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We study the problem of sampling from a probability distribution π on R
d which has a density w.r.t. the Lebesgue

measure known up to a normalization factor x �→ e−U(x)/
∫
Rd e−U(y) dy. We analyze a sampling method based on

the Euler discretization of the Langevin stochastic differential equations under the assumptions that the potential
U is continuously differentiable, ∇U is Lipschitz, and U is strongly concave. We focus on the case where the
gradient of the log-density cannot be directly computed but unbiased estimates of the gradient from possibly
dependent observations are available. This setting can be seen as a combination of a stochastic approximation
(here stochastic gradient) type algorithms with discretized Langevin dynamics. We obtain an upper bound of the
Wasserstein-2 distance between the law of the iterates of this algorithm and the target distribution π with constants
depending explicitly on the Lipschitz and strong convexity constants of the potential and the dimension of the
space. Finally, under weaker assumptions on U and its gradient but in the presence of independent observations,
we obtain analogous results in Wasserstein-2 distance.

Keywords: L-mixing; Langevin diffusion; Monte Carlo methods; stochastic approximation
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Sieving random iterative function systems
ALEXANDER MARYNYCH1 and ILYA MOLCHANOV2

1Faculty of Computer Science and Cybernetics, Taras Shevchenko National University of Kyiv, Volodymyrska 60,
01601 Kyiv, Ukraine.
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It is known that backward iterations of independent copies of a contractive random Lipschitz function converge
almost surely under mild assumptions. By a sieving (or thinning) procedure based on adding to the functions time
and space components, it is possible to construct a scale invariant stochastic process. We study its distribution and
paths properties. In particular, we show that it is càdlàg and has finite total variation. We also provide examples
and analyse various properties of particular sieved iterative function systems including perpetuities and infinite
Bernoulli convolutions, iterations of maximum, and random continued fractions.

Keywords: infinite Bernoulli convolutions; iteration; perpetuity; random Lipschitz function; scale invariant
process; sieving; thinning
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Adaptive confidence sets in shape restricted
regression
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E-mail: pierre.bellec@rutgers.edu

A simple construction of adaptive confidence sets is proposed in isotonic, convex and unimodal regression. In
univariate isotonic regression, the proposed confidence set enjoys uniform coverage over all non-decreasing re-
gression functions. Furthermore, the diameter of the proposed confidence set automatically adapts to the unknown
number of pieces of the true parameter, in the sense that the diameter is bounded from above by the minimax risk
over the class of k-piecewise constant functions. The diameter of the confidence set is a simple increasing function
of the number of jumps of the isotonic least-squares estimate.

A similar construction is proposed in convex regression where the true regression function is convex and piece-
wise affine. Here, the confidence set enjoys uniform coverage and its diameter automatically adapts to the number
of affine pieces of the true regression function. The diameter of the confidence set is an increasing function of the
number of affine pieces of the convex least-squares estimate.

We explain how to extend this technique to a non-convex set by proposing a similar adaptive confidence set
in unimodal regression. The confidence set automatically adapts to the number of jumps of the true unimodal
regression function and its diameter is an increasing function of the number of jumps of the unimodal least-squares
estimate.

Keywords: adaptive confidence set; convex regresion; isotonic regression; piecewise affine; piecewise constant;
shape constraints; unimodal regression
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Parking on a random rooted plane tree
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In this paper, we investigate a parking process on a uniform random rooted plane tree with n vertices. Every vertex
of the tree has a parking space for a single car. Cars arrive at independent uniformly random vertices of the tree. If
the parking space at a vertex is unoccupied when a car arrives there, it parks. If not, the car drives towards the root
and parks in the first empty space it encounters (if there is one). We are interested in asymptotics of the probability
of the event that all cars can park when �αn� cars arrive, for α > 0. We observe that there is a phase transition at
αc := √

2 − 1: if α < αc then the event has positive limiting probability, whereas for α > αc its probability tends
to 0. Analogous results have been proved by Lackner and Panholzer (J. Combin. Theory Ser. A 142 (2016) 1–28),
Goldschmidt and Przykucki (Combin. Probab. Comput. 28 (2019) 23–45) and Jones (J. Appl. Probab. 56 (2019)
1065–1085) for different underlying random tree models.
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In this paper, we study an inference problem in generalized fractional Ornstein–Uhlenbeck (O–U) processes with
an unknown change-point when the drift parameter is suspected to satisfy some constraints. The constraint con-
sidered is very general and, the testing problem studied generalizes a very recent inference problem in generalized
O–U processes. We derive the unrestricted estimator (UE) and the restricted estimator (RE) and we establish the
asymptotic properties of the UE and RE. We also propose some shrinkage-type estimators (SEs) as well as a test
for testing the constraint. Finally, we derive the asymptotic power of the proposed test and we study the relative
risk dominance of the proposed estimators.

Keywords: ADR; change-point; drift-parameter; fractional mean-reverting process; fractional
Ornstein–Uhlenbeck process; fractional SDE; shrinkage estimators; testing
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A discrete statistical model is a subset of a probability simplex. Its maximum likelihood estimator (MLE) is a
retraction from that simplex onto the model. We characterize all models for which this retraction is a rational
function. This is a contribution via real algebraic geometry which rests on results on Horn uniformization due to
Huh and Kapranov. We present an algorithm for constructing models with rational MLE, and we demonstrate it
on a range of instances. Our focus lies on models familiar to statisticians, like Bayesian networks, decomposable
graphical models and staged trees.

Keywords: algebraic statistics; discrete statistical models; graphical models; likelihood geometry; maximum
likelihood estimator; real algebraic geometry
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Nonparametric estimation of surface integrals
on level sets
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Surface integrals on density level sets often appear in asymptotic results of nonparametric level set estimation,
such as for confidence regions and bandwidth selection. Also surface integrals can be used to describe the shape
of level sets. Assuming the integrands are known, we consider three estimators of the surface integrals on density
level sets, one as a direct plug-in estimator, and the other two based on different neighborhoods of level sets. For
all the three estimators, we derive the rates of convergence and asymptotic distributions.
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High-dimensional CLT: Improvements,
non-uniform extensions and large deviations
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Central limit theorems (CLTs) for high-dimensional random vectors with dimension possibly growing with the
sample size have received a lot of attention in the recent times. Chernozhukov et al. (Ann. Probab. 45 (2017)
2309–2352) proved a Berry–Esseen type result for high-dimensional averages for the class of sparsely convex sets
including hyperrectangles as a special case and they proved that the rate of convergence can be upper bounded
by n−1/6 up to a polynomial factor of logp (where n represents the sample size and p denotes the dimension).
Convergence to zero of the bound requires log7 p = o(n). We improve upon their result, for hyperrectangles,
which only requires log4 p = o(n) (in the best case). This improvement is made possible by a sharper dimension-
free anti-concentration inequality for Gaussian process on a compact metric space. In addition, we prove two
non-uniform variants of the high-dimensional CLT based on the large deviation and non-uniform CLT results for
random variables in a Banach space by Bentkus, Račkauskas, and Paulauskas. We apply our results in the context
of post-selection inference in linear regression and of empirical processes.

