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Bootstrap inference in functional linear
regression models with scalar response

HYEMIN YEON!? XIONGTAO DAI*¢ and DANIEL J. NORDMAN!?
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b dnordman@iastate. edu

2Division of Biostatistics, School of Public Health, University of California, Berkeley, CA, 94720, USA,
Cxdai@berkeley.edu

In fitting linear regression models for functional data, a complicating factor with regressors as random curves
is that regression estimators have complex distributions, due to issues in bias and scaling. Bias arises because
the target slope function is infinite-dimensional, while finite-sample estimators necessarily involve truncations. To
approximate sampling distributions, we develop a residual bootstrap method. Despite the parametric regression
problem, the bootstrap for functional data requires a development that resembles resampling for nonparametric
regression with multivariate regressors. Essentially, original- and bootstrap-data estimators require coordination
in the truncation levels to remove bias (akin to tuning parameter choices). The resulting bootstrap has wide ap-
plicability for constructing both confidence and prediction regions at target regressor points, and with coverage
properties even holding conditionally on data regressors; the method also extends to simultaneous regions. Es-
tablishment of the bootstrap further involves generalizing, refining, and correcting a foundational central limit
theorem for functional linear regression. Numerical studies verify our theory, showing that the bootstrap performs
better than normal approximations, and also suggest a rule of thumb for setting the truncation levels. The bootstrap
method is illustrated with an application to wheat spectrum data.

Keywords: Central limit theorem; functional data analysis; residual bootstrap; prediction; scalar-on-function
regression
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Stochastic integration with respect to local time
of the Brownian sheet and regularising
properties of Brownian sheet paths
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In this work, we generalise the stochastic local time space integration introduced in (Potential Anal. 13 (2000)
303-328) to the case of Brownian sheet. This allows us to prove a generalised two-parameter [t formula and
derive Davie type inequalities for the Brownian sheet. Such estimates are useful to obtain regularity bounds for

some averaging type operators along Brownian sheet curves.

Keywords: Brownian sheet; regularisation by noise; SDE’s on the plane; path-by-path uniqueness
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This paper studies the problem of model selection in a large class of causal time series models that includes ARMA
or AR (o0) processes as well as GARCH or ARCH (c0), APARCH, ARMA-GARCH - and many other processes.
First, we study the asymptotic behavior of the ideal penalty that minimizes the risk defined from a quasi-likelihood
estimation among a finite family of models containing the true model. We then establish general conditions on
the penalty term to obtain properties of consistency and efficiency. In particular, we prove that consistent model
selection criteria outperform the classical AIC criterion in terms of efficiency. Finally, we derive the usual BIC
criterion from a Bayesian approach and, retaining all second-order terms of the Laplace approximation, a data-
driven criterion, which we call KC’. Monte Carlo experiments illustrate the asymptotic results obtained and show
that the KC’ criterion performs better than the AIC and BIC criteria in terms of consistency and efficiency.
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The main result of this article is that we obtain an elementwise error bound for the Fused Lasso estimator for any
general convex loss function p. We then focus on the special cases when either p is the square loss function (for
mean regression) or is the quantile loss function (for quantile regression) for which we derive new pointwise error
bounds. Even though error bounds for the usual Fused Lasso estimator and its quantile version have been studied
before; our bound appears to be new. This is because all previous works bound a global loss function like the sum
of squared error, or a sum of huber losses in the case of quantile regression in Padilla and Chatterjee (Biometrika
109 (2022) 751-768). Clearly, element wise bounds are stronger than global loss error bounds as it reveals how
the loss behaves locally at each point. Our element wise error bound also has a clean and explicit dependence on
the tuning parameter A which informs the user of a good choice of A. In addition, our bound is nonasymptotic
with explicit constants and is able to recover almost all the known results for Fused Lasso (both mean and quantile
regression) with additional improvements in some cases.

Keywords: Adaptive risk bounds; generalized Fused Lasso; law of iterated logarithm; nonasymptotic risk bounds;
nonparametric quantile regression; pointwise risk bounds; total variation denoising
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On the mean perimeter density of
inhomogeneous random closed sets
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The computation of the mean perimeter density via the notion of mean covariogram for non-stationary Boolean
models has been proposed as further work in Galerne (Image Anal. Stereol. 30 (2011) 39-51). We address this
issue by considering here more general germ-grain models. Furthermore, we discuss similarities and differences
with respect to the computation of the mean boundary density by means of the outer Minkowski content notion.

Keywords: Germ-grain model; mean density; Minkowski content; perimeter; variation
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Aldous, Evans and Pitman (1998) studied the behavior of the fragmentation process derived from deleting the
edges of a uniform random tree on n labelled vertices. In particular, they showed that, after proper rescaling, the
above fragmentation process converges as n — oo to the fragmentation process of the Brownian CRT obtained by
cutting-down the Brownian CRT along its skeleton in a Poisson manner.

In this work, we continue the above investigation and study the fragmentation process obtained by deleting
randomly chosen edges from a critical Galton—Watson tree t,; conditioned on having n vertices, whose offspring
distribution belongs to the domain of attraction of a stable law of index a € (1,2]. Our main results establish that,
after rescaling, the fragmentation process of t; converges as n — oo to the fragmentation process obtained by
cutting-down at a rate proportional to the length measure on the skeleton of an @-stable Lévy tree. We further
show that the latter can be constructed by considering the partitions of the unit interval induced by the normalized
a-stable Lévy excursion with a deterministic drift studied by Miermont (2001). This extends the result of Bertoin
(2000) on the fragmentation process of the Brownian CRT.

Keywords: Additive coalescent; fragmentation; Galton—Watson trees; spectrally positive stable Lévy processes;
stable Lévy tree; Prim’s algorithm
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Extremal clustering and cluster counting for
spatial random fields
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We consider a stationary random field indexed by an increasing sequence of subsets of zd obeying a very broad
geometrical assumption on how the sequence expands. Under certain mixing and local conditions, we show how
the tail distribution of the individual variables relates to the tail behavior of the maximum of the field over the
index sets in the limit as the index sets expand.

In a framework where we let the increasing index sets be scalar multiplications of a fixed set C, potentially with
different scalars in different directions, we use two cluster definitions to define associated cluster counting point
processes on the rescaled index set C; one cluster definition divides the index set into more and more boxes and
counts a box as a cluster if it contains an extremal observation. The other cluster definition that is more intuitive
considers extremal points to be in the same cluster, if they are close in distance. We show that both cluster point
processes converge to a Poisson point process on C. Additionally, we find a limit of the mean cluster size. Finally,
we pay special attention to the case without clusters.

