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Sparse Hanson–Wright inequalities
for subgaussian quadratic forms
SHUHENG ZHOU

Department of Statistics, University of California, Riverside, CA 92521, USA. E-mail: szhou@ucr.edu

In this paper, we provide a proof for the Hanson–Wright inequalities for sparse quadratic forms in sub-
gaussian random variables. This provides useful concentration inequalities for sparse subgaussian random
vectors in two ways. Let X = (X1, . . . ,Xm) ∈ Rm be a random vector with independent subgaussian com-
ponents, and ξ = (ξ1, . . . , ξm) ∈ {0,1}m be independent Bernoulli random variables. We prove the large
deviation bound for a sparse quadratic form of (X ◦ ξ)T A(X ◦ ξ), where A ∈ Rm×m is an m × m matrix,
and random vector X ◦ ξ denotes the Hadamard product of an isotropic subgaussian random vector X ∈ Rm

and a random vector ξ ∈ {0,1}m such that (X ◦ ξ)i = Xiξi , where ξ1, . . . , ξm are independent Bernoulli
random variables. The second type of sparsity in a quadratic form comes from the setting where we ran-
domly sample the elements of an anisotropic subgaussian vector Y = HX where H ∈ Rm×m is an m × m

symmetric matrix; we study the large deviation bound on the �2-norm ‖DξY‖2
2 from its expected value,

where for a given vector x ∈ Rm, Dx = diag(x) denotes the diagonal matrix whose main diagonal entries
are the entries of x. This form arises naturally from the context of covariance estimation.

Keywords: Hanson–Wright inequality; sparse quadratic forms; subgaussian concentration
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Dual attainment for the martingale transport
problem
MATHIAS BEIGLBÖCK1, TONGSEOK LIM2 and JAN OBŁÓJ3

1Faculty of Mathematics, University of Vienna, Oskar Morgensternplatz 1, 6 floor, 1090 Wien, Austria.
E-mail: mathias.beiglboeck@univie.ac.at
2Institute of Mathematical Sciences, ShanghaiTech University, 393 Middle Huaxia Road, Pudong, Shang-
hai, 201210, China. E-mail: tlim@shanghaitech.edu.cn
3Mathematical Institute, University of Oxford, Andrew Wiles Building, Radcliffe Observatory Quarter,
Woodstock Road, Oxford, OX2 6GG, UK. E-mail: jan.obloj@maths.ox.ac.uk

We investigate existence of dual optimizers in one-dimensional martingale optimal transport problems.
While [Ann. Probab. 45 (2017) 3038–3074] established such existence for weak (quasi-sure) duality, [Fi-
nance Stoch. 17 (2013) 477–501] showed existence for the natural stronger (pointwise) duality may fail
even in regular cases. We establish that (pointwise) dual maximizers exist when y �→ c(x, y) is convex,
or equivalent to a convex function. It follows that when marginals are compactly supported, the existence
holds when the cost c(x, y) is twice continuously differentiable in y. Further, this may not be improved
as we give examples with c(x, ·) ∈ C2−ε , ε > 0, where dual attainment fails. Finally, when measures are
compactly supported, we show that dual optimizers are Lipschitz if c is Lipschitz.

Keywords: dual attainment; Kantorovich duality; martingale optimal transport; robust mathematical
finance
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Martingale decompositions and
weak differential subordination
in UMD Banach spaces
IVAN S. YAROSLAVTSEV

Delft Institute of Applied Mathematics, Delft University of Technology, P.O. Box 5031, 2600 GA Delft, The
Netherlands. E-mail: I.S.Yaroslavtsev@tudelft.nl

In this paper, we consider Meyer–Yoeurp decompositions for UMD Banach space-valued martingales.
Namely, we prove that X is a UMD Banach space if and only if for any fixed p ∈ (1,∞), any X-valued
Lp-martingale M has a unique decomposition M = Md + Mc such that Md is a purely discontinuous
martingale, Mc is a continuous martingale, Mc

0 = 0 and

E
∥∥Md∞

∥∥p +E
∥∥Mc∞

∥∥p ≤ cp,XE‖M∞‖p.