Keywords: anti-concentration; Cramér type large deviation; empirical processes; nonuniform CLT; Orlicz norms;
post-selection inference
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Corrigendum to “Simple simulation of diffusion
bridges with application to likelihood inference
for diffusions”
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We correct an error in Theorem 2.1 in Bladt and Sørensen (Bernoulli 20 (2014) 645–675), where the initial dis-
tribution of an auxiliary diffusion process that is used to describe the distribution of the proposed approximate
diffusion bridge is wrong. As a consequence, we also correct the pseudo marginal Metropolis-Hastings algorithm
that has an exact diffusion bridge as its target distribution. The same auxiliary diffusion plays a central role in the
algorithm.
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Precise deviations for Hawkes processes
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Hawkes process is a class of simple point processes with self-exciting and clustering properties. Hawkes process
has been widely applied in finance, neuroscience, social networks, criminology, seismology, and many other fields.
In this paper, we study precise deviations for Hawkes processes for large time asymptotics, that strictly extends
and improves the existing results in the literature. Numerical illustrations will also be provided.
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In survival analysis, epidemiology and related fields there exists an increasing interest in statistical methods for
doubly truncated data. Double truncation appears with interval sampling and other sampling schemes, and refers
to situations in which the target variable is subject to two (left and right) random observation limits. Doubly
truncated data require specific corrections for the observational bias, and this affects a variety of settings including
the estimation of marginal and multivariate distributions, regression problems, and multi-state models. In this
work multivariate Efron–Petrosian integrals for doubly truncated data are introduced. These integrals naturally
arise when the goal is the estimation of the mean of a general transformation which involves the doubly truncated
variable and covariates. An asymptotic representation of the Efron–Petrosian integrals as a sum of i.i.d. terms is
derived and, from this, consistency and distributional convergence are established. As a by-product, uniform i.i.d.
representations for the marginal nonparametric maximum likelihood estimator and its corresponding weighting
process are provided. Applications to correlation analysis, regression, and competing risks models are presented.
A simulation study is reported too.

Keywords: Donsker class; double truncation; interval sampling; survival analysis; weak convergence
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We consider a more generalized spiked covariance matrix, which is a general non-negative definite matrix with the
spiked eigenvalues scattered into spaces of a few bulks and the largest ones allowed to tend to infinity. The study is
split into two cases by whether the maximum absolute value of the eigenvector of the corresponding spikes tends
to zero or not. On one hand, if it is zero, a Generalized Four Moment Theorem (G4MT) is proposed by relaxing
the matching of the 3rd and the 4th moment to the tail probability decaying with certain rate, which shows the
universality of the asymptotic law for the spiked eigenvalues of the generalized spiked covariance model. On
the other hand, if it is not zero, the matches of the third and fourth moments in usual four moment theorem are
weakened to only requiring the match of the 4th moment. Moreover, by applying the results to the Central Limit
Theorem (CLT) for the spiked eigenvalues of the generalized spiked covariance model, we successively remove
the restrictive condition of block wise diagonal assumption on the population covariance matrix in the previous
works. This condition implies an unrealistic fact that the spiked eigenvalues and bulked eigenvalues are generated
by independent variables, respectively. Thus, the new CLT will have much better application domain.

Keywords: central limit theorem; generalized four moment theorem; high-dimensional covariance matrix;
random matrix theory; spiked model
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We study the following equation

∂u(t, x)

∂t
= �u(t, x) + b

(
u(t, x)

) + σẆ(t, x), t > 0,

where σ is a positive constant and Ẇ is a space–time white noise. The initial condition u(0, x) = u0(x) is assumed
to be a nonnegative and continuous function. We first study the problem on [0,1] with homogeneous Dirichlet
boundary conditions. Under some suitable conditions, together with a theorem of Bonder and Groisman in (Phys.
D 238 (2009) 209–215), our first result shows that the solution blows up in finite time if and only if for some
a > 0,

∫ ∞
a

1

b(s)
ds < ∞,

which is the well-known Osgood condition. We also consider the same equation on the whole line and show that
the above condition is sufficient for the nonexistence of global solutions. Various other extensions are provided;
we look at equations with fractional Laplacian and spatial colored noise in Rd .
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We consider the problem of designing robust numerical integration scheme of the solution of a one-dimensional
SDE with non-globally Lipschitz drift and diffusion coefficients behaving as xα , with α > 1. We propose an
(semi-explicit) exponential-Euler scheme for which we obtain a theoretical convergence rate for the weak error.
To this aim, we analyze the C1,4 regularity of the solution of the associated backward Kolmogorov PDE using its
Feynman–Kac representation and the flow derivative of the involved processes. Under some suitable hypotheses
on the parameters of the model, we prove a rate of weak convergence of order one for the proposed exponential
Euler scheme, and illustrate it with some numerical experiments.

Keywords: Feynman–Kac representation; numerical scheme; polynomial coefficients; rate of convergence;
stochastic differential equation; weak convergence
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In this article, we discuss ergodicity properties of a diffusion process given through an Itô stochastic differential
equation. We identify conditions on the drift and diffusion coefficients which result in sub-geometric ergodicity
of the corresponding semigroup with respect to the total variation distance. We also prove sub-geometric contrac-
tivity and ergodicity of the semigroup under a class of Wasserstein distances. Finally, we discuss sub-geometric
ergodicity of two classes of Markov processes with jumps.

