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Identifiability in robust estimation of tree
structured models

MARTA CASANELLAS!22 MARINA GARROTE-LOPEZ3" and
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Unstitut de Matematiques de la UPC-BarcelonaTech (IMTech), Universitat Politécnica de Catalunya, Barcelona,
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2Centre de Recerca Matematica, Barcelona, Spain

3 Max Planck Institute Sfor Mathematics in the Sciences, Leipzig, Germany, bmarina. garrote @mis.mpg.de
4Department of Statistical Sciences, University of Toronto, Toronto, Canada, piotr.zwiernik@utoronto.ca

Consider the problem of learning undirected graphical models on trees from corrupted data. Recently Katiyar,
Shah, and Caramanis showed that it is possible to recover trees from noisy binary data up to a small equivalence
class of possible trees. Another paper by Katiyar, Hoffmann, and Caramanis follows a similar pattern for the
Gaussian case. By framing this as a special phylogenetic recovery problem we largely generalize these two settings.
Using the framework of linear latent tree models we discuss tree identifiability for binary data under a continuous
corruption model (e.g. black/white images with greyscale corruption). For the Ising and the Gaussian tree model
we also provide a characterisation of when the Chow-Liu algorithm consistently learns the underlying tree from
the noisy data.

Keywords: Learning tree structure; noisy data on trees; latent tree models
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Flexible-bandwidth needlets

CLAUDIO DURASTANTI'*, DOMENICO MARINUCCI%*® and
ANNA PAOLA TODINQ3¢

1Dipartimenm SBAI, La Sapienza Universita di Roma, ®claudio.durastanti @uniromal.it

2Dipartimento di Matematica, Universita di Roma Tor Vergata,
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We investigate here a generalized construction of spherical wavelets/needlets which admits extra-flexibility in
the harmonic space, i.e., it allows the corresponding support in multipole (frequency) space to vary in more
general forms than in the standard constructions. We study the analytic properties of this system and we investigate
its behaviour when applied to isotropic random fields: more precisely, we establish asymptotic localization and
uncorrelation properties (in the high-frequency sense) under broader assumptions than typically considered in the
literature.

Keywords: Spherical wavelets; needlets; spherical random fields; high-frequency asymptotics
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Einmahl, de Haan and Zhou (2016, Journal of the Royal Statistical Society: Series B, 78(1), 31-51) recently in-
troduced a stochastic model that allows for heteroscedasticity of extremes. The model is extended to the situation
where the observations are serially dependent, which is crucial for many practical applications. We prove a local
limit theorem for a kernel estimator for the scedasis function, and a functional limit theorem for an estimator for
the integrated scedasis function. We further prove consistency of a bootstrap scheme that allows to test for the null
hypothesis that the extremes are homoscedastic. Finally, we propose an estimator for the extremal index governing
the dynamics of the extremes and prove its consistency. All results are illustrated by Monte Carlo simulations. An
important intermediate result concerns the sequential tail empirical process under serial dependence.

Keywords: Extremal index; kernel estimator; multiplier bootstrap; non-stationary extremes; regular varying time
series
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A note on the empty balls of a critical
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Let {X;};>0 be a d-dimensional critical super-Brownian motion started from a Poisson random measure whose
intensity is the Lebesgue measure. Denote by R; := sup{u > 0: X;({x € R4 : |x| < u}) = 0} the radius of the largest
empty ball centered at the origin of X;. In this work, we prove that for r > 0,
>r| = e Adlr ),

Jim B —— 1t
et \ JdAG-ar

where A;(r) satisfies

lim _ Agl) -
r—oo r|d—2\+d1{d=2}

for some C € (0, c0) depending only on d.

Keywords: Empty ball; scaling property; Super-Brownian motion
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We investigate the problem of estimating the drift parameter of a high-dimensional Lévy-driven Ornstein—
Uhlenbeck process under sparsity constraints. It is shown that both Lasso and Slope estimators achieve the min-
imax optimal rate of convergence (up to numerical constants), for tuning parameters chosen independently of the
confidence level, which improves the previously obtained results for standard Ornstein—Uhlenbeck processes.
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Estimation of functional ARMA models

THOMAS KUENZER!:22

Unstitute of Statistics, Graz University of Technology, Graz, Austria.
2Institutefor Medical Informatics, Statistics and Documentation, Medical University of Graz, Austria,
3thomas.kuenzer @medunigraz.at

Functional auto-regressive moving average (FARMA or ARMAH) models allow for flexible and natural modelling
of functional time series. While there are many results on pure autoregressive (FAR) models in Hilbert spaces,
results on estimation and prediction of FARMA models are considerably more scarce. We devise a simple two-
step method to estimate ARMA models in separable Hilbert spaces. Estimation is based on dimension-reduction
using principal components analysis of the functional time series. We explore two different approaches to selecting
principal component subspaces for regularization and establish consistency of the proposed estimators both under
minimal assumptions and in a practical setting. The empirical performance of the estimation algorithm is evaluated
in a simulation study, where it performs better than competing methods.

