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Small sample spaces for Gaussian processes

TONI KARVONEN 22

L The Alan Turing Institute, 96 Euston Road, London NWI1 2DB, United Kingdom
2 University of Helsinki, Department of Mathematics and Statistics, Pietari Kalmin katu 5, 00560 Helsinki,
Finland, ®toni.karvonen @ helsinki.fi

It is known that the membership in a given reproducing kernel Hilbert space (RKHS) of the samples of a Gaussian
process X is controlled by a certain nuclear dominance condition. However, it is less clear how to identify a “small”
set of functions (not necessarily a vector space) that contains the samples. This article presents a general approach
for identifying such sets. We use scaled RKHSs, which can be viewed as a generalisation of Hilbert scales, to define
the sample support set as the largest set which is contained in every element of full measure under the law of X
in the o-algebra induced by the collection of scaled RKHS. This potentially non-measurable set is then shown to
consist of those functions that can be expanded in terms of an orthonormal basis of the RKHS of the covariance
kernel of X and have their squared basis coefficients bounded away from zero and infinity, a result suggested by
the Karhunen—Logve theorem.

Keywords: Gaussian processes; sample path properties; reproducing kernel Hilbert spaces

References

[1] Adler, R.J. (1990). An Introduction to Continuity, Extrema, and Related Topics for General Gaussian
Processes. Institute of Mathematical Statistics Lecture Notes—Monograph Series 12. Hayward, CA: IMS.
MR1088478

[2] Bogachev, V.I. (1998). Gaussian Measures. Mathematical Surveys and Monographs 62. Providence, RI:
Amer. Math. Soc. MR1642391 https://doi.org/10.1090/surv/062

[3] Bull, A.D. (2011). Convergence rates of efficient global optimization algorithms. J. Mach. Learn. Res. 12
2879-2904. MR2854351

[4] Cavoretto, R., Fasshauer, G.E. and McCourt, M. (2015). An introduction to the Hilbert-Schmidt SVD us-
ing iterated Brownian bridge kernels. Numer. Algorithms 68 393—-422. MR3304852 https://doi.org/10.1007/
$11075-014-9850-z

[5] Cialenco, I., Fasshauer, G.E. and Ye, Q. (2012). Approximation of stochastic partial differential equations
by a kernel-based collocation method. Int. J. Comput. Math. 89 2543-2561. MR3004665 https://doi.org/10.
1080/00207160.2012.688111

[6] Cockayne, J., Oates, C.J., Sullivan, T.J. and Girolami, M. (2019). Bayesian probabilistic numerical methods.
SIAM Rev. 61 756-789. MR4027836 https://doi.org/10.1137/17M 1139357

[7] Dette, H. and Zhigljavsky, A.A. (2021). Reproducing kernel Hilbert spaces, polynomials, and the classical
moment problem. SIAM/ASA J. Uncertain. Quantificat. 9 1589-1614. MR4334548 https://doi.org/10.1137/
21M1394965

[8] Diaconis, P. (1988). Bayesian numerical analysis. In Statistical Decision Theory and Related Topics, 1V, Vol.
1 (West Lafayette, Ind., 1986) 163—175. New York: Springer. MR0927099

[9] Driscoll, M.E. (1973). The reproducing kernel Hilbert space structure of the sample paths of a Gaussian
process. Z. Wahrsch. Verw. Gebiete 26 309-316. MR0370723 https://doi.org/10.1007/BF00534894

[10] Engl, H.W., Hanke, M. and Neubauer, A. (1996). Regularization of Inverse Problems. Mathematics and Its
Applications 375. Dordrecht: Kluwer Academic. MR1408680

[11] Flaxman, S., Sejdinovic, D., Cunningham, J. and Filippi, S. (2016). Bayesian learning of kernel embeddings.
In Uncertainty in Artificial Intelligence 182—191.

[12] Fortet, R. (1973). Espaces a noyau reproduisant et lois de probabilités des fonctions aléatoires. Ann. Inst.
Henri Poincaré B, Calc. Probab. Stat. 9 41-58. MR0345193

1350-7265 © 2023 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/22-BEJ1483
mailto:toni.karvonen@helsinki.fi
https://www.ams.org/mathscinet-getitem?mr=1088478
https://www.ams.org/mathscinet-getitem?mr=1642391
https://doi.org/10.1090/surv/062
https://www.ams.org/mathscinet-getitem?mr=2854351
https://www.ams.org/mathscinet-getitem?mr=3304852
https://doi.org/10.1007/s11075-014-9850-z
https://doi.org/10.1007/s11075-014-9850-z
https://www.ams.org/mathscinet-getitem?mr=3004665
https://doi.org/10.1080/00207160.2012.688111
https://doi.org/10.1080/00207160.2012.688111
https://www.ams.org/mathscinet-getitem?mr=4027836
https://doi.org/10.1137/17M1139357
https://www.ams.org/mathscinet-getitem?mr=4334548
https://doi.org/10.1137/21M1394965
https://doi.org/10.1137/21M1394965
https://www.ams.org/mathscinet-getitem?mr=0927099
https://www.ams.org/mathscinet-getitem?mr=0370723
https://doi.org/10.1007/BF00534894
https://www.ams.org/mathscinet-getitem?mr=1408680
https://www.ams.org/mathscinet-getitem?mr=0345193

876
[13]
[14]
[15]
[16]
(17]
[18]
(19]
(20]
[21]
(22]

(23]

[24]

[25]

[26]
(27]
(28]

(29]

(30]
(31]
(32]
(33]
(34]
(35]
(36]

(371

T. Karvonen

Gualtierotti, A.F. (2015). Detection of Random Signals in Dependent Gaussian Noise. Cham: Springer.
MR3445605 https://doi.org/10.1007/978-3-319-22315-5

Irrgeher, C. and Leobacher, G. (2015). High-dimensional integration on R4, weighted Hermite spaces, and
orthogonal transforms. J. Complexity 31 174-205. MR3305992 https://doi.org/10.1016/j.jc0.2014.09.002
Kallianpur, G. (1970). Zero-one laws for Gaussian processes. Trans. Amer. Math. Soc. 149 199-211.
MR0266293 https://doi.org/10.2307/1995672

Kallianpur, G. (1971). Abstract Wiener processes and their reproducing kernel Hilbert spaces. Z. Wahrsch.
Verw. Gebiete 17 113—123. MR0281242 https://doi.org/10.1007/BF00538863

Kanagawa, M., Hennig, P., Sejdinovic, D. and Sriperumbudur, B.K. (2018). Gaussian processes and kernel
methods: A review on connections and equivalences. Available at arXiv:1807.02582v1.

Karvonen, T., Wynne, G., Tronarp, F., Oates, C. and Sarkka, S. (2020). Maximum likelihood estimation
and uncertainty quantification for Gaussian process approximation of deterministic functions. SIAM/ASA J.
Uncertain. Quantificat. 8 926-958. MR4130422 https://doi.org/10.1137/20M 1315968

Knopp, K. (1951). Theory and Application of Infinite Series, 2nd ed. Blackie & Son.

Krein, S.G. and Petunin, J.I. (1966). Scales of Banach spaces. Russian Math. Surveys 21 85-159. MR0193499
Le Page, R. (1973). Subgroups of paths and reproducing kernels. Ann. Probab. 1 345-347. MR0350835
https://doi.org/10.1214/a0p/ 1176996990

Loh, W.-L. and Lam, T.-K. (2000). Estimating structured correlation matrices in smooth Gaussian random
field models. Ann. Statist. 28 880-904. MR 1792792 https://doi.org/10.1214/a0s/1015952003

Luki¢, M.N. (2004). Integrated Gaussian processes and their reproducing kernel Hilbert spaces. In Stochastic
Processes and Functional Analysis. Lecture Notes in Pure and Applied Mathematics 238 241-263. New York:
Dekker. MR2059910

Lukié, M.N. and Beder, J.H. (2001). Stochastic processes with sample paths in reproducing kernel
Hilbert spaces. Trans. Amer. Math. Soc. 353 3945-3969. MR 1837215 https://doi.org/10.1090/S0002-9947-
01-02852-5

Minh, H.Q. (2010). Some properties of Gaussian reproducing kernel Hilbert spaces and their implications
for function approximation and learning theory. Constr. Approx. 32 307-338. MR2677883 https://doi.org/10.
1007/s00365-009-9080-0

Morters, P. and Peres, Y. (2010). Brownian Motion. Cambridge Series in Statistical and Probabilistic Math-
ematics 30. Cambridge: Cambridge Univ. Press. MR2604525 https://doi.org/10.1017/CB0O9780511750489
Parzen, E. (1959). Statistical inference on time series by Hilbert space methods, I Technical Report 23,
Applied Mathematics and Statistics Laboratory, Stanford Univ.