Keywords: Extreme value theory; spatial models; random fields; intrinsic volumes; extremal index; cluster
counting process; limit theorems
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The angular measure on the unit sphere characterizes the first-order dependence structure of the components of
a random vector in extreme regions and is defined in terms of standardized margins. Its statistical recovery is an
important step in learning problems involving observations far away from the center. In the common situation
that the components of the vector have different distributions, the rank transformation offers a convenient and
robust way of standardizing data in order to build an empirical version of the angular measure based on the most
extreme observations. However, the study of the sampling distribution of the resulting empirical angular measure is
challenging. It is the purpose of the paper to establish finite-sample bounds for the maximal deviations between the
empirical and true angular measures, uniformly over classes of Borel sets of controlled combinatorial complexity.
The bounds are valid with high probability and, up to logarithmic factors, scale as the square root of the effective
sample size. The bounds are applied to provide performance guarantees for two statistical learning procedures
tailored to extreme regions of the input space and built upon the empirical angular measure: binary classification
in extreme regions through empirical risk minimization and unsupervised anomaly detection through minimum-
volume sets of the sphere.

Keywords: Angular measure; classification; concentration inequality; extreme value analysis; minimum-volume
sets; ranks
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We study a semiparametric model for robust analysis of panel count data with an informative terminal event. To
explore the explicit effect of the terminal event on recurrent events of interest, we propose a conditional mean
model for a reversed counting process anchoring at the terminal event. Treating the distribution function of the
terminal event as a nuisance functional parameter, we develop a predicted least squares-based two-stage estima-
tion procedure with the spline-based sieve estimation technique, and derive the convergence rate of the proposed
estimator. Furthermore, overcoming the difficulties caused by the convergence rate slower than 1/+/n, we establish
the asymptotic normality for the estimator of the finite-dimensional parameter and a functional of the estimator
of the infinite-dimensional parameter. The proposed method is evaluated through extensive simulation studies and
illustrated with an application to the Longitudinal Healthy Longevity Survey study on elder people in China.

Keywords: Asymptotic normality; counting process; empirical process; panel count data; predicted least squares;
terminal event; two-stage estimation
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The Grenander estimator (nonparametric maximum likelihood estimator) of a decreasing density function is not
consistent at boundaries of support. This phenomenon has great influences on the global measures of deviation
between density function and its Grenander estimator. In this article, by strong approximation technique and com-
parison method, we establish Cramér type moderate deviations for the Grenander estimator near the boundaries of
the support. The obtained results provide a nice uniform comparison between tail probability of the estimator and
limiting fluctuation distribution.

Keywords: Empirical process; Grenander estimator; Cramér type moderate deviations; strong approximation

References

(1]

(2]

(3]

[4]
(5]
(6]

(7]

(8]
(9]

[10]

Balabdaoui, F., Jankowski, H., Pavlides, M., Seregin, A. and Wellner, J. (2011). On the Grenander estimator
at zero. Statist. Sinica 21 873-899. MR2829859 https://doi.org/10.5705/ss.2011.038a

Bhattacharya, P.K. and Brockwell, P.J. (1976). The minimum of an additive process with applications to
signal estimation and storage theory. Z. Wahrsch. Verw. Gebiete 37 51-75. MR0426166 https://doi.org/10.
1007/BF00536298

Chang, J., Shao, Q.-M. and Zhou, W.-X. (2016). Cramér-type moderate deviations for Studentized two-
sample U-statistics with applications. Ann. Statist. 44 1931-1956. MR3546439 https://doi.org/10.1214/15-
AOS1375

Durot, C. (2002). Sharp asymptotics for isotonic regression. Probab. Theory Related Fields 122 222-240.
MR 1894068 https://doi.org/10.1007/s004400100171

Durot, C. (2007). On the Lp-error of monotonicity constrained estimators. Ann. Statist. 35 1080-1104.
MR2341699 https://doi.org/10.1214/009053606000001497

Durot, C., Kulikov, V.N. and Lopuhad, H.P. (2012). The limit distribution of the Ls-error of Grenander-type
estimators. Ann. Statist. 40 1578-1608. MR3015036 https://doi.org/10.1214/12-A0S 1015

Durot, C. and Lopuhai, H.P. (2014). A Kiefer-Wolfowitz type of result in a general setting, with an applica-
tion to smooth monotone estimation. Electron. J. Stat. 8 2479-2513. MR3285873 https://doi.org/10.1214/14-
EJS958

Durot, C. and Lopuhad, H.P. (2018). Limit theory in monotone function estimation. Statist. Sci. 33 547-567.
MR3881208 https://doi.org/10.1214/18-STS664

Fan, X., Grama, 1., Liu, Q. and Shao, Q.-M. (2019). Self-normalized Cramér type moderate deviations for
martingales. Bernoulli 25 2793-2823. MR4003565 https://doi.org/10.3150/18-BEJ1071

Fang, X., Luo, L. and Shao, Q.-M. (2020). A refined Cramér-type moderate deviation for sums of local
statistics. Bernoulli 26 2319-2352. MR4091111 https://doi.org/10.3150/20-BEJ1195

1350-7265 © 2023 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/22-BEJ1566
mailto:fqgao@whu.edu.cn
mailto:huijiang@nuaa.edu.cn
mailto:xingqiu.zhao@polyu.edu.hk
https://mathscinet.ams.org/mathscinet-getitem?mr=2829859
https://doi.org/10.5705/ss.2011.038a
https://mathscinet.ams.org/mathscinet-getitem?mr=0426166
https://doi.org/10.1007/BF00536298
https://doi.org/10.1007/BF00536298
https://mathscinet.ams.org/mathscinet-getitem?mr=3546439
https://doi.org/10.1214/15-AOS1375
https://doi.org/10.1214/15-AOS1375
https://mathscinet.ams.org/mathscinet-getitem?mr=1894068
https://doi.org/10.1007/s004400100171
https://mathscinet.ams.org/mathscinet-getitem?mr=2341699
https://doi.org/10.1214/009053606000001497
https://mathscinet.ams.org/mathscinet-getitem?mr=3015036
https://doi.org/10.1214/12-AOS1015
https://mathscinet.ams.org/mathscinet-getitem?mr=3285873
https://doi.org/10.1214/14-EJS958
https://doi.org/10.1214/14-EJS958
https://mathscinet.ams.org/mathscinet-getitem?mr=3881208
https://doi.org/10.1214/18-STS664
https://mathscinet.ams.org/mathscinet-getitem?mr=4003565
https://doi.org/10.3150/18-BEJ1071
https://mathscinet.ams.org/mathscinet-getitem?mr=4091111
https://doi.org/10.3150/20-BEJ1195

