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Optimal sparsity testing in linear regression
model

ALEXANDRA CARPENTIER! and NICOLAS VERZELEN?

L Otto-von-Guericke-Universitiit Magdeburg, Fakultit fiir Mathematik (FMA), Institut fiir Mathematische
Stochastik (IMST), Universitdtsplatz 2, 39106 Magdeburg, Germany.

E-mail: alexandra.carpentier@ovgu.de

2MISTEA, Université Montpellier, INRAE, Institut Agro, 34060 Montpellier cedex 1, France.

E-mail: nicolas.verzelen@inrae.fr

We consider the problem of sparsity testing in the high-dimensional linear regression model. The problem is to
test whether the number of non-zero components (aka the sparsity) of the regression parameter * is less than or
equal to k. We pinpoint the minimax separation distances for this problem, which amounts to quantifying how far
a kq-sparse vector 6* has to be from the set of k(-sparse vectors so that a test is able to reject the null hypothesis
with high probability. Two scenarios are considered. In the independent scenario, the covariates are i.i.d. normally
distributed and the noise level is known. In the general scenario, both the covariance matrix of the covariates and
the noise level are unknown. Although the minimax separation distances differ in these two scenarios, both of
them actually depend on k( and k illustrating that for this composite-composite testing problem both the size of
the null and of the alternative hypotheses play a key role.

Keywords: High dimensional regression; minimax composite-composite testing; model testing

References

[1] Arias-Castro, E., Candes, E.J. and Plan, Y. (2011). Global testing under sparse alternatives: ANOVA, multi-
ple comparisons and the higher criticism. Ann. Statist. 39 2533-2556. MR2906877 https://doi.org/10.1214/
11-A0S910

[2] Baraud, Y. (2002). Non-asymptotic minimax rates of testing in signal detection. Bernoulli 8 577-606.
MR1935648

[3] Baraud, Y., Huet, S. and Laurent, B. (2005). Testing convex hypotheses on the mean of a Gaussian vector.
Application to testing qualitative hypotheses on a regression function. Ann. Statist. 33 214-257. MR2157802
https://doi.org/10.1214/009053604000000896

[4] Belloni, A., Chernozhukov, V. and Wang, L. (2011). Square-root lasso: Pivotal recovery of sparse signals via
conic programming. Biometrika 98 791-806. MR2860324 https://doi.org/10.1093/biomet/asr043

[5] Bradic, J., Fan, J. and Zhu, Y. (2018). Testability of high-dimensional linear models with non-sparse struc-
tures. arXiv preprint arXiv:1802.09117.

[6] Biihlmann, P. and van de Geer, S. (2011). Statistics for High-Dimensional Data: Methods, Theory and
Applications. Springer Series in Statistics. Heidelberg: Springer. MR2807761 https://doi.org/10.1007/
978-3-642-20192-9

[7] Cai, T.T. and Guo, Z. (2017). Confidence intervals for high-dimensional linear regression: Minimax rates
and adaptivity. Ann. Statist. 45 615-646. MR3650395 https://doi.org/10.1214/16-A0S1461

[8] Cai, T.T. and Guo, Z. (2018). Accuracy assessment for high-dimensional linear regression. Ann. Statist. 46
1807-1836. MR3819118 https://doi.org/10.1214/17- A0S 1604

[9] Cai, T.T. and Jin, J. (2010). Optimal rates of convergence for estimating the null density and proportion
of nonnull effects in large-scale multiple testing. Ann. Statist. 38 100-145. MR2589318 https://doi.org/10.
1214/09- A0S696

[10] Cai, T.T., Jin, J. and Low, M.G. (2007). Estimation and confidence sets for sparse normal mixtures. Ann.
Statist. 35 2421-2449. MR2382653 https://doi.org/10.1214/009053607000000334

1350-7265 © 2021 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/20-BEJ1224
mailto:alexandra.carpentier@ovgu.de
mailto:nicolas.verzelen@inrae.fr
http://www.ams.org/mathscinet-getitem?mr=2906877
https://doi.org/10.1214/11-AOS910
http://www.ams.org/mathscinet-getitem?mr=1935648
http://www.ams.org/mathscinet-getitem?mr=2157802
https://doi.org/10.1214/009053604000000896
http://www.ams.org/mathscinet-getitem?mr=2860324
https://doi.org/10.1093/biomet/asr043
http://arxiv.org/abs/arXiv:1802.09117
http://www.ams.org/mathscinet-getitem?mr=2807761
https://doi.org/10.1007/978-3-642-20192-9
http://www.ams.org/mathscinet-getitem?mr=3650395
https://doi.org/10.1214/16-AOS1461
http://www.ams.org/mathscinet-getitem?mr=3819118
https://doi.org/10.1214/17-AOS1604
http://www.ams.org/mathscinet-getitem?mr=2589318
https://doi.org/10.1214/09-AOS696
http://www.ams.org/mathscinet-getitem?mr=2382653
https://doi.org/10.1214/009053607000000334
https://doi.org/10.1214/11-AOS910
https://doi.org/10.1007/978-3-642-20192-9
https://doi.org/10.1214/09-AOS696

[11]
[12]
[13]
(14]
[15]
[16]
(7]
(18]
[19]

(20]

[21]
(22]
(23]
[24]

[25]

[26]
[27]
(28]
[29]
(30]
(31]

(32]

(33]

(34]

Cai, T.T. and Low, M.G. (2004). An adaptation theory for nonparametric confidence intervals. Ann. Statist.
32 1805-1840. MR2102494 https://doi.org/10.1214/009053604000000049

Cai, T.T. and Low, M.G. (2006). Adaptive confidence balls. Ann. Statist. 34 202-228. MR2275240
https://doi.org/10.1214/009053606000000146

Cai, T.T. and Low, M.G. (2011). Testing composite hypotheses, Hermite polynomials and optimal estimation
of a nonsmooth functional. Ann. Statist. 39 1012-1041. MR2816346 https://doi.org/10.1214/10- AOS849
Carpentier, A. (2015). Testing the regularity of a smooth signal. Bernoulli 21 465-488. MR3322327
https://doi.org/10.3150/13-BEJ575

Carpentier, A., Collier, O., Comminges, L., Tsybakov, A.B. and Wang, Y. (2018). Minimax rate of testing in
sparse linear regression. arXiv preprint arXiv:1804.06494.

Carpentier, A. and Verzelen, N. (2019). Adaptive estimation of the sparsity in the Gaussian vector model.
Ann. Statist. 47 93—-126. MR3909928 https://doi.org/10.1214/17- AOS1680

Carpentier, A. and Verzelen, N. (2021). Supplement to “Optimal sparsity testing in linear regression model.”
https://doi.org/10.3150/20-BEJ1224SUPP

Collier, O., Comminges, L. and Tsybakov, A.B. (2017). Minimax estimation of linear and quadratic func-
tionals on sparsity classes. Ann. Statist. 45 923-958. MR3662444 https://doi.org/10.1214/15-A0S1432
Collier, O., Comminges, L., Tsybakov, A.B. and Verzelen, N. (2018). Optimal adaptive estimation of linear
functionals under sparsity. Ann. Statist. 46 3130-3150. MR3851767 https://doi.org/10.1214/17- AOS1653
Comminges, L. and Dalalyan, A.S. (2013). Minimax testing of a composite null hypothesis defined via a
quadratic functional in the model of regression. Electron. J. Stat. 7 146—190. MR3020417 https://doi.org/10.
1214/13-EJS766

Dicker, L.H. (2014). Variance estimation in high-dimensional linear models. Biometrika 101 269-284.
MR3215347 https://doi.org/10.1093/biomet/ast065

Donoho, D. and Jin, J. (2004). Higher criticism for detecting sparse heterogeneous mixtures. Ann. Statist. 32
962-994. MR2065195 https://doi.org/10.1214/009053604000000265

Feng, L. and Zhang, C.-H. (2019). Sorted concave penalized regression. Ann. Statist. 47 3069-3098.
MR4025735 https://doi.org/10.1214/18- AOS1759

Gayraud, G. and Pouet, C. (2005). Adaptive minimax testing in the discrete regression scheme. Probab.
Theory Related Fields 133 531-558. MR2197113 https://doi.org/10.1007/s00440-005-0445-4

Giné, E. and Nickl, R. (2016). Mathematical Foundations of Infinite-Dimensional Statistical Models.
Cambridge Series in Statistical and Probabilistic Mathematics 40. New York: Cambridge Univ. Press.
MR3588285 https://doi.org/10.1017/CB0O9781107337862

Hoffmann, M. and Nickl, R. (2011). On adaptive inference and confidence bands. Ann. Statist. 39 2383—
2409. MR2906872 https://doi.org/10.1214/11- AOS903

Ingster, Y.I., Tsybakov, A.B. and Verzelen, N. (2010). Detection boundary in sparse regression. Electron. J.
Stat. 4 1476-1526. MR2747131 https://doi.org/10.1214/10-EJS589

Ingster, Yu.I. and Suslina, I.A. (2003). Nonparametric Goodness-of-Fit Testing Under Gaussian Models. Lec-
ture Notes in Statistics 169. New York: Springer. MR1991446 https://doi.org/10.1007/978-0-387-21580-8
Javanmard, A. and Lee, J.D. (2017). A flexible framework for hypothesis testing in high-dimensions. arXiv
preprint arXiv:1704.07971.

