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Power enhancement and phase transitions for
global testing of the mixed membership
stochastic block model

LOUIS V.CAMMARATA® and ZHENG TRACY KEP

Statistics Department, Harvard University, Cambridge, MA 02138, USA, ®louis_cammarata@g.harvard.edu,
bke@ fas.harvard.edu

The mixed-membership stochastic block model (MMSBM) is a common model for social networks. Given an n-
node symmetric network generated from a K-community MMSBM, we would like to test K = 1 versus K > 1. We
first study the degree-based X2 test and the orthodox Signed Quadrilateral (0SQ) test. These two statistics estimate
an order-2 polynomial and an order-4 polynomial of a “signal” matrix, respectively. We derive the asymptotic null
distribution and power for both tests. However, for each test, there exists a parameter regime where its power is
unsatisfactory. It motivates us to propose a power enhancement (PE) test to combine the strengths of both tests.
We show that the PE test has a tractable null distribution and improves the power of both tests. To assess the
optimality of PE, we consider a randomized setting, where the n membership vectors are independently drawn
from a distribution on the standard simplex. We show that the success of global testing is governed by a quantity
Bn(K, P, h), which depends on the community structure matrix P and the mean vector & of memberships. For each
given (K, P, h), a test is called optimal if it distinguishes two hypotheses when B, (K, P,h) — co. A test is called
optimally adaptive if it is optimal for all (K, P,h). We show that the PE test is optimally adaptive, while many
existing tests are only optimal for some particular (K, P, 1), hence, not optimally adaptive.

Keywords: Chi-square test; degree matching; mixed memberships; phase transition; signed cycles; stochastic
block model
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Testing for linearity in boundary regression
models with application to maximal life
expectancies

JURGEN KAMPF!? and ALEXANDER MEISTER?2P

L Clinic for Cardiology and Angiology, University Hospital of Essen, Hufelandstr. 55, 45122 Essen, Germany,
djuergen.kampf@uk-essen.de

2 Institute of Mathematics, University of Rostock, Ulmenstr. 69/3, 18057 Rostock, Germany,
balexander.meister @uni-rostock.de

We consider a regression model with errors that are a.s. negative. Thus the regression function is not the expected
value of the observations but the right endpoint of their support. We develop two goodness-of-fit tests for the
hypotheses that the regression function is an affine function, study the asymptotic distributions of the test statistics
in order to approximately fix the sizes of the tests, derive their finite-sample properties based on simulations and
apply them to life expectancy data.

Keywords: Boundary regression; goodness of fit test; life expectancy
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Power variations in fractional Sobolev spaces
for a class of parabolic stochastic PDEs
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We consider a class of parabolic stochastic PDEs on bounded domains D C R that includes the stochastic heat
equation but with a fractional power y of the Laplacian. Viewing the solution as a process with values in a scale
of fractional Sobolev spaces Hj, with r <y — d /2, we study its power variations in H, along regular partitions
of the time-axis. As the mesh size tends to zero, we find a phase transition at r = —d/2: the solutions have a
nontrivial quadratic variation when r < —d/2 and a nontrivial pth order variation for p =2y/(y —d/2—r) > 2
when r > —d /2. More generally, normalized power variations of any order satisfy a genuine law of large numbers
in the first case and a degenerate limit theorem in the second case. When r < —d/2, the quadratic variation is given
explicitly via an expression that involves the spectral zeta function, which reduces to the Riemann zeta function
when d =1 and D is an interval.

Keywords: Stochastic heat equation; stochastic partial differential equation; fractional Laplacian; power
variations; Riemann zeta function; spectral zeta function
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Kolmogorov bounds for decomposable random
variables and subgraph counting by the
Stein—Tikhomirov method
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We derive normal approximation bounds in the Kolmogorov distance for random variables possessing decomposi-
tions of Barbour, Karoniski, and Rucifiski (J. Combin. Theory Ser. B 47 (1989) 125-145). We highlight the example
of standardized subgraph counts in the Erd6s—Rényi random graph. We prove a bound by generalizing the argu-
mentation of Rollin (Probab. Engrg. Inform. Sci. (2022) 747-773), who used the Stein-Tikhomirov method to
prove a bound in the special case of standardized triangle counts. Our bounds match the best available Wasserstein
bounds.

Keywords: Berry—Esseen bound; central limit theorem; characteristic function; Erd6s—Rényi random graph;
Kolmogorov distance; normal approximation; Stein’s method; Stein-Tikhomirov method; subgraph count
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Lasso and Dantzig selector are standard procedures able to perform variable selection and estimation simultane-
ously. This paper is concerned with extending these procedures to spatial point process intensity estimation. We
propose adaptive versions of these procedures, develop efficient computational methodologies and derive asymp-
totic results for a large class of spatial point processes under an original setting where the number of parameters, i.e.
the number of spatial covariates considered, increases with the expected number of data points. Both procedures

are compared theoretically, in a simulation study, and in a real data example.

Keywords: Estimating equations; high-dimensional statistics; linear programming; regularization methods;
spatial point pattern
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In this article, we study the forward integral, in the Russo and Vallois sense, with respect to Holder continuous
stochastic processes Y with exponent bigger than 1/2. Here, the integrands have the form f(Y), where f is a
bounded variation function. As a consequence of our results, we show that this integral agrees with the generalized
Stieltjes integral given by Zihle and that, in the case that Y is fractional Brownian motion, this forward integral is
equal to the divergence operator plus a trace term, which is related to the local time of Y. Moreover, the definition
of the forward integral allows us to obtain a representation of the solutions to forward stochastic differential
equations with a possibly discontinuous coefficient and, as a consequence of our analysis, to figure out some
explicit solutions.

Keywords: Fractional Brownian motion; forward integral; stochastic differential equations; Malliavin calculus
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Consider two random vectors X=Az+C,'"x€RP andy=Bz+C,’ "y € RY, wherexe RP, y e R? and z € R"
are independent random vectors with i.i.d. entries of zero mean and unit variance, C; and C, are p X p and
q X q deterministic population covariance matrices, and A and B are p X r and g X r deterministic factor loading
matrices. With n independent observations of X and y, we study the sample canonical correlations between them.
Under the sharp fourth moment condition on the entries of x, y and z, we prove the BBP transition for the sample
canonical correlation coefficients (CCCs). More precisely, if a population CCC is below a threshold, then the
corresponding sample CCC converges to the right edge of the bulk eigenvalue spectrum of the sample canonical
correlation matrix and satisfies the famous Tracy-Widom law; if a population CCC is above the threshold, then the
corresponding sample CCC converges to an outlier that is detached from the bulk eigenvalue spectrum. We prove
our results in full generality, in the sense that they also hold for near-degenerate population CCCs and population
CCCs that are close to the threshold.

Keywords: Canonical correlation analysis; BBP transition; Tracy-Widom law; edge eigenvalues
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Let @ € (0,2) and d € N. We consider the stochastic differential equation (SDE) driven by an a-stable process
dX; = b(X;)dt + o(X;_)dLY, Xp=x R,

where b:RY 5 R? and o : RY — R4 @ R are locally y-Holder continuous with y € (0 v (1 - @)*,1], and LY is
a d-dimensional symmetric rotationally invariant a-stable process. Under certain dissipative and non-degenerate
assumptions on b and o, we show the V-uniformly exponential ergodicity for the semigroup P; associated with
{X;(x),t = 0}. Our proofs are mainly based on the heat kernel estimates recently established in (J. Ec. Polytech.
Math. 9 (2022) 537-579) to demonstrate the strong Feller property and irreducibility of P;. Interestingly, when «
tends to zero, the diffusion coefficient o~ can increase faster than the drift . As an application, we put forward a
new heavy-tailed sampling scheme.