Parzen, E. (1963). Probability density functionals and reproducing kernel Hilbert spaces. In Proc. Sympos.
Time Series Analysis (Brown Univ., 1962) 155-169. New York: Wiley. MR0149634

Paulsen, V.I. and Raghupathi, M. (2016). An Introduction to the Theory of Reproducing Kernel Hilbert
Spaces. Cambridge Studies in Advanced Mathematics 152. Cambridge: Cambridge Univ. Press. MR3526117
https://doi.org/10.1017/CB09781316219232

Rakotomamonjy, A. and Canu, S. (2005). Frames, reproducing kernels, regularization and learning. J. Mach.
Learn. Res. 6 1485-1515. MR2249863

Rasmussen, C.E. and Williams, C.K 1. (2006). Gaussian Processes for Machine Learning. Adaptive Compu-
tation and Machine Learning. Cambridge, MA: MIT Press. MR2514435

Sacks, J., Welch, W.J., Mitchell, T.J. and Wynn, H.P. (1989). Design and analysis of computer experiments.
Statist. Sci. 4 409-435. MR1041765

Santner, T.J., Williams, B.J. and Notz, W.I. (2003). The Design and Analysis of Computer Experiments.
Springer Series in Statistics. New York: Springer. MR2160708 https://doi.org/10.1007/978-1-4757-3799-8
Scheuerer, M. (2010). Regularity of the sample paths of a general second order random field. Stochastic
Process. Appl. 120 1879-1897. MR2673978 https://doi.org/10.1016/j.spa.2010.05.009

Stein, M.L. (1999). Interpolation of Spatial Data: Some Theory for Kriging. Springer Series in Statistics.
New York: Springer. MR1697409 https://doi.org/10.1007/978-1-4612-1494-6

Steinwart, I. (2019). Convergence types and rates in generic Karhunen-Logve expansions with applications to
sample path properties. Potential Anal. 51 361-395. MR4023468 https://doi.org/10.1007/s11118-018-9715-5
Steinwart, I. and Christmann, A. (2008). Support Vector Machines. Springer.


https://www.ams.org/mathscinet-getitem?mr=3445605
https://doi.org/10.1007/978-3-319-22315-5
https://www.ams.org/mathscinet-getitem?mr=3305992
https://doi.org/10.1016/j.jco.2014.09.002
https://www.ams.org/mathscinet-getitem?mr=0266293
https://doi.org/10.2307/1995672
https://www.ams.org/mathscinet-getitem?mr=0281242
https://doi.org/10.1007/BF00538863
https://arxiv.org/abs/arXiv:1807.02582v1
https://www.ams.org/mathscinet-getitem?mr=4130422
https://doi.org/10.1137/20M1315968
https://www.ams.org/mathscinet-getitem?mr=0193499
https://www.ams.org/mathscinet-getitem?mr=0350835
https://doi.org/10.1214/aop/1176996990
https://www.ams.org/mathscinet-getitem?mr=1792792
https://doi.org/10.1214/aos/1015952003
https://www.ams.org/mathscinet-getitem?mr=2059910
https://www.ams.org/mathscinet-getitem?mr=1837215
https://doi.org/10.1090/S0002-9947-01-02852-5
https://doi.org/10.1090/S0002-9947-01-02852-5
https://www.ams.org/mathscinet-getitem?mr=2677883
https://doi.org/10.1007/s00365-009-9080-0
https://doi.org/10.1007/s00365-009-9080-0
https://www.ams.org/mathscinet-getitem?mr=2604525
https://doi.org/10.1017/CBO9780511750489
https://www.ams.org/mathscinet-getitem?mr=0149634
https://www.ams.org/mathscinet-getitem?mr=3526117
https://doi.org/10.1017/CBO9781316219232
https://www.ams.org/mathscinet-getitem?mr=2249863
https://www.ams.org/mathscinet-getitem?mr=2514435
https://www.ams.org/mathscinet-getitem?mr=1041765
https://www.ams.org/mathscinet-getitem?mr=2160708
https://doi.org/10.1007/978-1-4757-3799-8
https://www.ams.org/mathscinet-getitem?mr=2673978
https://doi.org/10.1016/j.spa.2010.05.009
https://www.ams.org/mathscinet-getitem?mr=1697409
https://doi.org/10.1007/978-1-4612-1494-6
https://www.ams.org/mathscinet-getitem?mr=4023468
https://doi.org/10.1007/s11118-018-9715-5

Small sample spaces for Gaussian processes 877

(38]

(39]

[40]
[41]
(42]
[43]
[44]

[45]

Steinwart, I., Hush, D. and Scovel, C. (2006). An explicit description of the reproducing kernel Hilbert spaces
of Gaussian RBF kernels. IEEE Trans. Inf. Theory 52 4635-4643. MR2300845 https://doi.org/10.1109/TIT.
2006.881713

Steinwart, I. and Scovel, C. (2012). Mercer’s theorem on general domains: On the interaction between mea-
sures, kernels, and RKHSs. Constr. Approx. 35 363—417. MR2914365 https://doi.org/10.1007/s00365-012-
9153-3

van der Vaart, A. and van Zanten, H. (2011). Information rates of nonparametric Gaussian process methods.
J. Mach. Learn. Res. 12 2095-2119. MR2819028

Xu, W. and Stein, M.L. (2017). Maximum likelihood estimation for a smooth Gaussian random field model.
SIAM/ASA J. Uncertain. Quantificat. 5 138-175. MR3601677 https://doi.org/10.1137/15M105358X

Xu, Y. and Zhang, H. (2009). Refinement of reproducing kernels. J. Mach. Learn. Res. 10 107-140.
MR2476735

Zhang, H. and Zhao, L. (2013). On the inclusion relation of reproducing kernel Hilbert spaces. Anal. Appl.
(Singap.) 11 1350014. MR3037130 https://doi.org/10.1142/S0219530513500140

Zwicknagl, B. (2009). Power series kernels. Constr. Approx. 29 61-84. MR2465291 https://doi.org/10.1007/
500365-008-9012-4

Zwicknagl, B. and Schaback, R. (2013). Interpolation and approximation in Taylor spaces. J. Approx. Theory
171 65-83. MR3053717 https://doi.org/10.1016/j.jat.2013.03.006


https://www.ams.org/mathscinet-getitem?mr=2300845
https://doi.org/10.1109/TIT.2006.881713
https://doi.org/10.1109/TIT.2006.881713
https://www.ams.org/mathscinet-getitem?mr=2914365
https://doi.org/10.1007/s00365-012-9153-3
https://doi.org/10.1007/s00365-012-9153-3
https://www.ams.org/mathscinet-getitem?mr=2819028
https://www.ams.org/mathscinet-getitem?mr=3601677
https://doi.org/10.1137/15M105358X
https://www.ams.org/mathscinet-getitem?mr=2476735
https://www.ams.org/mathscinet-getitem?mr=3037130
https://doi.org/10.1142/S0219530513500140
https://www.ams.org/mathscinet-getitem?mr=2465291
https://doi.org/10.1007/s00365-008-9012-4
https://doi.org/10.1007/s00365-008-9012-4
https://www.ams.org/mathscinet-getitem?mr=3053717
https://doi.org/10.1016/j.jat.2013.03.006

Bernoulli 29(2), 2023, 901-928
https://doi.org/10.3150/22-BEJ 1484

Bayes-optimal prediction with frequentist
coverage control

PETER HOFF?
Statistical Science, Duke University, Durham, USA, ®peter. hoff @ duke.edu

This article illustrates how indirect or prior information can be optimally used to construct a prediction region that
maintains a target frequentist coverage rate. If the indirect information is accurate, the volume of the prediction
region is lower on average than that of other regions with the same coverage rate. Even if the indirect informa-
tion is inaccurate, the resulting region still maintains the target coverage rate. Such a prediction region can be
constructed for models that have a complete sufficient statistic, which includes many widely-used parametric and
nonparametric models. Particular examples include a Bayes-optimal conformal prediction procedure that main-
tains a constant coverage rate across distributions in a nonparametric model, as well as a prediction procedure
for the normal linear regression model that can utilize a regularizing prior distribution, yet maintain a frequentist
coverage rate that is constant as a function of the model parameters and explanatory variables. No results in this
article rely on asymptotic approximations.

Keywords: Conformal prediction; disintegration; hypothesis testing; Neyman-Pearson lemma; tolerance region
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Concentration inequality for U-statistics of
order two for uniformly ergodic Markov chains
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We prove a new concentration inequality for U-statistics of order two for uniformly ergodic Markov chains. Work-
ing with bounded and m-canonical kernels, we show that we can recover the convergence rate of Arcones and Giné
who proved a concentration result for U-statistics of independent random variables and canonical kernels. Our
result allows for a dependence of the kernels #; ; with the indexes in the sums, which prevents the use of standard
blocking tools. Our proof relies on an inductive analysis where we use martingale techniques, uniform ergodicity,
Nummelin splitting and Bernstein’s type inequality.

Assuming further that the Markov chain starts from its invariant distribution, we prove a Bernstein-type con-
centration inequality that provides sharper convergence rate for small variance terms.

Keywords: U-statistics; Markov chains; concentration inequality
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Determinantal point processes in the flat limit
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Determinantal point processes (DPPs) are repulsive point processes where the interaction between points depends
on the determinant of a positive-semi definite matrix.

In this paper, we study the limiting process of L-ensembles based on kernel matrices, when the kernel function
becomes flat (so that every point interacts with every other point, in a sense). We show that these limiting processes
are best described in the formalism of extended L-ensembles and partial projection DPPs, and the exact limit
depends mostly on the smoothness of the kernel function. In some cases, the limiting process is even universal,
meaning that it does not depend on specifics of the kernel function, but only on its degree of smoothness.

