimax submatrix detection. Ann. Statist. 1089-1116.

MCSHERRY, F. (2001). Spectral partitioning of random graphs. In Proceedings 42nd IEEE Symposium on
Foundations of Computer Science 529-537. IEEE.

MONTANARI, A., REICHMAN, D. and ZEITOUNI, O. (2015). On the limitation of spectral methods: From
the Gaussian hidden clique problem to rank-one perturbations of Gaussian tensors. Adv. Neural Inf.
Process. Syst. 28.

O’ROURKE, S., VU, V. and WANG, K. (2018). Random perturbation of low rank matrices: Improving clas-
sical bounds. Linear Algebra Appl. 540 26-59. MR3739989 https://doi.org/10.1016/j.1aa.2017.11.014

O’ROURKE, S., VU, V. and WANG, K. (2024). Matrices with Gaussian noise: Optimal estimates for singular
subspace perturbation. IEEE Trans. Inf. Theory 70 1978-2002.

PAUL, D. (2007). Asymptotics of sample eigenstructure for a large dimensional spiked covariance model.
Statist. Sinica 17 1617-1642.

RUDELSON, M. and VERSHYNIN, R. (2010). Non-asymptotic theory of random matrices: Extreme singular
values. In Proceedings of the International Congress of Mathematicians. Vol. III 1576-1602. Hindus-
tan Book Agency, New Delhi.

STEWART, G. W. and SUN, J. G. (1990). Matrix Perturbation Theory. Computer Science and Scientific
Computing. Academic Press, Boston, MA. MR1061154

TROPP, J. A. (2015). An introduction to matrix concentration inequalities. Found. Trends Mach. Learn. 8
1-230. https://doi.org/10.1561/2200000048

VON LUXBURG, U., BELKIN, M. and BOUSQUET, O. (2008). Consistency of spectral clustering. Ann. Statist.
36 555-586.

Vu, V. (2018). A simple SVD algorithm for finding hidden partitions. Combin. Probab. Comput. 27
124-140.

VU, V. Q. and LE1, J. (2013). Minimax sparse principal subspace estimation in high dimensions. Ann. Statist.
41 2905-2947.

WANG, K. (2026). Supplement to “Analysis of singular subspaces under random perturbations.” https://doi.
org/10.1214/25-A0S2582SUPP

WANG, R. (2015). Singular vector perturbation under Gaussian noise. SIAM J. Matrix Anal. Appl. 36
158-177. MR3310977 https://doi.org/10.1137/130938177

WEDIN, P.-A. (1972). Perturbation bounds in connection with singular value decomposition. BIT 12 99-111.
MR309968 https://doi.org/10.1007/bf01932678

XIA, D. and ZHOU, F. (2019). The sup-norm perturbation of HOSVD and low rank tensor denoising. J.
Mach. Learn. Res. 20 1-42. MR3960915


https://mathscinet.ams.org/mathscinet-getitem?mr=3827095
https://mathscinet.ams.org/mathscinet-getitem?mr=3103909
https://doi.org/10.1002/cpa.21450
https://mathscinet.ams.org/mathscinet-getitem?mr=3565274
https://doi.org/10.1007/978-3-319-40519-3_18
https://arxiv.org/abs/1909.04798
https://arxiv.org/abs/2104.03298
https://mathscinet.ams.org/mathscinet-getitem?mr=3739989
https://doi.org/10.1016/j.laa.2017.11.014
https://mathscinet.ams.org/mathscinet-getitem?mr=1061154
https://doi.org/10.1561/2200000048
https://doi.org/10.1214/25-AOS2582SUPP
https://doi.org/10.1214/25-AOS2582SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3310977
https://doi.org/10.1137/130938177
https://mathscinet.ams.org/mathscinet-getitem?mr=309968
https://doi.org/10.1007/bf01932678
https://mathscinet.ams.org/mathscinet-getitem?mr=3960915

[73]
[74]
[75]
[76]
[77]

(78]

YAN, Y., CHEN, Y. and FAN, J. (2021). Inference for heteroskedastic PCA with missing data. arXiv preprint.
Available at arXiv:2107.12365.

YAN, Y. and WAINWRIGHT, M. J. (2024). Entrywise inference for missing panel data: A simple and instance-
optimal approach. arXiv preprint. Available at arXiv:2401.13665.

YU, Y., WANG, T. and SAMWORTH, R. J. (2015). A useful variant of the Davis—Kahan theorem for statisti-
cians. Biometrika 102 315-323.

ZHANG, A. Y. and ZHOU, H. H. (2022). Leave-one-out singular subspace perturbation analysis for spectral
clustering. arXiv preprint. Available at arXiv:2205.14855.

ZHONG, Y. (2017). Eigenvector under random perturbation: A nonasymptotic Rayleigh-Schrodinger theory.
arXiv preprint. Available at arXiv:1702.00139.

ZHONG, Y. and BOUMAL, N. (2018). Near-optimal bounds for phase synchronization. SIAM J. Optim. 28
989-1016. MR3782406 https://doi.org/10.1137/17M1122025


https://arxiv.org/abs/2107.12365
https://arxiv.org/abs/2401.13665
https://arxiv.org/abs/2205.14855
https://arxiv.org/abs/1702.00139
https://mathscinet.ams.org/mathscinet-getitem?mr=3782406
https://doi.org/10.1137/17M1122025

The Annals of Statistics

2026, Vol. 54, No. 2, 692-717
https://doi.org/10.1214/25-A0S2583

© Institute of Mathematical Statistics, 2026

VERSATILE DIFFERENTIALLY PRIVATE LEARNING FOR GENERAL LOSS
FUNCTIONS

BY QILONG Lu'2, SONG X1 CHEN*P® AND YUMOU QIru>¢

lGuanghua School of Management, Peking University, ®lu_qilong @stu.pku.edu.cn
2Department of Statistics and Data Science, Tsinghua University, bsxchen@tsinghua.edu.cn