Keywords: a-stable processes; ergodicity; heavy-tailed distribution; irreducibility; strong Feller property
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Two major research tasks lie at the heart of high dimensional data analysis: accurate parameter estimation and
correct support recovery. The existing literature mostly aims for either the best parameter estimation or the best
model selection result, however little has been done to understand the potential interaction between the estimation
precision and the selection behavior. In this work, our minimax result shows that an estimator’s performance of
type I error control directly links with its L, estimation error rate, and reveals a trade-off phenomenon between
the rate of convergence and the false discovery control: to achieve better accuracy, one risks yielding more false
discoveries. In particular, we characterize the false discovery control behavior of rate optimal and rate suboptimal
estimators under different sparsity regimes, and discover a rigid dichotomy between these two estimators under
near-linear and linear sparsity settings. In addition, this work provides a rigorous explanation to the incompatibility
phenomenon between selection consistency and rate minimaxity which has been frequently observed in the high
dimensional literature.

Keywords: False discovery control; high dimension analysis; rate minimaxity; selection consistency
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In this paper, we quantify the rate of convergence between the distribution of number of zeros of random trigono-
metric polynomials (RTP) with i.i.d. centered random coefficients and the number of zeros of a stationary centered
Gaussian process G, whose covariance function is given by the sinc function. First, we find the convergence of the
RTP towards G in the Wasserstein—1 distance, which in turn is a consequence of Donsker Theorem. Then, we use
this result to derive the rate of convergence between their respective number of zeros. Since the number of real
zeros of the RTP is not a continuous function, we use the Kac-Rice formula to express it as the limit of an integral
and, in this way, we approximate it by locally Lipschitz continuous functions.

Keywords: Random trigonometric polynomials; Wassertein distance; Donsker Theorem; Stein method
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Friedman’s chi-square test is a non-parametric statistical test for r treatments across n trials to assess the null hy-
pothesis that there is no treatment effect. We use Stein’s method with an exchangeable pair coupling to derive a
bound on the distance between the distribution of Friedman’s statistic and its limiting chi-square distribution, mea-
sured using smooth test functions. Our bound is of the optimal order n~1, and also has an optimal dependence on
the parameter r, in that the bound tends to zero if and only if »/n — 0. From this bound, we deduce a Kolmogorov
distance bound that decays to zero under the weaker condition r1/2 /n— 0.

Keywords: Stein’s method; Friedman’s statistic; chi-square approximation; rate of convergence; exchangeable pair
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This work contributes to the limited literature on estimating the diffusivity or drift coefficient of nonlinear SPDEs
driven by additive noise. Assuming that the solution is measured locally in space and over a finite time interval,
we show that the augmented maximum likelihood estimator introduced in (Ann. Appl. Probab. 31 (2021) 1-38) for
linear SPDEs remains rate-optimal when applied to a large class of semilinear SPDEs. The obtained abstract results
are applied to several important classes of SPDEs, including stochastic reaction-diffusion equations. Moreover, we
also study the stochastic Burgers equation, as an example with first order nonlinearity, which is a borderline case of
the general results. The optimal statistical results are obtained through a precise control of the spatial regularity of
the solution and by using higher order fractional LP-Sobolev type spaces. We conclude with numerical examples
that validate the theoretical results.

Keywords: Stochastic partial differential equations; semilinear SPDEs; augmented MLE; stochastic Burgers;
stochastic reaction-diffusion; optimal regularity; inference; drift estimation; viscosity estimation; central limit
theorem; local measurements

References

[1] Adams, R.A. (1975). Sobolev Spaces. San Diego: Academic Press.

2] Alonso, S., Stange, M. and Beta, C. (2018). Modeling random crawling, membrane deformation and intra-
cellular polarity of motile amoeboid cells. PLoS ONE 13 1-22.

[3] Altmeyer, R., Bretschneider, T., Jandk, J. and Reif3, M. (2022). Parameter estimation in an SPDE model for
cell repolarization. SIAM/ASA J. Uncertain. Quantificat. 10 179-199. MR4376300 https://doi.org/10.1137/
20M1373347

[4] Altmeyer, R., Cialenco, I. and Pasemann, G. (2023). Supplement to “Parameter estimation for semilinear
SPDEs from local measurements.” https://doi.org/10.3150/22-BEJ1531SUPP

[5] Altmeyer, R. and Reiss, M. (2021). Nonparametric estimation for linear SPDEs from local measurements.
Ann. Appl. Probab. 31 1-38. MR4254472 https://doi.org/10.1214/20-aap 1581

[6] Bibinger, M. and Trabs, M. (2019). On central limit theorems for power variations of the solution to the
stochastic heat equation. In Stochastic Models, Statistics and Their Applications. Springer Proc. Math. Stat.
294 69-84. Cham: Springer. MR4043170

[7] Bibinger, M. and Trabs, M. (2020). Volatility estimation for stochastic PDEs using high-frequency observa-
tions. Stochastic Process. Appl. 130 3005-3052. MR4080737 https://doi.org/10.1016/j.spa.2019.09.002

[8] Cahn, J. and Allen, S. (1977). A microscopic theory for domain wall motion and its experimental verification
in fe-al alloy domain growth kinetics. J. Phys. Collog. 38 51-54.

[9] Chong, C. (2019). High-frequency analysis of parabolic stochastic PDEs with multiplicative noise: Part I.
Preprint. arXiv:1908.04145.

[10] Chong, C. (2020). High-frequency analysis of parabolic stochastic PDEs. Ann. Statist. 48 1143-1167.
MR4102691 https://doi.org/10.1214/19-A0S 1841

[11] Cialenco, L. (2018). Statistical inference for SPDEs: An overview. Stat. Inference Stoch. Process. 21 309-329.
MR3824970 https://doi.org/10.1007/s11203-018-9177-9

1350-7265 © 2023 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/22-BEJ1531
mailto:altmeyrx@math.hu-berlin.de
mailto:gregor.pasemann@hu-berlin.de
mailto:cialenco@iit.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4376300
https://doi.org/10.1137/20M1373347
https://doi.org/10.1137/20M1373347
https://doi.org/10.3150/22-BEJ1531SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4254472
https://doi.org/10.1214/20-aap1581
https://mathscinet.ams.org/mathscinet-getitem?mr=4043170
https://mathscinet.ams.org/mathscinet-getitem?mr=4080737
https://doi.org/10.1016/j.spa.2019.09.002
https://arxiv.org/abs/arXiv:1908.04145
https://mathscinet.ams.org/mathscinet-getitem?mr=4102691
https://doi.org/10.1214/19-AOS1841
https://mathscinet.ams.org/mathscinet-getitem?mr=3824970
https://doi.org/10.1007/s11203-018-9177-9

2036 R. Altmeyer, I. Cialenco and G. Pasemann

[12]
[13]
[14]

[15]

[16]

[17]

(18]

(19]

[20]

[21]
(22]
(23]
(24]

[25]

[26]
(27]
(28]

[29]

(30]
(31]
(32]