Since flat-limit DPPs are still repulsive processes, this implies that practically useful families of DPPs exist that
do not require a spatial length-scale parameter.

Keywords: Determinantal point processes; kernel methods; flat limit
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A high-dimensional sample correlation matrix is an important random matrix in multivariate statistical analysis.
Its central limit theory is one of the main theoretical bases for making statistical inferences on high-dimensional
correlation matrices. Under the high-dimensional framework in which the data dimension tends to infinity propor-
tionally with the sample size, we establish the central limit theorems (CLT) for the linear spectral statistics (LSS)
of sample correlation matrices in two settings: (1) the population follows an independent component structure; (2)
the population follows an elliptical structure, including some heavy-tailed distributions. The results show that the
CLTs of the LSS of the sample correlation matrices are very different in the two settings. In particular, even if the
population correlation matrix is an identity matrix, the CLTs are different in the two settings. An application of
our two established CLTs is provided.

Keywords: Sample correlation matrix; high-dimensional; independent component structure; elliptical
distribution; central limit theorem; random matrix theory
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Large deviations of extremes in branching
random walk with regularly varying
displacements
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In this article, we consider a branching random walk on the real-line where displacements coming from the same
parent have jointly regularly varying tails. The genealogical structure is assumed to be a supercritical Galton-
Watson tree, satisfying Kesten-Stigum condition. We study the large deviations of the extremal process, formed
by the appropriately normalized positions in the n-th generation and show that the large extreme-positions form
clusters in the limit. As a consequence of this, we also study the large deviations of the maximum among positions
at the n-th generation.

Keywords: Branching random walk; extreme values; regular variation; point process; maximum position; large
deviations
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Under Lyapunov and monotone conditions, the exponential ergodicity in the induced Wasserstein quasi-distance is
proved for a class of non-dissipative McKean-Vlasov SDEs, which strengthen some recent results established under
dissipative conditions in long distance. Moreover, when the SDE is order-preserving, the exponential ergodicity
is derived in the Wasserstein distance induced by one-dimensional increasing functions chosen according to the
coefficients of the equation.
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Small deviation estimates for the largest
eigenvalue of Wigner matrices
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We establish precise right-tail small deviation estimates for the largest eigenvalue of real symmetric and complex
Hermitian matrices whose entries are independent random variables with uniformly bounded moments. The proof
relies on a Green function comparison along a continuous interpolating matrix flow for a long time. Less precise
estimates are also obtained in the left tail.
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Gibbs posterior concentration rates under
sub-exponential type losses
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Bayesian posterior distributions are widely used for inference, but their dependence on a statistical model creates
some challenges. In particular, there may be lots of nuisance parameters that require prior distributions and pos-
terior computations, plus a potentially serious risk of model misspecification bias. Gibbs posterior distributions,
on the other hand, offer direct, principled, probabilistic inference on quantities of interest through a loss function,
not a model-based likelihood. Here we provide simple sufficient conditions for establishing Gibbs posterior con-
centration rates when the loss function is of a sub-exponential type. We apply these general results in a range of
practically relevant examples, including mean regression, quantile regression, and sparse high-dimensional clas-
sification. We also apply these techniques in an important problem in medical statistics, namely, estimation of a
personalized minimum clinically important difference.

Keywords: Classification; generalized Bayes; high-dimensional problem; M-estimation; model misspecification
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Randomization tests are based on a re-randomization of existing data to gain data-dependent critical values that
lead to exact hypothesis tests under special circumstances. However, it is not always possible to re-randomize
data in accordance with the physical randomization from which the data have been obtained. As a consequence,
statistical tests typically cannot control the type I error probability if the available sample is not overly large. Still,
similarly as the bootstrap, data re-randomization can be used to improve the type I error control. However, in
contrast to bootstrap and permutation test theory, a general asymptotic theory under weak null hypotheses has not
yet been developed for randomization tests. It is thus the aim of this paper to provide a conveniently applicable
theory on the asymptotic validity of randomization tests with test statistics that are asymptotically normal under
weak null hypotheses. This can also be used to justify the asymptotic reliability of randomization-based confidence
intervals.

To achieve this, the present article creates a link between two well-established fields in mathematical statistics:
empirical processes and inference based on randomization via algebraic groups. To this end, a broadly applicable
conditional weak convergence theorem is developed for empirical processes that are based on randomized obser-
vations. Random elements of an algebraic group are applied to the data vectors from which the randomized version
of a statistic is derived. Combining a variant of the functional delta-method with a suitable studentization of the
statistic, asymptotically exact hypothesis tests can be deduced, while the finite sample exactness property under
group-invariant sub-hypotheses is preserved. The methodology is exemplified with three examples: the Pearson
correlation coefficient, a Mann-Whitney effect based on right-censored paired data, and a competing risks analy-
sis. The practical usefulness of the approaches is assessed through simulation studies and an application to data
from patients suffering from diabetic retinopathy.

Keywords: Weak convergence; empirical process; exact testing; functional delta-method; randomization inference

References

[1] Aalen, O.O. and Johansen, S. (1978). An empirical transition matrix for non-homogeneous Markov chains
based on censored observations. Scand. J. Stat. 5 141-150. MR0509450

[2] Beyersmann, J., Allignol, A. and Schumacher, M. (2012). Competing Risks and Multistate Models with R.
Use R! New York: Springer. MR3025354 https://doi.org/10.1007/978-1-4614-2035-4

[3] Brendel, M., Janssen, A., Mayer, C.-D. and Pauly, M. (2014). Weighted logrank permutation tests for ran-
domly right censored life science data. Scand. J. Stat. 41 742—761. MR3249426 https://doi.org/10.1111/sjos.
12059

[4] Brunner, E. and Munzel, U. (2000). The nonparametric Behrens-Fisher problem: Asymptotic theory
and a small-sample approximation. Biom. J. 42 17-25. MR1744561 https://doi.org/10.1002/(SICI)1521-
4036(200001)42:1<17::AID-BIMJ17>3.0.CO;2-U

[5] Chung, E. and Romano, J.P. (2013). Exact and asymptotically robust permutation tests. Ann. Statist. 41
484-507. MR3099111 https://doi.org/10.1214/13-A0S 1090

[6] Chung, E. and Romano, J.P. (2016). Multivariate and multiple permutation tests. J. Econometrics 193 76-91.
MR3500177 https://doi.org/10.1016/j.jeconom.2016.01.003

[7] Chung, E. and Romano, J.P. (2016). Asymptotically valid and exact permutation tests based on two-sample
U-statistics. J. Statist. Plann. Inference 168 97—105. MR3412224 https://doi.org/10.1016/j.jspi.2015.07.004

1350-7265 © 2023 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/22-BEJ1492
mailto:d.dobler@vu.nl
https://www.ams.org/mathscinet-getitem?mr=0509450
https://www.ams.org/mathscinet-getitem?mr=3025354
https://doi.org/10.1007/978-1-4614-2035-4
https://www.ams.org/mathscinet-getitem?mr=3249426
https://doi.org/10.1111/sjos.12059
https://doi.org/10.1111/sjos.12059
https://www.ams.org/mathscinet-getitem?mr=1744561
https://doi.org/10.1002/(SICI)1521-4036(200001)42:1<17::AID-BIMJ17>3.0.CO;2-U
https://doi.org/10.1002/(SICI)1521-4036(200001)42:1<17::AID-BIMJ17>3.0.CO;2-U
https://www.ams.org/mathscinet-getitem?mr=3099111
https://doi.org/10.1214/13-AOS1090
https://www.ams.org/mathscinet-getitem?mr=3500177
https://doi.org/10.1016/j.jeconom.2016.01.003
https://www.ams.org/mathscinet-getitem?mr=3412224
https://doi.org/10.1016/j.jspi.2015.07.004

1110 D. Dobler

[8] DiCiccio, C.J. and Romano, J.P. (2017). Robust permutation tests for correlation and regression coefficients.
J. Amer. Statist. Assoc. 112 1211-1220. MR3735371 https://doi.org/10.1080/01621459.2016.1202117
[9] Dobler, D. (2023). Supplement to “Randomized empirical processes by algebraic groups, and tests for weak

null hypotheses.” https://doi.org/10.3150/22-BEJ1492SUPP

[10] Dobler, D. and Pauly, M. (2018). Bootstrap- and permutation-based inference for the Mann-Whitney effect
for right-censored and tied data. TEST 27 639-658. MR3858451 https://doi.org/10.1007/s11749-017-0565-z

[11] Diimbgen, L. and Del Conte-Zerial, P. (2013). On low-dimensional projections of high-dimensional distribu-
tions. In From Probability to Statistics and Back: High-Dimensional Models and Processes. Inst. Math. Stat.
(IMS) Collect. 9 91-104. Beachwood, OH: IMS. MR3186751 https://doi.org/10.1214/12-IMSCOLL908

[12] Efron, B. (1967). The two sample problem with censored data. In Proceedings of the Fifth Berkeley Sympo-
sium on Mathematical Statistics and Probability 4 831-853.