CMDP for Grenander estimator near boundaries 2855

(11]
[12]
[13]

[14]

[15]
[16]
[17]

[18]

(19]
[20]
(21]
(22]
(23]
(24]

(25]

[26]
[27]
(28]
(29]
(30]

(31]

(32]

Gao, F.,, Xiong, J. and Zhao, X. (2018). Moderate deviations and nonparametric inference for monotone
functions. Ann. Statist. 46 1225-1254. MR3798002 https://doi.org/10.1214/17-AOS 1583

Gao, F. and Zhao, X. (2011). Delta method in large deviations and moderate deviations for estimators. Ann.
Statist. 39 1211-1240. MR2816352 https://doi.org/10.1214/10-A0S865

Gao, F., Jiang, H. and Zhao, X. (2023). Supplement to “Cramér type moderate deviations for the Grenander
estimator near the boundaries of the support.” https://doi.org/10.3150/22-BEJ1566SUPP

Groeneboom, P. (1985). Estimating a monotone density. In Proceedings of the Berkeley Conference in Honor
of Jerzy Neyman and Jack Kiefer, Vol. II (Berkeley, Calif., 1983). Wadsworth Statist./Probab. Ser. 539-555.
Belmont, CA: Wadsworth. MR0822052

Groeneboom, P. (1989). Brownian motion with a parabolic drift and Airy functions. Probab. Theory Related
Fields 81 79-109. MR0981568 https://doi.org/10.1007/BF00343738

Groeneboom, P. (2021). Grenander functionals and Cauchy’s formula. Scand. J. Stat. 48 275-294.
MR4233173 https://doi.org/10.1111/sjos.12449

Groeneboom, P., Hooghiemstra, G. and Lopuhai, H.P. (1999). Asymptotic normality of the L; error of the
Grenander estimator. Ann. Statist. 27 1316—1347. MR 1740109 https://doi.org/10.1214/a0s/1017938928
Groeneboom, P. and Jongbloed, G. (2014). Nonparametric Estimation Under Shape Constraints: Estimators,
Algorithms and Asymptotics. Cambridge Series in Statistical and Probabilistic Mathematics 38. New York:
Cambridge Univ. Press. MR3445293 https://doi.org/10.1017/CB0O9781139020893

Groeneboom, P. and Jongbloed, G. (2018). Some developments in the theory of shape constrained inference.
Statist. Sci. 33 473—-492. MR3881204 https://doi.org/10.1214/18-STS657

Groeneboom, P. and Wellner, J.A. (1992). Information Bounds and Nonparametric Maximum Likelihood
Estimation. DMV Seminar 19. Basel: Birkhduser. MR 1180321 https://doi.org/10.1007/978-3-0348-8621-5
Hooghiemstra, G. and Lopuhad, H.P. (1998). An extremal limit theorem for the argmax process of Brownian
motion minus a parabolic drift. Extremes 1 215-240. MR1814624 https://doi.org/10.1023/A:1009962823531
Komlés, J., Major, P. and Tusnady, G. (1975). An approximation of partial sums of independent RV’s and the
sample DF. 1. Z. Wahrsch. Verw. Gebiete 32 111-131. MR0375412 https://doi.org/10.1007/BF00533093
Kulikov, V.N. and Lopuhad, H.P. (2005). Asymptotic normality of the Lj-error of the Grenander estimator.
Ann. Statist. 33 2228-2255. MR2211085 https://doi.org/10.1214/009053605000000462

Kulikov, V.N. and Lopuhai, H.P. (2006). The behavior of the NPMLE of a decreasing density near the bound-
aries of the support. Ann. Statist. 34 742-768. MR2283391 https://doi.org/10.1214/009053606000000100
Liu, W. and Shao, Q.-M. (2010). Cramér-type moderate deviation for the maximum of the periodogram with
application to simultaneous tests in gene expression time series. Ann. Statist. 38 1913-1935. MR2662363
https://doi.org/10.1214/09-A0S774

Lopuhai, H.P. and Musta, E. (2019). Central limit theorems for the Lp-error of smooth isotonic estimators.
Electron. J. Stat. 13 1031-1098. MR3935844 https://doi.org/10.1214/19-¢js1550

Mukherjee, R. and Sen, B. (2019). On efficiency of the plug-in principle for estimating smooth integrated
functionals of a nonincreasing density. Electron. J. Stat. 13 4416-4448. MR4028511 https://doi.org/10.1214/
19-js1629

Prakasa Rao, B.L.S. (1969). Estimation of a unimodal density. Sankhya Ser. A 31 23-36. MR0267677

Shao, Q.-M. and Zhou, W.-X. (2016). Cramér type moderate deviation theorems for self-normalized pro-
cesses. Bernoulli 22 2029-2079. MR3498022 https://doi.org/10.3150/15-BEJ719

Sun, J. and Woodroofe, M. (1996). Adaptive smoothing for a penalized NPMLE of a non-increasing density.
J. Statist. Plann. Inference 52 143-159. MR1392133 https://doi.org/10.1016/0378-3758(95)00114-X

van der Vaart, A.W. and Wellner, J.A. (1996). Weak Convergence and Empirical Processes: With Applica-
tions to Statistics. Springer Series in Statistics. New York: Springer. MR1385671 https://doi.org/10.1007/978-
1-4757-2545-2

Woodroofe, M. and Sun, J. (1993). A penalized maximum likelihood estimate of f(0+) when f is nonin-
creasing. Statist. Sinica 3 501-515. MR1243398