3School of Mathematical Sciences and Center for Statistical Science, Peking University, € qiuyumou@math.pku.edu.cn

This paper aims to provide a versatile privacy-preserving release mecha-
nism along with a unified approach for subsequent parameter estimation and
statistical inference. We propose a privacy mechanism based on zero-inflated
symmetric multivariate Laplace (ZIL) noise, which requires no prior spec-
ification of subsequent analysis tasks, allows for general loss functions un-
der minimal conditions, imposes no limit on the number of analyses, and is
adaptable to increasing data volume in online scenarios. We derive the trade-
off function for the proposed ZIL mechanism, which characterizes its pri-
vacy protection level. Furthermore, to formalize the local differential privacy
(LDP) property of the ZIL mechanism, we extend the classical e-LDP to a
more general f-LDP framework. To address scenarios where only individ-
ual attribute values require protection, we propose attribute-level differential
privacy (ADP) and its local version. Within the M-estimation framework, we
introduce a novel doubly random (DR) corrected loss for the ZIL mechanism,
which yields consistent and asymptotically normal M-estimates under differ-
ential privacy constraints. The proposed approach is computationally efficient
and does not require numerical integration or differentiation for noisy data. It
applies to a broad class of loss functions, including nonsmooth ones. Two al-
ternative estimators for smooth loss are also proposed with asymptotic prop-
erties. The cost of privacy in terms of estimation efficiency for these three
estimators is evaluated both theoretically and numerically.
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In response to the increasing dimensionality of modern datasets, recent
theoretical studies of covariance estimation frequently adopt the proportional-
growth asymptotic framework in which the sample size n and dimension p
are comparable, with n, p — oo and y;, := p/n — y > 0. However, in many
datasets—perhaps most—the sample size and dimension are highly imbal-
anced. To address this, we consider the disproportional-growth asymptotic
framework, where n, p — oo and y; — 0 or y, — oo. These regimes give
rise to novel behavior distinct from those in the proportional-growth and clas-
sical fixed-p settings.

We work under the spiked covariance model in which the theoretical co-
variance matrix is a low-rank perturbation of the identity. For each of 15 loss
functions, we derive closed-form optimal shrinkage and thresholding rules;
for several losses, optimality takes the particularly strong form of unique
asymptotic admissibility. These optimal procedures involve substantial eigen-
value shrinkage and yield significant improvements over the standard empir-
ical covariance estimator.

Practitioners may ask whether their data is better modeled under the pro-
portional or disproportional frameworks and which of the corresponding pro-
cedures to apply. Fortunately, it is possible to remain framework-agnostic: a
single, unified set of shrinkage rules—depending only on the aspect ratio y;,
of the given data—achieves asymptotic optimality in both regimes.

At the heart of these phenomena is the spiked Wigner model in which
a low-rank matrix is perturbed by symmetric noise. Under both the (scaled)
spiked covariance model as y, — 0 and the spiked Wigner model, the em-
pirical spectral distributions converge to the semicircle law. Exploiting this
connection, we derive optimal spiked-Wigner shrinkage rules, which are of
independent and fundamental interest.
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SPECTRUM-AWARE DEBIASING: A MODERN INFERENCE FRAMEWORK
WITH APPLICATIONS TO PRINCIPAL COMPONENTS REGRESSION

BY YUFAN LI*® AND PRAGYA SURP

Department of Statistics, Harvard University, *yufan_li@ g.harvard.edu, bpragya @fas.harvard.edu

Debiasing is a fundamental concept in high-dimensional statistics. While
degrees-of-freedom adjustment is the state-of-the-art debiasing technique in
high-dimensional linear regression, it largely remains limited to independent,
identically distributed samples and sub-Gaussian covariates. These limita-
tions hinder its wider practical use. In this paper we break this barrier and in-
troduce Spectrum-Aware Debiasing—a novel inference method that applies
to challenging high-dimensional regression problems with structured row-
column dependencies, heavy tails, asymmetric properties, and latent low-
rank structures. Our method achieves debiasing through a rescaled gradient
descent step, where the rescaling factor is derived from the spectral proper-
ties of the sample covariance matrix. This spectrum-based approach enables
accurate debiasing in much broader contexts. We study the common mod-
ern regime where the number of features and samples scale proportionally.
We establish asymptotic normality of our proposed estimator (suitably cen-
tered and scaled) under various convergence notions when the covariates are
right-rotationally invariant. We further prove a spectral universality result,
extending our guarantees to a much broader class of covariate distributions.
Furthermore, we devise a consistent estimator for the asymptotic variance.