[13] Efron, B. (1979). Bootstrap methods: Another look at the jackknife. Ann. Statist. 7 1-26. MR0515681

[14] Efron, B. (1981). Censored data and the bootstrap. J. Amer. Statist. Assoc. 76 312-319. MR0624333

[15] Fisher, R. (1971). Design of Experiments, 9th ed. New York: Hafner Press.

[16] Friedrich, S., Brunner, E. and Pauly, M. (2017). Permuting longitudinal data in spite of the dependencies.
J. Multivariate Anal. 153 255-265. MR3578850 https://doi.org/10.1016/j.jmva.2016.10.004

[17] Gehan, E.A. (1965). A generalized Wilcoxon test for comparing arbitrarily singly-censored samples.
Biometrika 52 203-223. MR0207130 https://doi.org/10.1093/biomet/52.1-2.203

[18] Gilbert, J.P. (1962). Random censorship. Ph.D. thesis, University of Chicago. MR2611507

[19] Gill, R.D., van der Laan, M.J. and Wellner, J.A. (1995). Inefficient estimators of the bivariate survival func-
tion for three models. Ann. Inst. Henri Poincaré Probab. Stat. 31 545-597. MR1338452

[20] Good, P. (2005). Permutation, Parametric and Bootstrap Tests of Hypotheses, 3rd ed. Springer Series in
Statistics. New York: Springer. MR2103758

[21] Gustafsson Jernberg, A., Remberger, M., Ringdén, O. and Winiarski, J. (2003). Graft-versus-leukaemia effect
in children: Chronic GVHD has a significant impact on relapse and survival. Bone Marrow Transplant. 31
175-181.

[22] Hall, P. and Wilson, S.R. (1991). Two guidelines for bootstrap hypothesis testing. Biometrics 47 757-762.
MR1132543 https://doi.org/10.2307/2532163

[23] Hemerik, J. and Goeman, J. (2018). Exact testing with random permutations. TEST 27 811-825. MR3878362
https://doi.org/10.1007/s11749-017-0571-1

[24] Hemerik, J. and Goeman, J.J. (2021). Another look at the lady tasting tea and differences between permuta-
tion tests and randomisation tests. Int. Stat. Rev. 89 367-38]1.

[25] Hoeffding, W. (1952). The large-sample power of tests based on permutations of observations. Ann. Math.
Stat. 23 169-192. MR0057521 https://doi.org/10.1214/aoms/1177729436

[26] Huster, W.J., Brookmeyer, R. and Self, S.G. (1989). Modelling paired survival data with covariates. Biomet-
rics 45 145-156. MR0999443 https://doi.org/10.2307/2532041

[27] Janssen, A. (1997). Studentized permutation tests for non-i.i.d. hypotheses and the generalized Behrens-
Fisher problem. Statist. Probab. Lett. 36 9-21. MR 1491070 https://doi.org/10.1016/S0167-7152(97)00043-6

[28] Janssen, A. (1999). Nonparametric symmetry tests for statistical functionals. Math. Methods Statist. 8
320-343. MR1735469

[29] Janssen, A. and Mayer, C.-D. (2001). Conditional Studentized survival tests for randomly censored models.
Scand. J. Stat. 28 283-293. MR1842250 https://doi.org/10.1111/1467-9469.00237

[30] Janssen, A. and Volker, D. (2007). Most powerful conditional tests. Statist. Decisions 25 41-62. MR2370103
https://doi.org/10.1524/stnd.2007.25.1.41

[31] Khmaladze, E. (2017). Distribution free testing for conditional distributions given covariates. Statist. Probab.
Lert. 129 348-354. MR3688554 https://doi.org/10.1016/j.spl.2017.06.026

[32] Konietschke, F. and Pauly, M. (2012). A Studentized permutation test for the nonparametric Behrens-Fisher
problem in paired data. Electron. J. Stat. 6 1358-1372. MR2988450 https://doi.org/10.1214/12-EJS714

[33] Lehmann, E.L. and Romano, J.P. (2005). Testing Statistical Hypotheses, 3rd ed. Springer Texts in Statistics.
New York: Springer. MR2135927

[34] Levinsky, R.J. (1989). Recent advances in bone marrow transplantation. Clin. Immunol. Immunopathol. 50
S124-S132.


https://www.ams.org/mathscinet-getitem?mr=3735371
https://doi.org/10.1080/01621459.2016.1202117
https://doi.org/10.3150/22-BEJ1492SUPP
https://www.ams.org/mathscinet-getitem?mr=3858451
https://doi.org/10.1007/s11749-017-0565-z
https://www.ams.org/mathscinet-getitem?mr=3186751
https://doi.org/10.1214/12-IMSCOLL908
https://www.ams.org/mathscinet-getitem?mr=0515681
https://www.ams.org/mathscinet-getitem?mr=0624333
https://www.ams.org/mathscinet-getitem?mr=3578850
https://doi.org/10.1016/j.jmva.2016.10.004
https://www.ams.org/mathscinet-getitem?mr=0207130
https://doi.org/10.1093/biomet/52.1-2.203
https://www.ams.org/mathscinet-getitem?mr=2611507
https://www.ams.org/mathscinet-getitem?mr=1338452
https://www.ams.org/mathscinet-getitem?mr=2103758
https://www.ams.org/mathscinet-getitem?mr=1132543
https://doi.org/10.2307/2532163
https://www.ams.org/mathscinet-getitem?mr=3878362
https://doi.org/10.1007/s11749-017-0571-1
https://www.ams.org/mathscinet-getitem?mr=0057521
https://doi.org/10.1214/aoms/1177729436
https://www.ams.org/mathscinet-getitem?mr=0999443
https://doi.org/10.2307/2532041
https://www.ams.org/mathscinet-getitem?mr=1491070
https://doi.org/10.1016/S0167-7152(97)00043-6
https://www.ams.org/mathscinet-getitem?mr=1735469
https://www.ams.org/mathscinet-getitem?mr=1842250
https://doi.org/10.1111/1467-9469.00237
https://www.ams.org/mathscinet-getitem?mr=2370103
https://doi.org/10.1524/stnd.2007.25.1.41
https://www.ams.org/mathscinet-getitem?mr=3688554
https://doi.org/10.1016/j.spl.2017.06.026
https://www.ams.org/mathscinet-getitem?mr=2988450
https://doi.org/10.1214/12-EJS714
https://www.ams.org/mathscinet-getitem?mr=2135927

Randomized empirical processes by algebraic groups, and tests for weak null hypotheses 1111

(35]
(36]
(37]

(38]

[39]
[40]
[41]
[42]
[43]

[44]
[45]

[46]

[47]

(48]

Lin, D.Y. (1997). Non-parametric inference for cumulative incidence functions in competing risks studies.
Stat. Med. 16 901-910.

Mann, H.B. and Whitney, D.R. (1947). On a test of whether one of two random variables is stochastically
larger than the other. Ann. Math. Stat. 18 50—-60. MR0022058 https://doi.org/10.1214/aoms/1177730491
Neuhaus, G. (1993). Conditional rank tests for the two-sample problem under random censorship. Ann.
Statist. 21 1760-1779. MR 1245767 https://doi.org/10.1214/a0s/1176349396

Omelka, M. and Pauly, M. (2012). Testing equality of correlation coefficients in two populations via permu-
tation methods. J. Statist. Plann. Inference 142 1396-1406. MR2891492 https://doi.org/10.1016/j.jspi.2011.
12.018

Pauly, M., Brunner, E. and Konietschke, F. (2015). Asymptotic permutation tests in general factorial designs.
J. R. Stat. Soc. Ser. B. Stat. Methodol. 77 461-473. MR3310535 https://doi.org/10.1111/rssb.12073

Petersen, 1., Douglas, 1. and Whitaker, H. (2016). Self controlled case series methods: An alternative to
standard epidemiological study designs. BMJ 354.

Pitman, E.J.G. (1937). Significance tests which may be applied to samples from any populations. Suppl.
J. R. Stat. Soc. B 4 119-130.

Pitman, E.J.G. (1937). Significance tests which may be applied to samples from any populations. II. The
correlation coefficient test. Suppl. J. R. Stat. Soc. B 4 225-232.

Pitman, E.J.G. (1938). Significance tests which may be applied to samples from any populations. III. The
analysis of variance test. Biometrika 29 322-335.