(33]

(34]

Cialenco, ., Delgado-Vences, F. and Kim, H.-J. (2020). Drift estimation for discretely sampled SPDEs. Stoch.
Partial Differ. Equ. Anal. Comput. 8 895-920. MR4174073 https://doi.org/10.1007/s40072-019-00164-4
Cialenco, I. and Glatt-Holtz, N. (2011). Parameter estimation for the stochastically perturbed Navier-Stokes
equations. Stochastic Process. Appl. 121 701-724. MR2770904 https://doi.org/10.1016/j.spa.2010.12.007
Cialenco, I. and Huang, Y. (2020). A note on parameter estimation for discretely sampled SPDEs. Stoch.
Dyn. 20 2050016. MR4101083 https://doi.org/10.1142/S0219493720500161

Cialenco, I. and Kim, H.-J. (2022). Parameter estimation for discretely sampled stochastic heat equation
driven by space-only noise. Stochastic Process. Appl. 143 1-30. MR4332773 https://doi.org/10.1016/j.spa.
2021.09.012

Cont, R. (2005). Modeling term structure dynamics: An infinite dimensional approach. Int. J. Theor. Appl.
Finance 8 357-380. MR2144706 https://doi.org/10.1142/S0219024905003049

Cotter, C., Crisan, D., Holm, D.D., Pan, W. and Shevchenko, I. (2019). Numerically modeling stochastic
Lie transport in fluid dynamics. Multiscale Model. Simul. 17 192-232. MR3904409 https://doi.org/10.1137/
18M 1167929

Da Prato, G., Debussche, A. and Temam, R. (1994). Stochastic Burgers’ equation. NoDEA Nonlinear Differ-
ential Equations Appl. 1 389-402. MR1300149 https://doi.org/10.1007/BF01194987

Da Prato, G. and Zabczyk, J. (2014). Stochastic Equations in Infinite Dimensions, 2nd ed. Encyclopedia of
Mathematics and Its Applications 152. Cambridge: Cambridge Univ. Press. MR3236753 https://doi.org/10.
1017/CB0O9781107295513

Debussche, A., de Moor, S. and Hofmanova, M. (2015). A regularity result for quasilinear stochastic partial
differential equations of parabolic type. SIAM J. Math. Anal. 47 1590-1614. MR3340199 https://doi.org/10.
1137/130950549

Fitzhugh, R. (1961). Impulses and physiological states in theoretical models of nerve membrane. Biophys. J.
1 445-466.

Frankignoul, C. (1985). Sst anomalies, planetary waves and rc in the middle rectitudes. Rev. Geophys. 23
357-390.

Hairer, M. and Voss, J. (2011). Approximations to the stochastic Burgers equation. J. Nonlinear Sci. 21
897-920. MR2860933 https://doi.org/10.1007/s00332-011-9104-3

Janson, S. (1997). Gaussian Hilbert Spaces. Cambridge Tracts in Mathematics 129. Cambridge: Cambridge
Univ. Press. MR 1474726 https://doi.org/10.1017/CB0O9780511526169

Kaino, Y. and Uchida, M. (2021). Parametric estimation for a parabolic linear SPDE model based on discrete
observations. J. Statist. Plann. Inference 211 190-220. MR4153870 https://doi.org/10.1016/].jspi.2020.05.
004

Liptser, R.S. and Shiryayev, A.N. (1989). Theory of Martingales. Mathematics and Its Applications (Soviet
Series) 49. Dordrecht: Kluwer Academic. MR1022664 https://doi.org/10.1007/978-94-009-2438-3

Liu, W. and Rockner, M. (2015). Stochastic Partial Differential Equations: An Introduction. Universitext.
Cham: Springer. MR3410409 https://doi.org/10.1007/978-3-319-22354-4

Lockley, R., Ladds, G. and Bretschneider, T. (2015). Image based validation of dynamical models for cell
reorientation. Cytometry, Part A 87 471-480.

Lord, G.J., Powell, C.E. and Shardlow, T. (2014). An Introduction to Computational Stochastic PDEs. Cam-
bridge Texts in Applied Mathematics. New York: Cambridge Univ. Press. MR3308418 https://doi.org/10.
1017/CB0O9781139017329

Mahdi Khalil, Z. and Tudor, C. (2019). Estimation of the drift parameter for the fractional stochastic heat
equation via power variation. Mod. Stoch. Theory Appl. 6 397—417. MR4047392

Nagumo, A., Arimoto, S. and Yoshizawa, S.S. (1962). An active pulse transmission line simulating nerve
axon. Proc. IRE 50 2061-2070.

Niisken, N., Reich, S. and Rozdeba, P.J. (2019). State and parameter estimation from observed signal incre-
ments. Entropy 21 505. MR3975241 https://doi.org/10.3390/e21050505

Pasemann, G., Flemming, S., Alonso, S., Beta, C. and Stannat, W. (2021). Diffusivity estimation for activator-
inhibitor models: Theory and application to intracellular dynamics of the actin cytoskeleton. J. Nonlinear Sci.
31 59. MR4255684 https://doi.org/10.1007/s00332-021-09714-4

Pasemann, G. and Stannat, W. (2020). Drift estimation for stochastic reaction-diffusion systems. Electron. J.
Stat. 14 547-579. MR4056266 https://doi.org/10.1214/19-EJS1665


https://mathscinet.ams.org/mathscinet-getitem?mr=4174073
https://doi.org/10.1007/s40072-019-00164-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2770904
https://doi.org/10.1016/j.spa.2010.12.007
https://mathscinet.ams.org/mathscinet-getitem?mr=4101083
https://doi.org/10.1142/S0219493720500161
https://mathscinet.ams.org/mathscinet-getitem?mr=4332773
https://doi.org/10.1016/j.spa.2021.09.012
https://doi.org/10.1016/j.spa.2021.09.012
https://mathscinet.ams.org/mathscinet-getitem?mr=2144706
https://doi.org/10.1142/S0219024905003049
https://mathscinet.ams.org/mathscinet-getitem?mr=3904409
https://doi.org/10.1137/18M1167929
https://doi.org/10.1137/18M1167929
https://mathscinet.ams.org/mathscinet-getitem?mr=1300149
https://doi.org/10.1007/BF01194987
https://mathscinet.ams.org/mathscinet-getitem?mr=3236753
https://doi.org/10.1017/CBO9781107295513
https://doi.org/10.1017/CBO9781107295513
https://mathscinet.ams.org/mathscinet-getitem?mr=3340199
https://doi.org/10.1137/130950549
https://doi.org/10.1137/130950549
https://mathscinet.ams.org/mathscinet-getitem?mr=2860933
https://doi.org/10.1007/s00332-011-9104-3
https://mathscinet.ams.org/mathscinet-getitem?mr=1474726
https://doi.org/10.1017/CBO9780511526169
https://mathscinet.ams.org/mathscinet-getitem?mr=4153870
https://doi.org/10.1016/j.jspi.2020.05.004
https://doi.org/10.1016/j.jspi.2020.05.004
https://mathscinet.ams.org/mathscinet-getitem?mr=1022664
https://doi.org/10.1007/978-94-009-2438-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3410409
https://doi.org/10.1007/978-3-319-22354-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3308418
https://doi.org/10.1017/CBO9781139017329
https://doi.org/10.1017/CBO9781139017329
https://mathscinet.ams.org/mathscinet-getitem?mr=4047392
https://mathscinet.ams.org/mathscinet-getitem?mr=3975241
https://doi.org/10.3390/e21050505
https://mathscinet.ams.org/mathscinet-getitem?mr=4255684
https://doi.org/10.1007/s00332-021-09714-4
https://mathscinet.ams.org/mathscinet-getitem?mr=4056266
https://doi.org/10.1214/19-EJS1665

Parameter estimation for semilinear SPDEs from local measurements 2037

(35]
(36]

(37]
(38]

(39]
[40]

(41]

[42]

Pazy, A. (1983). Semigroups of Linear Operators and Applications to Partial Differential Equations. Applied
Mathematical Sciences 44. New York: Springer. MR0710486 https://doi.org/10.1007/978-1-4612-5561-1
Reich, S. and Rozdeba, P. (2020). Posterior contraction rates for non-parametric state and drift estimation.
Found. Data Sci. 2 333-349.