Our work has two notable by-products: First, Spectrum-Aware Debias-
ing rectifies the bias in principal components regression (PCR), providing
the first debiased PCR estimator in high dimensions. Second, we introduce
a principled test for checking the presence of alignment between the signal
and the eigenvectors of the sample covariance matrix. This test is indepen-
dently valuable for statistical methods developed using approximate message
passing, leave-one-out, random matrix theory, or convex Gaussian min-max
theorems. We demonstrate the utility of our method through diverse simu-
lated and real data experiments.
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Stochastic approximation (SA) is a powerful and scalable computational
method for iteratively estimating the solution of optimization problems in the
presence of randomness, particularly well suited for large-scale and streaming
data settings. In this work we propose a theoretical framework for stochastic
approximation (SA) applied to nonparametric least squares in reproducing
kernel Hilbert spaces (RKHS), enabling online statistical inference in non-
parametric regression models. We achieve this by constructing asymptotically
valid pointwise (and simultaneous) confidence intervals (bands) for local (and
global) inference of the nonlinear regression function, via employing an on-
line multiplier bootstrap approach to a functional stochastic gradient descent
(SGD) algorithm in the RKHS. Our main theoretical contributions consist
of a unified framework for characterizing the nonasymptotic behavior of the
functional SGD estimator and demonstrating the consistency of the multiplier
bootstrap method. The proof techniques involve the development of a higher-
order expansion of the functional SGD estimator under the supremum norm
metric and the Gaussian approximation of suprema of weighted and non-
identically distributed empirical processes. Our theory specifically reveals an
interesting relationship between the tuning of step sizes in SGD for estima-
tion and the accuracy of uncertainty quantification.
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We characterize the squared prediction risk of ensemble estimators ob-
tained through subagging (subsample bootstrap aggregating) regularized M-
estimators and construct a consistent estimator for the risk. Specifically,
we consider a heterogeneous collection of M > 1 regularized M-estimators,
each trained with (possibly different) subsample sizes, convex differentiable
losses, and convex regularizers. We operate under the proportional asymp-
totics regime, where the sample size n, feature size p, and subsample sizes
km for m € [M] all diverge with fixed limiting ratios n/p and k;, /n. Key to
our analysis is a new result on the joint asymptotic behavior of correlations
between the estimator and residual errors on overlapping subsamples, gov-
erned through a (provably) contractive nonlinear system of equations. Of in-
dependent interest we also establish convergence of trace functionals related
to degrees of freedom in the nonensemble setting (with M = 1) along the
way, extending previously known cases for squared loss with ridge and lasso
regularizers. When specialized to homogeneous ensembles trained with a
common loss, regularizer, and subsample size, the risk characterization sheds
some light on the (implicitly) induced regularization effect due to the ensem-
ble and subsample sizes (M, k). For any ensemble size M, optimally tuning
subsample size yields samplewise monotonic risk. For the full-ensemble es-
timator (when M — 00), the optimal subsample size k* tends to be in the
overparameterized regime (k* < min{n, p}), when explicit regularization is
vanishing. Finally, joint optimization of subsample size, ensemble size, and
regularization can significantly outperform regularizer optimization alone on
the full data (without any subagging).
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In this paper, we present a novel and effective inference approach to con-
duct both finite and large sample inference for high-dimensional linear re-
gression models. This approach is developed under the so-called repro sam-
ples framework, in which we conduct statistical inference by creating and
studying the behavior of artificial samples that are obtained by mimicking
the sampling mechanism of the data. We construct confidence sets for (a)
the true model corresponding to the nonzero coefficients, (b) a single or any
collection of regression coefficients and (c) both the model and regression co-
efficients jointly. To facilitate the constructions of these confidence sets and
overcome computational difficulties of searching all possible models, we use
an innovative Fisher inversion technique to construct a model candidate set
that includes the true sparse model with probability close to 1 for models
with both Gaussian and non-Gaussian errors. The proposed approach fills in
two major gaps in the high-dimensional regression literature: (1) lack of ef-
fective approaches to addressing model selection uncertainty and providing
valid inference for the underlying true model; (2) lack of effective inference
approaches to guarantee finite sample performance. We provide both finite
sample and asymptotic results to theoretically guarantee the performance of
the proposed methods. In addition, our numerical results demonstrate that the
proposed methods are valid and achieve better coverage with smaller confi-
dence sets than the current state-of-the-art approaches, such as debiasing and
bootstrap approaches.
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We consider a system of binary interacting chains describing the dynam-
ics of a group of N components that, at each time unit, either send some
signal to the others or remain silent otherwise. The interactions among the
chains are encoded by a directed Erdos—Rényi random graph with unknown
parameter p € (0, 1). Moreover, the system is structured within two popu-
lations (excitatory chains versus inhibitory ones), which are coupled via a
mean field interaction on the underlying Erdos—Rényi graph. In this paper,
we address the question of inferring the connectivity parameter p based only
on the observation of the interacting chains over 7 time units. In our main
result, we show that the connectivity parameter p can be estimated with rate
N2 N2 4 (log(T)/T)l/2 through an easy-to-compute estimator.
Our analysis relies on a precise study of the spatiotemporal decay of correla-
tions of the interacting chains. This is done through the study of coalescing
random walks defining a backward regeneration representation of the system.
Interestingly, we also show that this backward regeneration representation al-
lows us to perfectly sample the system of interacting chains (conditionally
on each realization of the underlying Erdos—Rényi graph) from its stationary
distribution. These probabilistic results have an interest in its own.
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Consider a data matrix Y = [yy,...,yn] of size M x N, where the
columns are independent observations from a random vector y with zero
mean and population covariance X. Letu; and v denote the left and right sin-
gular vectors of Y, respectively. This study investigates the eigenvector/sin-
gular vector overlaps (u;, Dyuj), {v;, Dov;) and (u;, D3v;), where Dy are
general deterministic matrices with bounded operator norms. In the high-
dimensional regime, where the dimension M scales proportionally with the
sample size N, we establish the convergence in probability of these eigen-
vector overlaps towards their deterministic counterparts with explicit conver-
gence rates. Building upon these findings, we offer a more precise charac-
terization of the loss associated with Ledoit and Wolf’s nonlinear shrinkage
estimators of the population covariance X.
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Detecting multiple unknown objects in noisy data is a key problem in
many scientific fields, such as electron microscopy imaging. A common
model for the unknown objects is the linear subspace model, which assumes
that the objects can be expanded in some known basis (such as the Fourier
basis). In this paper, we develop an object detection algorithm that under
the linear subspace model is asymptotically guaranteed to detect all objects,
while controlling the familywise error rate or the false discovery rate. Numer-
ical simulations show that the algorithm also controls the error rate with high
power in the nonasymptotic regime, even in highly challenging regimes. We
apply the proposed algorithm to an experimental electron microscopy data
set, and show that it outperforms existing standard software.
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We introduce a novel statistical framework for the analysis of replicated
point processes that allows for the study of point pattern variability at a pop-
ulation level. By treating point process realizations as random measures, we
adopt a functional analysis perspective and propose a form of functional Prin-
cipal Component Analysis (fPCA) for point processes. The originality of our
method is to base our analysis on the cumulative mass functions of the ran-
dom measures, which gives us a direct and interpretable analysis. Key the-
oretical contributions include establishing a Karhunen—Loeve expansion for
the random measures and a Mercer theorem for covariance measures. We
establish convergence in a strong sense, and introduce the concept of princi-
pal measures, which can be seen as latent processes governing the dynamics
of the observed point patterns. We propose an easy-to-implement estimation
strategy of eigenelements for which parametric rates are achieved. We fully
characterize the solutions of our approach to Poisson and Hawkes processes
and validate our methodology via simulations and diverse applications in seis-
mology, single-cell biology and neurosiences, demonstrating its versatility
and effectiveness. Our method is implemented in the pppca R-package.
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PARAMETER IDENTIFICATION IN LINEAR NON-GAUSSIAN CAUSAL
MODELS UNDER GENERAL CONFOUNDING
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Linear non-Gaussian causal models postulate that each random variable
is a linear function of parent variables and non-Gaussian exogenous error
terms. We study identification of the linear coefficients when such models
contain latent variables. Our focus is on the commonly studied acyclic set-
ting, where each model corresponds to a directed acyclic graph (DAG). For
this case, prior literature has demonstrated that connections to overcomplete
independent component analysis yield effective criteria to decide parameter
identifiability in latent variable models. However, this connection is based
on the assumption that the observed variables linearly depend on the latent
variables. Departing from this assumption, we treat models that allow for ar-
bitrary nonlinear latent confounding. Our main result is a graphical criterion
that is necessary and sufficient for deciding the generic identifiability of di-
rect causal effects. Moreover, we provide an algorithmic implementation of
the criterion with a run time that is polynomial in the number of observed
variables. Finally, we report on estimation heuristics based on the identifica-
tion result and explore a generalization to models with feedback loops.
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GENERALIZED MULTILINEAR MODELS FOR SUFFICIENT DIMENSION
REDUCTION ON TENSOR-VALUED PREDICTORS