Reid, N. (1981). Influence functions for censored data. Ann. Statist. 9 78-92. MR0600534

Romano, J.P. (1989). Bootstrap and randomization tests of some nonparametric hypotheses. Ann. Statist. 17
141-159. MR0981441 https://doi.org/10.1214/a0s/1176347007

Romano, J.P. (1990). On the behavior of randomization tests without a group invariance assumption. J. Amer.
Statist. Assoc. 85 686—692. MR1138350

van der Vaart, A.W. and Wellner, J.A. (1996). Weak Convergence and Empirical Processes: With Applica-
tions to Statistics. Springer Series in Statistics. New York: Springer. MR1385671 https://doi.org/10.1007/978-
1-4757-2545-2

Wu, J. and Ding, P. (2021). Randomization tests for weak null hypotheses in randomized experiments.
J. Amer. Statist. Assoc. 116 1898—1913. MR4353721 https://doi.org/10.1080/01621459.2020.1750415


https://www.ams.org/mathscinet-getitem?mr=0022058
https://doi.org/10.1214/aoms/1177730491
https://www.ams.org/mathscinet-getitem?mr=1245767
https://doi.org/10.1214/aos/1176349396
https://www.ams.org/mathscinet-getitem?mr=2891492
https://doi.org/10.1016/j.jspi.2011.12.018
https://doi.org/10.1016/j.jspi.2011.12.018
https://www.ams.org/mathscinet-getitem?mr=3310535
https://doi.org/10.1111/rssb.12073
https://www.ams.org/mathscinet-getitem?mr=0600534
https://www.ams.org/mathscinet-getitem?mr=0981441
https://doi.org/10.1214/aos/1176347007
https://www.ams.org/mathscinet-getitem?mr=1138350
https://www.ams.org/mathscinet-getitem?mr=1385671
https://doi.org/10.1007/978-1-4757-2545-2
https://doi.org/10.1007/978-1-4757-2545-2
https://www.ams.org/mathscinet-getitem?mr=4353721
https://doi.org/10.1080/01621459.2020.1750415

Bernoulli 29(2), 2023, 1137-1165
https://doi.org/10.3150/22-BEJ 1493

Two-timescale stochastic gradient descent in
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In this paper, we establish the almost sure convergence of two-timescale stochastic gradient descent algorithms in
continuous time under general noise and stability conditions, extending well known results in discrete time. We
analyse algorithms with additive noise and those with non-additive noise. In the non-additive case, our analysis is
carried out under the assumption that the noise is a continuous-time Markov process, controlled by the algorithm
states. The algorithms we consider can be applied to a broad class of bilevel optimisation problems. We study one
such problem in detail, namely, the problem of joint online parameter estimation and optimal sensor placement for a
partially observed diffusion process. We demonstrate how this can be formulated as a bilevel optimisation problem,
and propose a solution in the form of a continuous-time, two-timescale, stochastic gradient descent algorithm.
Furthermore, under suitable conditions on the latent signal, the filter, and the filter derivatives, we establish almost
sure convergence of the online parameter estimates and optimal sensor placements to the stationary points of
the asymptotic log-likelihood and asymptotic filter covariance, respectively. We also provide numerical examples,
illustrating the application of the proposed methodology to a partially observed Bene§ equation, and a partially
observed stochastic advection-diffusion equation.

Keywords: Two-timescale stochastic approximation; stochastic gradient descent; recursive maximum likelihood;
online parameter estimation; optimal sensor placement; Benes filter; Kalman-Bucy filter
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Fisher (1943) claimed that the expected value of the sample variance of the number of species found in large
samples, each of n specimens taken from the same population, is asymptotically 6log2. This is at odds with
the value 6logn obtained directly from the Ewens Sampling Formula (ESF), where 6 specifies the rate at which
new species are found. To resolve this apparent contradiction, we assume the species frequency spectrum in the
population is determined by the ESF and that the samples are disjoint subsets drawn sequentially from this single
population. We find an explicit formula for the required expected value for p samples of arbitrary size; in the limit
of large equally-sized samples, it indeed has the value #log2. We obtain limit theorems for the sample variance
of p samples of size n under various limiting regimes as p,n or both tend to co. We discuss further the behavior of
the number of species present in all samples, and revisit Fisher’s log-series distribution as the limiting distribution
of the number of specimens observed in typical species in a future, large sample.

Keywords: Ewens Sampling Formula; log-series model; sequential sampling; exchangeability; Chinese
Restaurant Process; Poisson approximation
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We study Bayesian estimation of finite mixture models in a general setup where the number of components is
unknown and allowed to grow with the sample size. An assumption on growing number of components is a
natural one as the degree of heterogeneity present in the sample can grow and new components can arise as
sample size increases, allowing full flexibility in modeling the complexity of data. This however will lead to a
high-dimensional model which poses great challenges for estimation. We novelly employ the idea of a sample
size dependent prior in a Bayesian model and establish a number of important theoretical results. We first show
that under mild conditions on the prior, the posterior distribution concentrates around the true mixing distribution
at a near optimal rate with respect to the Wasserstein distance. Under a separation condition on the true mixing
distribution, we further show that a better and adaptive convergence rate can be achieved, and the number of
components can be consistently estimated. Furthermore, we derive optimal convergence rates for the higher-order
mixture models where the number of components diverges arbitrarily fast. In addition, we suggest a simple recipe
for using Dirichlet process (DP) mixture prior for estimating the finite mixture models and provide theoretical
guarantees. In particular, we provide a novel solution for adopting the number of clusters in a DP mixture model
as an estimate of the number of components in a finite mixture model. Simulation study and real data applications
are carried out demonstrating the utilities of our method.

Keywords: Gaussian mixtures; finite mixture models; growing number of components; mixing distribution
estimation; posterior contraction rates; Dirichlet processes
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A Berry-Esseen bound with (almost) sharp
dependence conditions

MORITZ JIRAK?

University of Vienna, *moritz.jirak@univie.ac.at

Suppose that the (normalised) partial sum of a stationary sequence converges to a standard normal random vari-
able. Given sufficiently moments, when do we have a rate of convergence of n~1/2 in the uniform metric, in other
words, when do we have the optimal Berry-Esseen bound? We study this question in a quite general framework
and find the (almost) sharp dependence conditions. The result applies to many different processes and dynamical
systems. As specific, prominent examples, we study functions of the doubling map 2x mod 1, the left random walk
on the general linear group and functions of linear processes.

Keywords: Berry-Esseen; weak dependence
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Combinatorial Bernoulli factories
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A Bernoulli factory is an algorithmic procedure for exact sampling of certain random variables having only
Bernoulli access to their parameters. Bernoulli access to a parameter p € [0,1] means the algorithm does not
know p, but has sample access to independent draws of a Bernoulli random variable with mean equal to p. In
this paper, we study the problem of Bernoulli factories for polytopes: given Bernoulli access to a vector x € P
for a given polytope P c [0, 1]", output a randomized vertex such that the expected value of the i-th coordinate
is exactly equal to x;. For example, for the special case of the perfect matching polytope, one is given Bernoulli
access to the entries of a doubly stochastic matrix [x;;] and asked to sample a matching such that the probability
of each edge (i, j) be present in the matching is exactly equal to x;;.

We show that a polytope P admits a Bernoulli factory if and and only if # is the intersection of [0,1]" with
an affine subspace. Our construction is based on an algebraic formulation of the problem, involving identifying a
family of Bernstein polynomials (one per vertex) that satisfy a certain algebraic identity on #. The main technical
tool behind our construction is a connection between these polynomials and the geometry of zonotope tilings.

We apply these results to construct an explicit factory for the perfect matching polytope. The resulting factory
is deeply connected to the combinatorial enumeration of arborescences and may be of independent interest. For
the k-uniform matroid polytope, we recover a sampling procedure known in statistics as Sampford sampling.*

Keywords: Bernoulli factories; exact simulation; combinatorial polytopes; Sampford sampling
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On the eigenstructure of covariance matrices
with divergent spikes

SIMONA DIACONU?

Department of Mathematics, Stanford University, Stanford, USA, ?sdiaconu@ stanford.edu

For a generalization of Johnstone’s spiked model, a covariance matrix with eigenvalues all one but M of them,
the number of features N comparable to the number of samples n: N = N(n),M = M (n),y_1 < % <y where

y € (0,00), we obtain consistency rates in the form of CLTs for separated spikes tending to infinity fast enough
. . Vit
whenever M grows slightly slower than » : lim;, logi"n

M (n)
which the largest range covered for the number of spikes has been o(nl/ 6) and reveal a certain degree of flexibility
for the centering in these CLTs inasmuch as it can be empirical, deterministic, or a sum of both. Furthermore, we
derive consistency rates of their corresponding empirical eigenvectors to their true counterparts, which turn out to
depend on the relative growth of these eigenvalues.

= 0. Our results fill a gap in the existing literature in

Keywords: Covariance matrices; divergent spikes; eigenvalue CLTs
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Stability of the Poincaré constant

SERRES JORDAN?

Institut de Mathématiques de Toulouse, ®jordan.serres @ math.univ-toulouse.fr

We study stability of the sharp Poincaré constant of the invariant probability measure of a reversible diffusion
process satisfying some natural conditions. The proof is based on the spectral interpretation of Poincaré inequali-
ties and Stein’s method. In particular, these results are applied to gamma distributions, to the Brownian motion on
spheres and to the Brascamp-Lieb inequality for one-dimensional log-concave measures.

Keywords: Poincaré inequalities; Stein’s method; spectral gap
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Let X = (X}, X»,...) be a sequence of random variables with values in a standard space (S, B). Suppose

ov()+ B K(X)()

Xi~v and P(Xp41€-1Xq,....Xn) o

a.s.

where 6 > 0 is a constant, v a probability measure on $, and K a random probability measure on 8. Then, X
is exchangeable whenever K is a regular conditional distribution for v given any sub-o-field of 8. Under this
assumption, X enjoys all the main properties of classical Dirichlet sequences, including Sethuraman’s representa-
tion, conjugacy property, and convergence in total variation of predictive distributions. If y is the weak limit of the
empirical measures, conditions for u to be a.s. discrete, or a.s. non-atomic, or 4 < v a.s., are provided. Two CLT’s
are proved as well. The first deals with stable convergence while the second concerns total variation distance.

