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SPARSE PCA: A NEW SCALABLE ESTIMATOR BASED ON INTEGER
PROGRAMMING

BY KAYHAN BEHDIN1,a AND RAHUL MAZUMDER1,2,b

1Operations Research Center, Massachusetts Institute of Technology
2Sloan School of Management, Massachusetts Institute of Technology, abehdink@mit.edu, brahulmaz@mit.edu

We consider the sparse principal component analysis (SPCA) problem
under the well-known spiked covariance model. Recent work has shown that
the SPCA problem can be reformulated as a mixed integer program (MIP) and
can be solved to global optimality, leading to estimators that are known to en-
joy optimal statistical properties. However, prior MIP algorithms for SPCA
appear to be limited in terms of scalability to up to a thousand features or so.
In this paper we propose a new estimator for SPCA which can be formulated
as a MIP. Different from earlier work, we make use of the underlying spiked
covariance model and properties of the multivariate Gaussian distribution to
arrive at our estimator. We establish statistical guarantees for our proposed es-
timator in terms of estimation error and support recovery. We derive guaran-
tees under departures from the spiked covariance model and for approximate
solutions to the optimization problem. We propose a custom algorithm to
solve the MIP, which scales better than off-the-shelf solvers, and demonstrate
that our approach can be much more computationally attractive compared to
earlier exact MIP-based approaches for the SPCA problem. Our numerical
experiments on synthetic and real datasets show that our algorithms can ad-
dress problems with up to 20,000 features in minutes; and generally result in
favorable statistical properties compared to existing popular approaches for
SPCA.
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ADAPTIVE ROBUST CONFIDENCE INTERVALS

BY YUETIAN LUO1,a AND CHAO GAO2,b

1Data Science Institute, University of Chicago, ayuetian@uchicago.edu
2Department of Statistics, University of Chicago, bchaogao@uchicago.edu

This paper studies the construction of adaptive confidence intervals un-
der Huber’s contamination model when the contamination proportion is un-
known. For the robust confidence interval of a Gaussian mean, we show that
the optimal length of an adaptive interval must be exponentially wider than
that of a nonadaptive one. An optimal construction is achieved through si-
multaneous uncertainty quantification of quantiles at all levels. The results are
further extended beyond the Gaussian location model by addressing a general
family of robust hypothesis testing. In contrast to adaptive robust estimation,
our findings reveal that the optimal length of an adaptive robust confidence
interval critically depends on the distribution’s shape.
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TRADE-OFFS, ADAPTIVITY AND OPTIMAL REGRET
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Large tensor learning algorithms are typically computationally expensive
and require storing a vast amount of data. In this paper we propose a unified
online Riemannian gradient descent (oRGrad) algorithm for tensor learning,
which is computationally efficient, consumes much less memory, and can
handle sequentially arriving data while making timely predictions. The algo-
rithm is applicable to both linear and generalized linear models. If the time
horizon T is known, oRGrad achieves statistical optimality by choosing an
appropriate fixed step size. We find that noisy tensor completion particularly
benefits from online algorithms by avoiding the trimming procedure and en-
suring sharp entrywise statistical error, which is often technically challenging
for offline methods. The regret of oRGrad is analyzed, revealing a fascinating
trilemma concerning the computational convergence rate, statistical error, and
regret bound. By selecting an appropriate constant step size, oRGrad achieves
an O(T 1/2) regret. We then introduce the adaptive-oRGrad algorithm, which
can achieve the optimal O(logT ) regret by adaptively selecting step sizes,
regardless of whether the time horizon is known. The adaptive-oRGrad algo-
rithm can attain a statistically optimal error rate without knowing the hori-
zon. Comprehensive numerical simulations corroborate our theoretical find-
ings. We show that oRGrad significantly outperforms its offline counterpart
in predicting the solar F10.7 index with tensor predictors that monitor space
weather impacts.
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In this paper, we consider inference and uncertainty quantification for
low Tucker rank tensors with additive noise in the high-dimensional regime.
Focusing on the output of the higher-order orthogonal iteration (HOOI) algo-
rithm, a commonly used algorithm for tensor singular value decomposition,
we establish nonasymptotic distributional theory and study how to construct
confidence regions and intervals for both the estimated singular vectors and
the tensor entries in the presence of heteroskedastic subgaussian noise, which
are further shown to be optimal for homoskedastic Gaussian noise. Further-
more, as a byproduct of our theoretical results, we establish the entrywise
convergence of HOOI when initialized via diagonal deletion. To further illus-
trate the utility of our theoretical results, we then consider several concrete
statistical inference tasks. First, in the tensor mixed-membership blockmodel,
we consider a two-sample test for equality of membership profiles, and we
propose a test statistic with consistency under local alternatives that exhibits
a power improvement relative to the corresponding matrix test considered in
several previous works. Next, we consider simultaneous inference for small
collections of entries of the tensor, and we obtain consistent confidence re-
gions. Finally, focusing on the particular case of testing whether entries of
the tensor are equal, we propose a consistent test statistic that shows how
index overlap results in different asymptotic standard deviations. All of our
proposed procedures are fully data-driven, adaptive to noise distribution and
signal strength, and do not rely on sample-splitting, and our main results high-
light the effect of higher-order structures on estimation relative to the matrix
setting. Our theoretical results are demonstrated through numerical simula-
tions.
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Extremal graphical models encode the conditional independence struc-
ture of multivariate extremes. Key statistics for learning extremal graphi-
cal structures are empirical extremal variograms, for which we prove non-
asymptotic concentration bounds that hold under general domain of attraction
conditions. For the popular class of Hüsler–Reiss models, we propose a ma-
jority voting algorithm for learning the underlying graph from data through
L1 regularized optimization. Our concentration bounds are used to derive ex-
plicit conditions that ensure the consistent recovery of any connected graph.
The methodology is illustrated through a simulation study as well as the anal-
ysis of river discharge and currency exchange data.

REFERENCES

ALBERT, R. and BARABÁSI, A.-L. (2002). Statistical mechanics of complex networks. Rev. Modern Phys. 74
47–97. MR1895096 https://doi.org/10.1103/RevModPhys.74.47

AMÉNDOLA, C., HOLLERING, B., SULLIVANT, S. and TRAN, N. (2021). Markov equivalence of max-linear
Bayesian networks. In Uncertainty in Artificial Intelligence 1746–1755. PMLR.

AMÉNDOLA, C., KLÜPPELBERG, C., LAURITZEN, S. and TRAN, N. M. (2022). Conditional independence in max-
linear Bayesian networks. Ann. Appl. Probab. 32 1–45. MR4386833 https://doi.org/10.1214/21-AAP1670

ASADI, P., DAVISON, A. C. and ENGELKE, S. (2015). Extremes on river networks. Ann. Appl. Stat. 9 2023–2050.
MR3456363 https://doi.org/10.1214/15-AOAS863

ASENOVA, S., MAZO, G. and SEGERS, J. (2021). Inference on extremal dependence in the domain of attraction of
a structured Hüsler–Reiss distribution motivated by a Markov tree with latent variables. Extremes 24 461–500.
MR4301085 https://doi.org/10.1007/s10687-021-00407-5

ASENOVA, S. and SEGERS, J. (2023). Extremes of Markov random fields on block graphs: Max-stable limits
and structured Hüsler–Reiss distributions. Extremes 26 433–468. MR4627351 https://doi.org/10.1007/s10687-
023-00467-9

BEIRLANT, J., GOEGEBEUR, Y., TEUGELS, J. and SEGERS, J. (2004). Statistics of Extremes: Theory and Ap-
plications. Wiley Series in Probability and Statistics. Wiley, Chichester. MR2108013 https://doi.org/10.1002/
0470012382

CASEY, A. and PAPASTATHOPOULOS, I. (2023). Decomposable tail graphical models. arXiv preprint. Available
at arXiv:2302.05182.

CHANG, A. and ALLEN, G. I. (2023). Subbotin graphical models for extreme value dependencies with applications
to functional neuronal connectivity. Ann. Appl. Stat. 17 2364–2386. MR4637671 https://doi.org/10.1214/22-
aoas1723

CLÉMENÇON, S., JALALZAI, H., LHAUT, S., SABOURIN, A. and SEGERS, J. (2023). Concentration bounds for the
empirical angular measure with statistical learning applications. Bernoulli 29 2797–2827. MR4632121 https://
doi.org/10.3150/22-bej1562

DAVISON, A. C., PADOAN, S. A. and RIBATET, M. (2012). Statistical modeling of spatial extremes. Statist. Sci.
27 161–186. MR2963980 https://doi.org/10.1214/11-STS376

DE FONDEVILLE, R. and DAVISON, A. C. (2018). High-dimensional peaks-over-threshold inference. Biometrika
105 575–592. MR3842886 https://doi.org/10.1093/biomet/asy026

MSC2020 subject classifications. Primary 60G70, 62H22; secondary 62G30.
Key words and phrases. Multivariate Pareto distribution, peaks over threshold modeling, Hüsler–Reiss distri-

bution, graphical lasso, neighborhood selection.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/25-AOS2594
https://www.imstat.org
mailto:sebastian.engelke@unige.ch
mailto:lalancette.michael@uqam.ca
mailto:stanislav.volgushev@utoronto.ca
https://mathscinet.ams.org/mathscinet-getitem?mr=1895096
https://doi.org/10.1103/RevModPhys.74.47
https://mathscinet.ams.org/mathscinet-getitem?mr=4386833
https://doi.org/10.1214/21-AAP1670
https://mathscinet.ams.org/mathscinet-getitem?mr=3456363
https://doi.org/10.1214/15-AOAS863
https://mathscinet.ams.org/mathscinet-getitem?mr=4301085
https://doi.org/10.1007/s10687-021-00407-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4627351
https://doi.org/10.1007/s10687-023-00467-9
https://doi.org/10.1007/s10687-023-00467-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2108013
https://doi.org/10.1002/0470012382
https://doi.org/10.1002/0470012382
https://arxiv.org/abs/2302.05182
https://mathscinet.ams.org/mathscinet-getitem?mr=4637671
https://doi.org/10.1214/22-aoas1723
https://doi.org/10.1214/22-aoas1723
https://mathscinet.ams.org/mathscinet-getitem?mr=4632121
https://doi.org/10.3150/22-bej1562
https://doi.org/10.3150/22-bej1562
https://mathscinet.ams.org/mathscinet-getitem?mr=2963980
https://doi.org/10.1214/11-STS376
https://mathscinet.ams.org/mathscinet-getitem?mr=3842886
https://doi.org/10.1093/biomet/asy026
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


DE HAAN, L. and FERREIRA, A. (2006). Extreme Value Theory: An Introduction. Springer Series in Opera-
tions Research and Financial Engineering. Springer, New York. MR2234156 https://doi.org/10.1007/0-387-
34471-3

DOMBRY, C., ENGELKE, S. and OESTING, M. (2016). Exact simulation of max-stable processes. Biometrika 103
303–317. MR3509888 https://doi.org/10.1093/biomet/asw008

DREES, H., DE HAAN, L. and RESNICK, S. (2000). How to make a Hill plot. Ann. Statist. 28 254–274.
MR1762911 https://doi.org/10.1214/aos/1016120372

DRTON, M. and MAATHUIS, M. H. (2017). Structure learning in graphical modeling. Annu. Rev. Stat. Appl. 4
365–393.