BY DANIEL KAPLA? AND EFSTATHIA BURAP

Unstitute of Statistics and Mathematical Methods in Economics, Faculty of Mathematics and Geoinformation, TU Wien,
Adaniel. kapla@tuwien.ac.at, befstathia.bura@tuwien.ac.at

We consider supervised learning problems with tensor-valued input. We
derive multilinear sufficient reductions for the regression or classification
problem by modeling the conditional distribution of the predictors given the
response as a member of the quadratic exponential family. We develop es-
timation procedures of sufficient reductions for both continuous and binary
tensor-valued predictors. We prove the consistency and asymptotic normality
of the estimated sufficient reduction using manifold theory. For multilinear
normal predictors, the estimation algorithm is highly computationally effi-
cient and is also applicable to situations where the dimension of the reduc-
tion exceeds the sample size. Our method outperforms competing techniques
in both simulated settings and real-world datasets involving continuous and
binary tensor-valued predictors.
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We study the classical problem of predicting an outcome variable, Y,
using a linear combination of a d-dimensional covariate vector, X. We are
interested in linear predictors whose coefficients solve

inf (Ep,[|Y =X BI')Y" +50(B),
BeRd
where § > 0 is a regularization parameter, p : RY — R4 is a convex penalty
function, PP, is the empirical distribution of the data and » > 1. Our main
contribution is a new bound on the out-of-distribution prediction error of such
estimators.

The new bound is obtained by combining three new sets of results. First,
we provide conditions under which linear predictors based on these estima-
tors solve a distributionally robust optimization problem: they minimize the
worst-case prediction error over distributions that are close to each other in a
type of max-sliced Wasserstein metric. Second, we provide a detailed finite-
sample and asymptotic analysis of the statistical properties of the balls of
distributions over which the worst-case prediction error is analyzed. Third,
we present an oracle recommendation for the choice of regularization param-
eter, 8, that guarantees good out-of-distribution prediction error.
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In this paper, we introduce the Generalized Linear Spectral Statistics
(GLSS) of a high-dimensional sample covariance matrix S;, denoted as
tr £ (S») By, which effectively captures distinct spectral properties of S, by
incorporating an ancillary matrix By, and a test function f. The joint asymp-
totic normality of GLSS associated with different test functions is established
under mild assumptions on B, and the underlying distribution, when the
dimension n and sample size N are comparable. The convergence rate of
GLSS is determined by /N /rank(B},). Subsequently, we propose a novel
functional projection approach based on GLSS for hypothesis testing on
eigenspaces of “population-spiked” covariance matrices, showcasing a uni-
versality phenomenon in the magnitude of the spikes. The theoretical accu-
racy of our results established for GLSS and the advantages of the newly sug-
gested testing procedure are demonstrated through various numerical studies.
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In this paper, we derive high-dimensional asymptotic properties of the
Moore—Penrose inverse and, as a byproduct, of various ridge-type inverses
of the sample covariance matrix. In particular, the analytical expressions of
the asymptotic behavior of the weighted sample trace moments of general-
ized inverse matrices are deduced in terms of the partial exponential Bell
polynomials, which can be easily computed in practice. The existent results
for pseudo-inverses are extended in several directions: (i) First, the popula-
tion covariance matrix is not assumed to be a multiple of the identity matrix;
(i1) Second, the assumption of normality is not used in the derivation; (iii)
Third, the asymptotic results are derived under the high-dimensional asymp-
totic regime. Our findings provide universal methodology for construction of
fully data-driven improved shrinkage estimators of the precision matrix, opti-
mal portfolio weights and beyond. It is found that the Moore—Penrose inverse
acts asymptotically as a certain regularizer of the true covariance matrix and
it seems that its proper transformation (shrinkage) performs similar to or even
outperforms the existing benchmarks in many applications, while keeping the
computational time as minimal as possible.