An analogous assertion is shown for the Yoeurp decomposition of a purely discontinuous martingales into
a sum of a quasi-left continuous martingale and a martingale with accessible jumps.

As an application, we show that X is a UMD Banach space if and only if for any fixed p ∈ (1,∞) and
for all X-valued martingales M and N such that N is weakly differentially subordinated to M , one has the
estimate E‖N∞‖p ≤ Cp,XE‖M∞‖p .

Keywords: accessible jumps; Brownian representation; Burkholder function; canonical decomposition of
martingales; continuous martingales; differential subordination; Meyer–Yoeurp decomposition; purely
discontinuous martingales; quasi-left continuous; stochastic integration; UMD Banach spaces; weak
differential subordination; Yoeurp decomposition
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The extreme value index is a fundamental parameter in univariate Extreme Value Theory (EVT). It captures
the tail behavior of a distribution and is central in the extrapolation beyond observations. Among other
semi-parametric methods (such as the popular Hill estimator), the Block Maxima (BM) and Peaks-Over-
Threshold (POT) methods are widely used for assessing the extreme value index and related normalizing
constants. We provide asymptotic theory for the maximum likelihood estimators (MLE) based on the BM
method for independent and identically distributed observations in the max-domain of attraction of some
extreme value distribution. Our main result is the asymptotic normality of the MLE with a non-trivial bias
depending on the extreme value index and on the so-called second-order parameter. Our approach combines
asymptotic expansions of the likelihood process and of the empirical quantile process of block maxima. The
results permit to complete the comparison of common semi-parametric estimators in EVT (MLE and prob-
ability weighted moment estimators based on the POT or BM methods) through their asymptotic variances,
biases and optimal mean square errors.

Keywords: asymptotic normality; block maxima method; extreme value index; maximum likelihood
estimator; peaks-over-threshold method; probability weighted moment estimator
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Positively (resp. negatively) associated point processes are a class of point processes that induce attraction
(resp. inhibition) between the points. As an important example, determinantal point processes (DPPs) are
negatively associated. We prove α-mixing properties for associated spatial point processes by controlling
their α-coefficients in terms of the first two intensity functions. A central limit theorem for functionals of
associated point processes is deduced, using both the association and the α-mixing properties. We discuss
in detail the case of DPPs, for which we obtain the limiting distribution of sums, over subsets of close
enough points of the process, of any bounded function of the DPP. As an application, we get the asymptotic
properties of the parametric two-step estimator of some inhomogeneous DPPs.

Keywords: determinantal point process; negative association; parametric estimation; positive association;
strong mixing
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Perpetual integrals via random time changes
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Let (Xt )t≥0 be a d-dimensional Feller process with symbol q, and let f : Rd → (0,∞) be a continuous
function. In this paper, we establish a growth condition in terms of q and f such that the perpetual integral

∫ ∞
0

f (Xs) ds

is infinite almost surely. The result applies, in particular, if (Xt )t≥0 is a Lévy process. The key idea is to
approach perpetuals integrals via random time changes. As a by-product of the proof, a sufficient condition
for the non-explosion of solutions to martingale problems is obtained. Moreover, we establish a condition
which ensures that the random time change of a Feller process is a conservative Cb-Feller process.

Keywords: conservativeness; Feller process; Lévy process; perpetual integral; random time change
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Uniform behaviors of random polytopes
under the Hausdorff metric
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We study the Hausdorff distance between a random polytope, defined as the convex hull of i.i.d. random
points, and the convex hull of the support of their distribution. As particular examples, we consider uniform
distributions on convex bodies, densities that decay at a certain rate when approaching the boundary of
a convex body, projections of uniform distributions on higher dimensional convex bodies and uniform
distributions on the boundary of convex bodies. We essentially distinguish two types of convex bodies: those
with a smooth boundary and polytopes. In the case of uniform distributions, we prove that, in some sense,
the random polytope achieves its best statistical accuracy under the Hausdorff metric when the support has
a smooth boundary and its worst statistical accuracy when the support is a polytope. This is somewhat
surprising, since the exact opposite is true under the Nikodym metric. We prove rate optimality of most our
results in a minimax sense. In the case of uniform distributions, we extend our results to a rescaled version of
the Hausdorff metric. We also tackle the estimation of functionals of the support of a distribution such as its
mean width and its diameter. Finally, we show that high dimensional random polytopes can be approximated
with simple polyhedral representations that significantly decrease their computational complexity without
affecting their statistical accuracy.