Javanmard, A. and Montanari, A. (2014). Confidence intervals and hypothesis testing for high-dimensional
regression. J. Mach. Learn. Res. 15 2869-2909. MR3277152

Javanmard, A. and Montanari, A. (2018). Debiasing the Lasso: Optimal sample size for Gaussian designs.
Ann. Statist. 46 2593-2622. MR3851749 https://doi.org/10.1214/17-AOS1630

Jin, J. (2008). Proportion of non-zero normal means: Universal oracle equivalences and uniformly consis-
tent estimators. J. R. Stat. Soc. Ser. B. Stat. Methodol. 70 461-493. MR2420411 https://doi.org/10.1111/j.
1467-9868.2007.00645.x

Jin, J. and Cai, T.T. (2007). Estimating the null and the proportional of nonnull effects in large-
scale multiple comparisons. J. Amer. Statist. Assoc. 102 495-506. MR2325113 https://doi.org/10.1198/
016214507000000167

Juditsky, A. and Nemirovski, A. (2002). On nonparametric tests of positivity/monotonicity/convexity. Ann.
Statist. 30 498-527. MR1902897 https://doi.org/10.1214/a0s/1021379863


http://www.ams.org/mathscinet-getitem?mr=2102494
https://doi.org/10.1214/009053604000000049
http://www.ams.org/mathscinet-getitem?mr=2275240
https://doi.org/10.1214/009053606000000146
http://www.ams.org/mathscinet-getitem?mr=2816346
https://doi.org/10.1214/10-AOS849
http://www.ams.org/mathscinet-getitem?mr=3322327
https://doi.org/10.3150/13-BEJ575
http://arxiv.org/abs/arXiv:1804.06494
http://www.ams.org/mathscinet-getitem?mr=3909928
https://doi.org/10.1214/17-AOS1680
https://doi.org/10.3150/20-BEJ1224SUPP
http://www.ams.org/mathscinet-getitem?mr=3662444
https://doi.org/10.1214/15-AOS1432
http://www.ams.org/mathscinet-getitem?mr=3851767
https://doi.org/10.1214/17-AOS1653
http://www.ams.org/mathscinet-getitem?mr=3020417
https://doi.org/10.1214/13-EJS766
http://www.ams.org/mathscinet-getitem?mr=3215347
https://doi.org/10.1093/biomet/ast065
http://www.ams.org/mathscinet-getitem?mr=2065195
https://doi.org/10.1214/009053604000000265
http://www.ams.org/mathscinet-getitem?mr=4025735
https://doi.org/10.1214/18-AOS1759
http://www.ams.org/mathscinet-getitem?mr=2197113
https://doi.org/10.1007/s00440-005-0445-4
http://www.ams.org/mathscinet-getitem?mr=3588285
https://doi.org/10.1017/CBO9781107337862
http://www.ams.org/mathscinet-getitem?mr=2906872
https://doi.org/10.1214/11-AOS903
http://www.ams.org/mathscinet-getitem?mr=2747131
https://doi.org/10.1214/10-EJS589
http://www.ams.org/mathscinet-getitem?mr=1991446
https://doi.org/10.1007/978-0-387-21580-8
http://arxiv.org/abs/arXiv:1704.07971
http://www.ams.org/mathscinet-getitem?mr=3277152
http://www.ams.org/mathscinet-getitem?mr=3851749
https://doi.org/10.1214/17-AOS1630
http://www.ams.org/mathscinet-getitem?mr=2420411
https://doi.org/10.1111/j.1467-9868.2007.00645.x
http://www.ams.org/mathscinet-getitem?mr=2325113
https://doi.org/10.1198/016214507000000167
http://www.ams.org/mathscinet-getitem?mr=1902897
https://doi.org/10.1214/aos/1021379863
https://doi.org/10.1214/13-EJS766
https://doi.org/10.1111/j.1467-9868.2007.00645.x
https://doi.org/10.1198/016214507000000167

(35]
(36]

(37]

(38]
(39]
[40]

(41]

(42]
[43]

[44]

[45]
[46]

[47]

Lepski, O., Nemirovski, A. and Spokoiny, V. (1999). On estimation of the L, norm of a regression function.
Probab. Theory Related Fields 113 221-253. MR1670867 https://doi.org/10.1007/s004409970006

Nickl, R. and van de Geer, S. (2013). Confidence sets in sparse regression. Ann. Statist. 41 2852-2876.
MR3161450 https://doi.org/10.1214/13-A0S1170

van de Geer, S., Biihlmann, P., Ritov, Y. and Dezeure, R. (2014). On asymptotically optimal confidence
regions and tests for high-dimensional models. Ann. Statist. 42 1166—-1202. MR3224285 https://doi.org/10.
1214/14-A0S1221

Verzelen, N. (2012). Minimax risks for sparse regressions: Ultra-high dimensional phenomenons. Electron.
J. Stat. 6 38-90. MR2879672 https://doi.org/10.1214/12-EJS666

Verzelen, N. and Gassiat, E. (2018). Adaptive estimation of high-dimensional signal-to-noise ratios.
Bernoulli 24 3683-3710. MR3788186 https://doi.org/10.3150/17-BEJ975

Verzelen, N. and Villers, F. (2010). Goodness-of-fit tests for high-dimensional Gaussian linear models. Ann.
Statist. 38 704-752. MR2604699 https://doi.org/10.1214/08- AOS629

Wang, Z., Liu, H. and Zhang, T. (2014). Optimal computational and statistical rates of convergence for
sparse nonconvex learning problems. Ann. Statist. 42 2164-2201. MR3269977 https://doi.org/10.1214/
14-A0S1238

Zhang, C.-H. (2010). Nearly unbiased variable selection under minimax concave penalty. Ann. Statist. 38
894-942. MR2604701 https://doi.org/10.1214/09-A0OS729

Zhang, C.-H. and Huang, J. (2008). The sparsity and bias of the LASSO selection in high-dimensional linear
regression. Ann. Statist. 36 1567-1594. MR2435448 https://doi.org/10.1214/07- AOS520

Zhang, C.-H. and Zhang, S.S. (2014). Confidence intervals for low dimensional parameters in high dimen-
sional linear models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 76 217-242. MR3153940 https://doi.org/10.
1111/rssb.12026

Zhu, Y. and Bradic, J. (2017). A projection pursuit framework for testing general high-dimensional hypoth-
esis. arXiv preprint arXiv:1705.01024.