Schlogl, F. (1972). Chemical reaction models for non-equilibrium phase transitions. Z. Phys. 253 147-161.
Triebel, H. (1983). Theory of Function Spaces. Monographs in Mathematics 78. Basel: Birkhduser.
MRO781540 https://doi.org/10.1007/978-3-0346-0416-1

Tsybakov, A.B. (2008). Introduction to Nonparametric Estimation. Berlin: Springer.

Walsh, J.B. (1981). A stochastic model of neural response. Adv. in Appl. Probab. 13 231-281. MR0612203
https://doi.org/10.2307/1426683

Yagi, A. (2010). Abstract Parabolic Evolution Equations and Their Applications. Springer Monographs in
Mathematics. Berlin: Springer. MR2573296 https://doi.org/10.1007/978-3-642-04631-5

Yan, D. (2019). Bayesian Inference for Gaussian Models: Inverse Problems and Evolution Equations Ph.D.
thesis, Universiteit Leiden.


https://mathscinet.ams.org/mathscinet-getitem?mr=0710486
https://doi.org/10.1007/978-1-4612-5561-1
https://mathscinet.ams.org/mathscinet-getitem?mr=0781540
https://doi.org/10.1007/978-3-0346-0416-1
https://mathscinet.ams.org/mathscinet-getitem?mr=0612203
https://doi.org/10.2307/1426683
https://mathscinet.ams.org/mathscinet-getitem?mr=2573296
https://doi.org/10.1007/978-3-642-04631-5

Bernoulli 29(3), 2023, 2062-2083
https://doi.org/10.3150/22-BEJ 1532

Nonparametric estimation of locally stationary
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In this paper we consider multivariate Hawkes processes with baseline conditional intensities and reproduction
functions that depend on time. This defines a class of locally stationary processes. We discuss estimation of the
time-dependent baseline intensities and reproduction functions based on a localized criterion. Theory on stationary
Hawkes processes is extended to develop asymptotic theory for the estimator in the locally stationary model.
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Exchangeability—in which the distribution of an infinite sequence is invariant to reorderings of its elements—
implies the existence of a simple conditional independence structure that may be leveraged in the design of sta-
tistical models and inference procedures. In this work, we study a relaxation of exchangeability in which this
invariance need not hold precisely. We introduce the notion of local exchangeability—where swapping data as-
sociated with nearby covariates causes a bounded change in the distribution. We prove that locally exchangeable
processes correspond to independent observations from an underlying measure-valued stochastic process. Using
this main probabilistic result, we show that the local empirical measure of a finite collection of observations pro-
vides an approximation of the underlying measure-valued process and Bayesian posterior predictive distributions.
The paper concludes with applications of the main theoretical results to a model from Bayesian nonparametrics
and covariate-dependent permutation tests.

Keywords: Exchangeability; local; representation; de Finetti; Bayesian nonparametrics
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Variable selection in sparse regression models is an important task as applications ranging from biomedical re-
search to econometrics have shown. Especially for higher dimensional regression problems, for which the regres-
sion function as the link between response and covariates cannot be directly detected, the selection of informative
variables is challenging. Under these circumstances, the Random Forest method is an helpful tool to predict new
outcomes while delivering measures for variable selection. One common approach is the usage of the permutation
importance. Due to its intuitive idea and flexible usage, it is important to explore circumstances, for which the
permutation importance based on Random Forest correctly indicates informative covariates. Regarding the latter,
we deliver theoretical guarantees for the validity of the permutation importance measure under specific assump-
tions such as the mutual independence of the features and prove its (asymptotic) unbiasedness, while under slightly
stricter assumptions, consistency of the permutation importance measure is established. An extensive simulation
study supports our findings.

Keywords: Random Forest; permutation importance; unbiasedness; consistency; Out-of-Bag samples; statistical
learning
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In the density estimation model, we investigate the problem of constructing adaptive honest confidence sets with
diameter measured in Wasserstein distance Wp, p > 1, and for densities with unknown regularity measured on
a Besov scale. As sampling domains, we focus on the d-dimensional torus Td, in which case 1 < p <2, and
R4, for which p = 1. We identify necessary and sufficient conditions for the existence of adaptive confidence
sets with diameters of the order of the regularity-dependent Wy, -minimax estimation rate. Interestingly, it appears
that the possibility of such adaptation of the diameter depends on the dimension of the underlying space. In low
dimensions, d < 4, adaptation to any regularity is possible. In higher dimensions, adaptation is possible if and
only if the underlying regularities belong to some bounded interval, whose width can be chosen to be at least
d/(d — 4). This contrasts with the Lp-theory where, independently of the dimension, adaptation occurs only if
regularities lie in a small fixed-width window. When possible, we explicitly construct confidence regions via the
method of risk estimation. These are the first results in a statistical approach to adaptive uncertainty quantification
with Wasserstein distances. Our analysis and methods extend to weak losses such as Sobolev norms with negative
smoothness indices.

Keywords: Wasserstein distance; uncertainty quantification; nonparametric confidence sets

References

[1] Armstrong, T.B. (2021). Adaptation bounds for confidence bands under self-similarity. Bernoulli 27
1348-1370. MR4255237 https://doi.org/10.3150/20-bej1277

[2] Bull, A.D. (2012). Honest adaptive confidence bands and self-similar functions. Electron. J. Stat. 6
1490-1516. MR2988456 https://doi.org/10.1214/12-EJS720

[3] Bull, A.D. and Nickl, R. (2013). Adaptive confidence sets in L2. Probab. Theory Related Fields 156 889-919.
MR3078289 https://doi.org/10.1007/s00440-012-0446-z

[4] Cai, T.T. and Low, M.G. (2006). Adaptive confidence balls. Ann. Statist. 34 202-228. MR2275240 https://
doi.org/10.1214/009053606000000146

[5] Carpentier, A. (2013). Honest and adaptive confidence sets in Lp,. Electron. J. Stat. 7 2875-2923. MR3148371
https://doi.org/10.1214/13-EJS867

[6] Castillo, I. and Nickl, R. (2013). Nonparametric Bernstein-von Mises theorems in Gaussian white noise. Ann.
Statist. 41 1999-2028. MR3127856 https://doi.org/10.1214/13-A0S1133

[7] Castillo, I. and Nickl, R. (2014). On the Bernstein-von Mises phenomenon for nonparametric Bayes proce-
dures. Ann. Statist. 42 1941-1969. MR3262473 https://doi.org/10.1214/14-A0S 1246