Keywords: computational geometry; convex bodies; convex hull; deviation inequality; Hausdorff metric;
high dimension; minimax estimation; random polytope
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On the isoperimetric constant, covariance
inequalities and Lp-Poincaré inequalities in
dimension one
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First, we derive in dimension one a new covariance inequality of L1 − L∞ type that characterizes the
isoperimetric constant as the best constant achieving the inequality. Second, we generalize our result to
Lp − Lq bounds for the covariance. Consequently, we recover Cheeger’s inequality without using the
co-area formula. We also prove a generalized weighted Hardy type inequality that is needed to derive
our covariance inequalities and that is of independent interest. Finally, we explore some consequences
of our covariance inequalities for Lp-Poincaré inequalities and moment bounds. In particular, we obtain
optimal constants in general Lp-Poincaré inequalities for measures with finite isoperimetric constant, thus
generalizing in dimension one Cheeger’s inequality, which is a Lp-Poincaré inequality for p = 2, to any
real p ≥ 1.

Keywords: Cheeger’s inequality; covariance formula; covariance inequality; isoperimetric constant;
moment bounds; Poincaré inequality
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A one-sample test for normality with kernel
methods
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We propose a new one-sample test for normality in a Reproducing Kernel Hilbert Space (RKHS). Namely,
we test the null-hypothesis of belonging to a given family of Gaussian distributions. Hence, our procedure
may be applied either to test data for normality or to test parameters (mean and covariance) if data are
assumed Gaussian. Our test is based on the same principle as the MMD (Maximum Mean Discrepancy)
which is usually used for two-sample tests such as homogeneity or independence testing. Our method makes
use of a special kind of parametric bootstrap (typical of goodness-of-fit tests) which is computationally more
efficient than standard parametric bootstrap. Moreover, an upper bound for the Type-II error highlights the
dependence on influential quantities. Experiments illustrate the practical improvement allowed by our test in
high-dimensional settings where common normality tests are known to fail. We also consider an application
to covariance rank selection through a sequential procedure.

Keywords: kernel methods; maximum mean discrepancy; normality test; parametric bootstrap;
reproducing kernel hilbert space
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Suppose that Xn = (xjk) is N × n whose elements are independent complex variables with mean zero,

variance 1. The separable sample covariance matrix is defined as Bn = 1
N

T1/2
2n

XnT1nX∗
nT1/2

2n
where T1n

is a Hermitian matrix and T1/2
2n

is a Hermitian square root of the nonnegative definite Hermitian matrix
T2n. Its linear spectral statistics (LSS) are shown to have Gaussian limits when n/N approaches a positive
constant under some conditions.
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This paper proposes feasible asymptotically efficient estimators for a certain class of Gaussian noises with
self-similarity and stationarity properties, which includes the fractional Gaussian noises, under high fre-
quency observations. In this setting, the optimal rate of estimation depends on whether either the Hurst or
diffusion parameters is known or not. This is due to the singularity of the asymptotic Fisher information
matrix for simultaneous estimation of the above two parameters. One of our key ideas is to extend the
Whittle estimation method to the situation of high frequency observations. We show that our estimators are
asymptotically efficient in Fisher’s sense. Further by Monte-Carlo experiments, we examine finite sample
performances of our estimators. Finite sample modifications of the asymptotic variances of the estimators
are also given, which exhibit almost perfect fits to the numerical results.