EINMAHL, J. H. J., KRAJINA, A. and SEGERS, J. (2008). A method of moments estimator of tail dependence.
Bernoulli 14 1003–1026. MR2543584 https://doi.org/10.3150/08-BEJ130

EINMAHL, J. H. J., KRAJINA, A. and SEGERS, J. (2012). An M-estimator for tail dependence in arbitrary dimen-
sions. Ann. Statist. 40 1764–1793. MR3015043 https://doi.org/10.1214/12-AOS1023

ENGELKE, S., DE FONDEVILLE, R. and OESTING, M. (2019). Extremal behaviour of aggregated data with an
application to downscaling. Biometrika 106 127–144. MR3912387 https://doi.org/10.1093/biomet/asy052

ENGELKE, S., GNECCO, N. and RÖTTGER, F. (2025). Extremes of structural causal models. arXiv preprint. Avail-
able at arXiv:2503.0653.

ENGELKE, S., HENTSCHEL, M., LALANCETTE, M. and RÖTTGER, F. (2024). Graphical models for multivariate
extremes. arXiv preprint. Available at arXiv:2402.02187.

ENGELKE, S. and HITZ, A. S. (2020). Graphical models for extremes. J. R. Stat. Soc. Ser. B. Stat. Methodol. 82
871–932. MR4136498

ENGELKE, S. and IVANOVS, J. (2021). Sparse structures for multivariate extremes. Annu. Rev. Stat. Appl. 8
241–270. MR4243547 https://doi.org/10.1146/annurev-statistics-040620-041554

ENGELKE, S., IVANOVS, J. and STROKORB, K. (2025). Graphical models for infinite measures with applications
to extremes. Ann. Appl. Probab. 35 3490-3542. MR4975054 https://doi.org/10.1214/25-AAP2201

ENGELKE, S., LALANCETTE, M. and VOLGUSHEV, S. (2026a). Supplement to “Learning extremal graphical
structures in high dimensions.” https://doi.org/10.1214/25-AOS2594SUPPA

ENGELKE, S., LALANCETTE, M. and VOLGUSHEV, S. (2026b). Supplement to “Learning extremal graphical
structures in high dimensions.” https://doi.org/10.1214/25-AOS2594SUPPB

ENGELKE, S., MALINOWSKI, A., KABLUCHKO, Z. and SCHLATHER, M. (2015). Estimation of Hüsler–Reiss
distributions and Brown–Resnick processes. J. R. Stat. Soc. Ser. B. Stat. Methodol. 77 239–265. MR3299407
https://doi.org/10.1111/rssb.12074

ENGELKE, S. and TAEB, A. (2025). Extremal graphical modeling with latent variables via convex optimization.
J. Mach. Learn. Res. 26 1–68. MR4896091

ENGELKE, S. and VOLGUSHEV, S. (2022). Structure learning for extremal tree models. J. R. Stat. Soc. Ser. B. Stat.
Methodol. 84 2055–2087. MR4515566

FAN, J. and LI, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle properties. J. Amer.
Statist. Assoc. 96 1348–1360. MR1946581 https://doi.org/10.1198/016214501753382273

FARRIS, J. S., KLUGE, A. G. and ECKARDT, M. J. (1970). A numerical approach to phylogenetic systematics.
Syst. Zool. 19 172–189.

FOUGÈRES, A.-L., DE HAAN, L. and MERCADIER, C. (2015). Bias correction in multivariate extremes. Ann.
Statist. 43 903–934. MR3325714 https://doi.org/10.1214/14-AOS1305

FRIEDMAN, J., HASTIE, T. and TIBSHIRANI, R. (2008). Sparse inverse covariance estimation with the graphical
lasso. Biostatistics 9 432–441.

GISSIBL, N. and KLÜPPELBERG, C. (2018). Max-linear models on directed acyclic graphs. Bernoulli 24
2693–2720. MR3779699 https://doi.org/10.3150/17-BEJ941

GISSIBL, N., KLÜPPELBERG, C. and LAURITZEN, S. (2021). Identifiability and estimation of recursive max-linear
models. Scand. J. Stat. 48 188–211. MR4233170 https://doi.org/10.1111/sjos.12446

GNECCO, N., MEINSHAUSEN, N., PETERS, J. and ENGELKE, S. (2021). Causal discovery in heavy-tailed models.
Ann. Statist. 49 1755–1778. MR4298880 https://doi.org/10.1214/20-aos2021

GOIX, N., SABOURIN, A. and CLÉMENÇON, S. (2015). Learning the dependence structure of rare events: A non-
asymptotic study. In Conf. Learn. Theory 843–860. PMLR.

GUDENDORF, G. and SEGERS, J. (2010). Extreme-value copulas. In Copula Theory and Its Applications. Lect.
Notes Stat. Proc. 198 127–145. Springer, Heidelberg. MR3051266 https://doi.org/10.1007/978-3-642-12465-
5_6

HENTSCHEL, M., ENGELKE, S. and SEGERS, J. (2025). Statistical inference for Hüsler–Reiss graphical mod-
els through matrix completions. J. Amer. Statist. Assoc. 120 909–921. MR4917266 https://doi.org/10.1080/
01621459.2024.2371978

HU, S., PENG, Z. and SEGERS, J. (2024). Modeling multivariate extreme value distributions via Markov trees.
Scand. J. Stat. 51 760–800. MR4828108 https://doi.org/10.1111/sjos.12698

https://mathscinet.ams.org/mathscinet-getitem?mr=2234156
https://doi.org/10.1007/0-387-34471-3
https://doi.org/10.1007/0-387-34471-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3509888
https://doi.org/10.1093/biomet/asw008
https://mathscinet.ams.org/mathscinet-getitem?mr=1762911
https://doi.org/10.1214/aos/1016120372
https://mathscinet.ams.org/mathscinet-getitem?mr=2543584
https://doi.org/10.3150/08-BEJ130
https://mathscinet.ams.org/mathscinet-getitem?mr=3015043
https://doi.org/10.1214/12-AOS1023
https://mathscinet.ams.org/mathscinet-getitem?mr=3912387
https://doi.org/10.1093/biomet/asy052
https://arxiv.org/abs/2503.0653
https://arxiv.org/abs/2402.02187
https://mathscinet.ams.org/mathscinet-getitem?mr=4136498
https://mathscinet.ams.org/mathscinet-getitem?mr=4243547
https://doi.org/10.1146/annurev-statistics-040620-041554
https://mathscinet.ams.org/mathscinet-getitem?mr=4975054
https://doi.org/10.1214/25-AAP2201
https://doi.org/10.1214/25-AOS2594SUPPA
https://doi.org/10.1214/25-AOS2594SUPPB
https://mathscinet.ams.org/mathscinet-getitem?mr=3299407
https://doi.org/10.1111/rssb.12074
https://mathscinet.ams.org/mathscinet-getitem?mr=4896091
https://mathscinet.ams.org/mathscinet-getitem?mr=4515566
https://mathscinet.ams.org/mathscinet-getitem?mr=1946581
https://doi.org/10.1198/016214501753382273
https://mathscinet.ams.org/mathscinet-getitem?mr=3325714
https://doi.org/10.1214/14-AOS1305
https://mathscinet.ams.org/mathscinet-getitem?mr=3779699
https://doi.org/10.3150/17-BEJ941
https://mathscinet.ams.org/mathscinet-getitem?mr=4233170
https://doi.org/10.1111/sjos.12446
https://mathscinet.ams.org/mathscinet-getitem?mr=4298880
https://doi.org/10.1214/20-aos2021
https://mathscinet.ams.org/mathscinet-getitem?mr=3051266
https://doi.org/10.1007/978-3-642-12465-5_6
https://doi.org/10.1007/978-3-642-12465-5_6
https://mathscinet.ams.org/mathscinet-getitem?mr=4917266
https://doi.org/10.1080/01621459.2024.2371978
https://doi.org/10.1080/01621459.2024.2371978
https://mathscinet.ams.org/mathscinet-getitem?mr=4828108
https://doi.org/10.1111/sjos.12698


HÜSLER, J. and REISS, R.-D. (1989). Maxima of normal random vectors: Between independence and complete
dependence. Statist. Probab. Lett. 7 283–286. MR0980699 https://doi.org/10.1016/0167-7152(89)90106-5

KABLUCHKO, Z., SCHLATHER, M. and DE HAAN, L. (2009). Stationary max-stable fields associated to negative
definite functions. Ann. Probab. 37 2042–2065. MR2561440 https://doi.org/10.1214/09-AOP455

KEEF, C., TAWN, J. A. and LAMB, R. (2013). Estimating the probability of widespread flood events. Environ-
metrics 24 13–21. MR3042270 https://doi.org/10.1002/env.2190

KLÜPPELBERG, C. and KRALI, M. (2021). Estimating an extreme Bayesian network via scalings. J. Multivariate
Anal. 181 Paper No. 104672, 23. MR4157685 https://doi.org/10.1016/j.jmva.2020.104672

KLÜPPELBERG, C. and LAURITZEN, S. (2019). Bayesian networks for max-linear models. In Network Science
79–97. Springer, Cham. MR3971300

KRALI, M., DAVISON, A. C. and KLÜPPELBERG, C. (2023). Heavy-tailed max-linear structural equation models
in networks with hidden nodes. arXiv preprint. Available at arXiv:2306.15356.

LALANCETTE, M. (2023). On pairwise interaction multivariate Pareto models. Stat 12 Paper No. e613, 10.
MR4641234 https://doi.org/10.1002/sta4.613

LALANCETTE, M., ENGELKE, S. and VOLGUSHEV, S. (2021). Rank-based estimation under asymptotic depen-
dence and independence, with applications to spatial extremes. Ann. Statist. 49 2552–2576. MR4338375
https://doi.org/10.1214/20-aos2046

LAURITZEN, S. L. (1996). Graph. Models. Oxford Statistical Science Series 17. Clarendon, Oxford. MR1419991
LEDERER, J. and OESTING, M. (2024). Extremes in high dimensions: Methods and scalable algorithms. arXiv

preprint. Available at arXiv:2303.04258.
LHAUT, S., SABOURIN, A. and SEGERS, J. (2022). Uniform concentration bounds for frequencies of rare events.

Statist. Probab. Lett. 189 Paper No. 109610, 7. MR4452775 https://doi.org/10.1016/j.spl.2022.109610
LIU, H., HAN, F., YUAN, M., LAFFERTY, J. and WASSERMAN, L. (2012). High-dimensional semiparamet-

ric Gaussian copula graphical models. Ann. Statist. 40 2293–2326. MR3059084 https://doi.org/10.1214/12-
AOS1037

LIU, H., XU, M., GU, H., GUPTA, A., LAFFERTY, J. and WASSERMAN, L. (2011). Forest density estimation.
J. Mach. Learn. Res. 12 907–951. MR2786914

LOH, P.-L. and WAINWRIGHT, M. J. (2013). Structure estimation for discrete graphical models: Generalized
covariance matrices and their inverses. Ann. Statist. 41 3022–3049. MR3161456 https://doi.org/10.1214/13-
AOS1162

LOH, P.-L. and WAINWRIGHT, M. J. (2017). Support recovery without incoherence: A case for nonconvex regu-
larization. Ann. Statist. 45 2455–2482. MR3737898 https://doi.org/10.1214/16-AOS1530

MEINSHAUSEN, N. and BÜHLMANN, P. (2006). High-dimensional graphs and variable selection with the lasso.
Ann. Statist. 34 1436–1462. MR2278363 https://doi.org/10.1214/009053606000000281

MHALLA, L., CHAVEZ-DEMOULIN, V. and DUPUIS, D. J. (2020). Causal mechanism of extreme river discharges
in the upper Danube basin network. J. R. Stat. Soc., Ser. C, Appl. Stat. 69 741–764. MR4133145 https://doi.
org/10.1111/rssc.12415

PAPASTATHOPOULOS, I. and STROKORB, K. (2016). Conditional independence among max-stable laws. Statist.
Probab. Lett. 108 9–15. MR3420420 https://doi.org/10.1016/j.spl.2015.08.008

RAVIKUMAR, P., WAINWRIGHT, M. J., RASKUTTI, G. and YU, B. (2011). High-dimensional covariance esti-
mation by minimizing ℓ1-penalized log-determinant divergence. Electron. J. Stat. 5 935–980. MR2836766
https://doi.org/10.1214/11-EJS631

ROOTZÉN, H., SEGERS, J. and WADSWORTH, J. L. (2018). Multivariate peaks over thresholds models. Extremes
21 115–145. MR3764613 https://doi.org/10.1007/s10687-017-0294-4

ROOTZÉN, H. and TAJVIDI, N. (2006). Multivariate generalized Pareto distributions. Bernoulli 12 917–930.
MR2265668 https://doi.org/10.3150/bj/1161614952

RÖTTGER, F., COONS, J. I. and GROSDOS, A. (2023). Parametric and nonparametric symmetries in graphical
models for extremes. arXiv preprint. Available at arXiv:2306.00703.