Keywords: Bayesian nonparametrics; central limit theorem; Dirichlet sequence; exchangeability; predictive
distribution; random probability measure; regular conditional distribution
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Convergence of the one-dimensional contact
process with two types of particles and priority
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We consider a symmetric finite-range contact process on Z with two types of particles (or infections), which
propagate according to the same supercritical rate and die (or heal) at rate 1. Particles of type 1 can enter any site
in (—o0,0] that is empty or occupied by a particle of type 2 and, analogously, particles of type 2 can enter any
site in [1,00) that is empty or occupied by a particle of type 1. Also, at most one particle can occupy each site.
We prove that the process with initial configuration 1(_q, o] + 211, o) converges in distribution to an invariant
measure different from the non trivial invariant measure of the classic contact process. In addition, we prove that
for any initial configuration the process converges to a convex combination of four invariant measures.

Keywords: Contact process; percolation
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High-dimensional feature vectors are likely to contain sets of measurements that are approximate replicates of one
another. In complex applications, or automated data collection, these feature sets are not known a priori, and need
to be determined.

This work proposes a class of latent factor models on the observed, high-dimensional, random vector X € RP,
for defining, identifying and estimating the index set of its approximately replicate components. The model class
is parametrized by a p X K loading matrix A that contains a hidden sub-matrix whose rows can be partitioned into
groups of parallel vectors. Under this model class, a set of approximate replicate components of X corresponds to
a set of parallel rows in A: these entries of X are, up to scale and additive error, the same linear combination of the
K latent factors; the value of K is itself unknown.

The problem of finding approximate replicates in X reduces to identifying, and estimating, the location of the
hidden sub-matrix within A, and of the partition H of its row index set H. Both H and H can be fully characterized
in terms of a new family of criteria based on the correlation matrix of X, and their identifiability, as well as that
of the unknown latent dimension K, are obtained as consequences. The constructive nature of the identifiability
arguments enables computationally efficient procedures, with consistency guarantees.

Furthermore, when the loading matrix A has a particular sparse structure, provided by the errors-in-variable
parametrization, the difficulty of the problem is elevated. The task becomes that of separating out groups of
parallel rows that are proportional to canonical basis vectors from other, possibly dense, parallel rows in A. This
is met under a scale assumption, via a principled way of selecting the target row indices, guided by the successive
maximization of Schur complements of appropriate covariance matrices. The resulting procedure is an enhanced
version of that developed for recovering general parallel rows in A. It is also computationally efficient, consistent.
It has immediate applications to latent space overlapping clustering and the estimation of loading matrices that
satisfy a canonical parametrization.

Keywords: High-dimensional statistics; identification; latent factor model; matrix factorization; replicate
measurements; pure variables; overlapping clustering
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We consider discrete probability laws on the real line, whose characteristic functions are separated from zero. This
class includes arbitrary discrete infinitely divisible laws and lattice probability laws, whose characteristic functions
have no zeroes on the real line. We show that characteristic functions of such laws admit spectral Lévy—Khinchine
type representation with non-monotonic Lévy spectral function. We also apply the representations of such laws to
obtain limit and compactness theorems with convergence in variation to probability laws from this class.

Keywords: Discrete probability laws; characteristic functions; spectral Lévy—Khinchine type representations;
quasi-infinitely divisible laws; convergence in variation; relative compactness; stochastic compactness
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We study the distribution of the unobserved states of two measure-valued diffusions of Fleming—Viot and Dawson—
Watanabe type, conditional on observations from the underlying populations collected at past, present and future
times. If seen as nonparametric hidden Markov models, this amounts to finding the smoothing distributions of these
processes, which we show can be explicitly described in recursive form as finite mixtures of laws of Dirichlet and
gamma random measures respectively. We characterize the time-dependent weights of these mixtures, accounting
for potentially different time intervals between data collection times, and fully describe the implications of assum-
ing a discrete or a nonatomic distribution for the underlying process that drives mutations. In particular, we show
that with a nonatomic mutation offspring distribution, the inference automatically upweights mixture components
that carry, as atoms, observed types shared at different collection times. The predictive distributions for further
samples from the population conditional on the data are also identified and shown to be mixtures of generalized
Pélya urns, conditionally on a latent variable in the Dawson—Watanabe case.

Keywords: Dirichlet process; duality; gamma random measures; hidden Markov model; optimal filtering;
prediction

References

[1] Antoniak, C.E. (1974). Mixtures of Dirichlet processes with applications to Bayesian nonparametric prob-
lems. Ann. Statist. 2 1152-1174. MR0365969

[2] Ascolani, F., Lijoi, A. and Ruggiero, M. (2021). Predictive inference with Fleming-Viot-driven dependent
Dirichlet processes. Bayesian Anal. 16 371-395. MR4255334 https://doi.org/10.1214/20-ba1206

[3] Blackwell, D. and MacQueen, J.B. (1973). Ferguson distributions via Pélya urn schemes. Ann. Statist. 1
353-355. MR0362614

[4] Cappé, O., Moulines, E. and Rydén, T. (2005). Inference in Hidden Markov Models. Springer Series in
Statistics. New York: Springer. With Randal Douc’s contributions to Chapter 9 and Christian P. Robert’s to
Chapters 6, 7 and 13, With Chapter 14 by Gersende Fort, Philippe Soulier and Moulines, and Chapter 15 by
Stéphane Boucheron and Elisabeth Gassiat. MR2159833

[5] Chaleyat-Maurel, M. and Genon-Catalot, V. (2006). Computable infinite-dimensional filters with applica-
tions to discretized diffusion processes. Stochastic Process. Appl. 116 1447-1467. MR2260743 https://doi.
org/10.1016/.spa.2006.03.004

[6] Chaleyat-Maurel, M. and Genon-Catalot, V. (2009). Filtering the Wright-Fisher diffusion. ESAIM Probab.
Stat. 13 197-217. MR2518546 https://doi.org/10.1051/ps:2008006

[7]1 Cmlar, E. (2011). Probability and Stochastics. Graduate Texts in Mathematics 261. New York: Springer.
MR2767184 https://doi.org/10.1007/978-0-387-87859-1

[8] Dawson, D.A. (1975). Stochastic evolution equations and related measure processes. J. Multivariate Anal. §
1-52. MR0388539 https://doi.org/10.1016/0047-259X(75)90054-8

[9] Dawson, D.A., (1993). Measure-Valued Markov Processes. Ecole d’Eté de Probabilités de Saint Flour XXI.
Lecture Notes in Mathematics 1541. Springer: Berlin.

1350-7265 © 2023 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/22-BEJ1504
mailto:filippo.ascolani@phd.unibocconi.it
mailto:antonio.lijoi@unibocconi.it
mailto:matteo.ruggiero@unito.it
https://www.ams.org/mathscinet-getitem?mr=0365969
https://www.ams.org/mathscinet-getitem?mr=4255334
https://doi.org/10.1214/20-ba1206
https://www.ams.org/mathscinet-getitem?mr=0362614
https://www.ams.org/mathscinet-getitem?mr=2159833
https://www.ams.org/mathscinet-getitem?mr=2260743
https://doi.org/10.1016/j.spa.2006.03.004
https://doi.org/10.1016/j.spa.2006.03.004
https://www.ams.org/mathscinet-getitem?mr=2518546
https://doi.org/10.1051/ps:2008006
https://www.ams.org/mathscinet-getitem?mr=2767184
https://doi.org/10.1007/978-0-387-87859-1
https://www.ams.org/mathscinet-getitem?mr=0388539
https://doi.org/10.1016/0047-259X(75)90054-8

Smoothing distributions for FV and DW diffusions 1411

[10]
(11]
[12]

[13]

[14]
[15]
[16]
[17]

(18]

(19]

[20]

(21]
(22]
(23]
[24]

[25]

[26]

[27]
(28]
[29]

(30]

(31]

(32]

Dawson, D.A. (2010). Introductory lectures on stochastic population systems. Technical Report Series 451,
Laboratory for Research in Statistics and Probability, Carleton Univ.