Zhu, Y. and Bradic, J. (2018). Linear hypothesis testing in dense high-dimensional linear models. J. Amer.
Statist. Assoc. 113 1583-1600. MR3902231 https://doi.org/10.1080/01621459.2017.1356319

Zhu, Y. and Bradic, J. (2018). Significance testing in non-sparse high-dimensional linear models. Electron.
J. Stat. 12 3312-3364. MR3861831 https://doi.org/10.1214/18-EJS1443


http://www.ams.org/mathscinet-getitem?mr=1670867
https://doi.org/10.1007/s004409970006
http://www.ams.org/mathscinet-getitem?mr=3161450
https://doi.org/10.1214/13-AOS1170
http://www.ams.org/mathscinet-getitem?mr=3224285
https://doi.org/10.1214/14-AOS1221
http://www.ams.org/mathscinet-getitem?mr=2879672
https://doi.org/10.1214/12-EJS666
http://www.ams.org/mathscinet-getitem?mr=3788186
https://doi.org/10.3150/17-BEJ975
http://www.ams.org/mathscinet-getitem?mr=2604699
https://doi.org/10.1214/08-AOS629
http://www.ams.org/mathscinet-getitem?mr=3269977
https://doi.org/10.1214/14-AOS1238
http://www.ams.org/mathscinet-getitem?mr=2604701
https://doi.org/10.1214/09-AOS729
http://www.ams.org/mathscinet-getitem?mr=2435448
https://doi.org/10.1214/07-AOS520
http://www.ams.org/mathscinet-getitem?mr=3153940
https://doi.org/10.1111/rssb.12026
http://arxiv.org/abs/arXiv:1705.01024
http://www.ams.org/mathscinet-getitem?mr=3902231
https://doi.org/10.1080/01621459.2017.1356319
http://www.ams.org/mathscinet-getitem?mr=3861831
https://doi.org/10.1214/18-EJS1443
https://doi.org/10.1214/14-AOS1221
https://doi.org/10.1214/14-AOS1238
https://doi.org/10.1111/rssb.12026

Bernoulli 27(2), 2021, 751-771
https://doi.org/10.3150/20-BEJ 1228

A family of Beckner inequalities under various
curvature-dimension conditions

IVAN GENTIL" and SIMON ZUGMEYER'

Univ Lyon, Université Claude Bernard Lyon 1, CNRS UMR 5208, Institut Camille Jordan, 43 blvd. du 11 novembre
1918, F: —69622 Villeurbanne cedex, France.
E-mail: ~ gentil@math.univ-lyonl.fr; Tzugmeyer@math.univ-lyon] Jr

In this paper, we offer a proof for a family of functional inequalities interpolating between the Poincaré and
the logarithmic Sobolev (standard and weighted) inequalities. The proofs rely both on entropy flows and on a
CD(p, n) condition, either with p =0 and n > 0, or with p > 0 and n € R. As such, results are valid in the case of
a Riemannian manifold, which constitutes a generalization of what was previously proved.

Keywords: Beckner inequalities; curvature-dimension condition; entropy flows; Poincaré inquality
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A popular class of problems in statistics deals with estimating the support of a density from n observations drawn
at random from a d-dimensional distribution. In the one-dimensional case, if the support is an interval, the problem
reduces to estimating its end points. In practice, an experimenter may only have access to a noisy version of the
original data. Therefore, a more realistic model allows for the observations to be contaminated with additive noise.

In this paper, we consider estimation of convex bodies when the additive noise is distributed according to
a multivariate Gaussian (or nearly Gaussian) distribution, even though our techniques could easily be adapted
to other noise distributions. Unlike standard methods in deconvolution that are implemented by thresholding a
kernel density estimate, our method avoids tuning parameters and Fourier transforms altogether. We show that
our estimator, computable in (O (log n))@=D/2 time, converges at a rate of Oy (loglogn/+/logn) in Hausdorff
distance, in accordance with the polylogarithmic rates encountered in Gaussian deconvolution problems. Part of
our analysis also involves the optimality of the proposed estimator. We provide a lower bound for the minimax
rate of estimation in Hausdorff distance that is €4(1/ log2 n).

Keywords: Convex bodies; order statistics; support estimation; support function
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High-dimensional index volatility models via
Stein’s identity
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We study the estimation of the parametric components of single and multiple index volatility models. Using the
first- and second-order Stein’s identities, we develop methods that are applicable for the estimation of the vari-
ance index in the high-dimensional setting requiring finite moment condition, which allows for heavy-tailed data.
Our approach complements the existing literature in the low-dimensional setting, while relaxing the conditions on
estimation, and provides a novel approach in the high-dimensional setting. We prove that the statistical rate of con-
vergence of our variance index estimators consists of a parametric rate and a nonparametric rate, where the latter
appears from the estimation of the mean link function. However, under standard assumptions, the parametric rate
dominates the rate of convergence and our results match the minimax optimal rate for the mean index estimation.
Simulation results illustrate finite sample properties of our methodology and back our theoretical conclusions.

Keywords: High-dimensional estimation; index volatility model; Stein’s identity
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Bounding distributional errors via density ratios
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We present some new and explicit error bounds for the approximation of distributions. The approximation error
is quantified by the maximal density ratio of the distribution Q to be approximated and its proxy P. This non-
symmetric measure is more informative than and implies bounds for the total variation distance.

Explicit approximation problems include, among others, hypergeometric by binomial distributions, binomial
by Poisson distributions, and beta by gamma distributions. In many cases, we provide both upper and (matching)
lower bounds.

Keywords: Binomial distribution; hypergeometric distribution; Poisson approximation; relative errors; total
variation distance
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Asymptotics of the hitting probability for a
small sphere and a two dimensional Brownian
motion with discontinuous anisotropic drift

PETER GRANDITS

Institut fiir Stochastik und Wirtschaftsmathematik, TU Wien, Wiedner Hauptstrafe 8-10, A-1040 Wien, Austria.
E-mail: pgrand@fam.tuwien.ac.at

We provide an approximation of the hitting probability for a small sphere for the following two dimensional
process: In x-direction it is just a Brownian motion with positive constant drift, whereas in y-direction the process
Y; is a Brownian motion with drift given by a negative constant times the sign of Y;. This process can be seen as
the solution of a certain stochastic optimal control problem. It turns out that the approximating function can be
expressed as the sum of a term involving a modified Bessel function and an ordinary Lebesgue integral.

Keywords: Discontinuous drift; hitting probabilities; optimal control problem; two-dimensional Brownian motion
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Reflected Brownian motion with singular drift

CHEN WANG!Y*, SAISAI YANG? and TUSHENG ZHANG!f

LSchool of Mathematics, University of Manchester, Oxford Road, Manchester, M13 9PL, England, U.K.
E-mail: " chen. wang-9@postgrad.manchester.ac.uk; Ttusheng.zhang@manchester.ac. uk

2School of Mathematical Sciences, University of Science and Technology of China, Hefei, 230026, China.
E-mail: yangss @ustc.edu.cn

In this article, we show that there exists a unique weak solution to the reflected Brownian motion with singular drift
, where u is a vector-valued Kato class measure on R, Furthermore, we obtain some Gaussian type estimates
of the transition density function of the solution.
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In this paper, we study in the Markovian case the rate of convergence in Wasserstein distance when the solution to
a BSDE is approximated by a solution to a BSDE driven by a scaled random walk as introduced in Briand, Delyon
and Mémin (Electron. Commun. Probab. 6 (2001) Art. ID 1). This is related to the approximation of solutions to
semilinear second order parabolic PDEs by solutions to their associated finite difference schemes and the speed of
convergence.

Keywords: Backward stochastic differential equations; convergence rate; Donsker’s theorem; finite difference
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Consider a response variable subject to nonignorable nonresponse and a fully observed covariate vector. The
purpose of our study is threefold. First, we study how to extend nonparametric sufficient dimension reduction to
data with nonignorable nonresponse. Second, we utilize sufficient dimension reduction to search an instrument,
a linear function of covariates that is related to the response variable but can be excluded from the propensity
of nonignorable nonresponse, for the purpose of identifying unknown parameters in a semiparametric propensity
and a nonparametric distribution of response variable and covariates. Third, we establish asymptotic results for
parameter estimators based on sufficient dimension reduction and instrument search, and investigate the effect
on the limiting distribution of parameter estimators due to instrument search. We evaluate the performance of
proposed estimators in a Monte Carlo study and illustrate our method in an application to AIDS Clinical Trials
Group Protocol 175 data.

Keywords: Covariate dimension reduction; estimation; identifiability; instrument; nonparametric kernel
regression; semiparametric propensity
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Asymptotic confidence regions for density
ridges

WANLI QIAO

Department of Statistics, George Mason University, Fairfax, VA 22030, USA.
E-mail: wgiao @ gmu.edu

We develop large sample theory including nonparametric confidence regions for r-dimensional ridges of proba-
bility density functions on RY, where 1 <r < d. We view ridges as the intersections of level sets of some special
functions. The vertical variation of the plug-in kernel estimators for these functions constrained on the ridges is
used as the measure of maximal deviation for ridge estimation. Our confidence regions for the ridges are deter-
mined by the asymptotic distribution of this maximal deviation, which is established by utilizing the extreme value
distribution of nonstationary x-fields indexed by manifolds.