Keywords: asymptotic flatness; diffusion process; sub-geometric ergodicity; total variation distance; Wasserstein
distance

References

[1] Abourashchi, N. and Veretennikov, A.Y. (2010). On stochastic averaging and mixing. Theory Stoch. Process.
16 111–129. MR2779833
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[4] Arapostathis, A., Pang, G. and Sandrić, N. (2019). Ergodicity of a Lévy-driven SDE arising from multiclass
many-server queues. Ann. Appl. Probab. 29 1070–1126. MR3910024 https://doi.org/10.1214/18-AAP1430

[5] Bass, R.F. and Cranston, M. (1986). The Malliavin calculus for pure jump processes and applications to local
time. Ann. Probab. 14 490–532. MR0832021

[6] Bhattacharya, R.N. (1978). Criteria for recurrence and existence of invariant measures for multidimensional
diffusions. Ann. Probab. 6 541–553. MR0494525

[7] Blumenthal, R.M. and Getoor, R.K. (1968). Markov Processes and Potential Theory. Pure and Applied
Mathematics, Vol. 29. New York: Academic Press. MR0264757

[8] Bolley, F., Gentil, I. and Guillin, A. (2012). Convergence to equilibrium in Wasserstein distance for Fokker–
Planck equations. J. Funct. Anal. 263 2430–2457. MR2964689 https://doi.org/10.1016/j.jfa.2012.07.007

[9] Böttcher, B., Schilling, R. and Wang, J. (2013). Lévy Matters. III. Lecture Notes in Math. 2099. Cham:
Springer. MR3156646 https://doi.org/10.1007/978-3-319-02684-8

[10] Butkovsky, O. (2014). Subgeometric rates of convergence of Markov processes in the Wasserstein metric.
Ann. Appl. Probab. 24 526–552. MR3178490 https://doi.org/10.1214/13-AAP922

[11] Chen, M. (2000). Explicit bounds of the first eigenvalue. Sci. China Ser. A 43 1051–1059. MR1802148
https://doi.org/10.1007/BF02898239

[12] Chen, M.-F. (2005). Eigenvalues, Inequalities, and Ergodic Theory. Probability and Its Applications (New
York). London: Springer. MR2105651

[13] Deng, C.-S., Schilling, R.L. and Song, Y.-H. (2017). Subgeometric rates of convergence for Markov pro-
cesses under subordination. Adv. in Appl. Probab. 49 162–181. MR3631220 https://doi.org/10.1017/apr.
2016.83

1350-7265 © 2021 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/20-BEJ1242
mailto:petralaz@math.hr
mailto:nsandric@math.hr
http://www.ams.org/mathscinet-getitem?mr=2779833
http://www.ams.org/mathscinet-getitem?mr=2661009
https://doi.org/10.1016/j.jmaa.2010.05.039
http://www.ams.org/mathscinet-getitem?mr=2884272
http://www.ams.org/mathscinet-getitem?mr=3910024
https://doi.org/10.1214/18-AAP1430
http://www.ams.org/mathscinet-getitem?mr=0832021
http://www.ams.org/mathscinet-getitem?mr=0494525
http://www.ams.org/mathscinet-getitem?mr=0264757
http://www.ams.org/mathscinet-getitem?mr=2964689
https://doi.org/10.1016/j.jfa.2012.07.007
http://www.ams.org/mathscinet-getitem?mr=3156646
https://doi.org/10.1007/978-3-319-02684-8
http://www.ams.org/mathscinet-getitem?mr=3178490
https://doi.org/10.1214/13-AAP922
http://www.ams.org/mathscinet-getitem?mr=1802148
https://doi.org/10.1007/BF02898239
http://www.ams.org/mathscinet-getitem?mr=2105651
http://www.ams.org/mathscinet-getitem?mr=3631220
https://doi.org/10.1017/apr.2016.83
https://doi.org/10.1017/apr.2016.83


[14] Deng, C.-S., Schilling, R.L. and Song, Y.-H. (2018). Correction: “Subgeometric rates of convergence
for Markov processes under subordination” [MR3631220]. Adv. in Appl. Probab. 50 1005. MR3877262
https://doi.org/10.1017/apr.2018.44

[15] Douc, R., Fort, G. and Guillin, A. (2009). Subgeometric rates of convergence of f -ergodic strong Markov
processes. Stochastic Process. Appl. 119 897–923. MR2499863 https://doi.org/10.1016/j.spa.2008.03.007

[16] Douc, R., Fort, G., Moulines, E. and Soulier, P. (2004). Practical drift conditions for subgeometric rates of
convergence. Ann. Appl. Probab. 14 1353–1377. MR2071426 https://doi.org/10.1214/105051604000000323

[17] Douc, R., Moulines, E., Priouret, P. and Soulier, P. (2018). Markov Chains. Springer Series in Op-
erations Research and Financial Engineering. Cham: Springer. MR3889011 https://doi.org/10.1007/
978-3-319-97704-1

[18] Down, D., Meyn, S.P. and Tweedie, R.L. (1995). Exponential and uniform ergodicity of Markov processes.
Ann. Probab. 23 1671–1691. MR1379163

[19] Durmus, A., Fort, G. and Moulines, É. (2016). Subgeometric rates of convergence in Wasserstein distance
for Markov chains. Ann. Inst. Henri Poincaré Probab. Stat. 52 1799–1822. MR3573296 https://doi.org/10.
1214/15-AIHP699

[20] Durrett, R. (1996). Stochastic Calculus. Probability and Stochastics Series. Boca Raton, FL: CRC Press.
MR1398879

[21] Eberle, A. (2011). Reflection coupling and Wasserstein contractivity without convexity. C. R. Math. Acad.
Sci. Paris 349 1101–1104. MR2843007 https://doi.org/10.1016/j.crma.2011.09.003

[22] Eberle, A. (2016). Reflection couplings and contraction rates for diffusions. Probab. Theory Related Fields
166 851–886. MR3568041 https://doi.org/10.1007/s00440-015-0673-1

[23] Ethier, S.N. and Kurtz, T.G. (1986). Markov Processes. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. New York: Wiley. MR0838085 https://doi.org/10.1002/
9780470316658

[24] Fort, G. and Moulines, E. (2003). Polynomial ergodicity of Markov transition kernels. Stochastic Process.
Appl. 103 57–99. MR1947960 https://doi.org/10.1016/S0304-4149(02)00182-5

[25] Fort, G. and Roberts, G.O. (2005). Subgeometric ergodicity of strong Markov processes. Ann. Appl. Probab.
15 1565–1589. MR2134115 https://doi.org/10.1214/105051605000000115

[26] Friedman, A. (1975). Stochastic Differential Equations and Applications. Vol. 1. New York–London: Aca-
demic Press [Harcourt Brace Jovanovich, Publishers]. MR0494490

[27] Hairer, M. (2016). Convergence of Markov Processes. Lecture Notes, University of Warwick. Available at
http://www.hairer.org/notes/Convergence.pdf.