Del Moral, P. (1998). Measure-valued processes and interacting particle systems. Application to nonlinear
filtering problems. Ann. Appl. Probab. 8 438—495. MR 1624949 https://doi.org/10.1214/a0ap/1028903535
Donnelly, P. and Kurtz, T.G. (1996). A countable representation of the Fleming-Viot measure-valued diffu-
sion. Ann. Probab. 24 698—742. MR 1404525 https://doi.org/10.1214/a0p/1039639359

Douc, R., Garivier, A., Moulines, E. and Olsson, J. (2011). Sequential Monte Carlo smoothing for general
state space hidden Markov models. Ann. Appl. Probab. 21 2109-2145. MR2895411 https://doi.org/10.1214/
10-AAP735

Etheridge, A. and March, P. (1991). A note on superprocesses. Probab. Theory Related Fields 89 141-147.
MR1110534 https://doi.org/10.1007/BF01366902

Ethier, S.N. and Griffiths, R.C. (1993). The transition function of a Fleming-Viot process. Ann. Probab. 21
1571-1590. MR1235429

Ethier, S.N. and Griffiths, R.C. (1993). The transition function of a measure-valued branching diffusion with
immigration. In Stochastic Processes 71-79. New York: Springer. MR 1427302

Ethier, S.N. and Kurtz, T.G. (1981). The infinitely-many-neutral-alleles diffusion model. Adv. in Appl.
Probab. 13 429-452. MR0615945 https://doi.org/10.2307/1426779

Ethier, S.N. and Kurtz, T.G. (1986). Markov Processes: Characterization and Convergence. Wiley Series
in Probability and Mathematical Statistics: Probability and Mathematical Statistics. New York: Wiley.
MRO0838085 https://doi.org/10.1002/9780470316658

Ethier, S.N. and Kurtz, T.G. (1993). Fleming-Viot processes in population genetics. SIAM J. Control Optim.
31 345-386. MR1205982 https://doi.org/10.1137/0331019

Feng, S. (2010). The Poisson-Dirichlet Distribution and Related Topics: Models and Asymptotic Behaviors.
Probability and Its Applications (New York). Heidelberg: Springer. MR2663265 https://doi.org/10.1007/978-
3-642-11194-5

Ferguson, T.S. (1973). A Bayesian analysis of some nonparametric problems. Ann. Statist. 1 209-230.
MRO0350949

Fleming, W.H. and Viot, M. (1979). Some measure-valued Markov processes in population genetics theory.
Indiana Univ. Math. J. 28 817-843. MR0542340 https://doi.org/10.1512/ium;j.1979.28.28058

Griffiths, R.C. (1980). Lines of descent in the diffusion approximation of neutral Wright-Fisher models.
Theor. Popul. Biol. 17 37-50. MR0568666 https://doi.org/10.1016/0040-5809(80)90013-1

Jenkins, P.A. and Spano, D. (2017). Exact simulation of the Wright-Fisher diffusion. Ann. Appl. Probab. 27
1478-1509. MR3678477 https://doi.org/10.1214/16-AAP1236

Kingman, J.F.C., Taylor, S.J., Hawkes, A.G., Walker, A M., Cox, D.R., Smith, A FM., Hill, BM,,
Burville, PJ. and Leonard, T. (1975). Random discrete distribution. J. Roy. Statist. Soc. Ser. B 37 1-22.
MRO0368264

Kon Kam King, G., Papaspiliopoulos, O. and Ruggiero, M. (2021). Exact inference for a class of hidden
Markov models on general state spaces. Electron. J. Stat. 15 2832-2875. MR4280157 https://doi.org/10.
1214/21-ejs1841

Lo, A'Y. (1982). Bayesian nonparametric statistical inference for Poisson point processes. Z. Wahrsch. Verw.
Gebiete 59 55-66. MR0643788 https://doi.org/10.1007/BF00575525

Lo, A.Y. and Weng, C.-S. (1989). On a class of Bayesian nonparametric estimates. II. Hazard rate estimates.
Ann. Inst. Statist. Math. 41 227-245. MR1006487 https://doi.org/10.1007/BF00049393

Papaspiliopoulos, O. and Ruggiero, M. (2014). Optimal filtering and the dual process. Bernoulli 20
1999-2019. MR3263096 https://doi.org/10.3150/13-BEJ548

Papaspiliopoulos, O., Ruggiero, M. and Spano, D. (2016). Conjugacy properties of time-evolving Dirich-
let and gamma random measures. Electron. J. Stat. 10 3452-3489. MR3572856 https://doi.org/10.1214/16-
EJS1194

Perkins, E.A. (1992). Conditional Dawson-Watanabe processes and Fleming-Viot processes. In Seminar on
Stochastic Processes, 1991 (Los Angeles, CA, 1991). Progress in Probability 29 143-156. Boston, MA:
Birkhduser. MR 1172149

Tavaré, S. (1984). Line-of-descent and genealogical processes, and their applications in population genetics
models. Theor. Popul. Biol. 26 119-164. MR0770050 https://doi.org/10.1016/0040-5809(84)90027-3


https://www.ams.org/mathscinet-getitem?mr=1624949
https://doi.org/10.1214/aoap/1028903535
https://www.ams.org/mathscinet-getitem?mr=1404525
https://doi.org/10.1214/aop/1039639359
https://www.ams.org/mathscinet-getitem?mr=2895411
https://doi.org/10.1214/10-AAP735
https://doi.org/10.1214/10-AAP735
https://www.ams.org/mathscinet-getitem?mr=1110534
https://doi.org/10.1007/BF01366902
https://www.ams.org/mathscinet-getitem?mr=1235429
https://www.ams.org/mathscinet-getitem?mr=1427302
https://www.ams.org/mathscinet-getitem?mr=0615945
https://doi.org/10.2307/1426779
https://www.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
https://www.ams.org/mathscinet-getitem?mr=1205982
https://doi.org/10.1137/0331019
https://www.ams.org/mathscinet-getitem?mr=2663265
https://doi.org/10.1007/978-3-642-11194-5
https://doi.org/10.1007/978-3-642-11194-5
https://www.ams.org/mathscinet-getitem?mr=0350949
https://www.ams.org/mathscinet-getitem?mr=0542340
https://doi.org/10.1512/iumj.1979.28.28058
https://www.ams.org/mathscinet-getitem?mr=0568666
https://doi.org/10.1016/0040-5809(80)90013-1
https://www.ams.org/mathscinet-getitem?mr=3678477
https://doi.org/10.1214/16-AAP1236
https://www.ams.org/mathscinet-getitem?mr=0368264
https://www.ams.org/mathscinet-getitem?mr=4280157
https://doi.org/10.1214/21-ejs1841
https://doi.org/10.1214/21-ejs1841
https://www.ams.org/mathscinet-getitem?mr=0643788
https://doi.org/10.1007/BF00575525
https://www.ams.org/mathscinet-getitem?mr=1006487
https://doi.org/10.1007/BF00049393
https://www.ams.org/mathscinet-getitem?mr=3263096
https://doi.org/10.3150/13-BEJ548
https://www.ams.org/mathscinet-getitem?mr=3572856
https://doi.org/10.1214/16-EJS1194
https://doi.org/10.1214/16-EJS1194
https://www.ams.org/mathscinet-getitem?mr=1172149
https://www.ams.org/mathscinet-getitem?mr=0770050
https://doi.org/10.1016/0040-5809(84)90027-3

1412 F. Ascolani, A. Lijoi and M. Ruggiero

[33] Walker, S.G., Hatjispyros, S.J. and Nicoleris, T. (2007). A Fleming-Viot process and Bayesian nonparamet-
rics. Ann. Appl. Probab. 17 67-80. MR2292580 https://doi.org/10.1214/105051606000000600

[34] Watanabe, S. (1968). A limit theorem of branching processes and continuous state branching processes.
J. Math. Kyoto Univ. 8 141-167. MR0237008 https://doi.org/10.1215/kjm/1250524180


https://www.ams.org/mathscinet-getitem?mr=2292580
https://doi.org/10.1214/105051606000000600
https://www.ams.org/mathscinet-getitem?mr=0237008
https://doi.org/10.1215/kjm/1250524180

Bernoulli 29(2), 2023, 1435-1463
https://doi.org/10.3150/22-BEJ 1505

Hopf type lemmas for subsolutions of
integro-differential equations

TOMASZ KLIMSIAK!'?2 and TOMASZ KOMOROWSKI!b

Unstitute of Mathematics, Polish Academy of Sciences, ul. Sniadeckich 8, 00-656 Warsaw, Poland,
3tomas @ mat.umk.pl

2Faculty of Mathematics and Computer Science, Nicolaus Copernicus University, Chopina 12/18, 87-100 Toruri,
Poland, bomorow @ hektor.umes. lublin. pl

In the paper we prove a lower bound for subsolutions of the integro-differential equation: —Au + cu = 0 in a domain
D. Tt states that there exists a Borel function ¢, strictly positive on D, depending only on the coefficients of the
operator A, ¢ and D such that for any subsolution u(-), that satisfies SUpy e pg #(y) > 0, one can find a constant a > 0
(that in general depends on ), for which supy ¢ p ¢ u(y) —u(x) > ay(x), x € D. The bound is valid for a wide class
of Lévy type integro-differential operators A, non-negative, bounded and measurable function c and a quite general
domain D c R4. Here D s is a certain set containing the closure of D and determined by the support of the Levy
jump measure associated with A. In some cases a non-negative eigenfunction corresponding to the operator in D
can be admitted as the function . In particular, this occurs when the transition probability semigroup associated
with A is ultracontractive. The main assumptions made about A are: there exists a strong Markov solution to the
martingale problem associated with the operator and its resolvent satisfies some minorization condition. This type
of a result we call the generalized Hopf lemma.

Keywords: Integro-differential elliptic equation; weak subsolution; maximum principle; the Hopf lemma
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Characteristic functions that are radially symmetric have a dual interpretation, as they can be used as the isotropic
correlation functions of spatial random fields. Extensions of isotropic correlation functions from balls into d-
dimensional Euclidean spaces, R4, have been understood after Rudin. Yet, extension theorems on product spaces
are elusive, and a counterexample provided by Rudin on rectangles suggests that the problem is challenging. This
paper provides extension theorems for multiradial characteristic functions that are defined in balls embedded in
R4 cross, either R¥ or the unit sphere s9" embedded in Rd,“, for any two positive integers d and d’. We then
examine Turning Bands operators that provide bijections between the class of multiradial correlation functions in
given product spaces, and multiradial correlations in product spaces having different dimensions. The combination
of extension theorems with Turning Bands provides a connection with random fields that are defined in balls cross
linear or circular time.