Keywords: Ridges; intersections; level sets; extreme value distribution; kernel density estimation
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We consider a finite impulse response system with centered independent sub-Gaussian design covariates and noise
components that are not necessarily identically distributed. We derive non-asymptotic near-optimal estimation and
prediction bounds for the least squares estimator of the parameters. Our results are based on two concentration
inequalities on the norm of sums of dependent covariate vectors and on the singular values of their covariance
operator that are of independent value on their own and where the dependence arises from the time shift structure
of the time series. These results generalize the known bounds for the independent case.
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Large deviations built on max-stability
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In this paper, we show that the basic results in large deviations theory hold for general monetary risk measures,
which satisfy the crucial property of max-stability. A max-stable monetary risk measure fulfills a lattice homo-
morphism property, and satisfies under a suitable tightness condition the Laplace Principle (LP), that is, admits a
dual representation with affine convex conjugate. By replacing asymptotic concentration of probability by concen-
tration of risk, we formulate a Large Deviation Principle (LDP) for max-stable monetary risk measures, and show
its equivalence to the LP. In particular, the special case of the asymptotic entropic risk measure corresponds to the
classical Varadhan—Bryc equivalence between the LDP and LP. The main results are illustrated by the asymptotic
shortfall risk measure.

Keywords: Large deviations; max-stable monetary risk measures; Large Deviation Principle; Laplace Principle;
concentration function; asymptotic shortfall risk
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Directional phantom distribution functions
for stationary random fields
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We give necessary and sufficient conditions for the existence of a phantom distribution function for a stationary
random field on a regular lattice. We also introduce a less demanding notion of a directional phantom distribution,
with potentially broader area of applicability. Such approach leads to sectorial limit properties, a phenomenon
well-known in limit theorems for random fields. An example of a stationary Gaussian random field is provided
showing that the two notions do not coincide. Criteria for the existence of the corresponding notions of the extremal
index and the sectorial extremal index are also given.

Keywords: Stationary random fields; extreme value limit theory; phantom distribution function; extremal index;
Gaussian random fields
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On fluctuations of global and mesoscopic linear
statistics of generalized Wigner matrices
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We consider an N by N real or complex generalized Wigner matrix Hy, whose entries are independent centered
random variables with uniformly bounded moments. We assume that the variance profile, s;; := E|H;; 2, satisfies
Z,N:1 sij = 1,foralll1 <j <N and ¢! < Ns,-j <cforall 1 <i,j < N with some constant ¢ > 1. We establish
Gaussian fluctuations for the linear eigenvalue statistics of Hy on global scales, as well as on all mesoscopic
scales up to the spectral edges, with the expectation and variance formulated in terms of the variance profile. We
subsequently obtain the universal mesoscopic central limit theorems for the linear eigenvalue statistics inside the
bulk and at the edges, respectively.

Keywords: Central limit theorem; linear eigenvalue statistics; generalized Wigner matrix
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We study the fluctuations, as d,n — oo, of the Wishart matrix W, 4 = %)(n,d XnT’ 4 associated to a n x d ran-
dom matrix &}, 4 with non-Gaussian entries. We analyze the limiting behavior in distribution of W, 4 in two
situations: when the entries of &}, 4 are independent elements of a Wiener chaos of arbitrary order and when the
entries are partially correlated and belong to the second Wiener chaos. In the first case, we show that the (suitably
normalized) Wishart matrix converges in distribution to a Gaussian matrix while in the correlated case, we obtain
its convergence in law to a diagonal non-Gaussian matrix. In both cases, we derive the rate of convergence in the
Wasserstein distance via Malliavin calculus and analysis on Wiener space.

Keywords: Wishart matrix; multiple stochastic integrals; Malliavin calculus; Stein’s method; Rosenblatt process;
fractional Brownian motion; high-dimensional regime
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Functional registration and local variations:
Identifiability, rank, and tuning
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We develop theory and methodology for the problem of nonparametric registration of functional data that have
been subjected to random deformation (warping) of their time scale. The separation of this phase variation (‘hori-
zontal” variation) from the amplitude variation (“vertical” variation) is crucial in order to properly conduct further
analyses, which otherwise can be severely distorted. We determine precise nonparametric conditions under which
the two forms of variation are identifiable. These show that the identifiability delicately depends on the under-
lying rank. By means of several counterexamples, we demonstrate that our conditions are sharp if one wishes a
genuinely nonparametric setup; and in doing so we caution that popular remedies such as structural assumptions
or roughness penalties can easily fail. We then propose a nonparametric registration method based on a “local
variation measure”, the main element in elucidating identifiability. A key advantage of the method is that it is free
of any tuning or penalisation parameters regulating the amount of alignment, thus circumventing the problem of
over/under-registration often encountered in practice. We provide asymptotic theory for the resulting estimators
under the identifiable regime, but also under mild departures from identifiability, quantifying the resulting bias in
terms of the amplitude variation’s spectral gap.

Keywords: Functional data analysis; phase variation; synchronisation; warping
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Consider the following distribution dependent SDE:
dX; =01 (Xy, x,) dWr + b (Xy, pux,) dt,

where uy, stands for the distribution of X;. In this paper for non-degenerate o, we show the strong well-posedness
of the above SDE under some integrability assumptions in the spatial variable and Lipschitz continuity in x about
b and o. In particular, we extend the results of Krylov—Rockner (Probab. Theory Related Fields 131 (2005) 154—
196) to the distribution dependent case.

Keywords: Distribution dependent SDEs; Zvonkin’s transformation; singular drifts; superposition principle;
McKean—Vlasov system
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Detecting a planted community in an
inhomogeneous random graph
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We study the problem of detecting whether an inhomogeneous random graph contains a planted community.
Specifically, we observe a single realization of a graph. Under the null hypothesis, this graph is a sample from
an inhomogeneous random graph, whereas under the alternative, there exists a small subgraph where the edge
probabilities are increased by a multiplicative scaling factor. We present a scan test that is able to detect the
presence of such a planted community, even when this community is very small and the underlying graph is
inhomogeneous. We also derive an information theoretic lower bound for this problem which shows that in some
regimes the scan test is almost asymptotically optimal. We illustrate our results through examples and numerical
experiments.

Keywords: Community detection; inhomogeneous random graphs; scan statistics; minimax hypothesis testing
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Interpoint distance based two sample tests in
high dimension

CHANGBO ZHU" and XIAOFENG SHAOfT

Department of Statistics, University of Illinois at Urbana-Champaign, Champaign, IL, 61820, USA.
E-mail: *changbOZ@illinois.edu; T xshao@illinois.edu

In this paper, we study a class of two sample test statistics based on inter-point distances in the high dimensional
and low/medium sample size setting. Our test statistics include the well-known energy distance and maximum
mean discrepancy with Gaussian and Laplacian kernels, and the critical values are obtained via permutations.
We show that all these tests are inconsistent when the two high dimensional distributions correspond to the same
marginal distributions but differ in other aspects of the distributions. The tests based on energy distance and
maximum mean discrepancy mainly target the differences between marginal means and variances, whereas the
test based on L!-distance can capture the difference in marginal distributions. Our theory sheds new light on
the limitation of inter-point distance based tests, the impact of different distance metrics, and the behavior of
permutation tests in high dimension. Some simulation results and a real data illustration are also presented to
corroborate our theoretical findings.

Keywords: Two sample test; high dimensionality; permutation test; power analysis
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This paper discusses predictive densities under the Kullback—Leibler loss for high-dimensional Poisson sequence
models under sparsity constraints. Sparsity in count data implies zero-inflation. We present a class of Bayes pre-
dictive densities that attain asymptotic minimaxity in sparse Poisson sequence models. We also show that our class
with an estimator of unknown sparsity level plugged-in is adaptive in the asymptotically minimax sense. For appli-
cation, we extend our results to settings with quasi-sparsity and with missing-completely-at-random observations.
The simulation studies as well as application to real data illustrate the efficiency of the proposed Bayes predictive
densities.