REFERENCES

AHLFORS, L. V. (1953). Complex Analysis. An Introduction to the Theory of Analytic Functions of One Complex
Variable. McGraw-Hill, New York. MR0054016

A0, M., YINGYING, L. and ZHENG, X. (2019). Approaching mean-variance efficiency for large portfolios. Rev.
Financ. Stud. 32 2890-2919.

BAI, Z., FAHEY, M. and GOLUB, G. (1996). Some large-scale matrix computation problems. J. Comput. Appl.
Math. 74 71-89. MR 1430368 https://doi.org/10.1016/0377-0427(96)00018-0

BAI, Z. and SILVERSTEIN, J. W. (2010). Spectral Analysis of Large Dimensional Random Matrices, 2nd ed.
Springer Series in Statistics. Springer, New York. MR2567175 https://doi.org/10.1007/978-1-4419-0661-8

BAI, Z. D. and SILVERSTEIN, J. W. (2004). CLT for linear spectral statistics of large-dimensional sample covari-
ance matrices. Ann. Probab. 32 553-605. MR2040792 https://doi.org/10.1214/a0p/1078415845

BELL, E. T. (1927/28). Partition polynomials. Ann. of Math. (2) 29 38—46. MR1502817 https://doi.org/10.2307/
1967979

BELL, E. T. (1934). Exponential polynomials. Ann. of Math. (2) 35 258-277. MR1503161 https://doi.org/10.2307/
1968431

BEN-ISRAEL, A. and GREVILLE, T. N. E. (2003). Generalized Inverses: Theory and Applications, 2nd ed. CMS
Books in Mathematics/Ouvrages de Mathématiques de la SMC 15. Springer, New York. MR1987382

BODNAR, T., DETTE, H. and PAROLYA, N. (2016). Spectral analysis of the Moore—Penrose inverse of a large
dimensional sample covariance matrix. J. Multivariate Anal. 148 160-172. MR3493027 https://doi.org/10.
1016/j.jmva.2016.03.001

BODNAR, T., DETTE, H. and PAROLYA, N. (2019). Testing for independence of large dimensional vectors. Ann.
Statist. 47 2977-3008. MR3988779 https://doi.org/10.1214/18-A0S1771

BODNAR, T., GUPTA, A. K. and PAROLYA, N. (2014). On the strong convergence of the optimal linear shrinkage
estimator for large dimensional covariance matrix. J. Multivariate Anal. 132 215-228. MR3266272 https://
doi.org/10.1016/j.jmva.2014.08.006

MSC2020 subject classifications. Primary 60B20, 15A09, 62R07; secondary 62H12, 62F12.
Key words and phrases. Moore—Penrose inverse, Bell polynomials, sample covariance matrix, random matrix
theory, high-dimensional asymptotics.


https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/25-AOS2602
https://www.imstat.org
https://orcid.org/0000-0001-7855-8221
https://orcid.org/0000-0003-2147-2288
mailto:taras.bodnar@liu.se
mailto:n.parolya@tudelft.nl
https://mathscinet.ams.org/mathscinet-getitem?mr=0054016
https://mathscinet.ams.org/mathscinet-getitem?mr=1430368
https://doi.org/10.1016/0377-0427(96)00018-0
https://mathscinet.ams.org/mathscinet-getitem?mr=2567175
https://doi.org/10.1007/978-1-4419-0661-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2040792
https://doi.org/10.1214/aop/1078415845
https://mathscinet.ams.org/mathscinet-getitem?mr=1502817
https://doi.org/10.2307/1967979
https://doi.org/10.2307/1967979
https://mathscinet.ams.org/mathscinet-getitem?mr=1503161
https://doi.org/10.2307/1968431
https://doi.org/10.2307/1968431
https://mathscinet.ams.org/mathscinet-getitem?mr=1987382
https://mathscinet.ams.org/mathscinet-getitem?mr=3493027
https://doi.org/10.1016/j.jmva.2016.03.001
https://doi.org/10.1016/j.jmva.2016.03.001
https://mathscinet.ams.org/mathscinet-getitem?mr=3988779
https://doi.org/10.1214/18-AOS1771
https://mathscinet.ams.org/mathscinet-getitem?mr=3266272
https://doi.org/10.1016/j.jmva.2014.08.006
https://doi.org/10.1016/j.jmva.2014.08.006
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

BODNAR, T., GUPTA, A. K. and PAROLYA, N. (2016). Direct shrinkage estimation of large dimensional precision
matrix. J. Multivariate Anal. 146 223-236. MR3477661 https://doi.org/10.1016/j.jmva.2015.09.010

BODNAR, T. and OKHRIN, Y. (2008). Properties of the singular, inverse and generalized inverse partitioned
Wishart distributions. J. Multivariate Anal. 99 2389-2405. MR2463397 https://doi.org/10.1016/j.jmva.2008.
02.024

BODNAR, T., OKHRIN, Y. and PAROLYA, N. (2023). Optimal shrinkage-based portfolio selection in high dimen-
sions. J. Bus. Econom. Statist. 41 140-156. MR4522158 https://doi.org/10.1080/07350015.2021.2004897

BODNAR, T. and PAROLYA, N. (2026). Supplement to “Reviving pseudo-inverses: Asymptotic properties of
large dimensional Moore—Penrose and Ridge-type inverses with applications.” https://doi.org/10.1214/25-
AOS2602SUPP

BODNAR, T., PAROLYA, N. and SCHMID, W. (2018). Estimation of the global minimum variance portfolio in high
dimensions. European J. Oper. Res. 266 371-390. MR3737003 https://doi.org/10.1016/j.ejor.2017.09.028

BODNAR, T., PAROLYA, N. and THORSEN, E. (2023). Is the empirical out-of-sample variance an informative risk
measure for the high-dimensional portfolios? Finance Res. Lett. 54 103807.