https://mathscinet.ams.org/mathscinet-getitem?mr=3798002
https://doi.org/10.1214/17-AOS1583
https://mathscinet.ams.org/mathscinet-getitem?mr=2816352
https://doi.org/10.1214/10-AOS865
https://doi.org/10.3150/22-BEJ1566SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=0822052
https://mathscinet.ams.org/mathscinet-getitem?mr=0981568
https://doi.org/10.1007/BF00343738
https://mathscinet.ams.org/mathscinet-getitem?mr=4233173
https://doi.org/10.1111/sjos.12449
https://mathscinet.ams.org/mathscinet-getitem?mr=1740109
https://doi.org/10.1214/aos/1017938928
https://mathscinet.ams.org/mathscinet-getitem?mr=3445293
https://doi.org/10.1017/CBO9781139020893
https://mathscinet.ams.org/mathscinet-getitem?mr=3881204
https://doi.org/10.1214/18-STS657
https://mathscinet.ams.org/mathscinet-getitem?mr=1180321
https://doi.org/10.1007/978-3-0348-8621-5
https://mathscinet.ams.org/mathscinet-getitem?mr=1814624
https://doi.org/10.1023/A:1009962823531
https://mathscinet.ams.org/mathscinet-getitem?mr=0375412
https://doi.org/10.1007/BF00533093
https://mathscinet.ams.org/mathscinet-getitem?mr=2211085
https://doi.org/10.1214/009053605000000462
https://mathscinet.ams.org/mathscinet-getitem?mr=2283391
https://doi.org/10.1214/009053606000000100
https://mathscinet.ams.org/mathscinet-getitem?mr=2662363
https://doi.org/10.1214/09-AOS774
https://mathscinet.ams.org/mathscinet-getitem?mr=3935844
https://doi.org/10.1214/19-ejs1550
https://mathscinet.ams.org/mathscinet-getitem?mr=4028511
https://doi.org/10.1214/19-ejs1629
https://doi.org/10.1214/19-ejs1629
https://mathscinet.ams.org/mathscinet-getitem?mr=0267677
https://mathscinet.ams.org/mathscinet-getitem?mr=3498022
https://doi.org/10.3150/15-BEJ719
https://mathscinet.ams.org/mathscinet-getitem?mr=1392133
https://doi.org/10.1016/0378-3758(95)00114-X
https://mathscinet.ams.org/mathscinet-getitem?mr=1385671
https://doi.org/10.1007/978-1-4757-2545-2
https://doi.org/10.1007/978-1-4757-2545-2
https://mathscinet.ams.org/mathscinet-getitem?mr=1243398

Bernoulli 29(4), 2023, 2879-2901
https://doi.org/10.3150/22-BEJ 1567

Dating the break in high-dimensional data
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This paper is concerned with estimation and inference for the location of a change point in the mean of independent
high-dimensional data. Our change point location estimator maximizes a new U-statistic based objective function,
and its convergence rate and asymptotic distribution after suitable centering and normalization are obtained under
mild assumptions. Our estimator turns out to have better efficiency as compared to the least squares based counter-
part in the literature. Based on the asymptotic theory, we construct a confidence interval by plugging in consistent
estimates of several quantities in the normalization. We also provide a bootstrap-based confidence interval and
state its asymptotic validity under suitable conditions. Through simulation studies, we demonstrate favorable finite
sample performance of the new change point location estimator as compared to its least squares based counterpart,
and our bootstrap-based confidence intervals, as compared to several existing competitors. The asymptotic theory
based on high-dimensional U-statistic is substantially different from those developed in the literature and is of
independent interest. The usefulness of our bootstrap-based confidence interval is illustrated in a genomics data
set.

Keywords: Change point detection; high dimension; structural break; U-statistic
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The uniform infinite cubic planar graph
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We prove that the random simple connected cubic planar graph C; with an even number n of vertices admits a
novel uniform infinite cubic planar graph (UICPG) as quenched local limit. We describe how the limit may be
constructed by a series of random blow-up operations applied to the dual map of the type III Uniform Infinite
Planar Triangulation established by Angel and Schramm (Comm. Math. Phys. 241 (2003) 191-213). Our main
technical lemma is a contiguity relation between C;,, and a model where the networks inserted at the links of the
largest 3-connected component of C,, are replaced by independent copies of a specific Boltzmann network. We
prove that the number of vertices of the largest 3-connected component concentrates at xn for k ~ 0.85085, with
Airy—t23;13)e fluctuations of order n%/3. The second-largest component is shown to have significantly smaller size
Op(n'?).

Keywords: Local limits; planar graphs; random graphs

References

[1] Addario-Berry, L. and Albenque, M. (2017). The scaling limit of random simple triangulations and random
simple quadrangulations. Ann. Probab. 45 2767-2825. MR3706731 https://doi.org/10.1214/16-AOP1124

[2] Ambjgrn, J. and Budd, T.G. (2016). Multi-point functions of weighted cubic maps. Ann. Inst. Henri Poincaré
D 3 1-44. MR3462628 https://doi.org/10.4171/AIHPD/23

[3] Angel, O. and Schramm, O. (2003). Uniform infinite planar triangulations. Comm. Math. Phys. 241 191-213.
MR2013797 https://doi.org/10.1007/978-1-4419-9675-6_16

[4] Banderier, C., Flajolet, P., Schaeffer, G. and Soria, M. (2001). Random maps, coalescing saddles, singularity
analysis, and Airy phenomena. Random Structures Algorithms 19 194-246. Analysis of algorithms (Krynica
Morska, 2000). MR1871555 https://doi.org/10.1002/rsa.10021

[5] Banderier, C., Kuba, M. and Wallner, M. (2021). Phase transitions of composition schemes: Mittag-Leffler
and mixed Poisson distributions. Available at arXiv:2103.03751.

[6] Billingsley, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley Series in Probability and Statis-
tics: Probability and Statistics. New York: Wiley. A Wiley-Interscience Publication. MR1700749 https://doi.
org/10.1002/9780470316962

[7] Bjornberg, J.E. and Stefinsson, S.0. (2014). Recurrence of bipartite planar maps. Electron. J. Probab. 19 no.
31, 40. MR3183575 https://doi.org/10.1214/EJP.v19-3102

[8] Bodirsky, M., Kang, M., Loffler, M. and McDiarmid, C. (2007). Random cubic planar graphs. Random
Structures Algorithms 30 78-94. MR2283223 https://doi.org/10.1002/rsa.20149

[9] Budzinski, T. and Louf, B. (2021). Local limits of uniform triangulations in high genus. Invent. Math. 223
1-47. MR41994309 https://doi.org/10.1007/s00222-020-00986-3

[10] Budzinski, T. and Louf, B. (2022). Local limits of bipartite maps with prescribed face degrees in high genus.
Ann. Probab. 50 1059-1126. MR4413212 https://doi.org/10.1214/21-a0p1554

[11] Curien, N., Ménard, L. and Miermont, G. (2013). A view from infinity of the uniform infinite planar quad-
rangulation. ALEA Lat. Am. J. Probab. Math. Stat. 10 45-88. MR3083919

[12] Drmota, M., Noy, M., Requilé, C. and Rué, J. Random cubic planar maps. Available at arXiv:2209.14799.