Keywords: Adaptation; high dimension; Kullback—Leibler divergence; missing at random; Poisson model; zero
inflation

References

[1] Agarwal, D.K., Gelfand, A.E. and Citron-Pousty, S. (2002). Zero-inflated models with application to spatial
count data. Environ. Ecol. Stat. 9 341-355. MR1951713 https://doi.org/10.1023/A:1020910605990

[2] Aitchison, J. (1975). Goodness of prediction fit. Biometrika 62 547-554. MR0391353 https://doi.org/10.
1093/biomet/62.3.547

[3] Akaike, H. (1978). A new look at the Bayes procedure. Biometrika 65 53-59. MR0501450 https://doi.org/10.
1093/biomet/65.1.53

[4] Aslan, M. (2006). Asymptotically minimax Bayes predictive densities. Ann. Statist. 34 2921-2938.
MR2329473 https://doi.org/10.1214/009053606000000885

[5] Boisbunon, A. and Maruyama, Y. (2014). Inadmissibility of the best equivariant predictive density in the
unknown variance case. Biometrika 101 733—740. MR3254914 https://doi.org/10.1093/biomet/asu024

[6] Brown, L.D., Greenshtein, E. and Ritov, Y. (2013). The Poisson compound decision problem revisited.
J. Amer. Statist. Assoc. 108 741-749. MR3174656 https://doi.org/10.1080/01621459.2013.771582

[7] Carvalho, C.M., Polson, N.G. and Scott, J.G. (2010). The horseshoe estimator for sparse signals. Biometrika
97 465-480. MR2650751 https://doi.org/10.1093/biomet/asq017

[8] Castillo, I. and Mismer, R. (2018). Empirical Bayes analysis of spike and slab posterior distributions. Elec-
tron. J. Stat. 12 3953-4001. MR3885271 https://doi.org/10.1214/18-EJS1494

[9] Castillo, I. and Szabd, B. (2020). Spike and slab empirical Bayes sparse credible sets. Bernoulli 26 127-158.
MR4036030 https://doi.org/10.3150/19-BEJ1119

[10] Clevenson, M.L. and Zidek, J.V. (1975). Simultaneous estimation of the means of independent Poisson laws.
J. Amer. Statist. Assoc. 70 698-705. MR0394962
[11] CartoDB contributors (2011). https://carto.com.

1350-7265 © 2021 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/20-BEJ1271
mailto:yano@ism.ac.jp
mailto:ryykaneko@gmail.com
mailto:komaki@g.ecc.u-tokyo.ac.jp
http://www.ams.org/mathscinet-getitem?mr=1951713
https://doi.org/10.1023/A:1020910605990
http://www.ams.org/mathscinet-getitem?mr=0391353
https://doi.org/10.1093/biomet/62.3.547
http://www.ams.org/mathscinet-getitem?mr=0501450
https://doi.org/10.1093/biomet/65.1.53
http://www.ams.org/mathscinet-getitem?mr=2329473
https://doi.org/10.1214/009053606000000885
http://www.ams.org/mathscinet-getitem?mr=3254914
https://doi.org/10.1093/biomet/asu024
http://www.ams.org/mathscinet-getitem?mr=3174656
https://doi.org/10.1080/01621459.2013.771582
http://www.ams.org/mathscinet-getitem?mr=2650751
https://doi.org/10.1093/biomet/asq017
http://www.ams.org/mathscinet-getitem?mr=3885271
https://doi.org/10.1214/18-EJS1494
http://www.ams.org/mathscinet-getitem?mr=4036030
https://doi.org/10.3150/19-BEJ1119
http://www.ams.org/mathscinet-getitem?mr=0394962
https://carto.com
https://doi.org/10.1093/biomet/62.3.547
https://doi.org/10.1093/biomet/65.1.53

[12]
[13]
[14]
[15]
[16]
(17]

(18]

[19]

[20]
(21]
(22]
(23]

[24]
(25]

(26]
[27]

(28]

[29]
(30]
(31]
(32]
(33]
[34]
[35]

(36]

OpenStreetMap contributors (2017). Planet dump retrieved from https://planet.osm.org. Available at https:
/Iwww.openstreetmap.org.

Corcuera, J.M. and Giummole, F. (1999). A generalized Bayes rule for prediction. Scand. J. Stat. 26 265—
279. MR1707658 https://doi.org/10.1111/1467-9469.00149

Datta, J. and Dunson, D.B. (2016). Bayesian inference on quasi-sparse count data. Biometrika 103 971-983.
MR3620451 https://doi.org/10.1093/biomet/asw053

Dawid, A.P. and Musio, M. (2015). Bayesian model selection based on proper scoring rules. Bayesian Anal.
10 479-499. MR3420890 https://doi.org/10.1214/15-BA942

Deledalle, C.-A. (2017). Estimation of Kullback—Leibler losses for noisy recovery problems within the ex-
ponential family. Electron. J. Stat. 11 3141-3164. MR3694579 https://doi.org/10.1214/17-EJS1321

Tokyo Metropolitan Police Department The number of crimes in tokyo prefecture by town and type. Avail-
able at http://www.keishicho.metro.tokyo.jp/about_mpd/jokyo_tokei/jokyo/ninchikensu.html.

Fourdrinier, D., Marchand, E., Righi, A. and Strawderman, W.E. (2011). On improved predictive density
estimation with parametric constraints. Electron. J. Stat. 5 172-191. MR2792550 https://doi.org/10.1214/
11-EJS603

Fourdrinier, D., Marchand, E. and Strawderman, W.E. (2019). On efficient prediction and predictive density
estimation for normal and spherically symmetric models. J. Multivariate Anal. 173 18-25. MR3913045
https://doi.org/10.1016/j.jmva.2019.02.002

George, E.I, Liang, F. and Xu, X. (2006). Improved minimax predictive densities under Kullback—Leibler
loss. Ann. Statist. 34 78-91. MR2275235 https://doi.org/10.1214/009053606000000155

Ghosh, M. and Yang, M.C. (1988). Simultaneous estimation of Poisson means under entropy loss. Ann.
Statist. 16 278-291. MR0924871 https://doi.org/10.1214/a0s/1176350705

Hall, D.B. (2000). Zero-inflated Poisson and binomial regression with random effects: A case study. Biomet-
rics 56 1030-1039. MR1815581 https://doi.org/10.1111/§.0006-341X.2000.01030.x

Hamura, Y., Irie, K. and Sugasawa, S. On global-local shrinkage priors for count data. Available at
arXiv:1907.01333.

Hartigan, J. (2002). Bayesian regression using Akaike priors. Preprint, Yale Univ., New Haven, CT.
Hartigan, J.A. (1998). The maximum likelihood prior. Ann. Statist. 26 2083-2103. MR1700222
https://doi.org/10.1214/a0s/1024691462

Johnstone, I. (1984). Admissibility, difference equations and recurrence in estimating a Poisson mean. Ann.
Statist. 12 1173-1198. MR0760682 https://doi.org/10.1214/a0s/1176346786

Johnstone, .M. and MacGibbon, K.B. (1992). Minimax estimation of a constrained Poisson vector. Ann.
Statist. 20 807-831. MR1165594 https://doi.org/10.1214/a0s/1176348658

Johnstone, .M. and Silverman, B.W. (2004). Needles and straw in haystacks: Empirical Bayes esti-
mates of possibly sparse sequences. Ann. Statist. 32 1594-1649. MR2089135 https://doi.org/10.1214/
009053604000000030

Kato, K. (2009). Improved prediction for a multivariate normal distribution with unknown mean and vari-
ance. Ann. Inst. Statist. Math. 61 531-542. MR2529965 https://doi.org/10.1007/s10463-007-0163-z
Kobayashi, K. and Komaki, F. (2008). Bayesian shrinkage prediction for the regression problem. J. Multi-
variate Anal. 99 1888-1905. MR2466542 https://doi.org/10.1016/j.jmva.2008.01.014

Komaki, F. (1996). On asymptotic properties of predictive distributions. Biometrika 83 299-313.
MR 1439785 https://doi.org/10.1093/biomet/83.2.299

Komaki, F. (2001). A shrinkage predictive distribution for multivariate normal observables. Biometrika 88
859-864. MR1859415 https://doi.org/10.1093/biomet/88.3.859

Komaki, F. (2004). Simultaneous prediction of independent Poisson observables. Ann. Statist. 32 1744—1769.
MR2089141 https://doi.org/10.1214/009053604000000445

Komaki, F. (2006). A class of proper priors for Bayesian simultaneous prediction of independent Poisson
observables. J. Multivariate Anal. 97 1815-1828. MR2298891 https://doi.org/10.1016/j.jmva.2005.12.002
Komaki, F. (2015). Simultaneous prediction for independent Poisson processes with different durations.
J. Multivariate Anal. 141 35-48. MR3390057 https://doi.org/10.1016/j.jmva.2015.06.008