RÖTTGER, F., ENGELKE, S. and ZWIERNIK, P. (2023). Total positivity in multivariate extremes. Ann. Statist. 51
962–1004. MR4630937 https://doi.org/10.1214/23-aos2272

RÖTTGER, F. and SCHMITZ, Q. (2022). On the local metric property in multivariate extremes. arXiv preprint.
Available at arXiv:2212.10350.

SEGERS, J. (2020). One- versus multi-component regular variation and extremes of Markov trees. Adv. Appl.
Probab. 52 855–878. MR4153591 https://doi.org/10.1017/apr.2020.22

TAWN, J. A. (1990). Modelling multivariate extreme value distributions. Biometrika 77 245–253.
THIBAUD, E., MUTZNER, R. and DAVISON, A. C. (2013). Threshold modeling of extreme spatial rainfall. Water

Resour. Res. 49 4633–4644.
TRAN, N. M., BUCK, J. and KLÜPPELBERG, C. (2024). Estimating a directed tree for extremes. J. R. Stat. Soc.

Ser. B. Stat. Methodol. 86 771–792. MR4792085 https://doi.org/10.1093/jrsssb/qkad165

https://mathscinet.ams.org/mathscinet-getitem?mr=0980699
https://doi.org/10.1016/0167-7152(89)90106-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2561440
https://doi.org/10.1214/09-AOP455
https://mathscinet.ams.org/mathscinet-getitem?mr=3042270
https://doi.org/10.1002/env.2190
https://mathscinet.ams.org/mathscinet-getitem?mr=4157685
https://doi.org/10.1016/j.jmva.2020.104672
https://mathscinet.ams.org/mathscinet-getitem?mr=3971300
https://arxiv.org/abs/2306.15356
https://mathscinet.ams.org/mathscinet-getitem?mr=4641234
https://doi.org/10.1002/sta4.613
https://mathscinet.ams.org/mathscinet-getitem?mr=4338375
https://doi.org/10.1214/20-aos2046
https://mathscinet.ams.org/mathscinet-getitem?mr=1419991
https://arxiv.org/abs/2303.04258
https://mathscinet.ams.org/mathscinet-getitem?mr=4452775
https://doi.org/10.1016/j.spl.2022.109610
https://mathscinet.ams.org/mathscinet-getitem?mr=3059084
https://doi.org/10.1214/12-AOS1037
https://doi.org/10.1214/12-AOS1037
https://mathscinet.ams.org/mathscinet-getitem?mr=2786914
https://mathscinet.ams.org/mathscinet-getitem?mr=3161456
https://doi.org/10.1214/13-AOS1162
https://doi.org/10.1214/13-AOS1162
https://mathscinet.ams.org/mathscinet-getitem?mr=3737898
https://doi.org/10.1214/16-AOS1530
https://mathscinet.ams.org/mathscinet-getitem?mr=2278363
https://doi.org/10.1214/009053606000000281
https://mathscinet.ams.org/mathscinet-getitem?mr=4133145
https://doi.org/10.1111/rssc.12415
https://doi.org/10.1111/rssc.12415
https://mathscinet.ams.org/mathscinet-getitem?mr=3420420
https://doi.org/10.1016/j.spl.2015.08.008
https://mathscinet.ams.org/mathscinet-getitem?mr=2836766
https://doi.org/10.1214/11-EJS631
https://mathscinet.ams.org/mathscinet-getitem?mr=3764613
https://doi.org/10.1007/s10687-017-0294-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2265668
https://doi.org/10.3150/bj/1161614952
https://arxiv.org/abs/2306.00703
https://mathscinet.ams.org/mathscinet-getitem?mr=4630937
https://doi.org/10.1214/23-aos2272
https://arxiv.org/abs/2212.10350
https://mathscinet.ams.org/mathscinet-getitem?mr=4153591
https://doi.org/10.1017/apr.2020.22
https://mathscinet.ams.org/mathscinet-getitem?mr=4792085
https://doi.org/10.1093/jrsssb/qkad165


WAN, P. and ZHOU, C. (2025). Graphical lasso for extremes. arXiv preprint. Available at arXiv:2307.15004.
WANG, H., LI, B. and LENG, C. (2009). Shrinkage tuning parameter selection with a diverging number of param-

eters. J. R. Stat. Soc. Ser. B. Stat. Methodol. 71 671–683. MR2749913 https://doi.org/10.1111/j.1467-9868.
2008.00693.x

WANG, M. and ALLEN, G. I. (2023). Thresholded graphical lasso adjusts for latent variables. Biometrika 110
681–697. MR4627778 https://doi.org/10.1093/biomet/asac060

YING, J., CARDOSO, J. M. and PALOMAR, D. (2021). Minimax estimation of Laplacian constrained precision
matrices. In Int. Conf. Artif. Intell. Stat 3736–3744. PMLR.

YUAN, M. and LIN, Y. (2007). Model selection and estimation in the Gaussian graphical model. Biometrika 94
19–35. MR2367824 https://doi.org/10.1093/biomet/asm018

ZHAO, P. and YU, B. (2006). On model selection consistency of Lasso. J. Mach. Learn. Res. 7 2541–2563.
MR2274449

ZHOU, C. (2010). Are banks too big to fail? Measuring systemic importance of financial institutions. Int. J. Cent.
Bank. 6 205–250.

ZOU, H. (2006). The adaptive lasso and its oracle properties. J. Amer. Statist. Assoc. 101 1418–1429. MR2279469
https://doi.org/10.1198/016214506000000735

https://arxiv.org/abs/2307.15004
https://mathscinet.ams.org/mathscinet-getitem?mr=2749913
https://doi.org/10.1111/j.1467-9868.2008.00693.x
https://doi.org/10.1111/j.1467-9868.2008.00693.x
https://mathscinet.ams.org/mathscinet-getitem?mr=4627778
https://doi.org/10.1093/biomet/asac060
https://mathscinet.ams.org/mathscinet-getitem?mr=2367824
https://doi.org/10.1093/biomet/asm018
https://mathscinet.ams.org/mathscinet-getitem?mr=2274449
https://mathscinet.ams.org/mathscinet-getitem?mr=2279469
https://doi.org/10.1198/016214506000000735


The Annals of Statistics
2026, Vol. 54, No. 3, 1232–1261
https://doi.org/10.1214/25-AOS2600
© Institute of Mathematical Statistics, 2026

GRADIENT DESCENT INFERENCE IN EMPIRICAL RISK MINIMIZATION

BY QIYANG HAN1,a AND XIAOCONG XU2,b

1Department of Statistics, Rutgers University, aqh85@stat.rutgers.edu
2Data Sciences and Operations Department, Marshall School of Business, University of Southern California,

bxuxiaoco@marshall.usc.edu

Gradient descent is one of the most widely used iterative algorithms
in modern statistical learning. However, its precise algorithmic dynamics in
high-dimensional settings remain only partially understood, which has lim-
ited its broader potential for statistical inference applications.

This paper provides a precise, nonasymptotic joint distributional charac-
terization of gradient descent iterates and their debiased statistics in a broad
class of empirical risk minimization problems, in the so-called mean-field
regime where the sample size is proportional to the signal dimension. Our
nonasymptotic state evolution theory holds for both general nonconvex loss
functions and non-Gaussian data, and reveals the central role of two On-
sager correction matrices that precisely characterize the nontrivial depen-
dence among all gradient descent iterates in the mean-field regime.

Leveraging the joint state evolution characterization, we show that the gra-
dient descent iterate retrieves approximate normality after a debiasing correc-
tion via a linear combination of observable loss derivative directions from all
past iterates. Crucially, the debiasing coefficients are directly linked to the
Onsager correction matrices, which can be estimated in a fully data-driven
manner via the proposed gradient descent inference algorithm. This leads to
a new algorithmic statistical inference framework based on debiased gradient
descent, which (i) applies to a broad class of models with both convex and
nonconvex losses, (ii) remains valid at each iteration without requiring algo-
rithmic convergence and (iii) exhibits a certain robustness to possible model
misspecification. As a by-product, our framework also provides algorithmic
estimates of the generalization error at each iteration.

We demonstrate our theory and inference methods in the canonical single-
index regression model and a generalized logistic regression model, where
the natural loss functions may exhibit arbitrarily nonconvex landscapes. Our
analysis further shows that, in linear regression with squared loss, the pro-
posed debiased gradient descent iterate eventually coincides with the debi-
ased convex regularized estimator in a mean-field distributional sense, and
the quality of statistical inference for the unknown signal aligns exactly with
the generalization error achieved along the algorithmic trajectory.
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Models based on recursive adaptive partitioning such as decision trees
and their ensembles are popular for high-dimensional regression as they can
potentially avoid the curse of dimensionality. Because empirical risk min-
imization (ERM) is computationally infeasible, these models are typically
trained using greedy algorithms. Although effective in many cases, these al-
gorithms have been empirically observed to get stuck at local optima. We
explore this phenomenon in the context of learning sparse regression func-
tions over d binary features, showing that when the true regression function
f ∗ does not satisfy Abbe et al. (In Conference on Learning Theory (2022)
4782–4887 PMLR)’s Merged Staircase Property (MSP), a form of heredity
restriction similar to that used in classical ANOVA modeling, greedy train-
ing requires exp(Ω(d)) samples to achieve low estimation error. Conversely,
when f ∗ does satisfy MSP, greedy training can attain small estimation er-
ror with only O(logd) samples. This dichotomy mirrors that of two-layer
neural networks trained with stochastic gradient descent (SGD) in the mean-
field regime, thereby establishing a head-to-head comparison between SGD-
trained neural networks and greedy recursive partitioning estimators. Further-
more, ERM-trained recursive partitioning estimators achieve low estimation
error with O(logd) samples irrespective of whether f ∗ satisfies MSP, thereby
demonstrating a statistical-computational trade-off for greedy training. Our
proofs are based on a novel interpretation of greedy recursive partitioning
using stochastic process theory and a coupling technique that may be of in-
dependent interest.
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[21] DEMIROVIĆ, E., LUKINA, A., HEBRARD, E., CHAN, J., BAILEY, J., LECKIE, C., RAMAMOHANARAO, K.
and STUCKEY, P. J. (2022). MurTree: Optimal decision trees via dynamic programming and search. J.
Mach. Learn. Res. 23 Paper No. [26], 47. MR4420751

[22] FERNÁNDEZ-DELGADO, M., CERNADAS, E., BARRO, S. and AMORIM, D. (2014). Do we need hun-
dreds of classifiers to solve real world classification problems? J. Mach. Learn. Res. 15 3133–3181.
MR3277155

[23] FRIEDMAN, J. H. (2001). Greedy function approximation: A gradient boosting machine. Ann. Statist. 29
1189–1232. MR1873328 https://doi.org/10.1214/aos/1013203451

[24] GLASGOW, M. R. (2024). SGD finds then tunes features in two-layer neural networks with near-optimal
sample complexity: A case study in the XOR problem. In The Twelfth International Conference on
Learning Representations.