[28] Hairer, M., Mattingly, J.C. and Scheutzow, M. (2011). Asymptotic coupling and a general form of Har-
ris’ theorem with applications to stochastic delay equations. Probab. Theory Related Fields 149 223–259.
MR2773030 https://doi.org/10.1007/s00440-009-0250-6

[29] Has’minskiı̆, R.Z. (1960). Ergodic properties of recurrent diffusion processes and stabilization of the solution
of the Cauchy problem for parabolic equations. Teor. Veroyatn. Primen. 5 196–214. MR0133871

[30] Ishikawa, Y. (2001). Density estimate in small time for jump processes with singular Lévy measures. Tohoku
Math. J. (2) 53 183–202. MR1829978 https://doi.org/10.2748/tmj/1178207478

[31] Kevei, P. (2018). Ergodic properties of generalized Ornstein–Uhlenbeck processes. Stochastic Process. Appl.
128 156–181. MR3729534 https://doi.org/10.1016/j.spa.2017.04.010

[32] Khasminskii, R. (2012). Stochastic Stability of Differential Equations, 2nd ed. Stochastic Modelling and
Applied Probability 66. Heidelberg: Springer. MR2894052 https://doi.org/10.1007/978-3-642-23280-0

[33] Knopova, V. and Kulik, A. (2018). Parametrix construction of the transition probability density of the solu-
tion to an SDE driven by α-stable noise. Ann. Inst. Henri Poincaré Probab. Stat. 54 100–140. MR3765882
https://doi.org/10.1214/16-AIHP796

[34] Knopova, V. and Schilling, R.L. (2012). Transition density estimates for a class of Lévy and Lévy-type
processes. J. Theoret. Probab. 25 144–170. MR2886383 https://doi.org/10.1007/s10959-010-0300-0

[35] Knopova, V. and Schilling, R.L. (2013). A note on the existence of transition probability densities of Lévy
processes. Forum Math. 25 125–149. MR3010850 https://doi.org/10.1515/form.2011.108

[36] Kolokoltsov, V. (2000). Symmetric stable laws and stable-like jump-diffusions. Proc. Lond. Math. Soc. (3)
80 725–768. MR1744782 https://doi.org/10.1112/S0024611500012314

http://www.ams.org/mathscinet-getitem?mr=3877262
https://doi.org/10.1017/apr.2018.44
http://www.ams.org/mathscinet-getitem?mr=2499863
https://doi.org/10.1016/j.spa.2008.03.007
http://www.ams.org/mathscinet-getitem?mr=2071426
https://doi.org/10.1214/105051604000000323
http://www.ams.org/mathscinet-getitem?mr=3889011
https://doi.org/10.1007/978-3-319-97704-1
http://www.ams.org/mathscinet-getitem?mr=1379163
http://www.ams.org/mathscinet-getitem?mr=3573296
https://doi.org/10.1214/15-AIHP699
http://www.ams.org/mathscinet-getitem?mr=1398879
http://www.ams.org/mathscinet-getitem?mr=2843007
https://doi.org/10.1016/j.crma.2011.09.003
http://www.ams.org/mathscinet-getitem?mr=3568041
https://doi.org/10.1007/s00440-015-0673-1
http://www.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
http://www.ams.org/mathscinet-getitem?mr=1947960
https://doi.org/10.1016/S0304-4149(02)00182-5
http://www.ams.org/mathscinet-getitem?mr=2134115
https://doi.org/10.1214/105051605000000115
http://www.ams.org/mathscinet-getitem?mr=0494490
http://www.hairer.org/notes/Convergence.pdf
http://www.ams.org/mathscinet-getitem?mr=2773030
https://doi.org/10.1007/s00440-009-0250-6
http://www.ams.org/mathscinet-getitem?mr=0133871
http://www.ams.org/mathscinet-getitem?mr=1829978
https://doi.org/10.2748/tmj/1178207478
http://www.ams.org/mathscinet-getitem?mr=3729534
https://doi.org/10.1016/j.spa.2017.04.010
http://www.ams.org/mathscinet-getitem?mr=2894052
https://doi.org/10.1007/978-3-642-23280-0
http://www.ams.org/mathscinet-getitem?mr=3765882
https://doi.org/10.1214/16-AIHP796
http://www.ams.org/mathscinet-getitem?mr=2886383
https://doi.org/10.1007/s10959-010-0300-0
http://www.ams.org/mathscinet-getitem?mr=3010850
https://doi.org/10.1515/form.2011.108
http://www.ams.org/mathscinet-getitem?mr=1744782
https://doi.org/10.1112/S0024611500012314
https://doi.org/10.1007/978-3-319-97704-1
https://doi.org/10.1214/15-AIHP699
https://doi.org/10.1002/9780470316658


[37] Kolokoltsov, V.N. (2011). Markov Processes, Semigroups and Generators. De Gruyter Studies in Mathemat-
ics 38. Berlin: de Gruyter. MR2780345

[38] Kulik, A. (2015). Introduction to Ergodic Rates for Markov Chains and Processes. Lectures in Pure and
Applied Mathematics 2. Potsdam: Potsdam Univ. Press. MR3617049

[39] Kulik, A. (2018). Ergodic Behavior of Markov Processes. De Gruyter Studies in Mathematics 67. Berlin: de
Gruyter. MR3791835

[40] Kulik, A.M. (2009). Exponential ergodicity of the solutions to SDE’s with a jump noise. Stochastic Process.
Appl. 119 602–632. MR2494006 https://doi.org/10.1016/j.spa.2008.02.006

[41] Kwon, Y. and Lee, C. (1999). Strong Feller property and irreducibility of diffusions with jumps. Stoch. Stoch.
Rep. 67 147–157. MR1717795 https://doi.org/10.1080/17442509908834206

[42] Luo, D. and Wang, J. (2016). Exponential convergence in Lp-Wasserstein distance for diffusion processes
without uniformly dissipative drift. Math. Nachr. 289 1909–1926. MR3563910 https://doi.org/10.1002/mana.
201500351

[43] Majka, M.B. (2016). A note on existence of global solutions and invariant measures for jump SDEs with
locally one-sided lipschitz drift. Preprint. Available at https://arxiv.org/pdf/1612.03824.pdf.