[8] Chernozhukov, V., Chetverikov, D. and Kato, K. (2014). Anti-concentration and honest, adaptive confidence
bands. Ann. Statist. 42 1787-1818. MR3262468 https://doi.org/10.1214/14-A0S 1235

[9] del Barrio, E., Giné, E. and Matran, C. (1999). Central limit theorems for the Wasserstein distance between
the empirical and the true distributions. Ann. Probab. 27 1009—1071. MR1698999 https://doi.org/10.1214/
aop/1022677394

1350-7265 © 2023 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/22-BEJ1535
mailto:and30@cam.ac.uk
mailto:thibault.randrianarisoa@sorbonne-universite.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=4255237
https://doi.org/10.3150/20-bej1277
https://mathscinet.ams.org/mathscinet-getitem?mr=2988456
https://doi.org/10.1214/12-EJS720
https://mathscinet.ams.org/mathscinet-getitem?mr=3078289
https://doi.org/10.1007/s00440-012-0446-z
https://mathscinet.ams.org/mathscinet-getitem?mr=2275240
https://doi.org/10.1214/009053606000000146
https://doi.org/10.1214/009053606000000146
https://mathscinet.ams.org/mathscinet-getitem?mr=3148371
https://doi.org/10.1214/13-EJS867
https://mathscinet.ams.org/mathscinet-getitem?mr=3127856
https://doi.org/10.1214/13-AOS1133
https://mathscinet.ams.org/mathscinet-getitem?mr=3262473
https://doi.org/10.1214/14-AOS1246
https://mathscinet.ams.org/mathscinet-getitem?mr=3262468
https://doi.org/10.1214/14-AOS1235
https://mathscinet.ams.org/mathscinet-getitem?mr=1698999
https://doi.org/10.1214/aop/1022677394
https://doi.org/10.1214/aop/1022677394

2120 N. Deo and T. Randrianarisoa

[10] Deo, N. and Randrianarisoa, T. (2023). Supplement to “On Adaptive Confidence Sets for the Wasserstein
Distances.” https://doi.org/10.3150/22-BEJ1535SUPP

[11] Donoho, D.L., Johnstone, .M., Kerkyacharian, G. and Picard, D. (1996). Density estimation by wavelet
thresholding. Ann. Statist. 24 508-539. MR 1394974 https://doi.org/10.1214/a0s/1032894451

[12] Dudley, R.M. (1968). The speed of mean Glivenko-Cantelli convergence. Ann. Math. Stat. 40 40-50.
MRO0236977 https://doi.org/10.1214/aoms/1177697802

[13] Fournier, N. and Guillin, A. (2015). On the rate of convergence in Wasserstein distance of the empirical mea-
sure. Probab. Theory Related Fields 162 707-738. MR3383341 https://doi.org/10.1007/s00440-014-0583-7

[14] Giné, E. and Nickl, R. (2010). Confidence bands in density estimation. Ann. Statist. 38 1122-1170.
MR2604707 https://doi.org/10.1214/09-A0S738

[15] Giné, E. and Nickl, R. (2016). Mathematical Foundations of Infinite-Dimensional Statistical Models. Cam-
bridge Series in Statistical and Probabilistic Mathematics, [40]. New York: Cambridge Univ. Press.
MR3588285 https://doi.org/10.1017/CB0O9781107337862

[16] Hoffmann, M. and Nickl, R. (2011). On adaptive inference and confidence bands. Ann. Statist. 39 2383-24009.
MR2906872 https://doi.org/10.1214/11-AOS903

[17] Juditsky, A. and Lambert-Lacroix, S. (2003). Nonparametric confidence set estimation. Math. Methods
Statist. 12 410-428. MR2054156

[18] Kantorovi&, L.V. and Rubintein, G.S. (1958). On a space of completely additive functions. Vestn. Leningr.
Univ. 13 52-59. MR0102006

[19] Kantorovitch, L. (1942). On the translocation of masses. C. R. (Dokl.) Acad. Sci. URSS 37 199-201.
MRO0009619

[20] Lepskii, O.V. (1990). A problem of adaptive estimation in Gaussian white noise. Teor. Veroyatn. Primen. 35
459-470. MR1091202 https://doi.org/10.1137/1135065

[21] Low, M.G. (1997). On nonparametric confidence intervals. Ann. Statist. 25 2547-2554. MR1604412 https://
doi.org/10.1214/a0s/1030741084

[22] McDonald, S. and Campbell, D. (2021). A review of uncertainty quantification for density estimation. Stat.
Surv. 15 1-71. MR4255286 https://doi.org/10.1214/21-ss130

[23] Monge, G. (1781). Mémoire sur la Théorie des Déblais et des Remblais. De I’Imprimerie Royale.

[24] Nickl, R. and Szabd, B. (2016). A sharp adaptive confidence ball for self-similar functions. Stochastic Pro-
cess. Appl. 126 3913-3934. MR3565485 https://doi.org/10.1016/j.spa.2016.04.017

[25] Panaretos, V.M. and Zemel, Y. (2019). Statistical aspects of Wasserstein distances. Annu. Rev. Stat. Appl. 6
405-431. MR3939527 https://doi.org/10.1146/annurev-statistics-030718-104938

[26] Peyré, G. and Cuturi, M. (2019). Computational optimal transport. Found. Trends Mach. Learn. 11 355-607.

[27] Picard, D. and Tribouley, K. (2000). Adaptive confidence interval for pointwise curve estimation. Ann. Statist.
28 298-335. MR 1762913 https://doi.org/10.1214/a0s/1016120374

[28] Ray, K. (2017). Adaptive Bernstein—von Mises theorems in Gaussian white noise. Ann. Statist. 45 2511-2536.
MR3737900 https://doi.org/10.1214/16-A0S 1533

[29] Robins, J. and van der Vaart, A. (2006). Adaptive nonparametric confidence sets. Ann. Statist. 34 229-253.
MR2275241 https://doi.org/10.1214/009053605000000877

[30] Rousseau, J. and Szabo, B. (2020). Asymptotic frequentist coverage properties of Bayesian credible sets for
sieve priors. Ann. Statist. 48 2155-2179. MR4134790 https://doi.org/10.1214/19-A0S 1881

[31] Szabd, B., van der Vaart, A.W. and van Zanten, J.H. (2015). Frequentist coverage of adaptive nonparametric
Bayesian credible sets. Ann. Statist. 43 1391-1428. MR3357861 https://doi.org/10.1214/14-A0S 1270

[32] Villani, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wissenschaften [ Fun-
damental Principles of Mathematical Sciences] 338. Berlin: Springer. MR2459454 https://doi.org/10.1007/
978-3-540-71050-9

[33] Weed, J. and Bach, F. (2019). Sharp asymptotic and finite-sample rates of convergence of empirical measures
in Wasserstein distance. Bernoulli 25 2620-2648. MR4003560 https://doi.org/10.3150/18-BEJ1065

[34] Weed, J. and Berthet, Q. (2019). Estimation of smooth densities in Wasserstein distance. In Proceedings
of the Thirty-Second Conference on Learning Theory (A. Beygelzimer and D. Hsu, eds.). Proceedings of
Machine Learning Research 99 3118-3119. PMLR.