BODNAR, T., PAROLYA, N. and THORSEN, E. (2024). Two is better than one: Regularized shrinkage of large
minimum variance portfolios. J. Mach. Learn. Res. 25 1-32. MR4777415

CaL T. T., Hu, J., L1, Y. and ZHENG, X. (2020). High-dimensional minimum variance portfolio estimation based
on high-frequency data. J. Econometrics 214 482—494. MR4057056 https://doi.org/10.1016/j.jeconom.2019.
04.039

CAlL T. T. and JIANG, T. (2011). Limiting laws of coherence of random matrices with applications to testing co-
variance structure and construction of compressed sensing matrices. Ann. Statist. 39 1496-1525. MR2850210
https://doi.org/10.1214/11-AOS879

CHEN, S. X., ZHANG, L.-X. and ZHONG, P--S. (2010). Tests for high-dimensional covariance matrices. J. Amer.
Statist. Assoc. 105 810-819. MR2724863 https://doi.org/10.1198/jasa.2010.tm09560

CoOK, R. D. and FORZANTI, L. (2011). On the mean and variance of the generalized inverse of a singular Wishart
matrix. Electron. J. Stat. 5 146—158. MR2786485 https://doi.org/10.1214/11-EJS602

DERUMIGNY, A., PAROLYA, N. and BODNAR, T. (2026). UniversalShrink: Estimation of Covariance Matrices and
Functions Thereof by Shrinkage. R package version 0.0.1. Available at https://github.com/AlexisDerumigny/
UniversalShrink.

D1 NARDO, E., GUARINO, G. and SENATO, D. (2008). A unifying framework for k-statistics, polykays and their
multivariate generalizations. Bernoulli 14 440-468. MR2544096 https://doi.org/10.3150/07-BEJ6163

FENG, Y. and PALOMAR, D. P. (2016). A signal processing perspective on financial engineering. Found. Trends
Signal Process. 9 1-231. MR3540800 https://doi.org/10.1561/2000000072

FRAHM, G. and MEMMEL, C. (2010). Dominating estimators for minimum-variance portfolios. J. Econometrics
159 289-302. MR2733122 https://doi.org/10.1016/j.jeconom.2010.07.007

GOLOSNOY, V. and OKHRIN, Y. (2007). Multivariate shrinkage for optimal portfolio weights. Eur. J. Finance 13
441-458.

GOLUB, G. H. and STRAKOS, Z. (1994). Estimates in quadratic formulas. Numer. Algorithms 8 241-268.
MR 1309223 https://doi.org/10.1007/BF02142693

HAFF, L. R. (1979). An identity for the Wishart distribution with applications. J. Multivariate Anal. 9 531-544.
MRO0556910 https://doi.org/10.1016/0047-259X(79)90056-3

HARVILLE, D. A. (1997). Matrix Algebra from a Statistician’s Perspective. Springer, New York. MR1467237
https://doi.org/10.1007/b98818

HEINY, J. (2019). Random matrix theory for heavy-tailed time series. J. Math. Sci. (N. Y.) 237 652-666.
MR3924297 https://doi.org/10.1007/s10958-019-04191-3

HEINY, J. and MIKOSCH, T. (2021). Large sample autocovariance matrices of linear processes with heavy tails.
Stoch. Process. Appl. 141 344-375. MR4301551 https://doi.org/10.1016/j.spa.2021.07.010

HEINY, J. and YAO, J. (2022). Limiting distributions for eigenvalues of sample correlation matrices from heavy-
tailed populations. Ann. Statist. 50 3249-3280. MR4524496 https://doi.org/10.1214/22-20s2226

HILLE, E. (2002). Analytic Function Theory, Vol. 2. Amer. Math. Soc., Providence.

IMORI, S. and VON ROSEN, D. (2020). On the mean and dispersion of the Moore—Penrose generalized inverse
of a Wishart matrix. Electron. J. Linear Algebra 36 124—133. MR4089045 https://doi.org/10.13001/ela.2020.
5091

KAN, R., WANG, X. and ZHOU, G. (2022). Optimal portfolio choice with estimation risk: No risk-free asset case.
Manag. Sci. 68 2047-2068.

KRISHNAMOORTHY, K. and GUPTA, A. K. (1989). Improved minimax estimation of a normal precision matrix.
Canad. J. Statist. 17 91-102. MR1014094 https://doi.org/10.2307/3314766

KUBOKAWA, T. and SRIVASTAVA, M. S. (2008). Estimation of the precision matrix of a singular Wishart distri-
bution and its application in high-dimensional data. J. Multivariate Anal. 99 1906-1928. MR2466543 https://
doi.org/10.1016/j.jmva.2008.01.016