Kubokawa, T., Marchand, E., Strawderman, W.E. and Turcotte, J.-P. (2013). Minimaxity in predictive density
estimation with parametric constraints. J. Multivariate Anal. 116 382-397. MR3049911 https://doi.org/10.
1016/j.jmva.2013.01.001


https://planet.osm.org
https://www.openstreetmap.org
http://www.ams.org/mathscinet-getitem?mr=1707658
https://doi.org/10.1111/1467-9469.00149
http://www.ams.org/mathscinet-getitem?mr=3620451
https://doi.org/10.1093/biomet/asw053
http://www.ams.org/mathscinet-getitem?mr=3420890
https://doi.org/10.1214/15-BA942
http://www.ams.org/mathscinet-getitem?mr=3694579
https://doi.org/10.1214/17-EJS1321
http://www.keishicho.metro.tokyo.jp/about_mpd/jokyo_tokei/jokyo/ninchikensu.html
http://www.ams.org/mathscinet-getitem?mr=2792550
https://doi.org/10.1214/11-EJS603
http://www.ams.org/mathscinet-getitem?mr=3913045
https://doi.org/10.1016/j.jmva.2019.02.002
http://www.ams.org/mathscinet-getitem?mr=2275235
https://doi.org/10.1214/009053606000000155
http://www.ams.org/mathscinet-getitem?mr=0924871
https://doi.org/10.1214/aos/1176350705
http://www.ams.org/mathscinet-getitem?mr=1815581
https://doi.org/10.1111/j.0006-341X.2000.01030.x
http://arxiv.org/abs/arXiv:1907.01333
http://www.ams.org/mathscinet-getitem?mr=1700222
https://doi.org/10.1214/aos/1024691462
http://www.ams.org/mathscinet-getitem?mr=0760682
https://doi.org/10.1214/aos/1176346786
http://www.ams.org/mathscinet-getitem?mr=1165594
https://doi.org/10.1214/aos/1176348658
http://www.ams.org/mathscinet-getitem?mr=2089135
https://doi.org/10.1214/009053604000000030
http://www.ams.org/mathscinet-getitem?mr=2529965
https://doi.org/10.1007/s10463-007-0163-z
http://www.ams.org/mathscinet-getitem?mr=2466542
https://doi.org/10.1016/j.jmva.2008.01.014
http://www.ams.org/mathscinet-getitem?mr=1439785
https://doi.org/10.1093/biomet/83.2.299
http://www.ams.org/mathscinet-getitem?mr=1859415
https://doi.org/10.1093/biomet/88.3.859
http://www.ams.org/mathscinet-getitem?mr=2089141
https://doi.org/10.1214/009053604000000445
http://www.ams.org/mathscinet-getitem?mr=2298891
https://doi.org/10.1016/j.jmva.2005.12.002
http://www.ams.org/mathscinet-getitem?mr=3390057
https://doi.org/10.1016/j.jmva.2015.06.008
http://www.ams.org/mathscinet-getitem?mr=3049911
https://doi.org/10.1016/j.jmva.2013.01.001
https://www.openstreetmap.org
https://doi.org/10.1214/11-EJS603
https://doi.org/10.1214/009053604000000030
https://doi.org/10.1016/j.jmva.2013.01.001

(37]

(38]

[39]
(40]

[41]

[42]

[43]

(44]

[45]
[40]
[47]
(48]
[49]

[50]

[51]
(52]
(53]
[54]
[55]
[56]

(571

L’Moudden, A. and Marchand, E. (2019). On predictive density estimation under a-divergence loss. Math.
Methods Statist. 28 127-143. MR3989319 https://doi.org/10.3103/S1066530719020030

L’Moudden, A., Marchand, E., Kortbi, O. and Strawderman, W.E. (2017). On predictive density estima-
tion for gamma models with parametric constraints. J. Statist. Plann. Inference 185 56—68. MR3612671
https://doi.org/10.1016/].jspi.2017.01.003

Lambert, D. (1992). Zero-inflated Poisson regression, with an application to random defects in manufactur-
ing. Technometrics 34 1-14.

Leung, G. and Barron, A.R. (2006). Information theory and mixing least-squares regressions. /[EEE Trans.
Inf. Theory 52 3396-3410. MR2242356 https://doi.org/10.1109/TIT.2006.878172

Liang, F. and Barron, A. (2004). Exact minimax strategies for predictive density estimation, data compres-
sion, and model selection. /[EEE Trans. Inf. Theory 50 2708-2726. MR2096988 https://doi.org/10.1109/TIT.
2004.836922

MacGibbon, B. (2010). Minimax estimation over hyperrectangles with implications in the Poisson case. In
Borrowing Strength: Theory Powering Applications — a Festschrift for Lawrence D. Brown. Inst. Math. Stat.
(IMS) Collect. 6 32—42. Beachwood, OH: IMS. MR2798509

Maruyama, Y. and Strawderman, W.E. (2012). Bayesian predictive densities for linear regression models
under «-divergence loss: Some results and open problems. In Contemporary Developments in Bayesian
Analysis and Statistical Decision Theory: A Festschrift for William E. Strawderman. Inst. Math. Stat. (IMS)
Collect. 8 42-56. Beachwood, OH: IMS. MR3202501 https://doi.org/10.1214/11-IMSCOLLS803
Maruyama, Y. and Takemura, A. (2008). Admissibility and minimaxity of generalized Bayes estimators for
spherically symmetric family. J. Multivariate Anal. 99 50-73. MR2408443 https://doi.org/10.1016/j.jmva.
2007.01.002

Matsuda, T. and Komaki, F. (2015). Singular value shrinkage priors for Bayesian prediction. Biometrika 102
843-854. MR3431557 https://doi.org/10.1093/biomet/asv036

Mukherjee, G. and Johnstone, I. On minimax optimality of sparse Bayes predictive density estimates. Avail-
able at arXiv:1707.04380.

Mukherjee, G. and Johnstone, .M. (2015). Exact minimax estimation of the predictive density in sparse
Gaussian models. Ann. Statist. 43 937-961. MR3346693 https://doi.org/10.1214/14- AOS1251

Murray, G.D. (1977). A note on the estimation of probability density functions. Biometrika 64 150-152.
MRO0448690 https://doi.org/10.2307/2335788

Ng, V.M. (1980). On the estimation of parametric density functions. Biometrika 67 505-506. MR0581751
https://doi.org/10.1093/biomet/67.2.505

Robbins, H. (1956). An empirical Bayes approach to statistics. In Proceedings of the Third Berkeley Sym-
posium on Mathematical Statistics and Probability, 1954—1955, Vol. I 157-163. Berkeley: Univ. California
Press. MR0084919

Rockovd, V. and George, E.I. (2018). The spike-and-slab LASSO. J. Amer. Statist. Assoc. 113 431-444.
MR3803476 https://doi.org/10.1080/01621459.2016.1260469

Suzuki, T. and Komaki, F. (2010). On prior selection and covariate shift of g-Bayesian prediction under
a-divergence risk. Comm. Statist. Theory Methods 39 1655-1673.