Keywords: asymptotic efficiency; fractional Gaussian noises; high frequency observations; local
asymptotic normality; Whittle estimation
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We study the estimation of the covariance matrix � of a p-dimensional normal random vector based on
n independent observations corrupted by additive noise. Only a general nonparametric assumption is im-
posed on the distribution of the noise without any sparsity constraint on its covariance matrix. In this high-
dimensional semiparametric deconvolution problem, we propose spectral thresholding estimators that are
adaptive to the sparsity of �. We establish an oracle inequality for these estimators under model miss-
specification and derive non-asymptotic minimax convergence rates that are shown to be logarithmic in
n/ logp. We also discuss the estimation of low-rank matrices based on indirect observations as well as
the generalization to elliptical distributions. The finite sample performance of the threshold estimators is
illustrated in a numerical example.
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We consider the problem of estimating the slope function in a functional regression with a scalar response
and a functional covariate. This central problem of functional data analysis is well known to be ill-posed,
thus requiring a regularised estimation procedure. The two most commonly used approaches are based on
spectral truncation or Tikhonov regularisation of the empirical covariance operator. In principle, Tikhonov
regularisation is the more canonical choice. Compared to spectral truncation, it is robust to eigenvalue ties,
while it attains the optimal minimax rate of convergence in the mean squared sense, and not just in a con-
centration probability sense. In this paper, we show that, surprisingly, one can strictly improve upon the
performance of the Tikhonov estimator in finite samples by means of a linear estimator, while retaining
its stability and asymptotic properties by combining it with a form of spectral truncation. Specifically, we
construct an estimator that additively decomposes the functional covariate by projecting it onto two orthog-
onal subspaces defined via functional PCA; it then applies Tikhonov regularisation to the one component,
while leaving the other component unregularised. We prove that when the covariate is Gaussian, this hy-
brid estimator uniformly improves upon the MSE of the Tikhonov estimator in a non-asymptotic sense,
effectively rendering it inadmissible. This domination is shown to also persist under discrete observation
of the covariate function. The hybrid estimator is linear, straightforward to construct in practice, and with
no computational overhead relative to the standard regularisation methods. By means of simulation, it is
shown to furnish sizeable gains even for modest sample sizes.

Keywords: admissibility; condition index; functional data analysis; ill-posed problem; mean integrated
squared error; principal component analysis; rate of convergence; ridge regression; spectral truncation;
Tikhonov regularisation
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Among Monte Carlo techniques, the importance sampling requires fine tuning of a proposal distribution,
which is now fluently resolved through iterative schemes. Sequential adaptive algorithms have been pro-
posed to calibrate the sampling distribution. Cornuet et al. [Scand. J. Stat. 39 (2012) 798–812] provides
a significant improvement in stability and effective sample size by the introduction of a recycling proce-
dure. However, the consistency of such algorithms have been rarely tackled because of their complexity.
Moreover, the recycling strategy of the AMIS estimator adds another difficulty and its consistency remains
largely open. In this work, we prove the convergence of sequential adaptive sampling, with finite Monte
Carlo sample size at each iteration, and consistency of recycling procedures. Contrary to Douc et al. [Ann.
Statist. 35 (2007) 420–448], results are obtained here in the asymptotic regime where the number of iter-
ations is going to infinity while the number of drawings per iteration is a fixed, but growing sequence of
integers. Hence, some of the results shed new light on adaptive population Monte Carlo algorithms in that
last regime and give advices on how the sample sizes should be fixed.

Keywords: adaptive algorithms; importance sampling; Monte Carlo methods; population Monte Carlo;
sequential Monte Carlo; triangular arrays
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Asymptotic theory of tail index estimation has been studied extensively in the frequentist literature on
extreme values, but rarely in the Bayesian context. We investigate whether popular Bayesian kernel mixture
models are able to support heavy tailed distributions and consistently estimate the tail index. We show that
posterior inconsistency in tail index is surprisingly common for both parametric and nonparametric mixture
models. We then present a set of sufficient conditions under which posterior consistency in tail index can
be achieved, and verify these conditions for Pareto mixture models under general mixing priors.

Keywords: heavy tailed distribution; kernel mixture model; normalized random measures; posterior
consistency; tail index
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Superpositions of Ornstein–Uhlenbeck type (supOU) processes form a rich class of stationary processes
with a flexible dependence structure. The asymptotic behavior of the integrated and partial sum supOU
processes can be, however, unusual. Their cumulants and moments turn out to have an unexpected rate of
growth. We identify the property of fast growth of moments or cumulants as intermittency. Many proofs are
given in a supplemental article (Grahovac, Leonenko, Sikorskii and Taqqu (2018)).
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We complete the investigation of the Gibbs properties of the fuzzy Potts model on the d-dimensional torus
with Kac interaction which was started by Jahnel and one of the authors in (Sharp thresholds for Gibbs-
non-Gibbs transitions in the fuzzy Potts model with a Kac-type interaction (2017)). As our main result
of the present paper, we extend the previous sharpness result of mean-field bounds to cover all possible
cases of fuzzy transformations, allowing also for the occurrence of Ising classes (containing precisely two
spin values). The closing of this previously left open Ising-gap involves an analytical argument showing
uniqueness of minimizing profiles for certain non-homogeneous conditional variational problems.