https://doi.org/10.3150/22-BEJ1535SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=1394974
https://doi.org/10.1214/aos/1032894451
https://mathscinet.ams.org/mathscinet-getitem?mr=0236977
https://doi.org/10.1214/aoms/1177697802
https://mathscinet.ams.org/mathscinet-getitem?mr=3383341
https://doi.org/10.1007/s00440-014-0583-7
https://mathscinet.ams.org/mathscinet-getitem?mr=2604707
https://doi.org/10.1214/09-AOS738
https://mathscinet.ams.org/mathscinet-getitem?mr=3588285
https://doi.org/10.1017/CBO9781107337862
https://mathscinet.ams.org/mathscinet-getitem?mr=2906872
https://doi.org/10.1214/11-AOS903
https://mathscinet.ams.org/mathscinet-getitem?mr=2054156
https://mathscinet.ams.org/mathscinet-getitem?mr=0102006
https://mathscinet.ams.org/mathscinet-getitem?mr=0009619
https://mathscinet.ams.org/mathscinet-getitem?mr=1091202
https://doi.org/10.1137/1135065
https://mathscinet.ams.org/mathscinet-getitem?mr=1604412
https://doi.org/10.1214/aos/1030741084
https://doi.org/10.1214/aos/1030741084
https://mathscinet.ams.org/mathscinet-getitem?mr=4255286
https://doi.org/10.1214/21-ss130
https://mathscinet.ams.org/mathscinet-getitem?mr=3565485
https://doi.org/10.1016/j.spa.2016.04.017
https://mathscinet.ams.org/mathscinet-getitem?mr=3939527
https://doi.org/10.1146/annurev-statistics-030718-104938
https://mathscinet.ams.org/mathscinet-getitem?mr=1762913
https://doi.org/10.1214/aos/1016120374
https://mathscinet.ams.org/mathscinet-getitem?mr=3737900
https://doi.org/10.1214/16-AOS1533
https://mathscinet.ams.org/mathscinet-getitem?mr=2275241
https://doi.org/10.1214/009053605000000877
https://mathscinet.ams.org/mathscinet-getitem?mr=4134790
https://doi.org/10.1214/19-AOS1881
https://mathscinet.ams.org/mathscinet-getitem?mr=3357861
https://doi.org/10.1214/14-AOS1270
https://mathscinet.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/978-3-540-71050-9
https://mathscinet.ams.org/mathscinet-getitem?mr=4003560
https://doi.org/10.3150/18-BEJ1065

Bernoulli 29(3), 2023, 2142-2166
https://doi.org/10.3150/22-BEJ 1536

A unified construction for series representations
and finite approximations of completely random
measures

JUHO LEE!?, XENIA MISCOURIDOU?*" and FRANCOIS CARON?3¢

| Graduate school of AL, KAIST, Daejeon, Republic of Korea, ®juholee @kaist.ac.kr
2Department of Mathematics, Imperial College London, England, bxeniamisc@ gmail.com
3Deparlment of Statistics, University of Oxford, England, °caron@stats.ox.ac.uk

Infinite-activity completely random measures (CRMs) have become important building blocks of complex
Bayesian nonparametric models. They have been successfully used in various applications such as clustering,
density estimation, latent feature models, survival analysis or network science. Popular infinite-activity CRMs
include the (generalised) gamma process and the (stable) beta process. However, except in some specific cases,
exact simulation or scalable inference with these models is challenging and finite-dimensional approximations are
often considered. In this work, we propose a general and unified framework to derive both series representations
and finite-dimensional approximations of CRMs. Our framework can be seen as a generalisation of constructions
based on size-biased sampling of Poisson point process (Probab. Theory Related Fields 92 (1992) 21-39). It in-
cludes as special cases several known series representations and finite approximations as well as novel ones. In
particular, we show that one can get novel series representations for the generalised gamma process and the stable
beta process. We show how these constructions can be used to derive novel algorithms for posterior inference,
including a generalisation of the slice sampler for normalised CRMs mixture models introduced by (J. Comput.
Graph. Statist. 20 (2011) 241-259). We also provide some analysis of the truncation error.

Keywords: Bayesian nonparametrics; Poisson random measures; completely random measures; generalised
gamma process; slice sampling
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Multivariate self-exciting jump processes with
applications to financial data
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The paper discusses multivariate self- and cross-exciting processes. We define a class of multivariate point pro-
cesses via their corresponding stochastic intensity processes that are driven by stochastic jumps. Essentially, there
is a jump in an intensity process whenever the corresponding point process records an event. An attribute of our
modelling class is that not only a jump is recorded at each instance, but also its magnitude. This allows large
jumps to influence the intensity to a larger degree than smaller jumps. We give conditions which guarantee that
the process is stable, in the sense that it does not explode, and provide a detailed discussion on when particular
subclasses, which include both linear and non-linear models, are stable. Finally, we fit our model to financial time
series data from the S&P 500 and Nikkei 225 indices respectively. We conclude that a non-linear variant from
our modelling class fits the data best. This supports the observation that in times of crises (high intensity) jumps
tend to arrive in clusters, whereas there are typically longer times between jumps when the markets are calmer. We
moreover observe more variability in jump sizes when the intensity is high, than when it is low.

Keywords: Multivariate self-exciting processes; Markov processes; jump processes; financial time series
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Bootstrap inference for a class of non-regular
estimators
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We introduce a class of non-regular estimators in arbitrary normed spaces which include estimators for a non-
negative mean, for the squared mean, as well as for the Hodges and Stein estimators. In these cases, the nonpara-
metric bootstrap is consistent on all but a small subset of the underlying parameter space. Bootstrap remedies, such
as the m-out-of-n bootstrap and the oracle bootstrap, have been proposed to mainly solve the inconsistency of the
nonparametric bootstrap under a fixed parameter setting. We study the local asymptotic behavior of the estimators
and of their bootstrap distributions by allowing the underlying parameter to approach a fixed value at various rates.
Our theoretical results determine the precise limiting behavior of the estimators and of their bootstrap distributions
in these problems. Simulation results examining the finite sample local performance of the bootstrap estimators
are provided.

Keywords: Nonparametric bootstrap; m-out-of-n bootstrap; oracle bootstrap; Hodges estimator; Stein estimator
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We present explicit estimates of right and left tails and exact (up to universal, multiplicative constants) estimates
of tails and moments of hitting times of Bessel processes. The latter estimates are obtained from more general
estimates of moments and tails established for convolutions of elementary mixtures of exponential distributions.
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We study the non-parametric estimation of the value of a linear functional evaluated at an unknown density func-
tion f with support on Ry based on an i.i.d. sample with multiplicative measurement errors. The proposed plug-in
estimation procedure combines the estimation of the Mellin transform of the density f and a regularisation of
the inverse of the Mellin transform by a spectral cut-off. The attainable accuracy of the estimator is essentially
determined by the decay of the upcoming Mellin transforms and the smoothness of the linear functional which
we illustrate by different scenarios. As usual the choice of the cut-off parameter is crucial and we propose its
data-driven selection inspired by the work of (Goldenshluger and Lepski Ann. Statist. 39 (2011) 1608—-1632). By
proving matching lower bounds we show that the plug-in estimator with optimally chosen cut-off parameter at-
tains minimax-optimal rates of convergence over Mellin-Sobolev spaces. Furthermore the rate of convergence of
the data-driven estimator features at most a deterioration by a logarithmic factor which is widely considered as an
acceptable price for adaptation. In particular, our theory covers point-wise estimation of the density f, its deriva-
tive and Laplace transform, its associated survival and cumulative distribution function as well as the point-wise
estimation of the mean residual life.