Xu, X. and Liang, F. (2010). Asymptotic minimax risk of predictive density estimation for non-parametric
regression. Bernoulli 16 543-560. MR2668914 https://doi.org/10.3150/09-BEJ222

Xu, X. and Zhou, D. (2011). Empirical Bayes predictive densities for high-dimensional normal models.
J. Multivariate Anal. 102 1417-1428. MR2819959 https://doi.org/10.1016/j.jmva.2011.05.008

Yano, K., Kaneko, R. and Komaki, F. (2021). Supplement to “Minimax predictive density for sparse count
data.” https://doi.org/10.3150/20-BEJ1271SUPP

Yano, K. and Komaki, F. (2017). Asymptotically minimax prediction in infinite sequence models. Electron.
J. Stat. 11 3165-3195. MR3697133 https://doi.org/10.1214/17-EJS1312

Zhang, F., Shi, Y., Ng, HK.T. and Wang, R. (2018). Information geometry of generalized Bayesian
prediction using a-divergences as loss functions. IEEE Trans. Inf. Theory 64 1812-1824. MR3766316
https://doi.org/10.1109/TIT.2017.2774820


http://www.ams.org/mathscinet-getitem?mr=3989319
https://doi.org/10.3103/S1066530719020030
http://www.ams.org/mathscinet-getitem?mr=3612671
https://doi.org/10.1016/j.jspi.2017.01.003
http://www.ams.org/mathscinet-getitem?mr=2242356
https://doi.org/10.1109/TIT.2006.878172
http://www.ams.org/mathscinet-getitem?mr=2096988
https://doi.org/10.1109/TIT.2004.836922
http://www.ams.org/mathscinet-getitem?mr=2798509
http://www.ams.org/mathscinet-getitem?mr=3202501
https://doi.org/10.1214/11-IMSCOLL803
http://www.ams.org/mathscinet-getitem?mr=2408443
https://doi.org/10.1016/j.jmva.2007.01.002
http://www.ams.org/mathscinet-getitem?mr=3431557
https://doi.org/10.1093/biomet/asv036
http://arxiv.org/abs/arXiv:1707.04380
http://www.ams.org/mathscinet-getitem?mr=3346693
https://doi.org/10.1214/14-AOS1251
http://www.ams.org/mathscinet-getitem?mr=0448690
https://doi.org/10.2307/2335788
http://www.ams.org/mathscinet-getitem?mr=0581751
https://doi.org/10.1093/biomet/67.2.505
http://www.ams.org/mathscinet-getitem?mr=0084919
http://www.ams.org/mathscinet-getitem?mr=3803476
https://doi.org/10.1080/01621459.2016.1260469
http://www.ams.org/mathscinet-getitem?mr=2668914
https://doi.org/10.3150/09-BEJ222
http://www.ams.org/mathscinet-getitem?mr=2819959
https://doi.org/10.1016/j.jmva.2011.05.008
https://doi.org/10.3150/20-BEJ1271SUPP
http://www.ams.org/mathscinet-getitem?mr=3697133
https://doi.org/10.1214/17-EJS1312
http://www.ams.org/mathscinet-getitem?mr=3766316
https://doi.org/10.1109/TIT.2017.2774820
https://doi.org/10.1109/TIT.2004.836922
https://doi.org/10.1016/j.jmva.2007.01.002

Bernoulli 27(2), 2021, 1239-1269
https://doi.org/10.3150/20-BEJ1272

Asymptotics for sliding blocks estimators of
rare events
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Drees and Rootzén (Ann. Statist. 38 (2010) 2145-2186) have established limit theorems for a general class of
empirical processes of statistics that are useful for the extreme value analysis of time series, but do not apply to
statistics of sliding blocks, including so-called runs estimators. We generalize these results to empirical processes
which cover both the class considered by Drees and Rootzén (Ann. Statist. 38 (2010) 2145-2186) and processes of
sliding blocks statistics. Using this approach, one can analyze different types of statistics in a unified framework.
We show that statistics based on sliding blocks are asymptotically normal with an asymptotic variance which,
under rather mild conditions, is smaller than or equal to the asymptotic variance of the corresponding estimator
based on disjoint blocks. Finally, the general theory is applied to three well-known estimators of the extremal
index. It turns out that they all have the same limit distribution, a fact which has so far been overlooked in the
literature.

Keywords: Asymptotic efficiency; empirical processes; extremal index; extreme value analysis; sliding vs disjoint
blocks; time series; uniform central limit theorems

References

[1] Beirlant, J., Goegebeur, Y., Segers, J. and Teugels, J. (2004). Statistics of Extremes: Theory and Applica-
tions. Wiley Series in Probability and Statistics. Chichester: Wiley. MR2108013 https://doi.org/10.1002/
0470012382

[2] Berghaus, B. and Biicher, A. (2018). Weak convergence of a pseudo maximum likelihood estimator for the
extremal index. Ann. Statist. 46 2307-2335. MR3845019 https://doi.org/10.1214/17- AOS1621

[3] Biicher, A. and Segers, J. (2018). Inference for heavy tailed stationary time series based on sliding blocks.
Electron. J. Stat. 12 1098-1125. MR3780041 https://doi.org/10.1214/18-EJS1415

[4] Davis, R.A., Drees, H., Segers, J. and Warchot, M. (2018). Inference on the tail process with application to fi-
nancial time series modeling. J. Econometrics 205 508-525. MR3813529 https://doi.org/10.1016/j.jeconom.
2018.01.009

[5] Davis, R.A. and Mikosch, T. (2009). The extremogram: A correlogram for extreme events. Bernoulli 15
977-1009. MR2597580 https://doi.org/10.3150/09-BEJ213

[6] Doukhan, P. (1994). Mixing: Properties and Examples. Lecture Notes in Statistics 85. New York: Springer.
MR1312160 https://doi.org/10.1007/978-1-4612-2642-0

[7] Drees, H. (2015). Bootstrapping empirical processes of cluster functionals with application to extremograms.
Preprint. Available at arXiv:1511.00420.

[8] Drees, H. and KneZevi¢, M. (2020). Peak-over-threshold estimators for spectral tail processes: Random vs
deterministic thresholds. Extremes 23 465-491. MR4129561 https://doi.org/10.1007/s10687-019-00367-x

[9] Drees, H. and Neblung, S. (2021). Supplement to “Asymptotics for sliding blocks estimators of rare events.”
https://doi.org/10.3150/20-BEJ1272SUPP

[10] Drees, H. and Rootzén, H. (2010). Limit theorems for empirical processes of cluster functionals. Ann. Statist.
38 2145-2186. MR2676886 https://doi.org/10.1214/09- AOS788

[11] Drees, H., Segers, J. and Warchot, M. (2015). Statistics for tail processes of Markov chains. Extremes 18
369-402. MR3377814 https://doi.org/10.1007/s10687-015-0217-1

1350-7265 © 2021 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/20-BEJ1272
mailto:drees@math.uni-hamburg.de
mailto:sebastian.neblung@uni-hamburg.de
http://www.ams.org/mathscinet-getitem?mr=2108013
https://doi.org/10.1002/0470012382
http://www.ams.org/mathscinet-getitem?mr=3845019
https://doi.org/10.1214/17-AOS1621
http://www.ams.org/mathscinet-getitem?mr=3780041
https://doi.org/10.1214/18-EJS1415
http://www.ams.org/mathscinet-getitem?mr=3813529
https://doi.org/10.1016/j.jeconom.2018.01.009
http://www.ams.org/mathscinet-getitem?mr=2597580
https://doi.org/10.3150/09-BEJ213
http://www.ams.org/mathscinet-getitem?mr=1312160
https://doi.org/10.1007/978-1-4612-2642-0
http://arxiv.org/abs/arXiv:1511.00420
http://www.ams.org/mathscinet-getitem?mr=4129561
https://doi.org/10.1007/s10687-019-00367-x
https://doi.org/10.3150/20-BEJ1272SUPP
http://www.ams.org/mathscinet-getitem?mr=2676886
https://doi.org/10.1214/09-AOS788
http://www.ams.org/mathscinet-getitem?mr=3377814
https://doi.org/10.1007/s10687-015-0217-1
https://doi.org/10.1002/0470012382
https://doi.org/10.1016/j.jeconom.2018.01.009

[12]
[13]
(14]
[15]
[16]
(17]

(18]
(19]

[20]
(21]
(22]
(23]

(24]

[25]

(26]

Eberlein, E. (1984). Weak convergence of partial sums of absolutely regular sequences. Statist. Probab. Lett.
2 291-293. MR0777842 https://doi.org/10.1016/0167-7152(84)90067-1

Ferro, C.A.T. and Segers, J. (2003). Inference for clusters of extreme values. J. R. Stat. Soc. Ser. B. Stat.
Methodol. 65 545-556. MR1983763 https://doi.org/10.1111/1467-9868.00401

Hsing, T. (1991). Estimating the parameters of rare events. Stochastic Process. Appl. 37 117-139.
MR1091698 https://doi.org/10.1016/0304-4149(91)90064-1

Hsing, T. (1993). Extremal index estimation for a weakly dependent stationary sequence. Ann. Statist. 21
2043-2071. MR1245780 https://doi.org/10.1214/a0s/1176349409

Leadbetter, M.R. (1983). Extremes and local dependence in stationary sequences. Z. Wahrsch. Verw. Gebiete
65 291-306. MR0722133 https://doi.org/10.1007/BF00532484

O’Brien, G.L. (1987). Extreme values for stationary and Markov sequences. Ann. Probab. 15 281-291.
MRO877604

