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Power enhancement and phase transitions for
global testing of the mixed membership
stochastic block model
LOUIS V. CAMMARATAa and ZHENG TRACY KEb

Statistics Department, Harvard University, Cambridge, MA 02138, USA, alouis_cammarata@g.harvard.edu,
bzke@fas.harvard.edu

The mixed-membership stochastic block model (MMSBM) is a common model for social networks. Given an n-
node symmetric network generated from a K-community MMSBM, we would like to test K = 1 versus K > 1. We
first study the degree-based χ2 test and the orthodox Signed Quadrilateral (oSQ) test. These two statistics estimate
an order-2 polynomial and an order-4 polynomial of a “signal” matrix, respectively. We derive the asymptotic null
distribution and power for both tests. However, for each test, there exists a parameter regime where its power is
unsatisfactory. It motivates us to propose a power enhancement (PE) test to combine the strengths of both tests.
We show that the PE test has a tractable null distribution and improves the power of both tests. To assess the
optimality of PE, we consider a randomized setting, where the n membership vectors are independently drawn
from a distribution on the standard simplex. We show that the success of global testing is governed by a quantity
βn(K,P,h), which depends on the community structure matrix P and the mean vector h of memberships. For each
given (K,P,h), a test is called optimal if it distinguishes two hypotheses when βn(K,P,h) → ∞. A test is called
optimally adaptive if it is optimal for all (K,P,h). We show that the PE test is optimally adaptive, while many
existing tests are only optimal for some particular (K,P,h), hence, not optimally adaptive.

Keywords: Chi-square test; degree matching; mixed memberships; phase transition; signed cycles; stochastic
block model
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Testing for linearity in boundary regression
models with application to maximal life
expectancies
JÜRGEN KAMPF1,a and ALEXANDER MEISTER2,b
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ajuergen.kampf@uk-essen.de
2Institute of Mathematics, University of Rostock, Ulmenstr. 69/3, 18057 Rostock, Germany,
balexander.meister@uni-rostock.de

We consider a regression model with errors that are a.s. negative. Thus the regression function is not the expected
value of the observations but the right endpoint of their support. We develop two goodness-of-fit tests for the
hypotheses that the regression function is an affine function, study the asymptotic distributions of the test statistics
in order to approximately fix the sizes of the tests, derive their finite-sample properties based on simulations and
apply them to life expectancy data.

Keywords: Boundary regression; goodness of fit test; life expectancy
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Power variations in fractional Sobolev spaces
for a class of parabolic stochastic PDEs
CARSTEN CHONG1,a and ROBERT C. DALANG2,b
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We consider a class of parabolic stochastic PDEs on bounded domains D ⊆ Rd that includes the stochastic heat
equation but with a fractional power γ of the Laplacian. Viewing the solution as a process with values in a scale
of fractional Sobolev spaces Hr , with r < γ − d/2, we study its power variations in Hr along regular partitions
of the time-axis. As the mesh size tends to zero, we find a phase transition at r = −d/2: the solutions have a
nontrivial quadratic variation when r < −d/2 and a nontrivial pth order variation for p = 2γ/(γ − d/2 − r) > 2
when r > −d/2. More generally, normalized power variations of any order satisfy a genuine law of large numbers
in the first case and a degenerate limit theorem in the second case. When r < −d/2, the quadratic variation is given
explicitly via an expression that involves the spectral zeta function, which reduces to the Riemann zeta function
when d = 1 and D is an interval.

Keywords: Stochastic heat equation; stochastic partial differential equation; fractional Laplacian; power
variations; Riemann zeta function; spectral zeta function
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We derive normal approximation bounds in the Kolmogorov distance for random variables possessing decomposi-
tions of Barbour, Karoński, and Ruciński (J. Combin. Theory Ser. B 47 (1989) 125–145). We highlight the example
of standardized subgraph counts in the Erdős–Rényi random graph. We prove a bound by generalizing the argu-
mentation of Röllin (Probab. Engrg. Inform. Sci. (2022) 747–773), who used the Stein–Tikhomirov method to
prove a bound in the special case of standardized triangle counts. Our bounds match the best available Wasserstein
bounds.

Keywords: Berry–Esseen bound; central limit theorem; characteristic function; Erdős–Rényi random graph;
Kolmogorov distance; normal approximation; Stein’s method; Stein–Tikhomirov method; subgraph count
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Lasso and Dantzig selector are standard procedures able to perform variable selection and estimation simultane-
ously. This paper is concerned with extending these procedures to spatial point process intensity estimation. We
propose adaptive versions of these procedures, develop efficient computational methodologies and derive asymp-
totic results for a large class of spatial point processes under an original setting where the number of parameters, i.e.
the number of spatial covariates considered, increases with the expected number of data points. Both procedures
are compared theoretically, in a simulation study, and in a real data example.

Keywords: Estimating equations; high-dimensional statistics; linear programming; regularization methods;
spatial point pattern
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In this article, we study the forward integral, in the Russo and Vallois sense, with respect to Hölder continuous
stochastic processes Y with exponent bigger than 1/2. Here, the integrands have the form f (Y ), where f is a
bounded variation function. As a consequence of our results, we show that this integral agrees with the generalized
Stieltjes integral given by Zähle and that, in the case that Y is fractional Brownian motion, this forward integral is
equal to the divergence operator plus a trace term, which is related to the local time of Y . Moreover, the definition
of the forward integral allows us to obtain a representation of the solutions to forward stochastic differential
equations with a possibly discontinuous coefficient and, as a consequence of our analysis, to figure out some
explicit solutions.