[13] Fang, W., Kang, M., MoBBhammer, M. and Spriissel, P. (2018). Cubic graphs and related triangulations on
orientable surfaces. Electron. J. Combin. 25 Paper No. 1.30, 52. MR3785009 https://doi.org/10.37236/5989

[14] Gao, Z. and Wormald, N.C. (1999). The size of the largest components in random planar maps. SIAM J.
Discrete Math. 12 217-228. MR1686830 https://doi.org/10.1137/S0895480195292053

1350-7265 © 2023 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/22-BEJ1568
mailto:benedikt.stufler@tuwien.ac.at
https://mathscinet.ams.org/mathscinet-getitem?mr=3706731
https://doi.org/10.1214/16-AOP1124
https://mathscinet.ams.org/mathscinet-getitem?mr=3462628
https://doi.org/10.4171/AIHPD/23
https://mathscinet.ams.org/mathscinet-getitem?mr=2013797
https://doi.org/10.1007/978-1-4419-9675-6_16
https://mathscinet.ams.org/mathscinet-getitem?mr=1871555
https://doi.org/10.1002/rsa.10021
https://arxiv.org/abs/arXiv:2103.03751
https://mathscinet.ams.org/mathscinet-getitem?mr=1700749
https://doi.org/10.1002/9780470316962
https://doi.org/10.1002/9780470316962
https://mathscinet.ams.org/mathscinet-getitem?mr=3183575
https://doi.org/10.1214/EJP.v19-3102
https://mathscinet.ams.org/mathscinet-getitem?mr=2283223
https://doi.org/10.1002/rsa.20149
https://mathscinet.ams.org/mathscinet-getitem?mr=4199439
https://doi.org/10.1007/s00222-020-00986-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4413212
https://doi.org/10.1214/21-aop1554
https://mathscinet.ams.org/mathscinet-getitem?mr=3083919
https://arxiv.org/abs/arXiv:2209.14799
https://mathscinet.ams.org/mathscinet-getitem?mr=3785009
https://doi.org/10.37236/5989
https://mathscinet.ams.org/mathscinet-getitem?mr=1686830
https://doi.org/10.1137/S0895480195292053

The uniform infinite cubic planar graph 2903

[15]

[16]

[17]

[18]
[19]
(20]
(21]

[22]

(23]
[24]
(25]

[26]

[27]
(28]
[29]
(30]
(31]

(32]

Gao, Z. and Wormald, N.C. (2004). Asymptotic normality determined by high moments, and submap counts
of random maps. Probab. Theory Related Fields 130 368-376. MR2095934 https://doi.org/10.1007/s00440-
004-0356-9

Giménez, O., Noy, M. and Rué, J. (2013). Graph classes with given 3-connected components: Asymptotic
enumeration and random graphs. Random Structures Algorithms 42 438-479. MR3068033 https://doi.org/
10.1002/rsa.20421

Ibragimov, I.A. and Linnik, Y.V. (1971). Independent and Stationary Sequences of Random Variables.
Groningen: Wolters-Noordhoff Publishing. With a supplementary chapter by I. A. Ibragimov and V. V.
Petrov, Translation from the Russian edited by J. F. C. Kingman. MR0322926

Janson, S. (2012). Simply generated trees, conditioned Galton-Watson trees, random allocations and conden-
sation. Probab. Surv. 9 103-252. MR2908619 https://doi.org/10.1214/11-PS188

Kang, M. and Missethan, M. (2021). Local limit of sparse random planar graphs. Available at arXiv:2101.
11910.

McDiarmid, C. (2009). Random graphs from a minor-closed class. Combin. Probab. Comput. 18 583-599.
MR2507738 https://doi.org/10.1017/S0963548309009717

Ménard, L. and Nolin, P. (2014). Percolation on uniform infinite planar maps. Electron. J. Probab. 19 no. 79,
27. MR3256879 https://doi.org/10.1214/EJP.v19-2675

Noy, M., Requilé, C. and Rué, J. (2017). Enumeration of labeled 4-regular planar graphs. In Extended Ab-
stracts of the Ninth European Conference on Combinatorics, Graph Theory and Applications, EuroComb
2017, Vienna, Austria, August 28 — September 1, 2017 933-939. Amsterdam: Elsevier. https://doi.org/10.
1016/j.endm.2017.07.056

Noy, M., Requilé, C. and Rué, J. (2020). Further results on random cubic planar graphs. Random Structures
Algorithms 56 892-924. MR4084194 https://doi.org/10.1002/rsa.20893

Noy, M., Requilé, C. and Rué, J. (2022). On the expected number of perfect matchings in cubic planar graphs.
Publ. Mat. 66 325-353. MR4366217 https://doi.org/10.5565/publmat6612213

Poulalhon, D. and Schaeffer, G. (2006). Optimal coding and sampling of triangulations. Algorithmica 46
505-527. MR2291967 https://doi.org/10.1007/s00453-006-0114-8

Requilé, C. and Rué, J. (2015). Triangles in random cubic planar graphs. In Extended Abstracts of the Eight
European Conference on Combinatorics, Graph Theory and Applications, EuroComb 2015, Bergen, Norway,
August 31 — September 4, 2015 383-391. Amsterdam: Elsevier. https://doi.org/10.1016/j.endm.2015.06.054
Stephenson, R. (2018). Local convergence of large critical multi-type Galton-Watson trees and applications
to random maps. J. Theoret. Probab. 31 159-205. MR3769811 https://doi.org/10.1007/s10959-016-0707-3
Stufler, B. (2018). Gibbs partitions: The convergent case. Random Structures Algorithms 53 537-558.
MR3854044 https://doi.org/10.1002/rsa.20771

Stufler, B. (2021). Local convergence of random planar graphs. J. Eur. Math. Soc. (JEMS), published online
first. https://doi.org/10.4171/JEMS/1174

Stufler, B. (2022). Quenched local convergence of Boltzmann planar maps. J. Theoret. Probab. 35
1324-1342. MR4414421 https://doi.org/10.1007/s10959-021-01089-2

Tutte, W.T. (1962). A census of planar triangulations. Canad. J. Math. 14 21-38. MR0130841 https://doi.org/
10.4153/CIM-1962-002-9