[44] Majka, M.B. (2017). Coupling and exponential ergodicity for stochastic differential equations driven by Lévy
processes. Stochastic Process. Appl. 127 4083–4125. MR3718107 https://doi.org/10.1016/j.spa.2017.03.020

[45] Mandl, P. (1968). Analytical Treatment of One-Dimensional Markov Processes. Die Grundlehren der Math-
ematischen Wissenschaften, Band 151. Prague: Academia Publishing House of the Czechoslovak Academy
of Sciences; New York: Springer. MR0247667

[46] Masuda, H. (2007). Ergodicity and exponential β-mixing bounds for multidimensional diffusions with
jumps. Stochastic Process. Appl. 117 35–56. MR2287102 https://doi.org/10.1016/j.spa.2006.04.010

[47] Masuda, H. (2009). Erratum to: “Ergodicity and exponential β-mixing bound for multidimensional diffu-
sions with jumps” [Stochastic Process. Appl. 117 (2007) 35–56] [MR2287102]. Stochastic Process. Appl.
119 676–678. MR2494009 https://doi.org/10.1016/j.spa.2008.02.010

[48] Meyn, S. and Tweedie, R.L. (2009). Markov Chains and Stochastic Stability, 2nd ed. Cambridge: Cambridge
Univ. Press. MR2509253 https://doi.org/10.1017/CBO9780511626630

[49] Meyn, S.P. and Tweedie, R.L. (1993). Stability of Markovian processes. II. Continuous-time processes and
sampled chains. Adv. in Appl. Probab. 25 487–517. MR1234294 https://doi.org/10.2307/1427521

[50] Meyn, S.P. and Tweedie, R.L. (1993). Stability of Markovian processes. III. Foster–Lyapunov criteria for
continuous-time processes. Adv. in Appl. Probab. 25 518–548. MR1234295 https://doi.org/10.2307/1427522
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[56] Sandrić, N. (2016). Ergodicity of Lévy-type processes. ESAIM Probab. Stat. 20 154–177. MR3528622
https://doi.org/10.1051/ps/2016009
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Stationary subspace analysis (SSA) searches for linear combinations of the components of nonstationary vector
time series that are stationary. These linear combinations and their number define an associated stationary sub-
space and its dimension. SSA is studied here for zero mean nonstationary covariance processes. We characterize
stationary subspaces and their dimensions in terms of eigenvalues and eigenvectors of certain symmetric matrices.
This characterization is then used to derive formal statistical tests for estimating dimensions of stationary sub-
spaces. Eigenstructure-based techniques are also proposed to estimate stationary subspaces, without relying on
previously used computationally intensive optimization-based methods. Finally, the introduced methodologies are
examined on simulated and real data.

Keywords: dimension test; eigen-decomposition; local and global dimensions; multivariate nonstationarity
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Comparing a large number of multivariate
distributions
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In this paper, we propose a test for the equality of multiple distributions based on kernel mean embeddings.
Our framework provides a flexible way to handle multivariate data by virtue of kernel methods and allows the
number of distributions to increase with the sample size. This is in contrast to previous studies that have been
mostly restricted to classical univariate settings with a fixed number of distributions. By building on Cramér-type
moderate deviation for degenerate two-sample V -statistics, we derive the limiting null distribution of the test
statistic and show that it converges to a Gumbel distribution. The limiting distribution, however, depends on an
infinite number of nuisance parameters, which makes it infeasible for use in practice. To address this issue, the
proposed test is implemented via the permutation procedure and is shown to be minimax rate optimal against
sparse alternatives. During our analysis, an exponential concentration inequality for the permuted test statistic is
developed which may be of independent interest.

Keywords: Bobkov’s inequality; K-sample test; maximum mean discrepancy; permutation test
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In this paper, we obtain uniform and non-uniform bounds on the Kolmogorov distance in the normal approximation
for Jack deformations of the character ratio, by using Stein’s method and zero-bias couplings. Our uniform bound
comes very close to that conjectured by Fulman (J. Combin. Theory Ser. A 108 (2004) 275–296). As a by-product
of the proof of the non-uniform bound, we obtain a Rosenthal-type inequality for zero-bias couplings.
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A similarity measure for second order properties
of non-stationary functional time series with
applications to clustering and testing
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Due to the surge of data storage techniques, the need for the development of appropriate techniques to identify
patterns and to extract knowledge from the resulting enormous data sets, which can be viewed as collections of
dependent functional data, is of increasing interest in many scientific areas. We develop a similarity measure for
spectral density operators of a collection of functional time series, which is based on the aggregation of Hilbert–
Schmidt differences of the individual time-varying spectral density operators. Under fairly general conditions, the
asymptotic properties of the corresponding estimator are derived and asymptotic normality is established. The
introduced statistic lends itself naturally to quantify (dis)-similarity between functional time series, which we
subsequently exploit in order to build a spectral clustering algorithm. Our algorithm is the first of its kind in the
analysis of non-stationary (functional) time series and enables to discover particular patterns by grouping together
‘similar’ series into clusters, thereby reducing the complexity of the analysis considerably. The algorithm is simple
to implement and computationally feasible. As a further application, we provide a simple test for the hypothesis
that the second order properties of two non-stationary functional time series coincide.

Keywords: clustering; functional data; local stationarity; spectral analysis; time series
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Max-convolution semigroups and extreme
values in limit theorems for the free
multiplicative convolution
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We investigate relations between additive convolution semigroups and max-convolution semigroups through the
law of large numbers for the free multiplicative convolution. Based on these relations, we give a formula related
with the Belinschi–Nica semigroup and the max-Belinschi–Nica semigroup. Finally, we give several limit theo-
rems for classical, free and Boolean extreme values.