Keywords: Fractional Brownian motion; forward integral; stochastic differential equations; Malliavin calculus
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Consider two random vectors x̃ = Az +C1/2
1 x ∈ Rp and ỹ = Bz +C1/2

2 y ∈ Rq , where x ∈ Rp , y ∈ Rq and z ∈ Rr
are independent random vectors with i.i.d. entries of zero mean and unit variance, C1 and C2 are p × p and
q × q deterministic population covariance matrices, and A and B are p × r and q × r deterministic factor loading
matrices. With n independent observations of x̃ and ỹ, we study the sample canonical correlations between them.
Under the sharp fourth moment condition on the entries of x, y and z, we prove the BBP transition for the sample
canonical correlation coefficients (CCCs). More precisely, if a population CCC is below a threshold, then the
corresponding sample CCC converges to the right edge of the bulk eigenvalue spectrum of the sample canonical
correlation matrix and satisfies the famous Tracy-Widom law; if a population CCC is above the threshold, then the
corresponding sample CCC converges to an outlier that is detached from the bulk eigenvalue spectrum. We prove
our results in full generality, in the sense that they also hold for near-degenerate population CCCs and population
CCCs that are close to the threshold.

Keywords: Canonical correlation analysis; BBP transition; Tracy-Widom law; edge eigenvalues
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Let α ∈ (0,2) and d ∈ N. We consider the stochastic differential equation (SDE) driven by an α-stable process

dXt = b(Xt )dt + σ(Xt−)dLα
t , X0 = x ∈ Rd,

where b : Rd → Rd and σ : Rd → Rd ⊗ Rd are locally γ-Hölder continuous with γ ∈ (0 ∨ (1 − α)+,1], and Lα
t is

a d-dimensional symmetric rotationally invariant α-stable process. Under certain dissipative and non-degenerate
assumptions on b and σ, we show the V-uniformly exponential ergodicity for the semigroup Pt associated with
{Xt (x), t ≥ 0}. Our proofs are mainly based on the heat kernel estimates recently established in (J. Éc. Polytech.
Math. 9 (2022) 537–579) to demonstrate the strong Feller property and irreducibility of Pt . Interestingly, when α
tends to zero, the diffusion coefficient σ can increase faster than the drift b. As an application, we put forward a
new heavy-tailed sampling scheme.

Keywords: α-stable processes; ergodicity; heavy-tailed distribution; irreducibility; strong Feller property
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Two major research tasks lie at the heart of high dimensional data analysis: accurate parameter estimation and
correct support recovery. The existing literature mostly aims for either the best parameter estimation or the best
model selection result, however little has been done to understand the potential interaction between the estimation
precision and the selection behavior. In this work, our minimax result shows that an estimator’s performance of
type I error control directly links with its L2 estimation error rate, and reveals a trade-off phenomenon between
the rate of convergence and the false discovery control: to achieve better accuracy, one risks yielding more false
discoveries. In particular, we characterize the false discovery control behavior of rate optimal and rate suboptimal
estimators under different sparsity regimes, and discover a rigid dichotomy between these two estimators under
near-linear and linear sparsity settings. In addition, this work provides a rigorous explanation to the incompatibility
phenomenon between selection consistency and rate minimaxity which has been frequently observed in the high
dimensional literature.

Keywords: False discovery control; high dimension analysis; rate minimaxity; selection consistency
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In this paper, we quantify the rate of convergence between the distribution of number of zeros of random trigono-
metric polynomials (RTP) with i.i.d. centered random coefficients and the number of zeros of a stationary centered
Gaussian process G, whose covariance function is given by the sinc function. First, we find the convergence of the
RTP towards G in the Wasserstein−1 distance, which in turn is a consequence of Donsker Theorem. Then, we use
this result to derive the rate of convergence between their respective number of zeros. Since the number of real
zeros of the RTP is not a continuous function, we use the Kac-Rice formula to express it as the limit of an integral
and, in this way, we approximate it by locally Lipschitz continuous functions.
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Bounds for the chi-square approximation of
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Friedman’s chi-square test is a non-parametric statistical test for r treatments across n trials to assess the null hy-
pothesis that there is no treatment effect. We use Stein’s method with an exchangeable pair coupling to derive a
bound on the distance between the distribution of Friedman’s statistic and its limiting chi-square distribution, mea-
sured using smooth test functions. Our bound is of the optimal order n−1, and also has an optimal dependence on
the parameter r , in that the bound tends to zero if and only if r/n → 0. From this bound, we deduce a Kolmogorov
distance bound that decays to zero under the weaker condition r1/2/n → 0.

Keywords: Stein’s method; Friedman’s statistic; chi-square approximation; rate of convergence; exchangeable pair
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This work contributes to the limited literature on estimating the diffusivity or drift coefficient of nonlinear SPDEs
driven by additive noise. Assuming that the solution is measured locally in space and over a finite time interval,
we show that the augmented maximum likelihood estimator introduced in (Ann. Appl. Probab. 31 (2021) 1–38) for
linear SPDEs remains rate-optimal when applied to a large class of semilinear SPDEs. The obtained abstract results
are applied to several important classes of SPDEs, including stochastic reaction-diffusion equations. Moreover, we
also study the stochastic Burgers equation, as an example with first order nonlinearity, which is a borderline case of
the general results. The optimal statistical results are obtained through a precise control of the spatial regularity of
the solution and by using higher order fractional Lp-Sobolev type spaces. We conclude with numerical examples
that validate the theoretical results.