Petrov, V.V. (1975). Sums of Independent Random Variables. New York: Springer. MR0388499

Pratt, JJW. (1960). On interchanging limits and integrals. Ann. Math. Stat. 31 74-77. MR0123673
https://doi.org/10.1214/a0ms/1177705988

Robert, C.Y., Segers, J. and Ferro, C.A.T. (2009). A sliding blocks estimator for the extremal index. Electron.
J. Stat. 3 993-1020. MR2540849 https://doi.org/10.1214/08-EJS345

Segers, J. (2003). Functionals of clusters of extremes. Adv. in Appl. Probab. 35 1028-1045. MR2014268
https://doi.org/10.1239/aap/1067436333

Smith, R.L. and Weissman, 1. (1994). Estimating the extremal index. J. Roy. Statist. Soc. Ser. B 56 515-528.
MR1278224

Stiveges, M. (2007). Likelihood estimation of the extremal index. Extremes 10 41-55. MR2407640
https://doi.org/10.1007/s10687-007-0034-2

Van der Vaart, A.W. and Wellner, J.A. (1996). Weak Convergence and Empirical Processes: With Applica-
tions to Statistics. Springer Series in Statistics. New York: Springer. MR1385671 https://doi.org/10.1007/
978-1-4757-2545-2

Weissman, I. and Novak, S.Y. (1998). On blocks and runs estimators of the extremal index. J. Statist. Plann.
Inference 66 281-288. MR 1614480 https://doi.org/10.1016/S0378-3758(97)00095-5

Zou, N., Volgushev, S. and Biicher, A. (2019). Multiple block sizes and overlapping blocks for multivariate
time series extremes. Ann. Statist. To appear. Available at arXiv:1907.09477.


http://www.ams.org/mathscinet-getitem?mr=0777842
https://doi.org/10.1016/0167-7152(84)90067-1
http://www.ams.org/mathscinet-getitem?mr=1983763
https://doi.org/10.1111/1467-9868.00401
http://www.ams.org/mathscinet-getitem?mr=1091698
https://doi.org/10.1016/0304-4149(91)90064-J
http://www.ams.org/mathscinet-getitem?mr=1245780
https://doi.org/10.1214/aos/1176349409
http://www.ams.org/mathscinet-getitem?mr=0722133
https://doi.org/10.1007/BF00532484
http://www.ams.org/mathscinet-getitem?mr=0877604
http://www.ams.org/mathscinet-getitem?mr=0388499
http://www.ams.org/mathscinet-getitem?mr=0123673
https://doi.org/10.1214/aoms/1177705988
http://www.ams.org/mathscinet-getitem?mr=2540849
https://doi.org/10.1214/08-EJS345
http://www.ams.org/mathscinet-getitem?mr=2014268
https://doi.org/10.1239/aap/1067436333
http://www.ams.org/mathscinet-getitem?mr=1278224
http://www.ams.org/mathscinet-getitem?mr=2407640
https://doi.org/10.1007/s10687-007-0034-2
http://www.ams.org/mathscinet-getitem?mr=1385671
https://doi.org/10.1007/978-1-4757-2545-2
http://www.ams.org/mathscinet-getitem?mr=1614480
https://doi.org/10.1016/S0378-3758(97)00095-5
http://arxiv.org/abs/arXiv:1907.09477
https://doi.org/10.1007/978-1-4757-2545-2

Bernoulli 27(2), 2021, 1270-1290
https://doi.org/10.3150/20-BEJ1273

On p-Dvoretzky random covering of the circle
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In this paper, we study the Dvoretzky covering problem with non-uniformly distributed centers. When the prob-
ability law of the centers is absolutely continuous w.r.t. Lebesgue measure and satisfies a regularity condition on
the set of essential infimum points, we give a necessary and sufficient condition for covering the circle. When the
lengths of covering intervals are of the form ¢, = % we give a necessary and sufficient condition for covering the
circle, without imposing any regularity on the density function.

Keywords: Random covering; non-uniform densities
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Consider a spectrally positive Lévy process Z with log-Laplace exponent W and a positive continuous function
R on (0, 0o0). We investigate the entrance from infinity of the process X obtained by changing time in Z with the
inverse of the additive functional n(z) = fé %. We provide a necessary and sufficient condition for infinity to
be an entrance boundary of the process X. Under this condition, the process can start from infinity and we study its
speed of coming down from infinity. When the Lévy process has a negative drift § := —y < 0, sufficient conditions
over R and W are found for the process to come down from infinity along the deterministic function (x;, ¢ > 0)
solution to dx; = —y R(x;) dt with xg = c0. If W (L) ~cA% as & — 0, @ € (1,2], ¢ > 0 and R is regularly varying
at co with index 6 > «, the process comes down from infinity and we find a renormalisation in law of its running
infimum at small times.

Keywords: Coming down from infinity; entrance boundary; hitting time; continuous-state non-linear branching
process; regularly varying function; spectrally positive Lévy process; time-change; weighted occupation time
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Precise large deviations for dependent
subexponential variables
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In this paper, we study precise large deviations for the partial sums of a stationary sequence with a subexponential
marginal distribution. Our main focus is on distributions which either have a regularly varying or a lognormal-type
tail. We apply the results to prove limit theory for the maxima of the entries large sample covariance matrices.
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Adaptation bounds for confidence bands under
self-similarity
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We derive bounds on the scope for a confidence band to adapt to the unknown regularity of a nonparametric
function that is observed with noise, such as a regression function or density, under the self-similarity condition
proposed by Giné and Nickl (Ann. Statist. 38 (2010) 1122—-1170). We find that adaptation can only be achieved up
to a term that depends on the choice of the constant used to define self-similarity, and that this term becomes arbi-
trarily large for conservative choices of the self-similarity constant. We construct a confidence band that achieves
this bound, up to a constant term that does not depend on the self-similarity constant. Our results suggest that
care must be taken in choosing and interpreting the constant that defines self-similarity, since the dependence of
adaptive confidence bands on this constant cannot be made to disappear asymptotically.

Keywords: Honest confidence interval; adaptation; self-similarity
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Compound Poisson approximation for regularly
varying fields with application to sequence
alignment
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The article determines the asymptotic shape of the extremal clusters in stationary regularly varying random fields.
To deduce this result, we present a general framework for the Poisson approximation of point processes on Pol-
ish spaces which appears to be of independent interest. We further introduce a novel and convenient concept of
anchoring of the extremal clusters for regularly varying sequences and fields. Together with the Poissonian approx-
imation theory, this allows for a concise description of the limiting behavior of random fields in this setting. We
apply this theory to shed entirely new light on the classical problem of evaluating local alignments of biological
sequences.

Keywords: Compound Poisson approximation; random fields; regular variation; tail process; point process; local
sequence alignment; Gumbel distribution
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In the extreme value analysis of stationary regularly varying time series, tail array sums form a broad class of statis-
tics suitable to analyze their extremal behavior. This class includes for example, the Hill estimator or estimators
of the extremogram and the tail dependence coefficient.

General asymptotic theory for tail array sums has been developed by Rootzén et al. (Ann. Appl. Probab. 8
(1998) 868-885) under mixing conditions and in Kulik et al. (Stochastic Process. Appl. 129 (2019) 4209—4238) for
functions of geometrically ergodic Markov chains. A more general framework of cluster functionals is presented
in Drees and Rootzén (Ann. Statist. 38 (2010) 2145-2186).

However, the resulting limiting distributions turn out to be very complex and cumbersome to estimate as they
usually depend on the whole extremal dependence structure of the time series. Hence, a suitable bootstrap proce-
dure is desired, but available bootstrap consistency results for tail array sums are scarce. In this paper, following
Drees (Drees (2015)), we consider a multiplier block bootstrap to estimate the limiting distribution of tail array
sums. We prove that, conditionally on the data, an appropriately constructed multiplier block bootstrap statistic
converges to the correct limiting distribution. Interestingly, in contrast, it turns out that an apparently natural, but
naive application of the multiplier block bootstrap scheme does not yield the correct limit.

In simulations, we provide numerical evidence of our theoretical findings and illustrate the superiority of the
proposed multiplier block bootstrap over some obvious competitors. The proposed bootstrap scheme proves to be
computationally efficient in comparison to other approaches.

Keywords: Heavy tails; Hill estimator; multiplier bootstrap; regular variation; stationary time series; tail
empirical process; tail array sums
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