Keywords: FARMA model; functional data analysis; functional time series; model estimation; moving average
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For two measures p and v that are in convex-decreasing order, Nutz and Stebegg (Canonical supermartingale
couplings, Ann. Probab. 46(6) 3351-3398, 2018) studied the optimal transport problem with supermartingale
constraints and introduced two canonical couplings, namely the increasing and decreasing transport plans, that are
optimal for a large class of cost functions. In the present paper we provide an explicit construction of the decreasing
coupling 7P by establishing a Brenier-type result: (a generalised version of) 72 concentrates on the graphs of two
functions. Our construction is based on the concept of the supermartingale shadow measure and requires a suitable
extension of the results by Juillet (Stability of the shadow projection and the left-curtain coupling, Ann. Inst. H.
Poincaré Probab. Statist. 52(4) 1823—-1843, November 2016) and Beiglbock and Juillet (Shadow couplings, Trans.
Amer. Math. Soc. 374 4973-5002, 2021) established in the martingale setting. In particular, we prove the stability
of the supermartingale shadow measure with respect to initial and target measures y, v, introduce an infinite family
of lifted supermartingale couplings that arise via shadow measure, and show how to explicitly determine the
martingale points of each such coupling.

Keywords: Brenier’s theorem; convex-decreasing order; optimal transport; peacocks; stability; supermartingales
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In this paper, we consider two-component mixture models having one single known component. This type of
model is of particular interest when a known random phenomenon is contaminated by an unknown random effect.
We propose in this setup to test the equality in distribution of the unknown random sources involved in two
separate samples generated from such a model. For this purpose, we introduce the so-called IBM (Inversion-
Best Matching) approach resulting in a tuning-free relaxed semiparametric Cramér-von Mises type two-sample
test requiring minimal assumptions about the unknown distributions. The accomplishment of our work lies in
the fact that we establish, under some natural and interpretable mutual-identifiability conditions specific to the
two-sample case, a functional central limit theorem about the proportion parameters along with the unknown
cumulative distribution functions of the model. An intensive numerical study is carried out from a large range of
simulation setups to illustrate the asymptotic properties of our test. Finally, our testing procedure, implemented in
the admixRpackage, is applied to a real-life situation through pairwise post COVID-19 mortality excess profile
testing across a panel of European countries.

Keywords: Cramér-von Mises; finite mixture model; mortality excess; semiparametric estimation
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We consider the following data perturbation model, where the covariates incur multiplicative errors. For two n X m
random matrices U, X, we denote by U o X the Hadamard or Schur product, which is defined as (U o X);; =
(Uij) - (Xij)- In this paper, we study the subgaussian matrix variate model, where we observe the matrix variate
data X through a random mask U:

X=UoX where X=BI/ZZAI/2,

where Z is a random matrix with independent subgaussian entries, and U is a mask matrix with either zero or
positive entries, where EU;; € [0,1] and all entries are mutually independent. Under the assumption of indepen-
dence between U and X, we introduce componentwise unbiased estimators for estimating covariance A and B, and
prove the concentration of measure bounds in the sense of guaranteeing the restricted eigenvalue (RE) conditions
to hold on the unbiased estimator for B, when columns of data matrix X are sampled with different rates. We fur-
ther develop multiple regression methods for estimating the inverse of B and show statistical rate of convergence.
Our results provide insight for sparse recovery for relationships among entities (samples, locations, items) when
features (variables, time points, user ratings) are present in the observed data matrix X with heterogeneous rates.
Our proof techniques can certainly be extended to other scenarios. We provide simulation evidence illuminating
the theoretical predictions.