Tutte, W.T. (1973). The enumerative theory of planar maps. In A Survey of Combinatorial Theory (Proc.
Internat. Sympos., Colorado State Univ., Fort Collins, Colo., 1971) 437-448. Amsterdam: North-Holland.
MRO0364004


https://mathscinet.ams.org/mathscinet-getitem?mr=2095934
https://doi.org/10.1007/s00440-004-0356-9
https://doi.org/10.1007/s00440-004-0356-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3068033
https://doi.org/10.1002/rsa.20421
https://doi.org/10.1002/rsa.20421
https://mathscinet.ams.org/mathscinet-getitem?mr=0322926
https://mathscinet.ams.org/mathscinet-getitem?mr=2908619
https://doi.org/10.1214/11-PS188
https://arxiv.org/abs/arXiv:2101.11910
https://arxiv.org/abs/arXiv:2101.11910
https://mathscinet.ams.org/mathscinet-getitem?mr=2507738
https://doi.org/10.1017/S0963548309009717
https://mathscinet.ams.org/mathscinet-getitem?mr=3256879
https://doi.org/10.1214/EJP.v19-2675
https://doi.org/10.1016/j.endm.2017.07.056
https://doi.org/10.1016/j.endm.2017.07.056
https://mathscinet.ams.org/mathscinet-getitem?mr=4084194
https://doi.org/10.1002/rsa.20893
https://mathscinet.ams.org/mathscinet-getitem?mr=4366217
https://doi.org/10.5565/publmat6612213
https://mathscinet.ams.org/mathscinet-getitem?mr=2291967
https://doi.org/10.1007/s00453-006-0114-8
https://doi.org/10.1016/j.endm.2015.06.054
https://mathscinet.ams.org/mathscinet-getitem?mr=3769811
https://doi.org/10.1007/s10959-016-0707-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3854044
https://doi.org/10.1002/rsa.20771
https://doi.org/10.4171/JEMS/1174
https://mathscinet.ams.org/mathscinet-getitem?mr=4414421
https://doi.org/10.1007/s10959-021-01089-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0130841
https://doi.org/10.4153/CJM-1962-002-9
https://doi.org/10.4153/CJM-1962-002-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0364004

Bernoulli 29(4), 2023, 2927-2960
https://doi.org/10.3150/22-BEJ 1569

Exponential concentration for
geometric-median-of-means in non-positive
curvature spaces
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In Euclidean spaces, the empirical mean vector as an estimator of the population mean is known to have poly-
nomial concentration unless a strong tail assumption is imposed on the underlying probability measure. The idea
of median-of-means tournament has been considered as a way of overcoming the sub-optimality of the empiri-
cal mean vector. In this paper, to address the sub-optimal performance of the empirical mean in a more general
setting, we consider general Polish spaces with a general metric, which are allowed to be non-compact and of
infinite-dimension. We discuss the estimation of the associated population Fréchet mean, and for this we extend
the existing notion of median-of-means to this general setting. We devise several new notions and inequalities
associated with the geometry of the underlying metric, and using them we study the concentration properties of
the extended notions of median-of-means as the estimators of the population Fréchet mean. We show that the
new estimators achieve exponential concentration under only a second moment condition on the underlying dis-
tribution, while the empirical Fréchet mean has polynomial concentration. We focus our study on spaces with
non-positive Alexandrov curvature since they afford slower rates of convergence than spaces with positive curva-
ture. We note that this is the first work that derives non-asymptotic concentration inequalities for extended notions
of the median-of-means in non-vector spaces with a general metric.

Keywords: Concentration inequalities; Fréchet mean; median-of-means estimators; non-Euclidean geometry;
NPC spaces; power transform metric
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We construct a generalization of the Ornstein—Uhlenbeck processes on the cone of covariance matrices endowed
with the Log-Euclidean and the Affine-Invariant metrics. Our development exploits the Riemannian geometric
structure of symmetric positive definite matrices viewed as a differential manifold. We then provide Bayesian
inference for discretely observed diffusion processes of covariance matrices based on an MCMC algorithm built
with the help of a novel diffusion bridge sampler accounting for the geometric structure. Our proposed algorithm
is illustrated with a real data financial application.
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In this article, we consider a stochastic partial differential equation (SPDE) driven by Gaussian colored noise
with Dirichlet, Neumann or mixed nonhomogeneous random boundary conditions when the drift and diffusion
coefficients are non-Lipschitz. We prove the existence of a unique strong solution to this SPDE and obtain a
comparison theorem between such SPDEs. We also study the Holder continuity of the solution in both time and
space variables, and find the dependence of the Holder exponent on that of the Dirichlet boundary.

Keywords: Boundary conditions; comparison theorem; Holder continuity; non-Lipschitz coefficients; pathwise
uniqueness; stochastic partial differential equation
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We consider the i.i.d. Bernoulli field u, on 74 with occupation density p € [0,1]. To each realization of the set
of occupied sites we apply a thinning map that removes all occupied sites that are isolated in graph distance. We
show that, while this map seems non-invasive for large p, as it changes only a small fraction p(1 — p)zd of sites,
there is p(d) < 1 such that for all p € (p(d),1) the resulting measure is a non-Gibbsian measure, i.e., it does not
possess a continuous version of its finite-volume conditional probabilities. On the other hand, for small p, the
Gibbs property is preserved.

Keywords: Gibbsianness; Gibbs-uniqueness; Bernoulli field; local thinning; two-layer representation; Dobrushin
uniqueness; Peierls’ argument
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We consider the estimation of a non-linear reaction term in the stochastic heat or more generally in a semi-linear
stochastic partial differential equation (SPDE). Consistent inference is achieved by studying a small diffusivity
level, which is realistic in applications. Our main result is a central limit theorem for the estimation error of a
parametric estimator, from which confidence intervals can be constructed. Statistical efficiency is demonstrated
by establishing local asymptotic normality. The estimation method is extended to local observations in time and
space, which allows for non-parametric estimation of a reaction intensity varying in time and space. Furthermore,
discrete observations in time and space can be handled. The statistical analysis requires advanced tools from
stochastic analysis like Malliavin calculus for SPDEs, the infinite-dimensional Gaussian Poincaré inequality and
regularity results for SPDEs in LP -interpolation spaces.