Keywords: Stochastic partial differential equations; semilinear SPDEs; augmented MLE; stochastic Burgers;
stochastic reaction-diffusion; optimal regularity; inference; drift estimation; viscosity estimation; central limit
theorem; local measurements
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In this paper we consider multivariate Hawkes processes with baseline conditional intensities and reproduction
functions that depend on time. This defines a class of locally stationary processes. We discuss estimation of the
time-dependent baseline intensities and reproduction functions based on a localized criterion. Theory on stationary
Hawkes processes is extended to develop asymptotic theory for the estimator in the locally stationary model.

Keywords: Hawkes processes; nonparametric estimation
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Exchangeability—in which the distribution of an infinite sequence is invariant to reorderings of its elements—
implies the existence of a simple conditional independence structure that may be leveraged in the design of sta-
tistical models and inference procedures. In this work, we study a relaxation of exchangeability in which this
invariance need not hold precisely. We introduce the notion of local exchangeability—where swapping data as-
sociated with nearby covariates causes a bounded change in the distribution. We prove that locally exchangeable
processes correspond to independent observations from an underlying measure-valued stochastic process. Using
this main probabilistic result, we show that the local empirical measure of a finite collection of observations pro-
vides an approximation of the underlying measure-valued process and Bayesian posterior predictive distributions.
The paper concludes with applications of the main theoretical results to a model from Bayesian nonparametrics
and covariate-dependent permutation tests.
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Variable selection in sparse regression models is an important task as applications ranging from biomedical re-
search to econometrics have shown. Especially for higher dimensional regression problems, for which the regres-
sion function as the link between response and covariates cannot be directly detected, the selection of informative
variables is challenging. Under these circumstances, the Random Forest method is an helpful tool to predict new
outcomes while delivering measures for variable selection. One common approach is the usage of the permutation
importance. Due to its intuitive idea and flexible usage, it is important to explore circumstances, for which the
permutation importance based on Random Forest correctly indicates informative covariates. Regarding the latter,
we deliver theoretical guarantees for the validity of the permutation importance measure under specific assump-
tions such as the mutual independence of the features and prove its (asymptotic) unbiasedness, while under slightly
stricter assumptions, consistency of the permutation importance measure is established. An extensive simulation
study supports our findings.

Keywords: Random Forest; permutation importance; unbiasedness; consistency; Out-of-Bag samples; statistical
learning
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In the density estimation model, we investigate the problem of constructing adaptive honest confidence sets with
diameter measured in Wasserstein distance Wp , p ≥ 1, and for densities with unknown regularity measured on
a Besov scale. As sampling domains, we focus on the d-dimensional torus Td , in which case 1 ≤ p ≤ 2, and
R
d , for which p = 1. We identify necessary and sufficient conditions for the existence of adaptive confidence

sets with diameters of the order of the regularity-dependent Wp-minimax estimation rate. Interestingly, it appears
that the possibility of such adaptation of the diameter depends on the dimension of the underlying space. In low
dimensions, d ≤ 4, adaptation to any regularity is possible. In higher dimensions, adaptation is possible if and
only if the underlying regularities belong to some bounded interval, whose width can be chosen to be at least
d/(d − 4). This contrasts with the Lp-theory where, independently of the dimension, adaptation occurs only if
regularities lie in a small fixed-width window. When possible, we explicitly construct confidence regions via the
method of risk estimation. These are the first results in a statistical approach to adaptive uncertainty quantification
with Wasserstein distances. Our analysis and methods extend to weak losses such as Sobolev norms with negative
smoothness indices.

Keywords: Wasserstein distance; uncertainty quantification; nonparametric confidence sets
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Infinite-activity completely random measures (CRMs) have become important building blocks of complex
Bayesian nonparametric models. They have been successfully used in various applications such as clustering,
density estimation, latent feature models, survival analysis or network science. Popular infinite-activity CRMs
include the (generalised) gamma process and the (stable) beta process. However, except in some specific cases,
exact simulation or scalable inference with these models is challenging and finite-dimensional approximations are
often considered. In this work, we propose a general and unified framework to derive both series representations
and finite-dimensional approximations of CRMs. Our framework can be seen as a generalisation of constructions
based on size-biased sampling of Poisson point process (Probab. Theory Related Fields 92 (1992) 21–39). It in-
cludes as special cases several known series representations and finite approximations as well as novel ones. In
particular, we show that one can get novel series representations for the generalised gamma process and the stable
beta process. We show how these constructions can be used to derive novel algorithms for posterior inference,
including a generalisation of the slice sampler for normalised CRMs mixture models introduced by (J. Comput.
Graph. Statist. 20 (2011) 241–259). We also provide some analysis of the truncation error.

Keywords: Bayesian nonparametrics; Poisson random measures; completely random measures; generalised
gamma process; slice sampling
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[59] Rosiński, J. (2001). Contribution to the discussion of the paper “Non-Gaussian Ornstein-Uhlenbeck-based
models and some of their uses in financial economics” by O. Barndorff-Nielsen and N. Shephard. J. R. Stat.
Soc. Ser. B. Stat. Methodol. 63 230–231.
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The paper discusses multivariate self- and cross-exciting processes. We define a class of multivariate point pro-
cesses via their corresponding stochastic intensity processes that are driven by stochastic jumps. Essentially, there
is a jump in an intensity process whenever the corresponding point process records an event. An attribute of our
modelling class is that not only a jump is recorded at each instance, but also its magnitude. This allows large
jumps to influence the intensity to a larger degree than smaller jumps. We give conditions which guarantee that
the process is stable, in the sense that it does not explode, and provide a detailed discussion on when particular
subclasses, which include both linear and non-linear models, are stable. Finally, we fit our model to financial time
series data from the S&P 500 and Nikkei 225 indices respectively. We conclude that a non-linear variant from
our modelling class fits the data best. This supports the observation that in times of crises (high intensity) jumps
tend to arrive in clusters, whereas there are typically longer times between jumps when the markets are calmer. We
moreover observe more variability in jump sizes when the intensity is high, than when it is low.