https://mathscinet.ams.org/mathscinet-getitem?mr=3477661
https://doi.org/10.1016/j.jmva.2015.09.010
https://mathscinet.ams.org/mathscinet-getitem?mr=2463397
https://doi.org/10.1016/j.jmva.2008.02.024
https://doi.org/10.1016/j.jmva.2008.02.024
https://mathscinet.ams.org/mathscinet-getitem?mr=4522158
https://doi.org/10.1080/07350015.2021.2004897
https://doi.org/10.1214/25-AOS2602SUPP
https://doi.org/10.1214/25-AOS2602SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3737003
https://doi.org/10.1016/j.ejor.2017.09.028
https://mathscinet.ams.org/mathscinet-getitem?mr=4777415
https://mathscinet.ams.org/mathscinet-getitem?mr=4057056
https://doi.org/10.1016/j.jeconom.2019.04.039
https://doi.org/10.1016/j.jeconom.2019.04.039
https://mathscinet.ams.org/mathscinet-getitem?mr=2850210
https://doi.org/10.1214/11-AOS879
https://mathscinet.ams.org/mathscinet-getitem?mr=2724863
https://doi.org/10.1198/jasa.2010.tm09560
https://mathscinet.ams.org/mathscinet-getitem?mr=2786485
https://doi.org/10.1214/11-EJS602
https://github.com/AlexisDerumigny/UniversalShrink
https://github.com/AlexisDerumigny/UniversalShrink
https://mathscinet.ams.org/mathscinet-getitem?mr=2544096
https://doi.org/10.3150/07-BEJ6163
https://mathscinet.ams.org/mathscinet-getitem?mr=3540800
https://doi.org/10.1561/2000000072
https://mathscinet.ams.org/mathscinet-getitem?mr=2733122
https://doi.org/10.1016/j.jeconom.2010.07.007
https://mathscinet.ams.org/mathscinet-getitem?mr=1309223
https://doi.org/10.1007/BF02142693
https://mathscinet.ams.org/mathscinet-getitem?mr=0556910
https://doi.org/10.1016/0047-259X(79)90056-3
https://mathscinet.ams.org/mathscinet-getitem?mr=1467237
https://doi.org/10.1007/b98818
https://mathscinet.ams.org/mathscinet-getitem?mr=3924297
https://doi.org/10.1007/s10958-019-04191-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4301551
https://doi.org/10.1016/j.spa.2021.07.010
https://mathscinet.ams.org/mathscinet-getitem?mr=4524496
https://doi.org/10.1214/22-aos2226
https://mathscinet.ams.org/mathscinet-getitem?mr=4089045
https://doi.org/10.13001/ela.2020.5091
https://doi.org/10.13001/ela.2020.5091
https://mathscinet.ams.org/mathscinet-getitem?mr=1014094
https://doi.org/10.2307/3314766
https://mathscinet.ams.org/mathscinet-getitem?mr=2466543
https://doi.org/10.1016/j.jmva.2008.01.016
https://doi.org/10.1016/j.jmva.2008.01.016

LawMm, C. (2020). High-dimensional covariance matrix estimation. Wiley Interdiscip. Rev.: Comput. Stat. 12 Paper
No. e1485, 21. MR4072468 https://doi.org/10.1002/wics.1485

LASSANCE, N., VANDERVEKEN, R. and VRINS, F. (2024). On the combination of naive and mean-variance port-
folio strategies. J. Bus. Econom. Statist. 42 875-889. MR4757112 https://doi.org/10.1080/07350015.2023.
2256801

LEDOIT, O. and PECHE, S. (2011). Eigenvectors of some large sample covariance matrix ensembles. Probab.
Theory Related Fields 151 233-264. MR2834718 https://doi.org/10.1007/s00440-010-0298-3

LEDOIT, O. and WOLF, M. (2004). A well-conditioned estimator for large-dimensional covariance matrices.
J. Multivariate Anal. 88 365-411. MR2026339 https://doi.org/10.1016/S0047-259X(03)00096-4

LEDOIT, O. and WOLF, M. (2012). Nonlinear shrinkage estimation of large-dimensional covariance matrices.
Ann. Statist. 40 1024-1060. MR2985942 https://doi.org/10.1214/12-A0S989

LEDOIT, O. and WOLF, M. (2020). Analytical nonlinear shrinkage of large-dimensional covariance matrices. Ann.
Statist. 48 3043-3065. MR4152634 https://doi.org/10.1214/19-A0S1921

LEDOIT, O. and WOLF, M. (2021). Shrinkage estimation of large covariance matrices: Keep it simple, statistician?
J. Multivariate Anal. 186 Paper No. 104796, 24. MR4308803 https://doi.org/10.1016/j.jmva.2021.104796

LEDOIT, O. and WOLF, M. (2022). Quadratic shrinkage for large covariance matrices. Bernoulli 28 1519-1547.
MR4411501 https://doi.org/10.3150/20-bej1315

MEYER, C. D. JrR. (1973). Generalized inversion of modified matrices. SIAM J. Appl. Math. 24 315-323.
MRO0316463 https://doi.org/10.1137/0124033

MUIRHEAD, R. J. (1982). Aspects of Multivariate Statistical Theory. Wiley Series in Probability and Mathematical
Statistics. Wiley, New York. MR0652932

PAN, G. (2014). Comparison between two types of large sample covariance matrices. Ann. Inst. Henri Poincaré
Probab. Stat. 50 655-677. MR3189088 https://doi.org/10.1214/12-AIHP506

PENROSE, R. (1955). A generalized inverse for matrices. Proc. Camb. Philos. Soc. 51 406—-413. MR0069793

RAO, C. R. and MITRA, S. K. (1972). Generalized inverse of a matrix and its applications. In Proceedings of
the Sixth Berkeley Symposium on Mathematical Statistics and Probability (Univ. California, Berkeley, Calif.,
1970/1971), Vol. I: Theory of Statistics 601-620. Univ. California Press, Berkeley, CA. MR0403093

RENCHER, A. C. and CHRISTENSEN, W. F. (2012). Methods of Multivariate Analysis, 3rd ed. Wiley Series in
Probability and Statistics. Wiley, Hoboken, NJ. MR2962097 https://doi.org/10.1002/9781118391686

RUBIO, F. and MESTRE, X. (2011). Spectral convergence for a general class of random matrices. Statist. Probab.
Lett. 81 592-602. MR2772917 https://doi.org/10.1016/j.spl.2011.01.004