Keywords: Discrete observations; fractional heat equation; LAN property; maximum likelihood estimation;
non-parametric estimation; Poincaré inequality; splitting trick
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Additive models have been studied as a way of overcoming theoretical and practical difficulties in estimating
a multivariate nonparametric regression function. Several methods have been proposed that ensure the optimal
univariate rate one can achieve in estimating univariate nonparametric functions. In this paper a new method is
proposed which reduces the constant factor in the first-order approximation of the average squared error of the
most successful existing method. The new estimator is based on an orthogonal decomposition of the underlying
regression function, with an arbitrarily chosen parametric family, under a special inner product structure arising
from the bias formula of the estimator. It is shown that the proposed method entails reduction in the constant factor
of the leading bias of the existing method while it retains the same first-order variance. These theoretical findings
are confirmed in Monte Carlo experiments.
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Riemannian Langevin algorithm for solving
semidefinite programs
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We propose a Langevin diffusion-based algorithm for non-convex optimization and sampling on a product mani-
fold of spheres. Under a logarithmic Sobolev inequality, we establish a guarantee for finite iteration convergence
to the Gibbs distribution in terms of Kullback—Leibler divergence. We show that with an appropriate temperature
choice, the suboptimality gap to the global minimum is guaranteed to be arbitrarily small with high probability.

As an application, we consider the Burer—Monteiro approach for solving a semidefinite program (SDP) with
diagonal constraints, and analyze the proposed Langevin algorithm for optimizing the non-convex objective. In
particular, we establish a logarithmic Sobolev inequality for the Burer—Monteiro problem when there are no spuri-
ous local minima, but under the presence saddle points. Combining the results, we then provide a global optimality
guarantee for the SDP and the Max-Cut problem. More precisely, we show that the Langevin algorithm achieves e
accuracy with high probability in Q(e~*9) iterations.

Keywords: Riemannian Langevin algorithm; non-convex optimization; logarithmic Sobolev inequality;
semidefinite programs; Burer—Monteiro problem
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Gaussian couplings of partial sum processes are derived for the high-dimensional regime d = o(nl/ 3). The cou-
pling is derived for sums of independent random vectors and subsequently extended to nonstationary time series.
Our inequalities depend explicitly on the dimension and on a measure of nonstationarity, and are thus also appli-
cable to arrays of random vectors. To enable high-dimensional statistical inference, a feasible Gaussian approxi-
mation scheme is proposed. Applications to sequential testing and change-point detection are described.
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We introduce a location statistic for distributions on non-linear geometric spaces, the diffusion mean, serving as
an extension and an alternative to the Fréchet mean. The diffusion mean arises as the generalization of Gaus-
sian maximum likelihood analysis to non-linear spaces by maximizing the likelihood of a Brownian motion. The
diffusion mean depends on a time parameter ¢, which admits the interpretation of the allowed variance of the dif-
fusion. The diffusion #-mean of a distribution X is the most likely origin of a Brownian motion at time #, given the
end-point distribution X. We give a detailed description of the asymptotic behavior of the diffusion estimator and
provide sufficient conditions for the diffusion estimator to be strongly consistent. Particularly, we present a smeary
central limit theorem for diffusion means and we show that joint estimation of the mean and diffusion variance
rules out smeariness in all directions simultaneously in general situations. Furthermore, we investigate properties
of the diffusion mean for distributions on the sphere S". Experimentally, we consider simulated data and data
from magnetic pole reversals, all indicating similar or improved convergence rate compared to the Fréchet mean.
Here, we additionally estimate ¢ and consider its effects on smeariness and uniqueness of the diffusion mean for
distributions on the sphere.

Keywords: Diffusion mean; generalized Fréchet mean; geometric statistics; maximum likelihood estimation;
spherical statistics
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Spiked eigenvalues of noncentral Fisher matrix
with applications
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In this paper, we investigate the asymptotic behavior of spiked eigenvalues of the noncentral Fisher matrix defined
by Fp = Cn(Sy)~L, where Cy, is a noncentral sample covariance matrix defined by (E,; + X, )(E,, + X;,)*/n and
Snv=Y NY’;V /N. The matrices X;; and Y y are two independent random matrices with standard Gaussian entries,
and E, is a nonrandom matrix. When the dimensions of X, and Yy grow to infinity proportionally, we establish
a phase transition of the spiked eigenvalues of Fp,. Furthermore, we derive the central limit theorem (CLT) for
these spiked eigenvalues. As a byproduct of the proof of the above results, we provide the fluctuations of the
spiked eigenvalues of C;,, which are also of interest. Furthermore, we develop the limits and CLT for the sample
canonical correlation coefficients using the results of the spiked noncentral Fisher matrix and present consistent
estimators of the population spiked eigenvalues and the population canonical correlation coefficients.

Keywords: Noncentral Fisher matrix; spiked eigenvalues; central limit theorem; canonical correlation analysis
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It is well known that most of the existing theoretical results in statistics are based on the assumption that the
sample is generated with replacement from an infinite population. However, in practice, available samples are
almost always collected without replacement. If the population is a finite set of real numbers, whether we can
still safely use the results from samples drawn without replacement becomes an important problem. In this paper,
we focus on the eigenvalues of high-dimensional sample covariance matrices generated without replacement from
finite populations. Specifically, we derive the Tracy-Widom laws for their largest eigenvalues and apply these
results to parallel analysis. We provide new insight into the permutation methods proposed by Buja and Eyuboglu
in [Multivar Behav Res. 27(4) (1992) 509-540]. Simulation and real data studies are conducted to demonstrate our
results.

Keywords: Largest eigenvalue; Tracy-Widom law; sample covariance matrix; finite population model; parallel
analysis
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Hypothesis testing for equality of latent
positions in random graphs
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We consider the hypothesis testing problem that two vertices i and j of a generalized random dot product graph
have the same latent positions, possibly up to scaling. Special cases of this hypothesis testing problem include
testing whether two vertices in a stochastic block model or degree-corrected stochastic block model graph have
the same block membership vectors, or testing whether two vertices in a popularity adjusted block model have
the same community assignment. We propose several test statistics based on the empirical Mahalanobis distances
between the ith and jth rows of either the adjacency or the normalized Laplacian spectral embedding of the graph.
We show that, under mild conditions, these test statistics have limiting chi-square distributions under both the
null and local alternative hypothesis, and we derive explicit expressions for the non-centrality parameters under
the local alternative. Using these limiting results, we address the model selection problems including choosing
between the standard stochastic block model and its degree-corrected variant, and choosing between the Erd6s—
Rényi model and stochastic block model. The effectiveness of our proposed tests is illustrated via both simulation
studies and real data applications.

Keywords: Asymptotic normality; generalized random dot product graphs; model selection; spectral embedding;
stochastic block models
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We investigate a family of discrete-time stationary processes defined by multiple stable integrals and renewal
processes with infinite means. The model may exhibit behaviors of short-range or long-range dependence, re-
spectively, depending on the parameters. The main contribution is to establish a phase transition in terms of the
tail processes that characterize local clustering of extremes. Moreover, in the short-range dependence regime, the
model provides an example where the extremal index is different from the candidate extremal index.