Keywords: Multivariate self-exciting processes; Markov processes; jump processes; financial time series
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We introduce a class of non-regular estimators in arbitrary normed spaces which include estimators for a non-
negative mean, for the squared mean, as well as for the Hodges and Stein estimators. In these cases, the nonpara-
metric bootstrap is consistent on all but a small subset of the underlying parameter space. Bootstrap remedies, such
as the m-out-of-n bootstrap and the oracle bootstrap, have been proposed to mainly solve the inconsistency of the
nonparametric bootstrap under a fixed parameter setting. We study the local asymptotic behavior of the estimators
and of their bootstrap distributions by allowing the underlying parameter to approach a fixed value at various rates.
Our theoretical results determine the precise limiting behavior of the estimators and of their bootstrap distributions
in these problems. Simulation results examining the finite sample local performance of the bootstrap estimators
are provided.

Keywords: Nonparametric bootstrap; m-out-of-n bootstrap; oracle bootstrap; Hodges estimator; Stein estimator
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We present explicit estimates of right and left tails and exact (up to universal, multiplicative constants) estimates
of tails and moments of hitting times of Bessel processes. The latter estimates are obtained from more general
estimates of moments and tails established for convolutions of elementary mixtures of exponential distributions.
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We study the non-parametric estimation of the value of a linear functional evaluated at an unknown density func-
tion f with support on R+ based on an i.i.d. sample with multiplicative measurement errors. The proposed plug-in
estimation procedure combines the estimation of the Mellin transform of the density f and a regularisation of
the inverse of the Mellin transform by a spectral cut-off. The attainable accuracy of the estimator is essentially
determined by the decay of the upcoming Mellin transforms and the smoothness of the linear functional which
we illustrate by different scenarios. As usual the choice of the cut-off parameter is crucial and we propose its
data-driven selection inspired by the work of (Goldenshluger and Lepski Ann. Statist. 39 (2011) 1608–1632). By
proving matching lower bounds we show that the plug-in estimator with optimally chosen cut-off parameter at-
tains minimax-optimal rates of convergence over Mellin-Sobolev spaces. Furthermore the rate of convergence of
the data-driven estimator features at most a deterioration by a logarithmic factor which is widely considered as an
acceptable price for adaptation. In particular, our theory covers point-wise estimation of the density f , its deriva-
tive and Laplace transform, its associated survival and cumulative distribution function as well as the point-wise
estimation of the mean residual life.

Keywords: Linear functional model; multiplicative measurement error; Mellin transform; Mellin-Sobolev space;
minimax theory; inverse problem; adaptation
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Suppose that the arrival rate and the jump distribution of a compound Poisson process change suddenly at an
unknown and unobservable time. We want to detect the change as quickly as possible to take counteractions, e.g.,
to assure top quality of products in a production system, or to stop credit card fraud in a banking system. If we
have no prior information about future disorder time, then we typically assume that the disorder is equally likely
to happen any time – or has uniform distribution – over a long but finite time horizon. We solve this so-called
compound Poisson disorder problem for the practically important case of unknown, unobserved, but uniformly
distributed disorder time. The solution hinges on the complete separation of information flow from the hard time
horizon constraint, by describing the former with an autonomous time-homogeneous one-dimensional Markov
process in terms of which the detection problem translates into a finite horizon optimal stopping problem. For any
given finite horizon, the solution is two-dimensional. For cases where the horizon is large and one is unwilling to
set a fixed value for it, we give a one-dimensional approximation. Also, we discuss an extension where the disorder
may not happen on the given interval with a positive probability. In this extended model, if no detection decision
is made by the end of the horizon, then a second level hypothesis testing problem is solved to determine the local
parameters of the observed process.

Keywords: Compound Poisson process; optimal stopping; Poisson disorder problem; quickest detection
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Harmonic analysis meets stationarity: A general
framework for series expansions of special
Gaussian processes
MOHAMED NDAOUDa
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In this paper, we present a new approach to derive series expansions for some Gaussian processes based on har-
monic analysis of their covariance function. In particular, we propose a new simple rate-optimal series expansion
for fractional Brownian motion. The convergence of the latter series holds in mean square and uniformly almost
surely, with a rate-optimal decay of the remainder of the series. We also develop a general framework of conver-
gent series expansions for certain classes of Gaussian processes with stationarity. Finally, an application to optimal
functional quantization is described.

Keywords: Fractional Brownian motion; fractional Ornstein-Uhlenbeck; Karhunen-Loève decomposition; Fourier
series; functional quantization
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Density estimation under local differential
privacy and Hellinger loss
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In this paper, we carry out a piecewise constant estimator of the density for privatised data. We establish a non-
asymptotic oracle inequality for the Hellinger loss and deduce that our estimator is adaptive and rate optimal over
a wide range of Besov classes (up to possible logarithmic factors). We also get better estimation rates when the
density is not only in a Besov class but also bounded away from 0. These rates are optimal within possible log
factors. This result is in contrast to what happens with the L2 loss where the privatised minimax rates over Besov
classes can be improved in some cases by assuming the target bounded from above.
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We show local asymptotic normality (LAN) for a statistical model of discretely observed ergodic jump-diffusion
processes, where the drift coefficient, diffusion coefficient, and jump structure are parametrized. Under the LAN
property, we can discuss the asymptotic efficiency of regular estimators, and the quasi-maximum-likelihood and
Bayes-type estimators proposed in Shimizu and Yoshida (Stat. Inference Stoch. Process. 9 (2006) 227–277) and
Ogihara and Yoshida (Stat. Inference Stoch. Process. 14 (2011) 189–229) are shown to be asymptotically efficient
in this model. Moreover, we can construct asymptotically uniformly most powerful tests for the parameters. Unlike
with a model for diffusion processes, Aronson-type estimates of the transition density functions do not hold,
which makes it difficult to prove LAN. Therefore, instead of Aronson-type estimates, we employ the idea of
Theorem 1 in Jeganathan (Sankhyā Ser. A 44 (1982) 173–212) and use the L2 regularity condition. Moreover,
we show that local asymptotic mixed normality of a statistical model is implied from that for a model generated
by approximated transition density functions under suitable conditions. Together with density approximation by
means of thresholding techniques, the LAN property for the jump-diffusion processes is proved.