Keywords: Linear functional model; multiplicative measurement error; Mellin transform; Mellin-Sobolev space;
minimax theory; inverse problem; adaptation
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Suppose that the arrival rate and the jump distribution of a compound Poisson process change suddenly at an
unknown and unobservable time. We want to detect the change as quickly as possible to take counteractions, e.g.,
to assure top quality of products in a production system, or to stop credit card fraud in a banking system. If we
have no prior information about future disorder time, then we typically assume that the disorder is equally likely
to happen any time — or has uniform distribution — over a long but finite time horizon. We solve this so-called
compound Poisson disorder problem for the practically important case of unknown, unobserved, but uniformly
distributed disorder time. The solution hinges on the complete separation of information flow from the hard time
horizon constraint, by describing the former with an autonomous time-homogeneous one-dimensional Markov
process in terms of which the detection problem translates into a finite horizon optimal stopping problem. For any
given finite horizon, the solution is two-dimensional. For cases where the horizon is large and one is unwilling to
set a fixed value for it, we give a one-dimensional approximation. Also, we discuss an extension where the disorder
may not happen on the given interval with a positive probability. In this extended model, if no detection decision
is made by the end of the horizon, then a second level hypothesis testing problem is solved to determine the local
parameters of the observed process.

Keywords: Compound Poisson process; optimal stopping; Poisson disorder problem; quickest detection
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Harmonic analysis meets stationarity: A general
framework for series expansions of special
Gaussian processes
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In this paper, we present a new approach to derive series expansions for some Gaussian processes based on har-
monic analysis of their covariance function. In particular, we propose a new simple rate-optimal series expansion
for fractional Brownian motion. The convergence of the latter series holds in mean square and uniformly almost
surely, with a rate-optimal decay of the remainder of the series. We also develop a general framework of conver-
gent series expansions for certain classes of Gaussian processes with stationarity. Finally, an application to optimal
functional quantization is described.

Keywords: Fractional Brownian motion; fractional Ornstein-Uhlenbeck; Karhunen-Loeve decomposition; Fourier
series; functional quantization
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In this paper, we carry out a piecewise constant estimator of the density for privatised data. We establish a non-
asymptotic oracle inequality for the Hellinger loss and deduce that our estimator is adaptive and rate optimal over
a wide range of Besov classes (up to possible logarithmic factors). We also get better estimation rates when the
density is not only in a Besov class but also bounded away from 0. These rates are optimal within possible log
factors. This result is in contrast to what happens with the L2 loss where the privatised minimax rates over Besov
classes can be improved in some cases by assuming the target bounded from above.
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We show local asymptotic normality (LAN) for a statistical model of discretely observed ergodic jump-diffusion
processes, where the drift coefficient, diffusion coefficient, and jump structure are parametrized. Under the LAN
property, we can discuss the asymptotic efficiency of regular estimators, and the quasi-maximum-likelihood and
Bayes-type estimators proposed in Shimizu and Yoshida (Stat. Inference Stoch. Process. 9 (2006) 227-277) and
Ogihara and Yoshida (Stat. Inference Stoch. Process. 14 (2011) 189-229) are shown to be asymptotically efficient
in this model. Moreover, we can construct asymptotically uniformly most powerful tests for the parameters. Unlike
with a model for diffusion processes, Aronson-type estimates of the transition density functions do not hold,
which makes it difficult to prove LAN. Therefore, instead of Aronson-type estimates, we employ the idea of
Theorem 1 in Jeganathan (Sankhya Ser. A 44 (1982) 173-212) and use the L2 regularity condition. Moreover,
we show that local asymptotic mixed normality of a statistical model is implied from that for a model generated
by approximated transition density functions under suitable conditions. Together with density approximation by
means of thresholding techniques, the LAN property for the jump-diffusion processes is proved.

Keywords: Asymptotically efficient estimator; asymptotically uniformly most powerful test; jump-diffusion
processes; local asymptotic mixed normality; L? regularity condition; Malliavin calculus; thresholding techniques
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A frequency domain bootstrap for general
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Developing valid frequency domain bootstrap procedures for integrated periodogram statistics for multivariate
time series is a challenging problem. This is mainly due to the fact that the distribution of such statistics depends
on the fourth-order moment structure of the underlying multivariate process in nearly every scenario. Exceptions
are some very special cases like nonparametric estimators of the spectral density matrix or Gaussian time series.
In contrast to the univariate case, even additional structural assumptions — such as linearity of the multivariate
process or a standardization of the statistic of interest — do not solve the problem. This paper proposes a new
frequency domain bootstrap procedure for multivariate time series, the multivariate frequency domain hybrid
bootstrap (MFHB), for integrated periodogram statistics as well as for functions thereof. Asymptotic validity of
the MFHB procedure is established for these statistics and for a class of stationary multivariate processes satisfying
rather weak dependence conditions ranging clearly beyond linear processes. The finite sample performance of the
MFHB is investigated by means of simulations.

Keywords: Bootstrap; periodogram; spectral means; stationary processes
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approach

LUCIANO DE CASTRO! BRUNO N. COSTA3*°, ANTONIO F. GALVAOZ2" and
JORGE P. ZUBELLI3*d

lDepartment of Economics, University of lowa, lowa City, USA, ®decastro.luciano @ gmail.com
2Department of Economics, Michigan State University, East Lansing, USA, bagalvao@msu,edu
SIMPA, Rio de Janeiro, Brazil, brunonunes @ impa.br

4Department of Mathematics, Khalifa University, Abu Dhabi, UAE, dj()rge.zubelli @ku.ac.ae

This paper derives several novel properties of conditional quantiles viewed as nonlinear operators. The results are
organized in parallel to the usual properties of the expectation operator. We first define a T-conditional quantile
random set, relative to any sigma-algebra, as a set of solutions of an optimization problem. Then, well-known
properties of unconditional quantiles, as translation invariance, comonotonicity, and equivariance to monotone
transformations, are generalized to the conditional case. Moreover, a simple proof for Jensen’s inequality for con-
ditional quantiles is provided. We also investigate continuity of conditional quantiles as operators with respect
to different topologies and obtain a novel Fatou’s lemma for quantiles. Conditions for continuity in LP and weak
continuity are also derived. Then, the differentiability properties of quantiles are addressed. We demonstrate the
validity of Leibniz’s rule for conditional quantiles for the cases of monotone, as well as separable functions. Fi-
nally, although the law of iterated quantiles does not hold in general, we characterize the maximum set of random
variables for which this law holds, and investigate its consequences for the infinite composition of conditional
quantiles.

Keywords: Conditional quantiles; continuity for quantiles; Fatou’s lemma for quantiles; Leibniz’s rule
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A probabilistic view of latent space graphs and
phase transitions
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Department of Operations Research and Financial Engineering, Princeton University, Sherrerd Hall, Charlton
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We study random graphs with latent geometric structure, where the probability of each edge depends on the un-
derlying random positions corresponding to the two endpoints. We consider the setting where this conditional
probability is a general monotone increasing function of the inner product of two vectors; such a function can nat-
urally be viewed as the cumulative distribution function of some independent random variable. A one-parameter
family of random graphs, characterized by the variance of this random variable, that smoothly interpolates between
arandom dot product graph and an Erd6s—Rényi random graph, is investigated. Focusing on the dense regime, we
prove phase transitions of detecting geometry in these graphs, in terms of the dimension of the underlying geomet-
ric space and the variance parameter: When the dimension is high or the variance is large, the graph is similar to
an Erd6s—Rényi graph with the same edge density; in other parameter regimes, there is a computationally efficient
signed triangle statistic that can distinguish them. The proofs make use of information-theoretic inequalities and
concentration of measure phenomena.