[25] GRINSZTAJN, L., OYALLON, E. and VAROQUAUX, G. (2022). Why do tree-based models still outperform
deep learning on typical tabular data? Adv. Neural Inf. Process. Syst. 35 507–520.

[26] HASTIE, T., TIBSHIRANI, R. and FRIEDMAN, J. (2001). The Elements of Statistical Learning: Data Mining,
Inference, and Prediction. Springer Series in Statistics. Springer, New York. MR1851606 https://doi.
org/10.1007/978-0-387-21606-5

[27] HU, X., RUDIN, C. and SELTZER, M. (2019). Optimal sparse decision trees. Adv. Neural Inf. Process. Syst..
[28] ISHWARAN, H., KOGALUR, U. B., BLACKSTONE, E. H. and LAUER, M. S. (2008). Random survival forests.

Ann. Appl. Stat. 2 841–860. MR2516796 https://doi.org/10.1214/08-AOAS169
[29] JOSHI, N., MISIAKIEWICZ, T. and SREBRO, N. (2024). On the complexity of learning sparse functions

with statistical and gradient queries. In The Thirty-Eighth Annual Conference on Neural Information
Processing Systems.

[30] KE, G., MENG, Q., FINLEY, T., WANG, T., CHEN, W., MA, W., YE, Q. and LIU, T.-Y. (2017). Lightgbm: A
highly efficient gradient boosting decision tree. Adv. Neural Inf. Process. Syst. 30.

[31] KLUSOWSKI, J. M. (2020). Sparse learning with CART. In Advances in Neural Information Processing
Systems (H. Larochelle, M. Ranzato, R. Hadsell, M. F. Balcan and H. Lin, eds.) 33 11612–11622.
Curran Associates, Red Hook.

https://mathscinet.ams.org/mathscinet-getitem?mr=4958675
https://mathscinet.ams.org/mathscinet-getitem?mr=3531135
https://doi.org/10.1073/pnas.1510489113
https://mathscinet.ams.org/mathscinet-getitem?mr=3665788
https://doi.org/10.1007/s10994-017-5633-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0726392
https://mathscinet.ams.org/mathscinet-getitem?mr=4744184
https://doi.org/10.1214/24-aos2354
https://doi.org/10.1214/24-aos2354
https://arxiv.org/abs/2211.10805
https://arxiv.org/abs/2211.10805
https://mathscinet.ams.org/mathscinet-getitem?mr=4524502
https://doi.org/10.1214/22-aos2234
https://mathscinet.ams.org/mathscinet-getitem?mr=2758172
https://doi.org/10.1214/09-AOAS285
https://mathscinet.ams.org/mathscinet-getitem?mr=4420751
https://mathscinet.ams.org/mathscinet-getitem?mr=3277155
https://mathscinet.ams.org/mathscinet-getitem?mr=1873328
https://doi.org/10.1214/aos/1013203451
https://mathscinet.ams.org/mathscinet-getitem?mr=1851606
https://doi.org/10.1007/978-0-387-21606-5
https://doi.org/10.1007/978-0-387-21606-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2516796
https://doi.org/10.1214/08-AOAS169


[32] KLUSOWSKI, J. M. and TIAN, P. (2021). Nonparametric variable screening with optimal decision stumps. In
Proceedings of the 24th International Conference on Artificial Intelligence and Statistics (A. Banerjee
and K. Fukumizu, eds.). Proceedings of Machine Learning Research 130 748–756. PMLR.

[33] KLUSOWSKI, J. M. and TIAN, P. M. (2024). Large scale prediction with decision trees. J. Amer. Statist.
Assoc. 119 525–537. MR4713911 https://doi.org/10.1080/01621459.2022.2126782

[34] KOU, Y., CHEN, Z., GU, Q. and KAKADE, S. M. (2024). Matching the statistical query lower bound for
k-sparse parity problems with stochastic gradient descent. Preprint. Available at arXiv:2404.12376.

[35] LIN, J., ZHONG, C., HU, D., RUDIN, C. and SELTZER, M. (2020). Generalized and scalable optimal sparse
decision trees. In International Conference on Machine Learning 6150–6160. PMLR.

[36] LOH, W.-Y. (2002). Regression trees with unbiased variable selection and interaction detection. Statist.
Sinica 12 361–386. MR1902715

[37] MAZUMDER, R. and WANG, H. (2024). On the convergence of CART under sufficient impurity decrease
condition. Adv. Neural Inf. Process. Syst. 36.

[38] MEI, S., MONTANARI, A. and NGUYEN, P.-M. (2018). A mean field view of the landscape of two-layer
neural networks. Proc. Natl. Acad. Sci. USA 115 E7665–E7671. MR3845070 https://doi.org/10.1073/
pnas.1806579115

[39] MENDELSON, S. (2018). Learning without concentration for general loss functions. Probab. Theory Related
Fields 171 459–502. MR3800838 https://doi.org/10.1007/s00440-017-0784-y

[40] MURDOCH, W. J., SINGH, C., KUMBIER, K., ABBASI-ASL, R. and YU, B. (2019). Definitions, methods,
and applications in interpretable machine learning. Proc. Natl. Acad. Sci. USA 116 22071–22080.
MR4030584 https://doi.org/10.1073/pnas.1900654116

[41] OLSON, R. S., CAVA, W. L., MUSTAHSAN, Z., VARIK, A. and MOORE, J. H. (2018). Data-driven advice
for applying machine learning to bioinformatics problems. In Biocomputing 2018: Proceedings of the
Pacific Symposium 192–203. World Scientific, Singapore.

[42] PEDREGOSA, F., VAROQUAUX, G., GRAMFORT, A. et al. (2011). Scikit-learn: Machine learning in Python.
J. Mach. Learn. Res. 12 2825–2830. MR2854348

[43] RUDIN, C., CHEN, C., CHEN, Z., HUANG, H., SEMENOVA, L. and ZHONG, C. (2022). Interpretable machine
learning: Fundamental principles and 10 grand challenges. Stat. Surv. 16 1–85. MR4361744 https://
doi.org/10.1214/21-ss133

[44] STEIN, E. M. and SHAKARCHI, R. (2003). Fourier Analysis: An Introduction. Princeton Lectures in Analysis
1. Princeton Univ. Press, Princeton, NJ. MR1970295

[45] SYRGKANIS, V. and ZAMPETAKIS, M. (2020). Estimation and inference with trees and forests in high di-
mensions. In Conference on Learning Theory 3453–3454. PMLR.

[46] TAN, Y. S., AGARWAL, A. and YU, B. (2022). A cautionary tale on fitting decision trees to data from
additive models: Generalization lower bounds. In International Conference on Artificial Intelligence
and Statistics 9663-9685. PMLR.

[47] TAN, Y. S, KLUSOWSKI, J. M and BALASUBRAMANIAN, K. (2026). Supplement to “Statistical-
computational trade-offs for recursive adaptive partitioning estimators.” https://doi.org/10.1214/25-
AOS2603SUPP

[48] TAN, Y. S., RONEN, O., SAARINEN, T. and YU, B. (2024). The computational curse of big data for Bayesian
Additive Regression Trees: a hitting time analysis. Preprint. Available at arXiv:2406.19958.

[49] TAN, Y. S. and VERSHYNIN, R. (2023). Online stochastic gradient descent with arbitrary initialization solves
non-smooth, non-convex phase retrieval. J. Mach. Learn. Res. 24 Paper No. [58], 47. MR4582480

[50] TANG, C., GARREAU, D. and VON LUXBURG, U. (2018). When do random forests fail? In Advances in Neu-
ral Information Processing Systems 31 (S. Bengio, H. Wallach, H. Larochelle, K. Grauman, N. Cesa-
Bianchi and R. Garnett, eds.). Curran Associates, Red Hook.

[51] UHLER, C., RASKUTTI, G., BÜHLMANN, P. and YU, B. (2013). Geometry of the faithfulness assumption in
causal inference. Ann. Statist. 41 436–463. MR3099109 https://doi.org/10.1214/12-AOS1080

[52] VERWER, S. and ZHANG, Y. (2019). Learning optimal classification trees using a binary linear program
formulation. Proc. AAAI Conf. Artif. Intell. 33 1625–1632.

[53] WAHBA, G. (1990). Spline Models for Observational Data. CBMS-NSF Regional Conference Se-
ries in Applied Mathematics 59. SIAM, Philadelphia, PA. MR1045442 https://doi.org/10.1137/1.
9781611970128

[54] WAINWRIGHT, M. J. (2019). High-Dimensional Statistics: A Non-asymptotic Viewpoint. Cambridge Se-
ries in Statistical and Probabilistic Mathematics 48. Cambridge Univ. Press, Cambridge. MR3967104
https://doi.org/10.1017/9781108627771

[55] WASSERMAN, L. and LAFFERTY, J. (2005). Rodeo: Sparse nonparametric regression in high dimensions.
Adv. Neural Inf. Process. Syst. 18.

[56] WRIGHT, M. N., ZIEGLER, A. et al. (2017). ranger: A fast implementation of random forests for high di-
mensional data in C++ and R. J. Stat. Softw. 77.

https://mathscinet.ams.org/mathscinet-getitem?mr=4713911
https://doi.org/10.1080/01621459.2022.2126782
https://arxiv.org/abs/2404.12376
https://mathscinet.ams.org/mathscinet-getitem?mr=1902715
https://mathscinet.ams.org/mathscinet-getitem?mr=3845070
https://doi.org/10.1073/pnas.1806579115
https://doi.org/10.1073/pnas.1806579115
https://mathscinet.ams.org/mathscinet-getitem?mr=3800838
https://doi.org/10.1007/s00440-017-0784-y
https://mathscinet.ams.org/mathscinet-getitem?mr=4030584
https://doi.org/10.1073/pnas.1900654116
https://mathscinet.ams.org/mathscinet-getitem?mr=2854348
https://mathscinet.ams.org/mathscinet-getitem?mr=4361744
https://doi.org/10.1214/21-ss133
https://doi.org/10.1214/21-ss133
https://mathscinet.ams.org/mathscinet-getitem?mr=1970295
https://doi.org/10.1214/25-AOS2603SUPP
https://doi.org/10.1214/25-AOS2603SUPP
https://arxiv.org/abs/2406.19958
https://mathscinet.ams.org/mathscinet-getitem?mr=4582480
https://mathscinet.ams.org/mathscinet-getitem?mr=3099109
https://doi.org/10.1214/12-AOS1080
https://mathscinet.ams.org/mathscinet-getitem?mr=1045442
https://doi.org/10.1137/1.9781611970128
https://doi.org/10.1137/1.9781611970128
https://mathscinet.ams.org/mathscinet-getitem?mr=3967104
https://doi.org/10.1017/9781108627771


[57] WU, C. F. J. and HAMADA, M. S. (2009). Experiments: Planning, Analysis, and Optimization, 2nd ed. Wiley
Series in Probability and Statistics. Wiley, Hoboken, NJ. MR2583259

[58] ZHANG, R., XIN, R., SELTZER, M. and RUDIN, C. (2023). Optimal sparse regression trees. Proc. AAAI Conf.
Artif. Intell. 37 11270–11279.