Keywords: Asymptotically efficient estimator; asymptotically uniformly most powerful test; jump-diffusion
processes; local asymptotic mixed normality; L2 regularity condition; Malliavin calculus; thresholding techniques
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Developing valid frequency domain bootstrap procedures for integrated periodogram statistics for multivariate
time series is a challenging problem. This is mainly due to the fact that the distribution of such statistics depends
on the fourth-order moment structure of the underlying multivariate process in nearly every scenario. Exceptions
are some very special cases like nonparametric estimators of the spectral density matrix or Gaussian time series.
In contrast to the univariate case, even additional structural assumptions – such as linearity of the multivariate
process or a standardization of the statistic of interest – do not solve the problem. This paper proposes a new
frequency domain bootstrap procedure for multivariate time series, the multivariate frequency domain hybrid
bootstrap (MFHB), for integrated periodogram statistics as well as for functions thereof. Asymptotic validity of
the MFHB procedure is established for these statistics and for a class of stationary multivariate processes satisfying
rather weak dependence conditions ranging clearly beyond linear processes. The finite sample performance of the
MFHB is investigated by means of simulations.

Keywords: Bootstrap; periodogram; spectral means; stationary processes
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This paper derives several novel properties of conditional quantiles viewed as nonlinear operators. The results are
organized in parallel to the usual properties of the expectation operator. We first define a τ-conditional quantile
random set, relative to any sigma-algebra, as a set of solutions of an optimization problem. Then, well-known
properties of unconditional quantiles, as translation invariance, comonotonicity, and equivariance to monotone
transformations, are generalized to the conditional case. Moreover, a simple proof for Jensen’s inequality for con-
ditional quantiles is provided. We also investigate continuity of conditional quantiles as operators with respect
to different topologies and obtain a novel Fatou’s lemma for quantiles. Conditions for continuity in Lp and weak
continuity are also derived. Then, the differentiability properties of quantiles are addressed. We demonstrate the
validity of Leibniz’s rule for conditional quantiles for the cases of monotone, as well as separable functions. Fi-
nally, although the law of iterated quantiles does not hold in general, we characterize the maximum set of random
variables for which this law holds, and investigate its consequences for the infinite composition of conditional
quantiles.

Keywords: Conditional quantiles; continuity for quantiles; Fatou’s lemma for quantiles; Leibniz’s rule
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A probabilistic view of latent space graphs and
phase transitions
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Department of Operations Research and Financial Engineering, Princeton University, Sherrerd Hall, Charlton
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We study random graphs with latent geometric structure, where the probability of each edge depends on the un-
derlying random positions corresponding to the two endpoints. We consider the setting where this conditional
probability is a general monotone increasing function of the inner product of two vectors; such a function can nat-
urally be viewed as the cumulative distribution function of some independent random variable. A one-parameter
family of random graphs, characterized by the variance of this random variable, that smoothly interpolates between
a random dot product graph and an Erdős–Rényi random graph, is investigated. Focusing on the dense regime, we
prove phase transitions of detecting geometry in these graphs, in terms of the dimension of the underlying geomet-
ric space and the variance parameter: When the dimension is high or the variance is large, the graph is similar to
an Erdős–Rényi graph with the same edge density; in other parameter regimes, there is a computationally efficient
signed triangle statistic that can distinguish them. The proofs make use of information-theoretic inequalities and
concentration of measure phenomena.

Keywords: Random graph; random dot product graph; high-dimensional geometric structure; signed triangle
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In this paper, we investigate the exponential ergodicity in a Wasserstein-type distance for a damping Hamiltonian
dynamics with state-dependent and non-local collisions, which indeed is a special case of piecewise determinis-
tic Markov processes that is very popular in numerous modelling situations including stochastic algorithms. The
approach adopted in this work is based on a combination of the refined basic coupling and the refined reflection
coupling for non-local operators. In a certain sense, the main result developed in the present paper is a continua-
tion of the counterpart in (Stochastic Process. Appl. (2022) 146 114–142) on exponential ergodicity of stochastic
Hamiltonian systems with Lévy noises and a complement of (Ann. Inst. Henri Poincaré Probab. Stat. 58 (2022a)
916–944) upon exponential ergodicity for Andersen dynamics with constant jump rate functions.