Keywords: diluted large deviation principle; fuzzy Kac–Potts model; Gibbs versus non-Gibbs; Kac model;
large deviation principles; Potts model
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We introduce a regularized risk minimization procedure for regression function estimation. The procedure
is based on median-of-means tournaments, introduced by the authors in Lugosi and Mendelson (2018) and
achieves near optimal accuracy and confidence under general conditions, including heavy-tailed predictor
and response variables. It outperforms standard regularized empirical risk minimization procedures such as
LASSO or SLOPE in heavy-tailed problems.
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SLOPE
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In this paper, we consider the problem of estimating the marginal density in some autoregressive time series
models for which the conditional mean and variance have a parametric specification. Under some regularity
conditions, we show that a kernel type estimate based on the residuals can be root-n consistent even if the
noise density is unknown. Our results substantially extend those existing in the literature. Our assumptions
are carefully checked for some standard time series models such as ARMA or GARCH processes. Asymp-
totic expansion of our estimator is obtained by combining some martingale type arguments and a coupling
method for time series which is of independent interest. We also study the uniform convergence of our
estimator on compact intervals.
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We study the issue of integration with respect to the non-commutative fractional Brownian motion, that is
the analog of the standard fractional Brownian motion in a non-commutative probability setting.

When the Hurst index H of the process is stricly larger than 1/2, integration can be handled through the
so-called Young procedure. The situation where H = 1/2 corresponds to the specific free case, for which
an Itô-type approach is known to be possible.

When H < 1/2, rough-path-type techniques must come into the picture, which, from a theoretical point
of view, involves the use of some a-priori-defined Lévy area process. We show that such an object can
indeed be “canonically” constructed for any H ∈ ( 1

4 , 1
2 ). Finally, when H ≤ 1/4, we exhibit a similar non-

convergence phenomenon as for the non-diagonal entries of the (classical) Lévy area above the standard
fractional Brownian motion.

Keywords: integration theory; non-commutative fractional Brownian motion; non-commutative stochastic
calculus
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Recent researches on designs for computer experiments with both qualitative and quantitative factors have
advocated the use of marginally coupled designs. This paper proposes a general method of constructing such
designs for which the designs for qualitative factors are multi-level orthogonal arrays and the designs for
quantitative factors are Latin hypercubes with desirable space-filling properties. Two cases are introduced
for which we can obtain the guaranteed low-dimensional space-filling property for quantitative factors.
Theoretical results on the proposed constructions are derived. For practical use, some constructed designs
for three-level qualitative factors are tabulated.

Keywords: cascading Latin hypercube; computer experiment; Latin hypercube; lower-dimensional
projection; orthogonal array
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[3] Draguljić, D., Santner, T.J. and Dean, A.M. (2012). Noncollapsing space-filling designs for bounded
nonrectangular regions. Technometrics 54 169–178. MR2929437

[4] Han, G., Santner, T.J., Notz, W.I. and Bartel, D.L. (2009). Prediction for computer experiments having
quantitative and qualitative input variables. Technometrics 51 278–288. MR2751072

[5] Handcock, M.S. (1991). On cascading Latin hypercube designs and additive models for experiments.
Comm. Statist. Theory Methods 20 417–439. MR1130942

[6] He, Y., Lin, C.D. and Sun, F. (2017). On construction of marginally coupled designs. Statist. Sinica
27 665–683. MR3674691

[7] He, Y., Lin, C.D., Sun, F. and Lv, B. (2017). Marginally coupled designs for two-level qualitative
factors. J. Statist. Plann. Inference 187 103–108. MR3638045

[8] Hedayat, A.S., Sloane, N.J.A. and Stufken, J. (1999). Orthogonal Arrays: Theory and Applications.
Springer Series in Statistics. New York: Springer. With a foreword by C.R. Rao. MR1693498