RUDIN, W. (1987). Real and Complex Analysis, 3rd ed. McGraw-Hill, New York. MR0924157

SHI, H., HALLIN, M., DRTON, M. and HAN, F. (2022). On universally consistent and fully distribution-free rank
tests of vector independence. Ann. Statist. 50 1933-1959. MR4474478 https://doi.org/10.1214/21-a0s2151

SRIVASTAVA, M. S. (2003). Singular Wishart and multivariate beta distributions. Ann. Statist. 31 1537-1560.
MR2012825 https://doi.org/10.1214/a0s/1065705118

WANG, C., PAN, G., TONG, T. and ZHU, L. (2015). Shrinkage estimation of large dimensional precision matrix
using random matrix theory. Statist. Sinica 25 993-1008. MR3409734

WANG, G., WEL Y. and QIAO, S. (2018). Generalized Inverses: Theory and Computations, 2nd ed. Developments
in Mathematics 53. Springer, Singapore. MR3793648 https://doi.org/10.1007/978-981-13-0146-9

YANG, R. and BERGER, J. O. (1994). Estimation of a covariance matrix using the reference prior. Ann. Statist. 22
1195-1211. MR1311972 https://doi.org/10.1214/a0s/1176325625

YAO, J., ZHENG, S. and BAIL, Z. (2015). Large Sample Covariance Matrices and High-Dimensional Data Anal-
ysis. Cambridge Series in Statistical and Probabilistic Mathematics 39. Cambridge Univ. Press, New York.
MR3468554 https://doi.org/10.1017/CB0O9781107588080


https://mathscinet.ams.org/mathscinet-getitem?mr=4072468
https://doi.org/10.1002/wics.1485
https://mathscinet.ams.org/mathscinet-getitem?mr=4757112
https://doi.org/10.1080/07350015.2023.2256801
https://doi.org/10.1080/07350015.2023.2256801
https://mathscinet.ams.org/mathscinet-getitem?mr=2834718
https://doi.org/10.1007/s00440-010-0298-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2026339
https://doi.org/10.1016/S0047-259X(03)00096-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2985942
https://doi.org/10.1214/12-AOS989
https://mathscinet.ams.org/mathscinet-getitem?mr=4152634
https://doi.org/10.1214/19-AOS1921
https://mathscinet.ams.org/mathscinet-getitem?mr=4308803
https://doi.org/10.1016/j.jmva.2021.104796
https://mathscinet.ams.org/mathscinet-getitem?mr=4411501
https://doi.org/10.3150/20-bej1315
https://mathscinet.ams.org/mathscinet-getitem?mr=0316463
https://doi.org/10.1137/0124033
https://mathscinet.ams.org/mathscinet-getitem?mr=0652932
https://mathscinet.ams.org/mathscinet-getitem?mr=3189088
https://doi.org/10.1214/12-AIHP506
https://mathscinet.ams.org/mathscinet-getitem?mr=0069793
https://mathscinet.ams.org/mathscinet-getitem?mr=0403093
https://mathscinet.ams.org/mathscinet-getitem?mr=2962097
https://doi.org/10.1002/9781118391686
https://mathscinet.ams.org/mathscinet-getitem?mr=2772917
https://doi.org/10.1016/j.spl.2011.01.004
https://mathscinet.ams.org/mathscinet-getitem?mr=0924157
https://mathscinet.ams.org/mathscinet-getitem?mr=4474478
https://doi.org/10.1214/21-aos2151
https://mathscinet.ams.org/mathscinet-getitem?mr=2012825
https://doi.org/10.1214/aos/1065705118
https://mathscinet.ams.org/mathscinet-getitem?mr=3409734
https://mathscinet.ams.org/mathscinet-getitem?mr=3793648
https://doi.org/10.1007/978-981-13-0146-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1311972
https://doi.org/10.1214/aos/1176325625
https://mathscinet.ams.org/mathscinet-getitem?mr=3468554
https://doi.org/10.1017/CBO9781107588080

The Annals of Statistics

2026, Vol. 54, No. 2, 1080-1099
https://doi.org/10.1214/25-A0S2605

© Institute of Mathematical Statistics, 2026

ADAPTIVE BAYESIAN REGRESSION ON DATA WITH LOW INTRINSIC

(1]

(2]
(31

(4]

[5]
[6]
(71
(8]
[91

(10]
[11]

[12]

DIMENSIONALITY

BY TAO TANG!, NAN WU?, XIUYUAN CHENG!? AND DAVID DUNSONZP

lDepartment of Mathematics, Duke University, 2xiuyuan.cheng @ duke.edu
2Department of Statistical Science, Duke University, b dunson@duke.edu

3Depan‘memf of Mathematical Sciences, The University of Texas at Dallas

We study how the posterior contraction rate under a Gaussian pro-
cess (GP) prior depends on the intrinsic dimension of the predictors and
the smoothness of the regression function. An open question is whether a
generic GP prior that does not incorporate knowledge of the intrinsic lower-
dimensional structure of the predictors can attain an adaptive rate for a broad
class of such structures. We show that this is indeed the case, establishing
conditions under which the posterior contraction rates become adaptive to
the intrinsic dimension in terms of the covering number of the data domain
(the Minkowski dimension) and prove the nonparametric posterior contrac-
tion rate, up to a logarithmic factor. When the domain is a compact manifold,
we prove the RKHS approximation to intrinsically defined Holder functions
on the manifold of any order of smoothness by a novel analysis, leading to the
optimal adaptive posterior contraction rate. We propose an empirical Bayes
prior on the kernel bandwidth using kernel affinity and k-nearest neighbor
statistics, bypassing explicit estimation of the intrinsic dimension. The effi-
ciency of the proposed Bayesian regression approach is demonstrated in var-
ious numerical experiments.
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