[59] ZHU, H., MURALI, P., PHAN, D., NGUYEN, L. and KALAGNANAM, J. (2020). A scalable MIP-based method
for learning optimal multivariate decision trees. Adv. Neural Inf. Process. Syst. 33 1771–1781.

https://mathscinet.ams.org/mathscinet-getitem?mr=2583259


The Annals of Statistics
2026, Vol. 54, No. 3, 1289–1314
https://doi.org/10.1214/25-AOS2604
© Institute of Mathematical Statistics, 2026

VECCHIA GAUSSIAN PROCESSES: ON PROBABILISTIC AND
STATISTICAL PROPERTIES

BY BOTOND SZABO1,a AND YICHEN ZHU2,b

1Bocconi Institute for Data Science and Analytics and Department of Decision Sciences, Bocconi University,
abotond.szabo@unibocconi.it

2Department of Statistics and Actuarial Science, University of Hong Kong, byczhu@hku.hk

Gaussian Processes (GPs) are widely used to model dependencies in spa-
tial statistics and machine learning. However, exact inference is computa-
tionally intractable for GP regression, with a time complexity of O(n3). The
Vecchia approximation scales up computation by introducing sparsity into the
spatial dependency structure, represented by a directed acyclic graph (DAG).
Despite its practical popularity, this approach lacks rigorous theoretical foun-
dations, and the choice of DAG structure remains an open problem.

In this paper, we systematically study the Vecchia approximation of the
popular, isotropic Matérn GP as standalone stochastic process and uncover
key probabilistic and statistical properties. We propose selecting parent sets
as norming sets with fixed cardinality in the Vecchia approximation. On the
probabilistic side, we show that the conditional distributions of Matérn GPs,
as well as their Vecchia approximations, can be characterized by polynomial
interpolations. This enables us to establish several results on small ball proba-
bilities and the Reproducing Kernel Hilbert Spaces (RKHSs) of Vecchia GPs.
Building on these probabilistic results, we prove that in the nonparametric re-
gression model, the corresponding posterior contracts around the truth at the
optimal minimax rate, both under oracle rescaling and hierarchical tuning of
the prior.

We illustrate the theoretical findings through numerical experiments on
synthetic datasets. Our core algorithms are implemented in C++ with an R
interface.
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This paper investigates the iterates ˆ︁𝒃
1
, . . . ,ˆ︁𝒃

T obtained from iterative
algorithms in high-dimensional linear regression problems, in the regime
where the feature dimension p is comparable with the sample size n, that
is, p ≍ n. The analysis and proposed estimators are applicable to Gradient
Descent (GD), proximal GD and their accelerated variants such as Fast It-
erative Soft-Thresholding (FISTA). The paper proposes novel estimators for
the generalization error of the iterate ˆ︁𝒃

t for any fixed iteration t along the
trajectory. These estimators are proved to be

√
n-consistent under Gaussian

designs. Applications to early-stopping are provided: when the generaliza-
tion error of the iterates is a U-shape function of the iteration t , the estimates
allow to select from the data an iteration t̂ that achieves the smallest gener-
alization error along the trajectory. Additionally, we provide a technique for
developing debiasing corrections and valid confidence intervals for the com-
ponents of the true coefficient vector from the iterate ˆ︁𝒃

t at any finite iteration
t . Extensive simulations on synthetic data illustrate the theoretical results.

REFERENCES

AGARWAL, A., NEGAHBAN, S. and WAINWRIGHT, M. J. (2012). Fast global convergence of gradient methods
for high-dimensional statistical recovery. Ann. Statist. 40 2452–2482. MR3097609 https://doi.org/10.1214/12-
AOS1032

ALI, A., DOBRIBAN, E. and TIBSHIRANI, R. (2020). The implicit regularization of stochastic gradient flow for
least squares. In International Conference on Machine Learning 233–244. PMLR.

ALI, A., KOLTER, J. Z. and TIBSHIRANI, R. J. (2019). A continuous-time view of early stopping for least squares
regression. In The 22nd International Conference on Artificial Intelligence and Statistics 1370–1378. PMLR.

AMBROSIO, L. and DAL MASO, G. (1990). A general chain rule for distributional derivatives. Proc. Amer. Math.
Soc. 108 691–702. MR0969514 https://doi.org/10.2307/2047789

AUDDY, A., ZOU, H., RAHNAMARAD, K. and MALEKI, A. (2024). Approximate leave-one-out cross validation for
regression with ℓ1 regularizers. In Proceedings of the 27th International Conference on Artificial Intelligence
and Statistics 2377–2385. PMLR.

BANDEIRA, A. S., DOBRIBAN, E., MIXON, D. G. and SAWIN, W. F. (2013). Certifying the restricted isome-
try property is hard. IEEE Trans. Inf. Theory 59 3448–3450. MR3061257 https://doi.org/10.1109/TIT.2013.
2248414

BAYATI, M. and MONTANARI, A. (2011). The dynamics of message passing on dense graphs, with applications
to compressed sensing. IEEE Trans. Inf. Theory 57 764–785. MR2810285 https://doi.org/10.1109/TIT.2010.
2094817

BAYATI, M. and MONTANARI, A. (2012). The LASSO risk for Gaussian matrices. IEEE Trans. Inf. Theory 58
1997–2017. MR2951312 https://doi.org/10.1109/TIT.2011.2174612

BECK, A. and TEBOULLE, M. (2009). A fast iterative shrinkage-thresholding algorithm for linear inverse prob-
lems. SIAM J. Imaging Sci. 2 183–202. MR2486527 https://doi.org/10.1137/080716542

BELLEC, P. C. (2023). Out-of-sample error estimation for M-estimators with convex penalty. Inf. Inference 12
Paper No. iaad031, 36. MR4660702 https://doi.org/10.1093/imaiai/iaad031

BELLEC, P. C. (2025). Observable adjustments in single-index models for regularized M-estimators with bounded
p/n. Ann. Statist. 53 531–560. MR4900157 https://doi.org/10.1214/24-aos2464

MSC2020 subject classifications. 62J07.
Key words and phrases. High-dimensional models, risk estimate, Lasso, generalization error.

https://imstat.org/journals-and-publications/annals-of-statistics/
https://doi.org/10.1214/25-AOS2606
https://www.imstat.org
mailto:pierre.bellec@rutgers.edu
mailto:tan.1457@osu.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3097609
https://doi.org/10.1214/12-AOS1032
https://doi.org/10.1214/12-AOS1032
https://mathscinet.ams.org/mathscinet-getitem?mr=0969514
https://doi.org/10.2307/2047789
https://mathscinet.ams.org/mathscinet-getitem?mr=3061257
https://doi.org/10.1109/TIT.2013.2248414
https://doi.org/10.1109/TIT.2013.2248414
https://mathscinet.ams.org/mathscinet-getitem?mr=2810285
https://doi.org/10.1109/TIT.2010.2094817
https://doi.org/10.1109/TIT.2010.2094817
https://mathscinet.ams.org/mathscinet-getitem?mr=2951312
https://doi.org/10.1109/TIT.2011.2174612
https://mathscinet.ams.org/mathscinet-getitem?mr=2486527
https://doi.org/10.1137/080716542
https://mathscinet.ams.org/mathscinet-getitem?mr=4660702
https://doi.org/10.1093/imaiai/iaad031
https://mathscinet.ams.org/mathscinet-getitem?mr=4900157
https://doi.org/10.1214/24-aos2464
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


BELLEC, P. C., LECUÉ, G. and TSYBAKOV, A. B. (2018). Slope meets Lasso: Improved oracle bounds and opti-
mality. Ann. Statist. 46 3603–3642. MR3852663 https://doi.org/10.1214/17-AOS1670

BELLEC, P. C. and ROMON, G. (2021). Chi-square and normal inference in high-dimensional multi-task regres-
sion. arXiv preprint. Available at arXiv:2107.07828.

BELLEC, P. C. and SHEN, Y. (2022). Derivatives and residual distribution of regularized m-estimators with appli-
cation to adaptive tuning. In Conference on Learning Theory 1912–1947. PMLR.

BELLEC, P. C. and TAN, K. (2026). Supplement to “Uncertainty quantification for iterative algorithms in linear
models with application to early stopping.” https://doi.org/10.1214/25-AOS2606SUPPA, https://doi.org/10.
1214/25-AOS2606SUPPB

BELLEC, P. C. and ZHANG, C.-H. (2022). De-biasing the Lasso with degrees-of-freedom adjustment. Bernoulli
28 713–743. MR4389062 https://doi.org/10.3150/21-BEJ1348

BELLEC, P. C. and ZHANG, C.-H. (2023). Debiasing convex regularized estimators and interval estimation in
linear models. Ann. Statist. 51 391–436. MR4600987 https://doi.org/10.1214/22-aos2243

BERTHIER, R., MONTANARI, A. and NGUYEN, P.-M. (2020). State evolution for approximate message passing
with non-separable functions. Inf. Inference 9 33–79. MR4079177 https://doi.org/10.1093/imaiai/iay021

BICKEL, P. J., RITOV, Y. and TSYBAKOV, A. B. (2009). Simultaneous analysis of Lasso and Dantzig selector. Ann.
Statist. 37 1705–1732. MR2533469 https://doi.org/10.1214/08-AOS620

BLUMENSATH, T. and DAVIES, M. E. (2009). Iterative hard thresholding for compressed sensing. Appl. Comput.
Harmon. Anal. 27 265–274. MR2559726 https://doi.org/10.1016/j.acha.2009.04.002

BOGDAN, M., VAN DEN BERG, E., SABATTI, C., SU, W. and CANDÈS, E. J. (2015). SLOPE—adaptive vari-
able selection via convex optimization. Ann. Appl. Stat. 9 1103–1140. MR3418717 https://doi.org/10.1214/
15-AOAS842

BOTTOU, L. (2010). Large-scale machine learning with stochastic gradient descent. In Proceedings of COMP-
STAT’2010 177–186. Physica-Verlag, Heidelberg. MR3362066

BÜHLMANN, P. and VAN DE GEER, S. (2011). Statistics for High-Dimensional Data: Methods, Theory and Ap-
plications. Springer Series in Statistics. Springer, Heidelberg. MR2807761 https://doi.org/10.1007/978-3-642-
20192-9

BÜHLMANN, P. and YU, B. (2003). Boosting with the L2 loss: Regression and classification. J. Amer. Statist.
Assoc. 98 324–339. MR1995709 https://doi.org/10.1198/016214503000125

CAI, T. T. and GUO, Z. (2017). Confidence intervals for high-dimensional linear regression: Minimax rates and
adaptivity. Ann. Statist. 45 615–646. MR3650395 https://doi.org/10.1214/16-AOS1461

CARPENTIER, A. and KIM, A. K. H. (2018). An iterative hard thresholding estimator for low rank matrix recovery
with explicit limiting distribution. Statist. Sinica 28 1371–1393. MR3821009

CELENTANO, M., CHENG, C. and MONTANARI, A. (2021). The high-dimensional asymptotics of first order meth-
ods with random data. arXiv preprint. Available at arXiv:2112.07572.

CELENTANO, M. and MONTANARI, A. (2022). Fundamental barriers to high-dimensional regression with convex
penalties. Ann. Statist. 50 170–196. MR4382013 https://doi.org/10.1214/21-aos2100

CELENTANO, M., MONTANARI, A. and WEI, Y. (2023). The Lasso with general Gaussian designs with applica-
tions to hypothesis testing. Ann. Statist. 51 2194–2220. MR4678801 https://doi.org/10.1214/23-aos2327

CELENTANO, M., MONTANARI, A. and WU, Y. (2020). The estimation error of general first order methods. In
Conference on Learning Theory 1078–1141. PMLR.