Keywords: Random graph; random dot product graph; high-dimensional geometric structure; signed triangle
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Exponential ergodicity for damping
Hamiltonian dynamics with state-dependent and
non-local collisions
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In this paper, we investigate the exponential ergodicity in a Wasserstein-type distance for a damping Hamiltonian
dynamics with state-dependent and non-local collisions, which indeed is a special case of piecewise determinis-
tic Markov processes that is very popular in numerous modelling situations including stochastic algorithms. The
approach adopted in this work is based on a combination of the refined basic coupling and the refined reflection
coupling for non-local operators. In a certain sense, the main result developed in the present paper is a continua-
tion of the counterpart in (Stochastic Process. Appl. (2022) 146 114—142) on exponential ergodicity of stochastic
Hamiltonian systems with Lévy noises and a complement of (Ann. Inst. Henri Poincaré Probab. Stat. 58 (2022a)
916-944) upon exponential ergodicity for Andersen dynamics with constant jump rate functions.

Keywords: Coupling; damping Hamiltonian dynamics; exponential ergodicity; non-local collision;
Wasserstein-type distance
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Let X1,..., X, be independent and identically distributed random vectors in R4, Suppose EX| =0, Cov(X}) =14,
where 1; is the d X d identity matrix. Suppose further that there exist positive constants 7y and ¢ such that
EelolXil < cp < oo, where | - | denotes the Euclidean norm. Let W = Z?:l X;/+/n and let Z be a d-dimensional
standard normal random vector. Let Q be a d X d symmetric positive definite matrix whose largest eigenvalue is 1.
We prove that for 0 < x < enl/®,

P(101/27| > x) det@2n 1

1/2 5 6
P(|Q W|>x)_1‘< ( 1+x x) ford> s

and

1/2 3 6
Me W29, sc(“ixdﬁ— for 1 <d <4,
P(10'2Z| > x) det(Q1/2)part "

where & and C are positive constants depending only on d,#y, and cq. This is a first extension of Cramér-type
moderate deviation to the multivariate setting with a faster convergence rate than 1/4/n. The range of x = o(nl/ 6)
for the relative error to vanish and the dimension requirement d > 5 for the 1/n rate are both optimal. We prove our
result using a new change of measure, a two-term Edgeworth expansion for the changed measure, and cancellation
by symmetry for terms of the order 1/+/n.

Keywords: Asymptotic expansion; central limit theorem; change of measure; moderate deviations; quadratic
forms
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Empirical approximation to invariant measures
for McKean—Vlasov processes: Mean-field
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This paper proves that, under a monotonicity condition, the invariant probability measure of a McKean—Vlasov
process can be approximated by weighted empirical measures of some processes including itself. These processes
are described by distribution dependent or empirical measure dependent stochastic differential equations con-
structed from the equation for the McKean—Vlasov process. Convergence of empirical measures is characterized
by upper bound estimates for their Wasserstein distances to the invariant measure. Numerical simulations of the

mean-field Ornstein—Uhlenbeck process are implemented to demonstrate the theoretical results.

Keywords: Empirical measures; invariant measures; McKean-Vlasov processes; Wasserstein distances
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Estimating the parameters of some common
Gaussian random fields with nugget under
fixed-domain asymptotics

WEI-LIEM LOH? and SAIFEI SUNP

Department of Statistics and Data Science, National University of Singapore, Singapore, ®stalohwl@nus.edu.sg,
bsa ifeisun@u.nus.edu

This article considers parameter estimation for a class of Gaussian random fields on [0, l)d that are observed with
measurement error and irregularly spaced design sites. This class comprises Gaussian random fields with suitably
smooth mean functions and isotropic powered exponential, Matérn or generalized Wendland covariance functions.
Under fixed-domain asymptotics, consistent estimators are proposed for three microergodic parameters, namely
the nugget, the smoothness parameter and a parameter related to the coefficient of the principal irregular term
of the isotropic covariance function. Upper bounds for the convergence rate of these estimators are established.
Simulations are conducted to study the finite sample accuracy of the proposed estimators.

Keywords: Convergence rate; fixed-domain asymptotics; Gaussian random field; generalized Wendland;
multivariate discrete differentiation; nugget; powered exponential; quadratic variation; Matérn; space-filling
design
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Many commonly used test statistics are based on a norm measuring the evidence against the null hypothesis. To
understand how the choice of that norm affects power properties of tests in high dimensions, we study the con-
sistency sets of p-norm based tests in the prototypical framework of sequence models with unrestricted parameter
spaces, the null hypothesis being that all observations have zero mean. The consistency set of a test is here defined
as the set of all arrays of alternatives the test is consistent against as the dimension of the parameter space diverges.
We characterize the consistency sets of p-norm based tests and find, in particular, that the consistency against an
array of alternatives cannot be determined solely in terms of the p-norm of the alternative. Our characterization
also reveals an unexpected monotonicity result: namely that the consistency set is strictly increasing in p € (0,0),
such that tests based on higher p strictly dominate those based on lower p in terms of consistency. This monotonic-
ity property allows us to construct novel tests that dominate, with respect to their consistency behavior, all p-norm
based tests without sacrificing asymptotic size.

Keywords: Consistency; high-dimensional testing problems; norm-based tests; power enhancement principle;
sequence models
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In modern deep learning, there is a recent and growing literature on the interplay between large-width asymptotic
properties of deep Gaussian neural networks (NNs), i.e. deep NNs with Gaussian-distributed weights, and Gaus-
sian stochastic processes (SPs). Motivated by empirical analyses that show the potential of replacing Gaussian
distributions with Stable distributions for the NN’s weights, in this paper we present a rigorous analysis of the
large-width asymptotic behaviour of (fully connected) feed-forward deep Stable NN, i.e. deep NNs with Stable-
distributed weights. We show that as the width goes to infinity jointly over the NN’s layers, i.e. the “joint growth”
setting, a rescaled deep Stable NN converges weakly to a Stable SP whose distribution is characterized recursively
through the NN’s layers. Because of the non-triangular structure of the NN, this is a non-standard asymptotic prob-
lem, to which we propose an inductive approach of independent interest. Then, we establish sup-norm convergence
rates of the rescaled deep Stable NN to the Stable SP, under the “joint growth” and a “sequential growth” of the
width over the NN’s layers. Such a result provides the difference between the “joint growth” and the “sequential
growth” settings, showing that the former leads to a slower rate than the latter, depending on the depth of the
layer and the number of inputs of the NN. Our work extends some recent results on infinitely wide limits for deep
Gaussian NNs to the more general deep Stable NNs, providing the first result on convergence rates in the “joint
growth” setting.

Keywords: Bayesian inference; deep neural network; depth limit; exchangeable sequence; Gaussian stochastic
process; neural tangent kernel; infinitely wide limit; Stable stochastic process; spectral measure; sup-norm
convergence rate
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