[9] Horn, R.A. and Johnson, C.R. (2013). Matrix Analysis, 2nd ed. Cambridge: Cambridge Univ. Press.
MR2978290

[10] Huang, H., Lin, D.K.J., Liu, M.-Q. and Yang, J.-F. (2016). Computer experiments with both qualitative
and quantitative variables. Technometrics 58 495–507. MR3556617

1350-7265 © 2019 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/18-BEJ1049
mailto:sunfs359@nenu.edu.cn
http://www.ams.org/mathscinet-getitem?mr=3409081
http://www.ams.org/mathscinet-getitem?mr=3677960
http://www.ams.org/mathscinet-getitem?mr=2929437
http://www.ams.org/mathscinet-getitem?mr=2751072
http://www.ams.org/mathscinet-getitem?mr=1130942
http://www.ams.org/mathscinet-getitem?mr=3674691
http://www.ams.org/mathscinet-getitem?mr=3638045
http://www.ams.org/mathscinet-getitem?mr=1693498
http://www.ams.org/mathscinet-getitem?mr=2978290
http://www.ams.org/mathscinet-getitem?mr=3556617


[11] Joseph, V.R., Gul, E. and Ba, S. (2015). Maximum projection designs for computer experiments.
Biometrika 102 371–380. MR3371010

[12] Leary, S., Bhaskar, A. and Keane, A. (2003). Optimal orthogonal-array-based Latin hypercubes.
J. Appl. Stat. 30 585–598. MR1969503

[13] Lin, C.D. and Tang, B. (2015). Latin hypercubes and space-filling designs. In Handbook of Design
and Analysis of Experiments (D. Bingham, A. Dean, M. Morris and J. Stufken, eds.). Chapman &
Hall/CRC Handb. Mod. Stat. Methods 593–625. Boca Raton, FL: CRC Press. MR3699363

[14] McKay, M.D., Beckman, R.J. and Conover, W.J. (1979). A comparison of three methods for selecting
values of input variables in the analysis of output from a computer code. Technometrics 21 239–245.
MR0533252

[15] Qian, P.Z.G. and Wu, C.F.J. (2009). Sliced space-filling designs. Biometrika 96 945–956. MR2767280
[16] Qian, P.Z.G., Wu, H. and Wu, C.F.J. (2008). Gaussian process models for computer experiments with

qualitative and quantitative factors. Technometrics 50 383–396. MR2457574
[17] Rawlinson, J.J., Furman, B.D., Li, S., Wright, T.M. and Bartel, D.L. (2006). Retrieval, experimental,

and computational assessment of the performance of total knee replacements. J. Orthop. Res. 24 1384–
1394.

[18] Sun, F. and Tang, B. (2017). A method of constructing space-filling orthogonal designs. J. Amer.
Statist. Assoc. 112 683–689. MR3671762

[19] Tang, B. (1993). Orthogonal array-based Latin hypercubes. J. Amer. Statist. Assoc. 88 1392–1397.
MR1245375

[20] Wu, C.F.J. and Hamada, M.S. (2009). Experiments: Planning, Analysis, and Optimization, 2nd ed.
Wiley Series in Probability and Statistics. Hoboken, NJ: Wiley. MR2583259

[21] Xie, H., Xiong, S., Qian, P.Z.G. and Wu, C.F.J. (2014). General sliced Latin hypercube designs. Statist.
Sinica 24 1239–1256. MR3241286

[22] Zhou, Q., Jin, T., Qian, P.Z.G. and Zhou, S. (2016). Bi-directional sliced Latin hypercube designs.
Statist. Sinica 26 653–674. MR3497765