Keywords: Extremal index; long-range dependence; multiple integral; phase transition; regular variation; renewal
process; short-range dependence; tail process
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We consider the stochastic behavior of a class of local U-statistics of Poisson processes—which include subgraph
and simplex counts as special cases, and amounts to quantifying clustering behavior—for point clouds lying in
diverging halfspaces. We provide limit theorems for distributions with light and heavy tails. In particular, we prove
finite-dimensional central limit theorems. In the light tail case we investigate tails that decay at least as slow as
exponential and at least as fast as Gaussian. These results also furnish as a corollary that U-statistics for halfs-
paces diverging at different angles are asymptotically independent, and that there is no asymptotic independence
for heavy-tailed densities. Using state-of-the-art bounds derived from recent breakthroughs combining Stein’s
method and Malliavin calculus, we quantify the rate of this convergence in terms of Kolmogorov distance. We also
investigate the behavior of local U-statistics of a Poisson process conditioned to lie in a diverging halfspace and
find that the upper bound on the Kolmogorov distance to a standard normal distribution is smaller the lighter the
tail of the density is.

Keywords: Asymptotic independence; central limit theorems; conditional extremes; Stein’s method; U-statistics
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In this paper we derive non-classical Tauberian asymptotics at infinity for the tail, the density and its derivatives of
a large class of exponential functionals of subordinators. More precisely, we consider the case for which the Lévy
measure of the subordinator satisfies the well-known and mild condition of positive increase. This is achieved via
a convoluted application of the saddle point method to the Mellin transform of these exponential functionals which
is given in terms of Bernstein—gamma functions. To apply the saddle point method, we improved the Stirling type
asymptotics for Bernstein—gamma functions in the complex plane. As an application we derive the asymptotics
of the density and its derivatives for all exponential functionals of a broad class of non-decreasing, potentially
killed compound Poisson processes, which turns out to be precisely as that of an exponentially distributed random
variable. We show further that a large class of densities are even analytic in a cone of the complex plane.

Keywords: Bernstein functions; exponential functionals of Lévy processes; non-classical Tauberian asymptotics;
special functions
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We derive non-asymptotic minimax bounds for the Hausdorff estimation of d-dimensional submanifolds M cC
RP with (possibly) non-empty boundary M. The model reunites and extends the most prevalent Cz—type set
estimation models: manifolds without boundary, and full-dimensional domains. We consider both the estimation
of the manifold M itself and that of its boundary dM if non-empty. Given n samples, the minimax rates are of
order O((log n/n)z/d) if IM = @ and O((logn/n)*/\@+V)) if 9M # @, up to logarithmic factors. In the process,
we develop a Voronoi-based procedure that allows to identify enough points O((logn/ n)z/ (d+1)) -close to M for
reconstructing it. Explicit constant derivations are given, showing that these rates do not depend on the ambient
dimension D > d.

Keywords: Boundary; geometric inference; manifold estimation; minimax risk
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This paper establishes necessary and sufficient conditions for the asymptotic normality of higher order Turing
estimators. It further gives several easy to verify sufficient conditions. These conditions are then used to show that
the assumptions hold for large classes of distributions with regularly varying tails. This includes classes for which
asymptotic normality had not been previously verified.
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Let L be a linear differential operator acting on functions defined over an open set D C R4. In this article, we
characterize the measurable second order random fields U = (U(x)), e Whose sample paths all verify the partial
differential equation (PDE) L(u) = 0, solely in terms of their first two moments. When compared to previous
similar results, the novelty lies in that the equality L(ux) = 0 is understood in the sense of distributions, which
is a powerful functional analysis framework mostly designed to study linear PDEs. This framework enables to
reduce to the minimum the required differentiability assumptions over the first two moments of (U(x)), ¢ p as well
as over its sample paths in order to make sense of the PDE L(U,,) = 0. In view of Gaussian process regression
(GPR) applications, we show that when (U(x))xc o is a Gaussian process (GP), the sample paths of (U(x))xecp
conditioned on pointwise observations still verify the constraint L(z) = 0 in the distributional sense. We finish by
deriving a simple but instructive example, a GP model for the 3D linear wave equation, for which our theorem is
applicable and where the previous results from the literature do not apply in general.

Keywords: Generalized functions; linear constraints; linear partial differential equations; second order random
fields
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Given n samples from a population of individuals belonging to different species, what is the number U of hitherto
unseen species that would be observed if An new samples were collected? This is the celebrated unseen-species
problem, which has been the subject of recent breakthrough studies introducing non-parametric estimators of U
that are minimax near-optimal and consistent all the way up to A < logn. These works do not rely on assump-
tions on the underlying unknown distribution p of the population, and therefore, while providing a theory in its
greatest generality, worst-case distributions may hamper the estimation of U in concrete settings. In this paper,
we strengthen the non-parametric framework for estimating U, making use of suitable assumptions on p. Inspired
by the estimation of rare probabilities in extreme value theory, and motivated by the ubiquitous power-law type
distributions in many natural and social phenomena, we make use of a semi-parametric assumption of regular
variation of index « € (0, 1) for the tail behaviour of p. Under this assumption, we introduce an estimator of U that
is simple, linear in the sampling information, computationally efficient, and scalable to massive datasets. Then,
uniformly over our class of regularly varying tail distributions, we show that the proposed estimator has provable
guarantees: i) it is minimax near-optimal, up to a power of logn factor; ii) it is consistent all of the way up to
log A = n®/2 /+/logn, and this range is the best possible. This is the first study on the estimation of the unseen
under regularly varying tail distributions p. Our results rely on a novel approach, of independent interest, which
combines the renowned method of the two fuzzy hypotheses for minimax estimation of discrete functionals, with
Bayesian arguments under Poisson-Kingman priors for p. An illustration of our method is presented for synthetic
and real data.

Keywords: Multinomial model; optimal minimax estimation; Poisson-Kingman prior; power-law data; regularly
varying tails; tail-index; useen-species problem
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This article uses a combination of three ideas from simulation to establish a nearly optimal polynomial upper
bound for the joint density of the stable process and its associated supremum at a fixed time on the entire support
of the joint law. The representation of the concave majorant of the stable process and the Chambers-Mallows-
Stuck representation for stable laws are used to define an approximation of the random vector of interest. An
interpolation technique using multilevel Monte Carlo is applied to accelerate the approximation, allowing us to
establish the infinite differentiability of the joint density as well as nearly optimal polynomial upper bounds for the
joint mixed derivatives of any order.
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