CHANDRASEKHER, K. A., LOU, M. and PANANJADY, A. (2024). Alternating minimization for generalized rank-
1 matrix sensing: Sharp predictions from a random initialization. Inf. Inference 13 Paper No. iaae025, 94.
MR4798949 https://doi.org/10.1093/imaiai/iaae025

CHANDRASEKHER, K. A., PANANJADY, A. and THRAMPOULIDIS, C. (2023). Sharp global convergence guaran-
tees for iterative nonconvex optimization with random data. Ann. Statist. 51 179–210. MR4564853 https://doi.
org/10.1214/22-aos2246

DALALYAN, A. S., HEBIRI, M. and LEDERER, J. (2017). On the prediction performance of the Lasso. Bernoulli
23 552–581. MR3556784 https://doi.org/10.3150/15-BEJ756

DAUBECHIES, I., DEFRISE, M. and DE MOL, C. (2004). An iterative thresholding algorithm for linear inverse
problems with a sparsity constraint. Comm. Pure Appl. Math. 57 1413–1457. MR2077704 https://doi.org/10.
1002/cpa.20042

DONOHO, D. and MONTANARI, A. (2016). High dimensional robust M-estimation: Asymptotic variance via ap-
proximate message passing. Probab. Theory Related Fields 166 935–969. MR3568043 https://doi.org/10.1007/
s00440-015-0675-z

DONOHO, D. L., MALEKI, A. and MONTANARI, A. (2009). Message-passing algorithms for compressed sensing.
Proc. Natl. Acad. Sci. USA 106 18914–18919.

DUDEJA, R., LU, Y. M. and SEN, S. (2023). Universality of approximate message passing with semirandom
matrices. Ann. Probab. 51 1616–1683. MR4642220 https://doi.org/10.1214/23-aop1628

https://mathscinet.ams.org/mathscinet-getitem?mr=3852663
https://doi.org/10.1214/17-AOS1670
https://arxiv.org/abs/2107.07828
https://doi.org/10.1214/25-AOS2606SUPPA
https://doi.org/10.1214/25-AOS2606SUPPB
https://doi.org/10.1214/25-AOS2606SUPPB
https://mathscinet.ams.org/mathscinet-getitem?mr=4389062
https://doi.org/10.3150/21-BEJ1348
https://mathscinet.ams.org/mathscinet-getitem?mr=4600987
https://doi.org/10.1214/22-aos2243
https://mathscinet.ams.org/mathscinet-getitem?mr=4079177
https://doi.org/10.1093/imaiai/iay021
https://mathscinet.ams.org/mathscinet-getitem?mr=2533469
https://doi.org/10.1214/08-AOS620
https://mathscinet.ams.org/mathscinet-getitem?mr=2559726
https://doi.org/10.1016/j.acha.2009.04.002
https://mathscinet.ams.org/mathscinet-getitem?mr=3418717
https://doi.org/10.1214/15-AOAS842
https://doi.org/10.1214/15-AOAS842
https://mathscinet.ams.org/mathscinet-getitem?mr=3362066
https://mathscinet.ams.org/mathscinet-getitem?mr=2807761
https://doi.org/10.1007/978-3-642-20192-9
https://doi.org/10.1007/978-3-642-20192-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1995709
https://doi.org/10.1198/016214503000125
https://mathscinet.ams.org/mathscinet-getitem?mr=3650395
https://doi.org/10.1214/16-AOS1461
https://mathscinet.ams.org/mathscinet-getitem?mr=3821009
https://arxiv.org/abs/2112.07572
https://mathscinet.ams.org/mathscinet-getitem?mr=4382013
https://doi.org/10.1214/21-aos2100
https://mathscinet.ams.org/mathscinet-getitem?mr=4678801
https://doi.org/10.1214/23-aos2327
https://mathscinet.ams.org/mathscinet-getitem?mr=4798949
https://doi.org/10.1093/imaiai/iaae025
https://mathscinet.ams.org/mathscinet-getitem?mr=4564853
https://doi.org/10.1214/22-aos2246
https://doi.org/10.1214/22-aos2246
https://mathscinet.ams.org/mathscinet-getitem?mr=3556784
https://doi.org/10.3150/15-BEJ756
https://mathscinet.ams.org/mathscinet-getitem?mr=2077704
https://doi.org/10.1002/cpa.20042
https://doi.org/10.1002/cpa.20042
https://mathscinet.ams.org/mathscinet-getitem?mr=3568043
https://doi.org/10.1007/s00440-015-0675-z
https://doi.org/10.1007/s00440-015-0675-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4642220
https://doi.org/10.1214/23-aop1628


EL ALAOUI, A., MONTANARI, A. and SELLKE, M. (2022). Sampling from the Sherrington-Kirkpatrick Gibbs
measure via algorithmic stochastic localization. In 2022 IEEE 63rd Annual Symposium on Foundations of
Computer Science—FOCS 2022 323–334. IEEE Comput. Soc., Los Alamitos, CA. MR4537214 https://doi.
org/10.1109/FOCS54457.2022.00038

EL KAROUI, N. (2018). On the impact of predictor geometry on the performance on high-dimensional ridge-
regularized generalized robust regression estimators. Probab. Theory Related Fields 170 95–175. MR3748322
https://doi.org/10.1007/s00440-016-0754-9

EL KAROUI, N., BEAN, D., BICKEL, P. J., LIM, C. and YU, B. (2013). On robust regression with high-dimensional
predictors. Proc. Natl. Acad. Sci. USA 110 14557–14562.

FAN, J. and LI, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle properties. J.
Amer. Statist. Assoc. 96 1348–1360. MR1946581 https://doi.org/10.1198/016214501753382273

FENG, L. and ZHANG, C.-H. (2019). Sorted concave penalized regression. Ann. Statist. 47 3069–3098.
MR4025735 https://doi.org/10.1214/18-AOS1759

FRIEDMAN, J. H., HASTIE, T. and TIBSHIRANI, R. (2010). Regularization paths for generalized linear models via
coordinate descent. J. Stat. Softw. 33 1–22.

GERBELOT, C., TROIANI, E., MIGNACCO, F., KRZAKALA, F. and ZDEBOROVÁ, L. (2024). Rigorous dynamical
mean-field theory for stochastic gradient descent methods. SIAM J. Math. Data Sci. 6 400–427. MR4741502
https://doi.org/10.1137/23M1594388

HAN, Q. and SHEN, Y. (2023). Universality of regularized regression estimators in high dimensions. Ann. Statist.
51 1799–1823. MR4658577 https://doi.org/10.1214/23-aos2309

HASTIE, T., MONTANARI, A., ROSSET, S. and TIBSHIRANI, R. J. (2022). Surprises in high-dimensional ridgeless
least squares interpolation. Ann. Statist. 50 949–986. MR4404925 https://doi.org/10.1214/21-aos2133

HOPPE, F., MAYRINK VERDUN, C., LAUS, H., KRAHMER, F. and RAUHUT, H. (2023). Uncertainty quantifica-
tion for learned ista. In 2023 IEEE 33rd International Workshop on Machine Learning for Signal Processing
(MLSP) 1–6. IEEE.

HU, H. and LU, Y. M. (2023). Universality laws for high-dimensional learning with random features. IEEE Trans.
Inf. Theory 69 1932–1964. MR4564688 https://doi.org/10.1109/tit.2022.3217698

HUTCHINSON, M. F. (1990). A stochastic estimator of the trace of the influence matrix for Laplacian
smoothing splines. Comm. Statist. Simulation Comput. 19 433–450. MR1075456 https://doi.org/10.1080/
03610919008812864

JAVANMARD, A. and MONTANARI, A. (2014). Confidence intervals and hypothesis testing for high-dimensional
regression. J. Mach. Learn. Res. 15 2869–2909. MR3277152

JAVANMARD, A. and MONTANARI, A. (2018). Debiasing the Lasso: Optimal sample size for Gaussian designs.
Ann. Statist. 46 2593–2622. MR3851749 https://doi.org/10.1214/17-AOS1630

KOLTCHINSKII, V., LOUNICI, K. and TSYBAKOV, A. B. (2011). Nuclear-norm penalization and optimal rates
for noisy low-rank matrix completion. Ann. Statist. 39 2302–2329. MR2906869 https://doi.org/10.1214/11-
AOS894

LEI, L., BICKEL, P. J. and EL KAROUI, N. (2018). Asymptotics for high dimensional regression M-estimates:
Fixed design results. Probab. Theory Related Fields 172 983–1079. MR3877551 https://doi.org/10.1007/
s00440-017-0824-7

LOU, M. (2024). Kabir Aladin Verchand, and Ashwin Pananjady. Hyperparameter tuning via trajectory predic-
tions: Stochastic prox-linear methods in matrix sensing. arXiv preprint. Available at arXiv:2402.01599.

LOUREIRO, B., GERBELOT, C., CUI, H., GOLDT, S., KRZAKALA, F., MÉZARD, M. and ZDEBOROVÁ, L. (2022).
Learning curves of generic features maps for realistic datasets with a teacher-student model. J. Stat. Mech.
Theory Exp. 11 Paper No. 114001, 78. MR4535572 https://doi.org/10.1088/1742-5468/ac9825

LUO, Y., REN, Z. and BARBER, R. (2023). Iterative approximate cross-validation. In International Conference on
Machine Learning 23083–23102. PMLR.

MIGNACCO, F., KRZAKALA, F., URBANI, P. and ZDEBOROVÁ, L. (2021). Dynamical mean-field theory for
stochastic gradient descent in Gaussian mixture classification. J. Stat. Mech. Theory Exp. 12 Paper No. 124008,
23. MR4412836 https://doi.org/10.1088/1742-5468/ac3a80

MIOLANE, L. and MONTANARI, A. (2021). The distribution of the Lasso: Uniform control over sparse balls and
adaptive parameter tuning. Ann. Statist. 49 2313–2335. MR4319252 https://doi.org/10.1214/20-aos2038

MONTANARI, A. and SAEED, B. N. (2022). Universality of empirical risk minimization. In Conference on Learn-
ing Theory 4310–4312. PMLR.

MONTANARI, A. and VENKATARAMANAN, R. (2021). Estimation of low-rank matrices via approximate message
passing. Ann. Statist. 49 321–345. MR4206680 https://doi.org/10.1214/20-AOS1958

MONTANARI, A. and WU, Y. (2024). Statistically optimal firstorder algorithms: A proof via orthogonalization.
Inf. Inference 13 Paper No. iaae027, 24. MR4806510 https://doi.org/10.1093/imaiai/iaae027