Keywords: Coupling; damping Hamiltonian dynamics; exponential ergodicity; non-local collision;
Wasserstein-type distance
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Let X1, . . . ,Xn be independent and identically distributed random vectors in Rd . Suppose EX1 = 0, Cov(X1) = Id ,
where Id is the d × d identity matrix. Suppose further that there exist positive constants t0 and c0 such that
Eet0 |X1 | ≤ c0 < ∞, where | · | denotes the Euclidean norm. Let W =

∑n
i=1 Xi/

√
n and let Z be a d-dimensional

standard normal random vector. Let Q be a d × d symmetric positive definite matrix whose largest eigenvalue is 1.
We prove that for 0 ≤ x ≤ εn1/6,�����P(|Q1/2W | > x)

P(|Q1/2Z | > x)
− 1

����� ≤ C

(
1 + x5

det (Q1/2)n
+

x6

n

)
for d ≥ 5

and �����P(|Q1/2W | > x)
P(|Q1/2Z | > x)

− 1

����� ≤ C

(
1 + x3

det (Q1/2)n
d

d+1

+
x6

n

)
for 1 ≤ d ≤ 4,

where ε and C are positive constants depending only on d, t0, and c0. This is a first extension of Cramér-type
moderate deviation to the multivariate setting with a faster convergence rate than 1/

√
n. The range of x = o(n1/6)

for the relative error to vanish and the dimension requirement d ≥ 5 for the 1/n rate are both optimal. We prove our
result using a new change of measure, a two-term Edgeworth expansion for the changed measure, and cancellation
by symmetry for terms of the order 1/

√
n.

Keywords: Asymptotic expansion; central limit theorem; change of measure; moderate deviations; quadratic
forms
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This paper proves that, under a monotonicity condition, the invariant probability measure of a McKean–Vlasov
process can be approximated by weighted empirical measures of some processes including itself. These processes
are described by distribution dependent or empirical measure dependent stochastic differential equations con-
structed from the equation for the McKean–Vlasov process. Convergence of empirical measures is characterized
by upper bound estimates for their Wasserstein distances to the invariant measure. Numerical simulations of the
mean-field Ornstein–Uhlenbeck process are implemented to demonstrate the theoretical results.

Keywords: Empirical measures; invariant measures; McKean-Vlasov processes; Wasserstein distances
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Estimating the parameters of some common
Gaussian random fields with nugget under
fixed-domain asymptotics
WEI-LIEM LOHa and SAIFEI SUNb

Department of Statistics and Data Science, National University of Singapore, Singapore, astalohwl@nus.edu.sg,
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This article considers parameter estimation for a class of Gaussian random fields on [0,1)d that are observed with
measurement error and irregularly spaced design sites. This class comprises Gaussian random fields with suitably
smooth mean functions and isotropic powered exponential, Matérn or generalized Wendland covariance functions.
Under fixed-domain asymptotics, consistent estimators are proposed for three microergodic parameters, namely
the nugget, the smoothness parameter and a parameter related to the coefficient of the principal irregular term
of the isotropic covariance function. Upper bounds for the convergence rate of these estimators are established.
Simulations are conducted to study the finite sample accuracy of the proposed estimators.

Keywords: Convergence rate; fixed-domain asymptotics; Gaussian random field; generalized Wendland;
multivariate discrete differentiation; nugget; powered exponential; quadratic variation; Matérn; space-filling
design

References

Andrews, G.E., Askey, R. and Roy, R. (1999). Special Functions. Encyclopedia of Mathematics and Its Applica-
tions 71. Cambridge: Cambridge Univ. Press. MR1688958 https://doi.org/10.1017/CBO9781107325937

Bevilacqua, M., Faouzi, T., Furrer, R. and Porcu, E. (2019). Estimation and prediction using generalized Wendland
covariance functions under fixed domain asymptotics. Ann. Statist. 47 828–856. MR3909952 https://doi.org/10.
1214/17-AOS1652

Chang, C.-H., Huang, H.-C. and Ing, C.-K. (2017). Mixed domain asymptotics for a stochastic process model with
time trend and measurement error. Bernoulli 23 159–190. MR3556770 https://doi.org/10.3150/15-BEJ740

Chen, H.-S., Simpson, D.G. and Ying, Z. (2000). Infill asymptotics for a stochastic process model with measure-
ment error. Statist. Sinica 10 141–156. MR1742105

Cressie, N.A.C. (1991). Statistics for Spatial Data. Wiley Series in Probability and Mathematical Statistics: Ap-
plied Probability and Statistics. New York: Wiley. MR1127423

Du, J., Zhang, H. and Mandrekar, V.S. (2009). Fixed-domain asymptotic properties of tapered maximum likelihood
estimators. Ann. Statist. 37 3330–3361. MR2549562 https://doi.org/10.1214/08-AOS676

Golub, G.H. and Van Loan, C.F. (1983). Matrix Computations. Johns Hopkins Series in the Mathematical Sciences
3. Baltimore, MD: Johns Hopkins Univ. Press. MR0733103

Hanson, D.L. and Wright, F.T. (1971). A bound on tail probabilities for quadratic forms in independent random
variables. Ann. Math. Stat. 42 1079–1083. MR0279864 https://doi.org/10.1214/aoms/1177693335

Horn, R.A. and Johnson, C.R. (1985). Matrix Analysis. Cambridge: Cambridge Univ. Press. MR0832183 https://
doi.org/10.1017/CBO9780511810817

Kaufman, C.G. and Shaby, B.A. (2013). The role of the range parameter for estimation and prediction in geostatis-
tics. Biometrika 100 473–484. MR3068447 https://doi.org/10.1093/biomet/ass079

Keshavarz, H., Nguyen, X. and Scott, C. (2019). Local inversion-free estimation of spatial Gaussian processes.
Electron. J. Stat. 13 4224–4279. MR4021265 https://doi.org/10.1214/19-EJS1592