Keywords: Belinschi–Nica semigroup; Bercovici–Pata bijection; extreme values; free multiplicative convolution;
max-convolution

References

[1] Ando, T. (1989). Majorization, doubly stochastic matrices, and comparison of eigenvalues. Linear Algebra
Appl. 118 163–248. MR0995373 https://doi.org/10.1016/0024-3795(89)90580-6

[2] Arizmendi, O. and Hasebe, T. (2016). Classical scale mixtures of Boolean stable laws. Trans. Amer. Math.
Soc. 368 4873–4905. MR3456164 https://doi.org/10.1090/tran/6792

[3] Arizmendi, O., Hasebe, T. and Sakuma, N. (2013). On the law of free subordinators. ALEA Lat. Am. J.
Probab. Math. Stat. 10 271–291. MR3083927

[4] Barndorff-Nielsen, O.E. and Thorbjørnsen, S. (2002). Self-decomposability and Lévy processes in free prob-
ability. Bernoulli 8 323–366. MR1913111

[5] Belinschi, S.T. (2003). The atoms of the free multiplicative convolution of two probability distributions.
Integral Equations Operator Theory 46 377–386. MR1997977 https://doi.org/10.1007/s00020-002-1145-4

[6] Belinschi, S.T. and Bercovici, H. (2004). Atoms and regularity for measures in a partially defined free con-
volution semigroup. Math. Z. 248 665–674. MR2103535 https://doi.org/10.1007/s00209-004-0671-y

[7] Belinschi, S.T. and Nica, A. (2008). On a remarkable semigroup of homomorphisms with respect to free
multiplicative convolution. Indiana Univ. Math. J. 57 1679–1713. MR2440877 https://doi.org/10.1512/iumj.
2008.57.3285

[8] Ben Arous, G. and Voiculescu, D.V. (2006). Free extreme values. Ann. Probab. 34 2037–2059. MR2271490
https://doi.org/10.1214/009117906000000016

[9] Benaych-Georges, F. and Cabanal-Duvillard, T. (2010). A matrix interpolation between classical and free
max operations. I. The univariate case. J. Theoret. Probab. 23 447–465. MR2644869 https://doi.org/10.1007/
s10959-009-0210-1

[10] Bercovici, H. and Pata, V. (1999). Stable laws and domains of attraction in free probability theory. Ann. of
Math. (2) 149 1023–1060. With an appendix by Philippe Biane. MR1709310 https://doi.org/10.2307/121080

[11] Bercovici, H. and Voiculescu, D. (1993). Free convolution of measures with unbounded support. Indiana
Univ. Math. J. 42 733–773. MR1254116 https://doi.org/10.1512/iumj.1993.42.42033

[12] Bercovici, H. and Voiculescu, D. (1995). Superconvergence to the central limit and failure of the Cramér the-
orem for free random variables. Probab. Theory Related Fields 103 215–222. MR1355057 https://doi.org/10.
1007/BF01204215

1350-7265 © 2021 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/20-BEJ1247
mailto:yuuki1114@math.sci.hokudai.ac.jp
http://www.ams.org/mathscinet-getitem?mr=0995373
https://doi.org/10.1016/0024-3795(89)90580-6
http://www.ams.org/mathscinet-getitem?mr=3456164
https://doi.org/10.1090/tran/6792
http://www.ams.org/mathscinet-getitem?mr=3083927
http://www.ams.org/mathscinet-getitem?mr=1913111
http://www.ams.org/mathscinet-getitem?mr=1997977
https://doi.org/10.1007/s00020-002-1145-4
http://www.ams.org/mathscinet-getitem?mr=2103535
https://doi.org/10.1007/s00209-004-0671-y
http://www.ams.org/mathscinet-getitem?mr=2440877
https://doi.org/10.1512/iumj.2008.57.3285
http://www.ams.org/mathscinet-getitem?mr=2271490
https://doi.org/10.1214/009117906000000016
http://www.ams.org/mathscinet-getitem?mr=2644869
https://doi.org/10.1007/s10959-009-0210-1
http://www.ams.org/mathscinet-getitem?mr=1709310
https://doi.org/10.2307/121080
http://www.ams.org/mathscinet-getitem?mr=1254116
https://doi.org/10.1512/iumj.1993.42.42033
http://www.ams.org/mathscinet-getitem?mr=1355057
https://doi.org/10.1007/BF01204215
https://doi.org/10.1512/iumj.2008.57.3285
https://doi.org/10.1007/s10959-009-0210-1
https://doi.org/10.1007/BF01204215


[13] Bercovici, H. and Voiculescu, D. (1998). Regularity questions for free convolution. In Nonselfadjoint Oper-
ator Algebras, Operator Theory, and Related Topics. Oper. Theory Adv. Appl. 104 37–47. Basel: Birkhäuser.
MR1639647

[14] Bertoin, J. (1999). Subordinators: Examples and applications. In Lectures on Probability Theory and Statis-
tics (Saint-Flour, 1997). Lecture Notes in Math. 1717 1–91. Berlin: Springer. MR1746300 https://doi.org/10.
1007/978-3-540-48115-7_1

[15] Grela, J. and Nowak, M.A. On relations between extreme value statistics, extreme random matrices and
Peak-Over-Threshold method. arXiv:1711.03459.

[16] Fisher, R.A. and Tippett, L.H.C. (1928). Limiting forms of the frequency distribution of the largest or small-
est member of a sample. Proc. Camb. Philos. Soc. 24 180.

[17] Fréchet, M. (1927). Sur la loi de probabilité de l’écart maximum. Ann. Soc. Math. Polon. 6 93–116.
[18] Gnedenko, B. (1943). Sur la distribution limite du terme maximum d’une série aléatoire. Ann. of Math. (2)

44 423–453. MR0008655 https://doi.org/10.2307/1968974
[19] Haagerup, U. and Larsen, F. (2000). Brown’s spectral distribution measure for R-diagonal elements in finite

von Neumann algebras. J. Funct. Anal. 176 331–367. MR1784419 https://doi.org/10.1006/jfan.2000.3610
[20] Haagerup, U. and Möller, S. (2013). The law of large numbers for the free multiplicative convolution. In

Operator Algebra and Dynamics. Springer Proc. Math. Stat. 58 157–186. Heidelberg: Springer. MR3142036
https://doi.org/10.1007/978-3-642-39459-1_8

[21] Haagerup, U. and Schultz, H. (2007). Brown measures of unbounded operators affiliated with a finite von
Neumann algebra. Math. Scand. 100 209–263. MR2339369 https://doi.org/10.7146/math.scand.a-15023

[22] Haagerup, U. and Schultz, H. (2009). Invariant subspaces for operators in a general II1-factor. Publ. Math.
Inst. Hautes Études Sci. 109 19–111. MR2511586 https://doi.org/10.1007/s10240-009-0018-7