Keywords: Concentration of measure; covariance estimation; inverse covariance estimation; matrix variate data;
missing values; multiple regression; restricted Eigenvalue conditions; space-time model; sparse Hanson-Wright
inequality; sparse quadratic forms; subgaussian concentration; subsampling
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On bivariate distributions of the local time of
It6-McKean diffusions

JACEK JAKUBOWSKI? and MACIE] WISNIEWOLSKI

Institute of Mathematics, University of Warsaw, Banacha 2, 02-097 Warszawa, Poland, ®jakub@mimuw.edu.pl,
byvisniewolski @mimuw.edu.pl

Denote as L the local time at O of an [t6-McKean diffusion X. We present a new explicit description of the distri-
bution of L; in terms of convolution exponent and, using the excursion theory, we describe the transition density
of the pair (X,L). We provide a simple connection formula for the distribution of excursions of a bivariate It6-
McKean diffusion from a hyperplane. Examples involving the distribution of a local time are presented, including
a formula for the distribution of (X;, L) for a transient diffusion.

Keywords: Convolution algebra; excursion theory; It6-McKean diffusion; local time
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The infinite Viterbi alignment is the limiting maximum a-posteriori estimate of the unobserved path in a hidden
Markov model as the length of the time horizon grows. For models on state-space R4 satisfying a new “decay-
convexity” condition, we develop an approach to existence of the infinite Viterbi alignment in an infinite dimen-
sional Hilbert space. Quantitative bounds on the distance to the Viterbi process, which are the first of their kind,
are derived and used to illustrate how approximate estimation via parallelization can be accurate and scaleable to
high-dimensional problems because the rate of convergence to the infinite Viterbi alignment does not necessarily
depend on d. The results are applied to approximate estimation via parallelization and a model of neural population
activity.

Keywords: Convex optimization; hidden Markov models; MAP estimation; parallelization

References

(1]

(2]
(3]
(4]
(]
(6]
(7]
(8]

(9]

[10]

(11]

Andrews, B. and Hopper, C. (2011). The Ricci Flow in Riemannian Geometry: A Complete Proof of the Dif-
ferentiable 1/4-Pinching Sphere Theorem. Lecture Notes in Math. 2011. Heidelberg: Springer. MR2760593
https://doi.org/10.1007/978-3-642-16286-2

Caliebe, A. (2006). Properties of the maximum a posteriori path estimator in hidden Markov models. /IEEE
Trans. Inf. Theory 52 41-51. MR2237334 https://doi.org/10.1109/TIT.2005.860425

Caliebe, A. and Rosler, U. (2002). Convergence of the maximum a posteriori path estimator in hidden Markov
models. IEEE Trans. Inf. Theory 48 1750-1758. MR1929991 https://doi.org/10.1109/T1T.2002.1013123
Chigansky, P. and Ritov, Y. (2011). On the Viterbi process with continuous state space. Bernoulli 17 609-627.
MR2787607 https://doi.org/10.3150/10-BEJ294

Deimling, K. (1977). Ordinary Differential Equations in Banach Spaces. Lecture Notes in Mathematics 596.
Berlin: Springer. MR0463601

Donner, C., Obermayer, K. and Shimazaki, H. (2017). Approximate inference for time-varying interactions
and macroscopic dynamics of neural populations. PLoS Comput. Biol. 13 1-27.

Douc, R., Fort, G. , Moulines, E. and Priouret, P. (2009). Forgetting the initial distribution for hidden Markov
models. Stochastic Process. Appl. 119 1235-1256.

Douc, R. and Moulines, E. (2012). Asymptotic properties of the maximum likelihood estimation in misspec-
ified hidden Markov models. Ann. Statist. 40 2697-2732.

Douc, R., Moulines, E. and Stoffer, D.S. (2014). Nonlinear Time Series: Theory, Methods, and Applica-
tions with R Examples. Chapman & Hall/CRC Texts in Statistical Science Series. Boca Raton, FL: CRC
Press/CRC. MR3289095

Durbin, J. and Koopman, S.J. (2012). Time Series Analysis by State Space Methods, 2nd ed. Oxford
Statistical Science Series 38. Oxford: Oxford Univ. Press. MR3014996 https://doi.org/10.1093/acprof:oso/
9780199641178.001.0001

Jun, J.J. et al. (2017). Fully integrated silicon probes for high-density recording of neural activity. Nature 551
232.