Keywords: Characteristic functions; Rudin’s extensions; random fields; turning bands
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We consider two Gaussian measures g, 2 on a separable Hilbert space, with fractional-order covariance operators

A2 and A72, respectively, and derive necessary and sufficient conditions on A, A and B, ,E > ( for I. equivalence
of the measures u and 1, and II. uniform asymptotic optimality of linear predictions for u based on the misspecified
measure u. These results hold, e.g., for Gaussian processes on compact metric spaces. As an important special
case, we consider the class of generalized Whittle—Matérn Gaussian random fields, where A and A are elliptic
second-order differential operators, formulated on a bounded Euclidean domain D c R4 and augmented with
homogeneous Dirichlet boundary conditions. Our outcomes explain why the predictive performances of stationary
and non-stationary models in spatial statistics often are comparable, and provide a crucial first step in deriving
consistency results for parameter estimation of generalized Whittle—-Matérn fields.
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We study a functional version of nonstationary fractionally integrated time series, covering the functional unit root
as a special case. The time series taking values in an infinite-dimensional separable Hilbert space are projected onto
a finite number of sub-spaces, the level of nonstationarity allowed to vary over them. Under regularity conditions,
we derive a weak convergence result for the projection of the fractionally integrated functional process onto the
asymptotically dominant sub-space, which retains most of the sample information carried by the original functional
time series. Through the classic functional principal component analysis of the sample variance operator, we
obtain the eigenvalues and eigenfunctions which span a sample version of the dominant sub-space. Furthermore,
we introduce a simple ratio criterion to consistently estimate the dimension of the dominant sub-space, and use a
semiparametric local Whittle method to estimate the memory parameter. Monte-Carlo simulation studies are given
to examine the finite-sample performance of the developed techniques.

Keywords: Fractional integration; functional principal component analysis; functional time series; local Whittle
estimation; nonstationary process
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Comparing time varying regression quantiles
under shift invariance
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This article investigates whether time-varying quantile regression curves are the same up to the horizontal shift
or not. The errors and the covariates involved in the regression model are allowed to be locally stationary. We
formalize this issue in a corresponding non-parametric hypothesis testing problem, and develop an integrated-
squared-norm based test (SIT) as well as a simultaneous confidence band (SCB) approach. The asymptotic prop-
erties of SIT and SCB under null and local alternatives are derived. Moreover, the asymptotic properties of these
tests are also studied when the compared data sets are dependent. We then propose valid wild bootstrap algorithms
to implement SIT and SCB. Furthermore, the usefulness of the proposed methodology is illustrated via analysing
simulated and real data related to COVID-19 outbreak.

Keywords: Bootstrap; comparison of curves; confidence band; hypothesis testing; locally stationary process;
nonparametric quantile regression; COVID-19
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Loop-erased random walk branch of uniform
spanning tree in topological polygons
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We consider uniform spanning tree (UST) in topological polygons with 2N marked points on the boundary with
alternating boundary conditions. In an earlier work by Liu-Peltola-Wu, the authors derive the scaling limit of the
Peano curve in the UST. They are variants of SLEg. In this article, we derive the scaling limit of the loop-erased
random walk branch (LERW) in the UST. They are variants of SLE;. The conclusion is a generalization of an
earlier work by Han-Liu-Wu where the authors derive the scaling limit of the LERW branch of UST when N = 2.
When N = 2, the limiting law is SLE,(—1,—1;—1,—1). However, the limiting law is no longer in the family of
SLE(p) process as long as N > 3.

Keywords: Uniform spanning tree; loop-erased random walk; Schramm-Loewner evolution
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We investigate the Rényi entropy of sums of independent integer-valued random variables through Fourier the-
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The main purpose of the paper is to investigate the possibility of applying the Stein-Chen approach to estimate
the )(2 distance between Poisson distribution and Poisson binomial distribution. Earlier results concerning Xz
distance between the above mentioned distributions either used analytical approach heavily based on the analysis
of the generating functions or on rather lengthy and complicated elementary calculations. Applying the Stein-
Chen approach we succeed in providing a very quick proof of upper bounds for XZ distance that are of comparable
strength to the earlier estimates obtained by other approaches.

Keywords: Poisson apprximation; Charlier-Parseval identity; Charlier polynomials; 2 metric; the Stein-Chen
approach
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We study random normal matrix models whose eigenvalues tend to be distributed within a narrow “band” around
the unit circle of width proportional to 1/n, where n is the size of matrices. For general radially symmetric poten-
tials with various boundary conditions, we derive the scaling limits of the correlation functions, some of which
appear in the previous literature notably in the context of almost-Hermitian random matrices. We also obtain
that fluctuations of the maximal and minimal modulus of the ensembles follow the Gumbel or exponential law
depending on the boundary conditions.

Keywords: Almost-circular regime; maximal and minimal modulus; random normal matrix; scaling limits;
universality
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Let &1, &,... be i.i.d. random variables of zero mean and finite variance and 7, 7,... positive i.i.d. random
variables whose distribution belongs to the domain of attraction of an a-stable distribution, a € (0,1). The two
collections are assumed independent. We consider a Markov chain with jumps of two types. If the present position
of the Markov chain is positive, then the jump & occurs; if the present position of the Markov chain is nonpositive,
then the jump 7 occurs. We prove functional limit theorems for this and two closely related Markov chains under
Donsker’s scaling. The weak limit is a nonnegative process (X());>( satisfying a stochastic equation dX(r) =

dW() + dUa(ng)(t)), where W is a Brownian motion, U, is an @-stable subordinator which is independent of W,

and Lg?) is a local time of X at 0. Also, we explain that X is a Feller Brownian motion with a ‘jump-type’ exit from
0.

Keywords: Feller Brownian motion; functional limit theorem; locally perturbed random walk; oscillating random
walk
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On the rate of convergence of a deep recurrent
neural network estimate in a regression problem
with dependent data

MICHAEL KOHLER!? and ADAM KRZYZAK?2b

L Fuchbereich Mathematik, TU Darmstadt, Schlossgartenstr. 7, 64289 Darmstadt, Germany,

8kohler @ mathematik.tu-darmstadt.de

2Deparlmem‘ of Computer Science and Software Engineering, Concordia University, 1455 De Maisonneuve Blvd.
West, Montreal, Quebec, Canada H3G IMS, bkrzyzak@cs.concordia. ca

A regression problem with dependent data is considered. Regularity assumptions on the dependency of the data are
introduced, and it is shown that under suitable structural assumptions on the regression function a deep recurrent
neural network estimate is able to circumvent the curse of dimensionality.

Keywords: Curse of dimensionality; recurrent neural networks; nonparametric regression estimation; rate of
convergence
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On the singular values of complex matrix
Brownian motion with a matrix drift
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Let Matc(K, N) be the space of K x N complex matrices. Let B; be Brownian motion on Matc(K, N) starting from
the zero matrix and M € Matc(K, N). We prove that, with K > N, the N eigenvalues of (B; + tM)* (B; + tM) form
a Markov process with an explicit transition kernel. This generalizes a classical result of Rogers and Pitman (Ann.
Probab. 9 (1981) 573-582) for multidimensional Brownian motion with drift which corresponds to N = 1. We then
give two more descriptions for this Markov process. First, as independent squared Bessel diffusion processes in the
wide sense, introduced by Watanabe (Z. Wahrsch. Verw. Gebiete 31 (1975) 115-124) and studied by Pitman and
Yor (In Stochastic Integrals (Proc. Sympos., Univ. Durham, Durham, 1980) (1981) 285-370 Springer), conditioned
to never intersect. Second, as the distribution of the top row of interacting squared Bessel type diffusions in some
interlacting array. The last two descriptions also extend to a general class of one-dimensional diffusions.

Keywords: Singular values; matrix Brownian motion with drift; squared Bessel diffusions in wide sense;
non-intersecting paths; interacting diffusions; interlacing arrays
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A note on one-dimensional Poincaré inequalities
by Stein-type integration

GILLES GERMAIN?and YVIK SWANP®

Université libre de Bruxelles, Département de Mathématique, Campus Plaine, Boulevard du Triomphe CP210,
B-1050 Brussels, 2gilles.germain@ulb.be, byvik.swan@ulb.be

We study the weighted Poincaré constant C(p,w) of a probability density p with weight function w using integra-
tion methods inspired by Stein’s method. We obtain a new version of the Chen-Wang variational formula which,
as a byproduct, yields simple upper and lower bounds on C(p,w) in terms of the so-called Stein kernel of p. We
also iterate these variational formulas so as to build sequences of nested intervals containing the Poincaré constant,
sequences of functions converging to said constant, as well as sequences of functions converging to the solutions
of the corresponding spectral problem. Our results rely on the properties of a pseudo inverse operator of the classi-
cal Sturm-Liouville operator. We illustrate our methods on a variety of examples: Gaussian functionals, weighted
Gaussian, beta, gamma, Subbotin, and Weibull distributions.

Keywords: Stein operators; Poincaré inequalities; Chen-Wang variational formula
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