[23] Kadison, R.V. (1951). Order properties of bounded self-adjoint operators. Proc. Amer. Math. Soc. 2 505–510.
MR0042064 https://doi.org/10.2307/2031784

[24] Lindsay, J.M. and Pata, V. (1997). Some weak laws of large numbers in noncommutative probability. Math.
Z. 226 533–543. MR1484709 https://doi.org/10.1007/PL00004356

[25] Maassen, H. (1992). Addition of freely independent random variables. J. Funct. Anal. 106 409–438.
MR1165862 https://doi.org/10.1016/0022-1236(92)90055-N

[26] Młotkowski, W., Sakuma, N. and Ueda, Y. (2020). Free self-decomposability and unimodality of
the Fuss–Catalan distributions. J. Stat. Phys. 178 1055–1075. MR4081219 https://doi.org/10.1007/
s10955-020-02488-1

[27] Nica, A. and Speicher, R. (1996). On the multiplication of free N -tuples of noncommutative random vari-
ables. Amer. J. Math. 118 799–837. MR1400060

[28] Nica, A. and Speicher, R. (2006). Lectures on the Combinatorics of Free Probability. London Mathematical
Society Lecture Note Series 335. Cambridge: Cambridge Univ. Press. MR2266879 https://doi.org/10.1017/
CBO9780511735127

[29] Olson, M.P. (1971). The selfadjoint operators of a von Neumann algebra form a conditionally complete
lattice. Proc. Amer. Math. Soc. 28 537–544. MR0276788 https://doi.org/10.2307/2038007

[30] Resnick, S.I. (2008). Extreme Values, Regular Variation and Point Processes. Springer Series in Operations
Research and Financial Engineering. New York: Springer. MR2364939

[31] Sakuma, N. (2011). On free regular infinitely divisible distributions. RIMS Kôkyûroku Bessatsu B27 115–
122.

[32] Sato, K. (2013). Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced Math-
ematics 68. Cambridge: Cambridge Univ. Press. MR3185174

[33] Speicher, R. and Woroudi, R. (1997). Boolean convolution. In Free Probability Theory (Waterloo, ON, 1995).
Fields Inst. Commun. 12 267–279. Providence, RI: Amer. Math. Soc. MR1426845

[34] Tucci, G.H. (2010). Limits laws for geometric means of free random variables. Indiana Univ. Math. J. 59
1–13. MR2666470 https://doi.org/10.1512/iumj.2010.59.3775

[35] Ueda, Y. Limit theorems for classical, freely and Boolean max-infinitely divisible distributions. Available at
arXiv:1907.11996.

[36] Vargas, J.G. and Voiculescu, D.V. (2020). Boolean extremes and dagum distributions. Indiana Univ. Math.
J. To appear.

http://www.ams.org/mathscinet-getitem?mr=1639647
http://www.ams.org/mathscinet-getitem?mr=1746300
https://doi.org/10.1007/978-3-540-48115-7_1
http://arxiv.org/abs/arXiv:1711.03459
http://www.ams.org/mathscinet-getitem?mr=0008655
https://doi.org/10.2307/1968974
http://www.ams.org/mathscinet-getitem?mr=1784419
https://doi.org/10.1006/jfan.2000.3610
http://www.ams.org/mathscinet-getitem?mr=3142036
https://doi.org/10.1007/978-3-642-39459-1_8
http://www.ams.org/mathscinet-getitem?mr=2339369
https://doi.org/10.7146/math.scand.a-15023
http://www.ams.org/mathscinet-getitem?mr=2511586
https://doi.org/10.1007/s10240-009-0018-7
http://www.ams.org/mathscinet-getitem?mr=0042064
https://doi.org/10.2307/2031784
http://www.ams.org/mathscinet-getitem?mr=1484709
https://doi.org/10.1007/PL00004356
http://www.ams.org/mathscinet-getitem?mr=1165862
https://doi.org/10.1016/0022-1236(92)90055-N
http://www.ams.org/mathscinet-getitem?mr=4081219
https://doi.org/10.1007/s10955-020-02488-1
http://www.ams.org/mathscinet-getitem?mr=1400060
http://www.ams.org/mathscinet-getitem?mr=2266879
https://doi.org/10.1017/CBO9780511735127
http://www.ams.org/mathscinet-getitem?mr=0276788
https://doi.org/10.2307/2038007
http://www.ams.org/mathscinet-getitem?mr=2364939
http://www.ams.org/mathscinet-getitem?mr=3185174
http://www.ams.org/mathscinet-getitem?mr=1426845
http://www.ams.org/mathscinet-getitem?mr=2666470
https://doi.org/10.1512/iumj.2010.59.3775
http://arxiv.org/abs/arXiv:1907.11996
https://doi.org/10.1007/978-3-540-48115-7_1
https://doi.org/10.1007/s10955-020-02488-1
https://doi.org/10.1017/CBO9780511735127


[37] Voiculescu, D. (1986). Addition of certain noncommuting random variables. J. Funct. Anal. 66 323–346.
MR0839105 https://doi.org/10.1016/0022-1236(86)90062-5

[38] Voiculescu, D. (1987). Multiplication of certain noncommuting random variables. J. Operator Theory 18
223–235. MR0915507

[39] Voiculescu, D.V., Dykema, K.J. and Nica, A. (1992). Free Random Variables. A noncommutative probability
approach to free products with applications to random matrices, operator algebras and harmonic analysis
on free groups. CRM Monograph Series 1. Providence, RI: Amer. Math. Soc. MR1217253

http://www.ams.org/mathscinet-getitem?mr=0839105
https://doi.org/10.1016/0022-1236(86)90062-5
http://www.ams.org/mathscinet-getitem?mr=0915507
http://www.ams.org/mathscinet-getitem?mr=1217253


Bernoulli 27(1), 2021, 532–553
https://doi.org/10.3150/20-BEJ1248

Statistical estimation of ergodic Markov chain
kernel over discrete state space
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We investigate the statistical complexity of estimating the parameters of a discrete-state Markov chain kernel from
a single long sequence of state observations. In the finite case, we characterize (modulo logarithmic factors) the
minimax sample complexity of estimation with respect to the operator infinity norm, while in the countably infinite
case, we analyze the problem with respect to a natural entry-wise norm derived from total variation. We show that
in both cases, the sample complexity is governed by the mixing properties of the unknown chain, for which, in the
finite-state case, there are known finite-sample estimators with fully empirical confidence intervals.
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We study the problem of change point localization for covariance matrices in high dimensions. We assume that we
observe a sequence of independent and centered p-dimensional sub-Gaussian random vectors whose covariance
matrices are piecewise constant, and only change at unknown times. We are concerned with the localization task
of estimating the positions of the change points. In our analysis, we allow for all the model parameters to change
with the sample size n, including the dimension p, the minimal spacing between consecutive change points �,
the maximal Orlicz-ψ2 norm B of the sample points and the magnitude κ of the smallest distributional change,
defined as the minimal operator norm of the difference between the covariance matrix at a change point and the
covariance matrix at the previous time point.