1350-7265 © 2023 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/22-BEJ1551
mailto:stalohwl@nus.edu.sg
mailto:saifeisun@u.nus.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=1688958
https://doi.org/10.1017/CBO9781107325937
https://mathscinet.ams.org/mathscinet-getitem?mr=3909952
https://doi.org/10.1214/17-AOS1652
https://doi.org/10.1214/17-AOS1652
https://mathscinet.ams.org/mathscinet-getitem?mr=3556770
https://doi.org/10.3150/15-BEJ740
https://mathscinet.ams.org/mathscinet-getitem?mr=1742105
https://mathscinet.ams.org/mathscinet-getitem?mr=1127423
https://mathscinet.ams.org/mathscinet-getitem?mr=2549562
https://doi.org/10.1214/08-AOS676
https://mathscinet.ams.org/mathscinet-getitem?mr=0733103
https://mathscinet.ams.org/mathscinet-getitem?mr=0279864
https://doi.org/10.1214/aoms/1177693335
https://mathscinet.ams.org/mathscinet-getitem?mr=0832183
https://doi.org/10.1017/CBO9780511810817
https://doi.org/10.1017/CBO9780511810817
https://mathscinet.ams.org/mathscinet-getitem?mr=3068447
https://doi.org/10.1093/biomet/ass079
https://mathscinet.ams.org/mathscinet-getitem?mr=4021265
https://doi.org/10.1214/19-EJS1592


2520 W.-L. Loh and S. Sun

Lindgren, F., Rue, H. and Lindström, J. (2011). An explicit link between Gaussian fields and Gaussian Markov
random fields: The stochastic partial differential equation approach. J. R. Stat. Soc. Ser. B. Stat. Methodol. 73
423–498. MR2853727 https://doi.org/10.1111/j.1467-9868.2011.00777.x

Loh, W.-L. (1996). On Latin hypercube sampling. Ann. Statist. 24 2058–2080. MR1421161 https://doi.org/10.1214/
aos/1069362310

Loh, W.-L. (2015). Estimating the smoothness of a Gaussian random field from irregularly spaced data via higher-
order quadratic variations. Ann. Statist. 43 2766–2794. MR3405611 https://doi.org/10.1214/15-AOS1365

Loh, W.-L. and Lam, T.-K. (2000). Estimating structured correlation matrices in smooth Gaussian random field
models. Ann. Statist. 28 880–904. MR1792792 https://doi.org/10.1214/aos/1015952003

Loh, W.-L. and Sun, S. (2023). Supplement to “Estimating the parameters of some common Gaussian random
fields with nugget under fixed-domain asymptotics.” https://doi.org/10.3150/22-BEJ1551SUPP

Loh, W.-L., Sun, S. and Wen, J. (2021). On fixed-domain asymptotics, parameter estimation and isotropic Gaussian
random fields with Matérn covariance functions. Ann. Statist. 49 3127–3152. MR4352525 https://doi.org/10.
1214/21-aos2077

McKay, M.D., Beckman, R.J. and Conover, W.J. (1979). A comparison of three methods for selecting values of
input variables in the analysis of output from a computer code. Technometrics 21 239–245. MR0533252 https://
doi.org/10.2307/1268522

Owen, A.B. (1992). Orthogonal arrays for computer experiments, integration and visualization. Statist. Sinica 2
439–452. MR1187952

Sacks, J., Welch, W.J., Mitchell, T.J. and Wynn, H.P. (1989). Design and analysis of computer experiments. Statist.
Sci. 4 409–435. MR1041765

Sadhanala, V., Wang, Y.-X., Hu, A.J. and Tibshirani, R.J. (2021). Multivariate trend filtering for lattice data.
Available at arXiv:2112.14758v1.

Santner, T.J., Williams, B.J. and Notz, W.I. (2003). The Design and Analysis of Computer Experiments. Springer
Series in Statistics. New York: Springer. MR2160708 https://doi.org/10.1007/978-1-4757-3799-8

Stein, M. (1987). Large sample properties of simulations using Latin hypercube sampling. Technometrics 29
143–151. MR0887702 https://doi.org/10.2307/1269769

Stein, M.L. (1999). Interpolation of Spatial Data: Some Theory for Kriging. Springer Series in Statistics. New
York: Springer. MR1697409 https://doi.org/10.1007/978-1-4612-1494-6

Stein, M.L. (2012). Simulation of Gaussian random fields with one derivative. J. Comput. Graph. Statist. 21
155–173. MR2913361 https://doi.org/10.1198/jcgs.2010.10069

Sun, S. (2020). Parameter Estimation for Isotropic Gaussian Random Fields with the Generalized Wendland Co-
variance Function or the Matérn Covariance Function with Nugget. PhD thesis, Department of Statistics and
Applied Probability, National University of Singapore.

Tang, W., Zhang, L. and Banerjee, S. (2021). On identifiability and consistency of the nugget in Gaussian spatial
process models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 83 1044–1070. MR4349127 https://doi.org/10.1111/rssb.
12472

Wang, D. and Loh, W.-L. (2011). On fixed-domain asymptotics and covariance tapering in Gaussian random field
models. Electron. J. Stat. 5 238–269. MR2792553 https://doi.org/10.1214/11-EJS607

Wen, J., Sun, S. and Loh, W.-L. (2021). Smoothness estimation of nonstationary Gaussian random fields from
irregularly spaced data observed along a curve. Electron. J. Stat. 15 6071–6150. MR4355704 https://doi.org/10.
1214/21-ejs1941

Wood, A.T.A. and Chan, G. (1994). Simulation of stationary Gaussian processes in [0,1]d . J. Comput. Graph.
Statist. 3 409–432. MR1323050 https://doi.org/10.2307/1390903