[23] Zhou, Q., Qian, P.Z.G. and Zhou, S. (2011). A simple approach to emulation for computer models
with qualitative and quantitative factors. Technometrics 53 266–273. MR2857704

http://www.ams.org/mathscinet-getitem?mr=3371010
http://www.ams.org/mathscinet-getitem?mr=1969503
http://www.ams.org/mathscinet-getitem?mr=3699363
http://www.ams.org/mathscinet-getitem?mr=0533252
http://www.ams.org/mathscinet-getitem?mr=2767280
http://www.ams.org/mathscinet-getitem?mr=2457574
http://www.ams.org/mathscinet-getitem?mr=3671762
http://www.ams.org/mathscinet-getitem?mr=1245375
http://www.ams.org/mathscinet-getitem?mr=2583259
http://www.ams.org/mathscinet-getitem?mr=3241286
http://www.ams.org/mathscinet-getitem?mr=3497765
http://www.ams.org/mathscinet-getitem?mr=2857704


Bernoulli 25(3), 2019, 2183–2205
https://doi.org/10.3150/18-BEJ1050

Consistency of Bayesian nonparametric
inference for discretely observed jump
diffusions
JERE KOSKELA1,* DARIO SPANÒ1,** and PAUL A. JENKINS2

1Department of Statistics, University of Warwick, Coventry CV4 7AL, UK.
E-mail: *j.koskela@warwick.ac.uk; **d.spano@warwick.ac.uk
2Departments of Statistics and Computer Science, University of Warwick, Coventry CV4 7AL, UK.
E-mail: p.jenkins@warwick.ac.uk

We introduce verifiable criteria for weak posterior consistency of Bayesian nonparametric inference for
jump diffusions with unit diffusion coefficient and uniformly Lipschitz drift and jump coefficients in ar-
bitrary dimension. The criteria are expressed in terms of coefficients of the SDEs describing the process,
and do not depend on intractable quantities such as transition densities. We also show that priors built from
discrete nets, wavelet expansions, and Dirichlet mixture models satisfy our conditions. This generalises
known results by incorporating jumps into previous work on unit diffusions with uniformly Lipschitz drift
coefficients.

Keywords: Bayesian statistics; Dirichlet mixture model prior; discrete net prior; jump diffusion;
nonparametric inference; posterior consistency
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On the risk of convex-constrained least
squares estimators under misspecification
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We consider the problem of estimating the mean of a noisy vector. When the mean lies in a convex constraint
set, the least squares projection of the random vector onto the set is a natural estimator. Properties of the
risk of this estimator, such as its asymptotic behavior as the noise tends to zero, have been well studied.
We instead study the behavior of this estimator under misspecification, that is, without the assumption that
the mean lies in the constraint set. For appropriately defined notions of risk in the misspecified setting, we
prove a generalization of a low noise characterization of the risk due to [Found. Comput. Math. 16 (2016)
965–1029] in the case of a polyhedral constraint set. An interesting consequence of our results is that the
risk can be much smaller in the misspecified setting than in the well-specified setting. We also discuss
consequences of our result for isotonic regression.

Keywords: convex constraint; isotonic regression; least squares; misspecification; statistical dimension
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A central limit theorem for the realised
covariation of a bivariate Brownian
semistationary process
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This article presents a weak law of large numbers and a central limit theorem for the scaled realised co-
variation of a bivariate Brownian semistationary process. The novelty of our results lies in the fact that we
derive the suitable asymptotic theory both in a multivariate setting and outside the classical semimartingale
framework. The proofs rely heavily on recent developments in Malliavin calculus.

Keywords: bivariate Brownian semistationary process; central limit theorem; fourth moment theorem; high
frequency data; moving average process; multivariate setting; stable convergence
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Let D ⊂ R
d (d ≥ 2) be an open simply-connected bounded domain with smooth boundary ∂D and 0 =

(0, . . . ,0) ∈ D. Fix any rotationally invariant probability μ on closed unit ball {z ∈ R
d : |z| ≤ 1} with

μ({0}) < 1. Let {Sμ
n }∞

n=0 be the random walk with step-distribution μ starting at 0. Denote by ωδ(0,dz;D)

the discrete harmonic measure for {δSμ
n }∞

n=0 (δ > 0) exiting from D, which is viewed as a probability on
∂D by projecting suitably the first exiting point to ∂D. Denote by ω(0,dz;D) the harmonic measure for
the d-dimensional standard Brownian motion exiting from D. Then in the weak convergence topology,

lim
δ→0

1

δ

[
ωδ(0,dz;D) − ω(0,dz;D)

] = cμρD(z) |dz|,

where ρD(·) is a smooth function depending on D but not on μ, cμ is a constant depending only on μ,
and |dz| is the Lebesgue measure with respect to ∂D. Additionally, ρD(z) is determined by the following
equation: For any smooth function g on ∂D,

∫
∂D

g(z)ρD(z) |dz| =
∫
∂D

∂f

∂nz
(z)HD(0, z) |dz|,

where f is the harmonic function in D with boundary values given by g, HD(0, z) is the Poisson kernel
and derivative ∂f

∂nz
is with respect to the inward unit normal nz at z ∈ ∂D.