We introduce two procedures, one based on the binary segmentation algorithm and the other on its popular
extension known as wild binary segmentation, and demonstrate that, under suitable conditions, both procedures
can consistently estimate the change points. In particular, our second algorithm, called Wild Binary Segmentation
through Independent Projection (WBSIP), delivers a localization error of order B4κ−2 log(n), which is shown
to be minimax rate optimal, save, possibly, for the log(n) term. WBSIP requires the model parameters to satisfy
the scaling �κ2 � pB4 log1+ξ (n), for any ξ > 0, which we demonstrate to be essentially necessary, in the sense
that no algorithm can guarantee consistent localization if �κ2 � pB4. This result reveals an interesting phase
transition effect separating parameter combinations for which the localization task is feasible from the ones for
which it is not.

Keywords: binary segmentation; change point detection; high-dimensional covariance testing; independent
projection; minimax optimal; wild binary segmentation
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Minimal Lp-densities with prescribed marginals
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We derive sharp lower bounds for Lp-functions on the n-dimensional unit hypercube in terms of their p-ths
marginal moments. Such bounds are the unique solutions of a system of constrained nonlinear integral equations
depending on the marginals. For square-integrable functions, the bounds have an explicit expression in terms of
the second marginals moments.
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Hanson–Wright inequality in Hilbert spaces
with application to K-means clustering
for non-Euclidean data
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We derive a dimension-free Hanson–Wright inequality for quadratic forms of independent sub-gaussian random
variables in a separable Hilbert space. Our inequality is an infinite-dimensional generalization of the classical
Hanson–Wright inequality for finite-dimensional Euclidean random vectors. We illustrate an application to the
generalized K-means clustering problem for non-Euclidean data. Specifically, we establish the exponential rate
of convergence for a semidefinite relaxation of the generalized K-means, which together with a simple rounding
algorithm imply the exact recovery of the true clustering structure.
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We consider one-dimensional biased voter models, where 1’s replace 0’s at a faster rate than the other way round,
started in a Heaviside initial state describing the interface between two infinite populations of 0’s and 1’s. In the
limit of weak bias, for a diffusively rescaled process, we consider a measure-valued process describing the local
fraction of type 1 sites as a function of time. Under a finite second moment condition on the rates, we show that in
the diffusive scaling limit there is a drifted Brownian path with the property that all but a vanishingly small fraction
of the sites on the left (resp. right) of this path are of type 0 (resp. 1). This extends known results for unbiased
voter models. Our proofs depend crucially on recent results about interface tightness for biased voter models.
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Gaussian graphical models are a popular tool to learn the dependence structure in the form of a graph among
variables of interest. Bayesian methods have gained in popularity in the last two decades due to their ability to
simultaneously learn the covariance and the graph. There is a wide variety of model-based methods to learn the
underlying graph assuming various forms of the graphical structure. Although for scalability of the Markov chain
Monte Carlo algorithms, decomposability is commonly imposed on the graph space, its possible implication on
the posterior distribution of the graph is not clear. An open problem in Bayesian decomposable structure learning
is whether the posterior distribution is able to select a meaningful decomposable graph that is “close” to the true
non-decomposable graph, when the dimension of the variables increases with the sample size. In this article, we
explore specific conditions on the true precision matrix and the graph, which results in an affirmative answer to this
question with a commonly used hyper-inverse Wishart prior on the covariance matrix and a suitable complexity
prior on the graph space. In absence of structural sparsity assumptions, our strong selection consistency holds in a
high-dimensional setting where p = O(nα) for α < 1/3. We show when the true graph is non-decomposable, the
posterior distribution concentrates on a set of graphs that are minimal triangulations of the true graph.

Keywords: decomposable graph; Gaussian graphical model; graph selection consistency; hyper-inverse Wishart
distribution; minimal triangulation; model misspecification; partial correlation
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This paper develops a new class of functional depths. A generic member of this class is coined J th order kth
moment integrated depth. It is based on the distribution of the cross-sectional halfspace depth of a function in the
marginal evaluations (in time) of the random process. Asymptotic properties of the proposed depths are provided:
we show that they are uniformly consistent and satisfy an inequality related to the law of the iterated logarithm.
Moreover, limiting distributions are derived under mild regularity assumptions. The versatility displayed by the
new class of depths makes them particularly amenable for capturing important features of functional distribu-
tions. This is illustrated in supervised learning, where we show that the corresponding maximum depth classifiers
outperform classical competitors.

Keywords: asymptotics; data depth; functional data analysis; integrated depths; supervised classification
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In a Bayesian framework, to make predictions on a sequence X1,X2, . . . of random observations, the inferrer needs
to assign the predictive distributions σn(·) = P(Xn+1 ∈ · | X1, . . . ,Xn). In this paper, we propose to assign σn

directly, without passing through the usual prior/posterior scheme. One main advantage is that no prior probability
has to be assessed. The data sequence (Xn) is assumed to be conditionally identically distributed (c.i.d.) in the
sense of (Ann. Probab. 32 (2004) 2029–2052). To realize this programme, a class � of predictive distributions is
introduced and investigated. Such a � is rich enough to model various real situations and (Xn) is actually c.i.d.
if σn belongs to �. Furthermore, when a new observation Xn+1 becomes available, σn+1 can be obtained by a
simple recursive update of σn. If μ is the a.s. weak limit of σn, conditions for μ to be a.s. discrete are provided as
well.

Keywords: Bayesian nonparametrics; conditional identity in distribution; exchangeability; predictive distribution;
random probability measure; sequential predictions; strategy
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