Zhang, H. (2004). Inconsistent estimation and asymptotically equal interpolations in model-based geostatistics. J.
Amer. Statist. Assoc. 99 250–261. MR2054303 https://doi.org/10.1198/016214504000000241

https://mathscinet.ams.org/mathscinet-getitem?mr=2853727
https://doi.org/10.1111/j.1467-9868.2011.00777.x
https://mathscinet.ams.org/mathscinet-getitem?mr=1421161
https://doi.org/10.1214/aos/1069362310
https://doi.org/10.1214/aos/1069362310
https://mathscinet.ams.org/mathscinet-getitem?mr=3405611
https://doi.org/10.1214/15-AOS1365
https://mathscinet.ams.org/mathscinet-getitem?mr=1792792
https://doi.org/10.1214/aos/1015952003
https://doi.org/10.3150/22-BEJ1551SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4352525
https://doi.org/10.1214/21-aos2077
https://doi.org/10.1214/21-aos2077
https://mathscinet.ams.org/mathscinet-getitem?mr=0533252
https://doi.org/10.2307/1268522
https://doi.org/10.2307/1268522
https://mathscinet.ams.org/mathscinet-getitem?mr=1187952
https://mathscinet.ams.org/mathscinet-getitem?mr=1041765
https://arxiv.org/abs/arXiv:2112.14758v1
https://mathscinet.ams.org/mathscinet-getitem?mr=2160708
https://doi.org/10.1007/978-1-4757-3799-8
https://mathscinet.ams.org/mathscinet-getitem?mr=0887702
https://doi.org/10.2307/1269769
https://mathscinet.ams.org/mathscinet-getitem?mr=1697409
https://doi.org/10.1007/978-1-4612-1494-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2913361
https://doi.org/10.1198/jcgs.2010.10069
https://mathscinet.ams.org/mathscinet-getitem?mr=4349127
https://doi.org/10.1111/rssb.12472
https://doi.org/10.1111/rssb.12472
https://mathscinet.ams.org/mathscinet-getitem?mr=2792553
https://doi.org/10.1214/11-EJS607
https://mathscinet.ams.org/mathscinet-getitem?mr=4355704
https://doi.org/10.1214/21-ejs1941
https://doi.org/10.1214/21-ejs1941
https://mathscinet.ams.org/mathscinet-getitem?mr=1323050
https://doi.org/10.2307/1390903
https://mathscinet.ams.org/mathscinet-getitem?mr=2054303
https://doi.org/10.1198/016214504000000241


Bernoulli 29(3), 2023, 2544–2573
https://doi.org/10.3150/22-BEJ1552

Consistency of p-norm based tests in high
dimensions: Characterization, monotonicity,
domination
ANDERS BREDAHL KOCK1,a and DAVID PREINERSTORFER2,b

1University of Oxford, Aarhus University and CREATES, 10 Manor Rd, Oxford OX1 3UQ, United Kingdom,
aanders.kock@economics.ox.ac.uk
2University of St. Gallen, SEPS-SEW, Varnbüelstrasse 14, 9000 St. Gallen, Switzerland,
bdavid.preinerstorfer@unisg.ch

Many commonly used test statistics are based on a norm measuring the evidence against the null hypothesis. To
understand how the choice of that norm affects power properties of tests in high dimensions, we study the con-
sistency sets of p-norm based tests in the prototypical framework of sequence models with unrestricted parameter
spaces, the null hypothesis being that all observations have zero mean. The consistency set of a test is here defined
as the set of all arrays of alternatives the test is consistent against as the dimension of the parameter space diverges.
We characterize the consistency sets of p-norm based tests and find, in particular, that the consistency against an
array of alternatives cannot be determined solely in terms of the p-norm of the alternative. Our characterization
also reveals an unexpected monotonicity result: namely that the consistency set is strictly increasing in p ∈ (0,∞),
such that tests based on higher p strictly dominate those based on lower p in terms of consistency. This monotonic-
ity property allows us to construct novel tests that dominate, with respect to their consistency behavior, all p-norm
based tests without sacrificing asymptotic size.

Keywords: Consistency; high-dimensional testing problems; norm-based tests; power enhancement principle;
sequence models
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In modern deep learning, there is a recent and growing literature on the interplay between large-width asymptotic
properties of deep Gaussian neural networks (NNs), i.e. deep NNs with Gaussian-distributed weights, and Gaus-
sian stochastic processes (SPs). Motivated by empirical analyses that show the potential of replacing Gaussian
distributions with Stable distributions for the NN’s weights, in this paper we present a rigorous analysis of the
large-width asymptotic behaviour of (fully connected) feed-forward deep Stable NNs, i.e. deep NNs with Stable-
distributed weights. We show that as the width goes to infinity jointly over the NN’s layers, i.e. the “joint growth”
setting, a rescaled deep Stable NN converges weakly to a Stable SP whose distribution is characterized recursively
through the NN’s layers. Because of the non-triangular structure of the NN, this is a non-standard asymptotic prob-
lem, to which we propose an inductive approach of independent interest. Then, we establish sup-norm convergence
rates of the rescaled deep Stable NN to the Stable SP, under the “joint growth” and a “sequential growth” of the
width over the NN’s layers. Such a result provides the difference between the “joint growth” and the “sequential
growth” settings, showing that the former leads to a slower rate than the latter, depending on the depth of the
layer and the number of inputs of the NN. Our work extends some recent results on infinitely wide limits for deep
Gaussian NNs to the more general deep Stable NNs, providing the first result on convergence rates in the “joint
growth” setting.

Keywords: Bayesian inference; deep neural network; depth limit; exchangeable sequence; Gaussian stochastic
process; neural tangent kernel; infinitely wide limit; Stable stochastic process; spectral measure; sup-norm
convergence rate
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