Keywords: discrete harmonic measure; first order correction; harmonic measure; random walk
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In this paper, we study the vertex cut-trees of Galton–Watson trees conditioned to have n leaves. This
notion is a slight variation of Dieuleveut’s vertex cut-tree of Galton–Watson trees conditioned to have
n vertices. Our main result is a joint Gromov–Hausdorff–Prokhorov convergence in the finite variance
case of the Galton–Watson tree and its vertex cut-tree to Bertoin and Miermont’s joint distribution of
the Brownian CRT and its cut-tree. The methods also apply to the infinite variance case, but the prob-
lem to strengthen Dieuleveut’s and Bertoin and Miermont’s Gromov–Prokhorov convergence to Gromov–
Hausdorff–Prokhorov remains open for their models conditioned to have n vertices.

Keywords: Continuum Random Tree; cut-tree; fragmentation at nodes; Galton–Watson tree;
Gromov–Hausdorff–Prokhorov topology; Invariance Principle; R-tree; stable tree
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We study the problem of estimating the mode and maximum of an unknown regression function in the
presence of noise. We adopt the Bayesian approach by using tensor-product B-splines and endowing the
coefficients with Gaussian priors. In the usual fixed-in-advanced sampling plan, we establish posterior con-
traction rates for mode and maximum and show that they coincide with the minimax rates for this problem.
To quantify estimation uncertainty, we construct credible sets for these two quantities that have high cov-
erage probabilities with optimal sizes. If one is allowed to collect data sequentially, we further propose a
Bayesian two-stage estimation procedure, where a second stage posterior is built based on samples collected
within a credible set constructed from a first stage posterior. Under appropriate conditions on the radius of
this credible set, we can accelerate optimal contraction rates from the fixed-in-advanced setting to the min-
imax sequential rates. A simulation experiment shows that our Bayesian two-stage procedure outperforms
single-stage procedure and also slightly improves upon a non-Bayesian two-stage procedure.

Keywords: anisotropic Hölder space; credible set; maximum value; mode; nonparametric regression;
posterior contraction; sequential; tensor-product B-splines; two-stage
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Bootstrapping INAR models
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Integer-valued autoregressive (INAR) models form a very useful class of processes to deal with time series
of counts. Statistical inference in these models is commonly based on asymptotic theory, which is avail-
able only under additional parametric conditions and further restrictions on the model order. For general
INAR models, such results are not available and might be cumbersome to derive. Hence, we investigate
how the INAR model structure and, in particular, its similarity to classical autoregressive (AR) processes
can be exploited to develop an asymptotically valid bootstrap procedure for INAR models. Although, in a
common formulation, INAR models share the autocorrelation structure with AR models, it turns out that
(a) consistent estimation of the INAR coefficients is not sufficient to compute proper ‘INAR residuals’ to
formulate a valid model-based bootstrap scheme, and (b) a naïve application of an AR bootstrap will gen-
erally fail. Instead, we propose a general INAR-type bootstrap procedure and discuss parametric as well as
semi-parametric implementations. The latter approach is based on a joint semi-parametric estimator of the
INAR coefficients and the innovations’ distribution. Under mild regularity conditions, we prove bootstrap
consistency of our procedure for statistics belonging to the class of functions of generalized means. In an
extensive simulation study, we provide numerical evidence of our theoretical findings and illustrate the su-
periority of the proposed INAR bootstrap over some obvious competitors. We illustrate our method by an
application to a real data set about iceberg orders for the Lufthansa stock.

Keywords: bootstrap consistency; functions of generalized means; INAR residuals; parametric bootstrap;
semi-parametric bootstrap; semi-parametric estimation; time series of counts
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