NEEDELL, D. and TROPP, J. A. (2009). CoSaMP: Iterative signal recovery from incomplete and inaccurate sam-
ples. Appl. Comput. Harmon. Anal. 26 301–321. MR2502366 https://doi.org/10.1016/j.acha.2008.07.002

https://mathscinet.ams.org/mathscinet-getitem?mr=4537214
https://doi.org/10.1109/FOCS54457.2022.00038
https://doi.org/10.1109/FOCS54457.2022.00038
https://mathscinet.ams.org/mathscinet-getitem?mr=3748322
https://doi.org/10.1007/s00440-016-0754-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1946581
https://doi.org/10.1198/016214501753382273
https://mathscinet.ams.org/mathscinet-getitem?mr=4025735
https://doi.org/10.1214/18-AOS1759
https://mathscinet.ams.org/mathscinet-getitem?mr=4741502
https://doi.org/10.1137/23M1594388
https://mathscinet.ams.org/mathscinet-getitem?mr=4658577
https://doi.org/10.1214/23-aos2309
https://mathscinet.ams.org/mathscinet-getitem?mr=4404925
https://doi.org/10.1214/21-aos2133
https://mathscinet.ams.org/mathscinet-getitem?mr=4564688
https://doi.org/10.1109/tit.2022.3217698
https://mathscinet.ams.org/mathscinet-getitem?mr=1075456
https://doi.org/10.1080/03610919008812864
https://doi.org/10.1080/03610919008812864
https://mathscinet.ams.org/mathscinet-getitem?mr=3277152
https://mathscinet.ams.org/mathscinet-getitem?mr=3851749
https://doi.org/10.1214/17-AOS1630
https://mathscinet.ams.org/mathscinet-getitem?mr=2906869
https://doi.org/10.1214/11-AOS894
https://doi.org/10.1214/11-AOS894
https://mathscinet.ams.org/mathscinet-getitem?mr=3877551
https://doi.org/10.1007/s00440-017-0824-7
https://doi.org/10.1007/s00440-017-0824-7
https://arxiv.org/abs/2402.01599
https://mathscinet.ams.org/mathscinet-getitem?mr=4535572
https://doi.org/10.1088/1742-5468/ac9825
https://mathscinet.ams.org/mathscinet-getitem?mr=4412836
https://doi.org/10.1088/1742-5468/ac3a80
https://mathscinet.ams.org/mathscinet-getitem?mr=4319252
https://doi.org/10.1214/20-aos2038
https://mathscinet.ams.org/mathscinet-getitem?mr=4206680
https://doi.org/10.1214/20-AOS1958
https://mathscinet.ams.org/mathscinet-getitem?mr=4806510
https://doi.org/10.1093/imaiai/iaae027
https://mathscinet.ams.org/mathscinet-getitem?mr=2502366
https://doi.org/10.1016/j.acha.2008.07.002


NESTEROV, Y. (2004). Introductory Lectures on Convex Optimization: A Basic Course. Applied Optimization 87.
Kluwer Academic, Boston, MA. MR2142598 https://doi.org/10.1007/978-1-4419-8853-9

NESTEROV, Y. E. (1983). A method for solving the convex programming problem with convergence rate O(1/k2).
Dokl. Akad. Nauk SSSR 269 543–547. MR0701288

PATIL, P., WU, Y. and TIBSHIRANI, R. J. (2024). Failures and successes of cross-validation for early-stopped
gradient descent. arXiv preprint. Available at arXiv:2402.16793.

PESCE, L., KRZAKALA, F., LOUREIRO, B. and STEPHAN, L. (2023). Are Gaussian data all you need? The extents
and limits of universality in high-dimensional generalized linear estimation. In International Conference on
Machine Learning 27680–27708. PMLR.

RAHNAMA RAD, K. and MALEKI, A. (2020). A scalable estimate of the out-of-sample prediction error via ap-
proximate leave-one-out cross-validation. J. R. Stat. Soc. Ser. B. Stat. Methodol. 82 965–996. MR4136500

RASKUTTI, G., WAINWRIGHT, M. J. and YU, B. (2014). Early stopping and non-parametric regression: An opti-
mal data-dependent stopping rule. J. Mach. Learn. Res. 15 335–366. MR3190843

ROSSET, S., ZHU, J. and HASTIE, T. (2004). Boosting as a regularized path to a maximum margin classifier. J.
Mach. Learn. Res. 5 941–973. MR2248005

SHENG, Y. and ALI, A. (2022). Accelerated gradient flow: Risk, stability, and implicit regularization. arXiv
preprint. Available at arXiv:2201.08311.

SUR, P. and CANDÈS, E. J. (2019). A modern maximum-likelihood theory for high-dimensional logistic regres-
sion. Proc. Natl. Acad. Sci. USA 116 14516–14525. MR3984492 https://doi.org/10.1073/pnas.1810420116

TAN, K., ROMON, G. and BELLEC, P. C. (2024). Noise covariance estimation in multi-task high-dimensional
linear models. Bernoulli 30 1695–1722. MR4746046 https://doi.org/10.3150/23-BEJ1644

THRAMPOULIDIS, C., ABBASI, E. and HASSIBI, B. (2018). Precise error analysis of regularized M-estimators
in high dimensions. IEEE Trans. Inf. Theory 64 5592–5628. MR3832326 https://doi.org/10.1109/TIT.2018.
2840720

TIBSHIRANI, R. (1996). Regression shrinkage and selection via the Lasso. J. Roy. Statist. Soc. Ser. B, Methodol.
58 267–288. MR1379242

VAN DE GEER, S. (2016). Estimation and Testing Under Sparsity: École d’Été de Probabilités de Saint-Flour
XLV–2015. Lecture Notes in Math. 2159. Springer, Cham. MR3526202 https://doi.org/10.1007/978-3-319-
32774-7

VAN DE GEER, S., BÜHLMANN, P., RITOV, Y. and DEZEURE, R. (2014). On asymptotically optimal confidence
regions and tests for high-dimensional models. Ann. Statist. 42 1166–1202. MR3224285 https://doi.org/10.
1214/14-AOS1221

VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wissenschaften [Funda-
mental Principles of Mathematical Sciences] 338. Springer, Berlin. MR2459454 https://doi.org/10.1007/978-
3-540-71050-9

WAINWRIGHT, M. J. (2009). Sharp thresholds for high-dimensional and noisy sparsity recovery using ℓ1-
constrained quadratic programming (Lasso). IEEE Trans. Inf. Theory 55 2183–2202. MR2729873 https://doi.
org/10.1109/TIT.2009.2016018

WANG, S., WENG, H. and MALEKI, A. (2020). Which bridge estimator is the best for variable selection? Ann.
Statist. 48 2791–2823. MR4152121 https://doi.org/10.1214/19-AOS1906

YE, F. and ZHANG, C.-H. (2010). Rate minimaxity of the Lasso and Dantzig selector for the ℓq loss in ℓr balls.
J. Mach. Learn. Res. 11 3519–3540. MR2756192

YUAN, M. and LIN, Y. (2006). Model selection and estimation in regression with grouped variables. J. R. Stat.
Soc. Ser. B. Stat. Methodol. 68 49–67. MR2212574 https://doi.org/10.1111/j.1467-9868.2005.00532.x

ZHANG, C.-H. (2010). Nearly unbiased variable selection under minimax concave penalty. Ann. Statist. 38
894–942. MR2604701 https://doi.org/10.1214/09-AOS729

ZHANG, C.-H. and ZHANG, S. S. (2014). Confidence intervals for low dimensional parameters in high dimensional
linear models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 76 217–242. MR3153940 https://doi.org/10.1111/rssb.
12026

ZIEMER, W. P. (1989). Weakly Differentiable Functions: Sobolev Spaces and Functions of Bounded Variation.
Graduate Texts in Mathematics 120. Springer, New York. MR1014685 https://doi.org/10.1007/978-1-4612-
1015-3

ZOU, H. and HASTIE, T. (2005). Regularization and variable selection via the elastic net. J. R. Stat. Soc. Ser. B.
Stat. Methodol. 67 301–320. MR2137327 https://doi.org/10.1111/j.1467-9868.2005.00503.x

https://mathscinet.ams.org/mathscinet-getitem?mr=2142598
https://doi.org/10.1007/978-1-4419-8853-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0701288
https://arxiv.org/abs/2402.16793
https://mathscinet.ams.org/mathscinet-getitem?mr=4136500
https://mathscinet.ams.org/mathscinet-getitem?mr=3190843
https://mathscinet.ams.org/mathscinet-getitem?mr=2248005
https://arxiv.org/abs/2201.08311
https://mathscinet.ams.org/mathscinet-getitem?mr=3984492
https://doi.org/10.1073/pnas.1810420116
https://mathscinet.ams.org/mathscinet-getitem?mr=4746046
https://doi.org/10.3150/23-BEJ1644
https://mathscinet.ams.org/mathscinet-getitem?mr=3832326
https://doi.org/10.1109/TIT.2018.2840720
https://doi.org/10.1109/TIT.2018.2840720
https://mathscinet.ams.org/mathscinet-getitem?mr=1379242
https://mathscinet.ams.org/mathscinet-getitem?mr=3526202
https://doi.org/10.1007/978-3-319-32774-7
https://doi.org/10.1007/978-3-319-32774-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3224285
https://doi.org/10.1214/14-AOS1221
https://doi.org/10.1214/14-AOS1221
https://mathscinet.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/978-3-540-71050-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2729873
https://doi.org/10.1109/TIT.2009.2016018
https://doi.org/10.1109/TIT.2009.2016018
https://mathscinet.ams.org/mathscinet-getitem?mr=4152121
https://doi.org/10.1214/19-AOS1906
https://mathscinet.ams.org/mathscinet-getitem?mr=2756192
https://mathscinet.ams.org/mathscinet-getitem?mr=2212574
https://doi.org/10.1111/j.1467-9868.2005.00532.x
https://mathscinet.ams.org/mathscinet-getitem?mr=2604701
https://doi.org/10.1214/09-AOS729
https://mathscinet.ams.org/mathscinet-getitem?mr=3153940
https://doi.org/10.1111/rssb.12026
https://doi.org/10.1111/rssb.12026
https://mathscinet.ams.org/mathscinet-getitem?mr=1014685
https://doi.org/10.1007/978-1-4612-1015-3
https://doi.org/10.1007/978-1-4612-1015-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2137327
https://doi.org/10.1111/j.1467-9868.2005.00503.x


The Annals of Statistics
2026, Vol. 54, No. 3, 1345–1371
https://doi.org/10.1214/25-AOS2607
© Institute of Mathematical Statistics, 2026

MARKOV STICK-BREAKING PROCESSES

BY MARÍA F. GIL-LEYVA1,a , ANTONIO LIJOI2,c , RAMSÉS H. MENA1,b AND

IGOR PRÜNSTER2,d

1Department of Probability and Statistics, IIMAS, UNAM, amarifer@sigma.iimas.unam.mx, bramses@sigma.iimas.unam.mx
2Bocconi Institute for Data Science and Analytics, Bocconi University, cantonio.lijoi@unibocconi.it, digor@unibocconi.it

Stick-breaking has a long history and is one of the most popular proce-
dures for constructing random discrete distributions in statistics and machine
learning. In particular, due to their intuitive construction and computational
tractability they are ubiquitous in modern Bayesian nonparametric inference.
Most widely used models, such as the Dirichlet and the Pitman–Yor pro-
cesses, rely on i.i.d. or independent length variables. Here, we pursue a com-
pletely unexplored research direction by considering Markov length variables
and investigate the corresponding general class of stick-breaking processes,
which we term Markov stick-breaking processes. We establish conditions un-
der which the associated species sampling process is proper and the distri-
bution of a Markov stick-breaking process has full topological support, two
fundamental desiderata for Bayesian nonparametric models. We also analyze
the stochastic ordering of the weights and provide a new characterization of
the Pitman–Yor process as the only stick-breaking process invariant under
size-biased permutations, under mild conditions. Moreover, we identify two
notable subclasses of Markov stick-breaking processes that enjoy appealing
properties and include Dirichlet, Pitman–Yor and geometric priors as special
cases. Our findings include distributional results enabling posterior inference
algorithms and methodological insights.
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We propose a new method for identifying and estimating the CP-factor
models for matrix time series. Unlike the generalized eigenanalysis-based
method (J. R. Stat. Soc. Ser. B. Stat. Methodol. 85 (2023) 127–148) for which
the convergence rates of the associated estimators may suffer from small
eigengaps as the asymptotic theory is based on some matrix perturbation anal-
ysis, the proposed new method enjoys faster convergence rates which are free
from any eigengaps. It achieves this by turning the problem into a joint diag-
onalization of several matrices whose elements are determined by a basis of
a linear system, and by choosing the basis carefully to avoid near colinear-
ity (see Proposition 5 and Section 4.3). Furthermore, unlike the generalized
eigenanalysis-based method which requires the two factor loading matrices
to be full-ranked, the proposed new method can handle rank-deficient factor
loading matrices. Illustration with both simulated and real matrix time-series
data shows the advantages of the proposed new method.
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TOWARDS A UNIFIED THEORY FOR SEMIPARAMETRIC DATA FUSION
WITH INDIVIDUAL-LEVEL DATA

BY ELLEN GRAHAMa , MARCO CARONEb AND ANDREA ROTNITZKYc

Department of Biostatistics, University of Washington, agraham18@uw.edu, bmcarone@uw.edu, carotnitz@uw.edu

We consider inference about a finite-dimensional parameter integrating
samples from independent sources. A recently developed theory considers
scenarios where sources align with subsets of the conditional distributions
of a single factorization of the joint target distribution. While this theory ap-
plies in many settings, it falls short in important data fusion problems, such
as two-sample instrumental variable analysis, settings that integrate data from
epidemiological studies with diverse designs, and studies with mismeasured
variables supplemented by external validation studies. In this paper we derive
a comprehensive theory that, in particular, covers these settings by allowing
the integration of sources aligned with conditional distributions that do not
correspond to a single factorization of the target distribution. We provide a
universal characterization of the influence functions of regular and asymp-
totically linear estimators and the efficient influence function of a target pa-
rameter, irrespective of the parameter of interest or the statistical model for
the target distribution, thus paving the way for a unified theory for machine-
learning debiased, semiparametric efficient estimation.
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This paper develops a novel two-step estimating procedure for heavy-
tailed AR models with nonzero median GARCH-type noises, allowing for
time-varying volatility. We first establish the self-weighted quantile regres-
sion estimator (SQE) across all quantile levels τ ∈ (0,1) for the AR param-
eters θ0. We show that the SQE, less a bias, converges weakly to a Gaussian
process at a rate of n−1/2. The bias is zero if and only if τ equals τ0, the
probability that the noise is less than zero. Based on the SQE, we propose an
approach to estimate τ0 in the second step and feed the estimated τ0 back into
the SQE to estimate θ0. Both the estimated τ0 and θ0 are shown to be con-
sistent and asymptotically normal. A random weighting bootstrap method is
developed to approximate the complex distribution. The problem we study is
nonstandard because τ0 may not be identifiable in conventional quantile re-
gression, and the usual methods cannot verify the existence of the SQE bias.
Unlike existing procedures for heavy-tailed time series, our method does not
require prior information about the symmetry, tail index, or the parametric
form of the noise, nor does it require classical identification conditions, such
as zero-mean or zero-median.
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We study the fundamental statistical inference concerning the testing
of independence between two random vectors. Existing asymptotic theories
for test statistics based on distance covariance can only apply to either low-
dimensional or high-dimensional settings and require stringent distributional
assumptions. In this work we develop a new unified distributional theory of
the sample generalized distance covariance that works for random vectors
of arbitrary dimensions under fairly mild moment conditions. In particular,
a Gaussian approximation result is established with a nonasymptotic error
bound, and the asymptotic null distribution of the sample generalized distance
covariance is shown to be distributed as a linear combination of indepen-
dently and identically distributed chi-squared random variables. To estimate
the asymptotic null distribution practically, we propose a half-permutation
procedure and provide the theoretical justification for its validity. The exact
asymptotic distribution of the resampling distribution is derived under gen-
eral marginal moment conditions, and the proposed procedure is shown to be
asymptotically equivalent to the oracle procedure with known marginal dis-
tributions.
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ATTAINABILITY OF TWO-POINT TESTING RATES FOR FINITE-SAMPLE
LOCATION ESTIMATION

BY SPENCER COMPTONa AND GREGORY VALIANTb

Department of Computer Science, Stanford University, acomptons@stanford.edu, bvaliant@stanford.edu

Le Cam’s two-point testing method yields perhaps the simplest lower
bound for estimating the mean of a distribution: roughly, if it is impossible
to well distinguish a distribution centered at μ from the same distribution
centered at μ + Δ, then it is impossible to estimate the mean by better than
Δ/2. It is setting-dependent, whether or not a nearly matching upper bound is
attainable. We study the conditions under which the two-point testing lower
bound can be attained for univariate mean estimation; both in the setting of
location estimation (where the distribution is known up to translation) and
adaptive location estimation (unknown distribution). Roughly, we will say an
estimate nearly attains the two-point testing lower bound if it incurs error that
is at most polylogarithmically larger than the Hellinger modulus of continuity
for Ω̃(n) samples.

Adaptive location estimation is particularly interesting, as some distribu-
tions admit much better guarantees than sub-Gaussian rates (e.g., Unif(μ −
1,μ + 1) permit error Θ( 1

n ), while the sub-Gaussian rate is Θ( 1√
n
)), yet it

is not obvious whether these rates may be adaptively attained by one unified
approach. Our main result designs an algorithm that nearly attains the two-
point testing rate for mixtures of symmetric, log-concave distributions with
a common mean. Moreover, this algorithm runs in near-linear time and is
parameter-free. In contrast, we show the two-point testing rate is not nearly
attainable, even for symmetric, unimodal distributions.

We complement this with results for location estimation, showing the two-
point testing rate is nearly attainable for unimodal distributions but unattain-
able for symmetric distributions.
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MINIMAX OPTIMAL SERIATION IN POLYNOMIAL TIME
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We consider the seriation problem, whose goal is to recover a hidden or-
dering from a noisy observation of a permuted Robinson matrix. We establish
sharp minimax rates under average-Lipschitz conditions that strictly extend
the bi-Lipschitz framework of Giraud, Issartel and Verzelen (Electron. J. Stat.
(2023) 17 1587–1662). We further design a polynomial-time algorithm that
attains these optimal rates, thereby resolving two open questions raised in Gi-
raud, Issartel and Verzelen. Finally, our analysis extends to a broader class of
matrices beyond those generated by exact permutations.
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DUAL INDUCTION CLT FOR HIGH-DIMENSIONAL 𝒎-DEPENDENT DATA
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We derive novel and sharp high-dimensional Berry–Esseen bounds for
the sum of m-dependent random vectors over the class of hyperrectangles
exhibiting only a poly-logarithmic dependence in the dimension. Our re-
sults hold under minimal assumptions, such as nondegenerate covariances
and finite third moments, and exhibit an optimal sample complexity of order
m(q−1)/(q−2)/

√
n. Aside from logarithmic terms, the resulting rates match

the optimal rates established in the univariate case. When specialized to
the sums of independent nondegenerate random vectors, our results produce
sharp and, in some cases, optimal rates under the weakest possible conditions.
We develop a novel inductive relationship between anticoncentration inequal-
ities and Berry–Esseen bounds inspired by the classical Lindeberg swapping
method and the concentration inequality approach for dependent data that
may be of independent interest.

REFERENCES

ANDREWS, D. W. K. (1991). Heteroskedasticity and autocorrelation consistent covariance matrix estimation.
Econometrica 59 817–858. https://doi.org/10.2307/2938229

BELLONI, A., CHERNOZHUKOV, V., CHETVERIKOV, D., HANSEN, C. B. and KATO, K. (2018). High-dimensional
econometrics and regularized GMM cemmap working paper No. CWP35/18, Centre for Microdata Methods
and Practice (cemmap), London. https://doi.org/10.1920/wp.cem.2018.3518.

BENTKUS, V. (2003). Dependence of the Berry–Esseen bound on the dimension. J. Statist. Plann. Inference 113
385–402. https://doi.org/10.1016/S0378-3758(02)00094-0

BENTKUS, V. (2005). A Lyapunov-type bound in ℝ
d . Theory Probab. Appl. 49 311–323. https://doi.org/10.1137/

S0040585X97981123
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STATISTICAL INFERENCE IN TENSOR COMPLETION: OPTIMAL
UNCERTAINTY QUANTIFICATION AND

STATISTICAL-TO-COMPUTATIONAL GAPS
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This paper presents a simple yet efficient method for statistical inference
of tensor linear forms using incomplete and noisy observations. Under the
Tucker low-rank tensor model and the missing-at-random assumption, we uti-
lize an appropriate initial estimate along with a debiasing technique followed
by a one-step power iteration to construct an asymptotically normal test statis-
tic. This method is suitable for various statistical inference tasks, including
constructing confidence intervals, inference under heteroskedastic and sub-
exponential noise, and simultaneous testing. We demonstrate that the estima-
tor achieves the Cramér–Rao lower bound on Riemannian manifolds, indicat-
ing its optimality in uncertainty quantification. We comprehensively examine
statistical-to-computational gaps and investigate the impact of initialization
on the minimal conditions regarding sample sizes and signal-to-noise ratios
required for accurate inference. Our findings show that, with independent
initialization, statistically optimal sample sizes and signal-to-noise ratios are
sufficient for accurate inference. Conversely, if only dependent initialization
is available, computationally optimal sample sizes and signal-to-noise ratios
still guarantee asymptotic normality without the need for data-splitting. We
present the phase transition between computational and statistical limits. Nu-
merical simulation results align with the theoretical findings.
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The recent statistical theory of neural networks focuses on nonparamet-
ric denoising problems that treat randomness as additive noise. Variability in
image classification datasets does, however, not originate from additive noise
but from variation of the shape and other characteristics of the same object
across different images. To address this problem, we introduce a tractable
model for supervised image classification. While from the function estima-
tion point of view, every pixel in an image is a variable, and large images
lead to high-dimensional function recovery tasks suffering from the curse of
dimensionality, increasing the number of pixels in the proposed image defor-
mation model enhances the image resolution and makes the object classifica-
tion problem easier. We introduce and theoretically analyze three approaches.
Two methods combine image alignment with a one-nearest neighbor classi-
fier. Under a separation condition, it is shown that perfect classification is
possible. The third method fits a convolutional neural network (CNN) to the
data. We derive a rate for the misclassification error that depends on the sam-
ple size and the complexity of the deformation class. An empirical study cor-
roborates the theoretical findings.
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APPROXIMATE INDEPENDENCE OF PERMUTATION MIXTURES
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We prove bounds on statistical distances between high-dimensional ex-
changeable mixture distributions (which we call permutation mixtures) and
their i.i.d. counterparts. Our results are based on a novel method for control-
ling χ2 divergences between exchangeable mixtures, which is tighter than
the existing methods of moments or cumulants. At a technical level, a key
innovation in our proofs is a new Maclaurin-type inequality for elementary
symmetric polynomials of variables that sum to zero and an upper bound on
permanents of doubly-stochastic positive semidefinite matrices. We obtain as
a corollary a new de Finetti-style theorem (in the language of Diaconis and
Freedman, 1987) as well as several new statistical results, including a differ-
ential privacy guarantee for the “shuffled privacy model” with Gaussian noise
and improved generic consistency guarantees for empirical Bayes procedures
in compound decision problems.
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QUASI-MONTE CARLO CONFIDENCE INTERVALS USING QUANTILES OF
RANDOMIZED NETS

BY ZEXIN PANa

Institute of Fundamental and Transdisciplinary Research, Zhejiang University, azep002@zju.edu.cn

Recent advances in quasi-Monte Carlo integration have shown that for
linearly scrambled digital net estimators, the convergence rate can be dra-
matically improved by taking the median rather than the mean of multiple
independent replicates. In this work, we demonstrate that the quantiles of
such estimators can be used to construct confidence intervals with asymptot-
ically valid coverage for high-dimensional integrals. By analyzing the error
distribution for a class of infinitely differentiable integrands, we prove that as
the sample size increases, the integration error decomposes into an asymp-
totically symmetric component and a vanishing remainder. Consequently,
the asymptotic error distribution is symmetric about zero, ensuring that a
quantile-based interval constructed from independent replicates captures the
true integral with probability converging to a nominal level determined by the
binomial distribution.
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