1350-7265 © 2024 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/23-BEJ1596
mailto:nick.whiteley@bristol.ac.uk
mailto:matt.jones@bristol.ac.uk
mailto:aleks.domanski@bristol.ac.uk
https://mathscinet.ams.org/mathscinet-getitem?mr=2760593
https://doi.org/10.1007/978-3-642-16286-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2237334
https://doi.org/10.1109/TIT.2005.860425
https://mathscinet.ams.org/mathscinet-getitem?mr=1929991
https://doi.org/10.1109/TIT.2002.1013123
https://mathscinet.ams.org/mathscinet-getitem?mr=2787607
https://doi.org/10.3150/10-BEJ294
https://mathscinet.ams.org/mathscinet-getitem?mr=0463601
https://mathscinet.ams.org/mathscinet-getitem?mr=3289095
https://mathscinet.ams.org/mathscinet-getitem?mr=3014996
https://doi.org/10.1093/acprof:oso/9780199641178.001.0001
https://doi.org/10.1093/acprof:oso/9780199641178.001.0001

The infinite Viterbi alignment and decay-convexity 253

[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]

[20]

Koloydenko, A. and Lember, J. (2008). Infinite Viterbi alignments in the two state hidden Markov models.
Acta Comment. Univ. Tartu. Math. 12 109-124. MR2488711

Kuljus, K. and Lember, J. (2012). Asymptotic risks of Viterbi segmentation. Stochastic Process. Appl. 122
3312-3341. MR2946444 https://doi.org/10.1016/j.spa.2012.05.014

Lember, J. and Koloydenko, A. (2008). The adjusted Viterbi training for hidden Markov models. Bernoulli
14 180-206. MR2401659 https://doi.org/10.3150/07-BEJ105

Lember, J. and Koloydenko, A.A. (2010). A constructive proof of the existence of Viterbi processes. IEEE
Trans. Inf. Theory 56 2017-2033. MR2654491 https://doi.org/10.1109/TIT.2010.2040897

Lember, J. and Sova, J. (2020). Existence of infinite Viterbi path for pairwise Markov models. Stochastic
Process. Appl. 130 1388-1425. MR4058277 https://doi.org/10.1016/j.spa.2019.05.004

Lember, J. and Sova, J. (2021). Regenerativity of Viterbi process for pairwise Markov models. J. Theoret.
Probab. 34 1-33. MR4207478 https://doi.org/10.1007/s10959-020-01022-z

Saumard, A. and Wellner, J.A. (2014). Log-concavity and strong log-concavity: A review. Stat. Surv. 8
45-114. MR3290441 https://doi.org/10.1214/14-SS107

Shimazaki, H., Amari, S., Brown, E.N. and Griin, S. (2012). State-space analysis of time-varying higher-
order spike correlation for multiple neural spike train data. PLoS Comput. Biol. 8 1002385, 27. MR2921292
https://doi.org/10.1371/journal.pcbi. 1002385

West, M. and Harrison, J. (2006). Bayesian Forecasting and Dynamic Models. New York: Springer.


https://mathscinet.ams.org/mathscinet-getitem?mr=2488711
https://mathscinet.ams.org/mathscinet-getitem?mr=2946444
https://doi.org/10.1016/j.spa.2012.05.014
https://mathscinet.ams.org/mathscinet-getitem?mr=2401659
https://doi.org/10.3150/07-BEJ105
https://mathscinet.ams.org/mathscinet-getitem?mr=2654491
https://doi.org/10.1109/TIT.2010.2040897
https://mathscinet.ams.org/mathscinet-getitem?mr=4058277
https://doi.org/10.1016/j.spa.2019.05.004
https://mathscinet.ams.org/mathscinet-getitem?mr=4207478
https://doi.org/10.1007/s10959-020-01022-z
https://mathscinet.ams.org/mathscinet-getitem?mr=3290441
https://doi.org/10.1214/14-SS107
https://mathscinet.ams.org/mathscinet-getitem?mr=2921292
https://doi.org/10.1371/journal.pcbi.1002385

Bernoulli 30(1), 2024, 278-303
https://doi.org/10.3150/23-BEJ 1597

Central limit theorem and near classical

Berry-Esseen rate for self normalized sums in
high dimensions

DEBRAJDAS?

Department of Mathematics, Indian Institute of Technology, Bombay, Maharashtra 400076, India,
ddebrajdas @math.iitb.ac.in

In this article, we are interested in the normal approximation of

Tp = (;Xil/ ;Xizl)""’gxip/( .ZIXI.ZP))

1= 13
in RP uniformly over the class of hyper-rectangles A ¢ = { ]_[le[aj,bj] NR:-c0<a; <bj<oo,j=1,.. .,p},

—

where X1,. .., X}, are non-degenerate independent p-dimensional random vectors. We assume that the components
of X; are independent and identically distributed (iid) and investigate the optimal cut-off rate of log p in the uniform
central limit theorem (UCLT) for 7}, over A" €. The aim is to reduce the exponential moment conditions, generally
assumed for exponential growth of the dimension with respect to the sample size in high dimensional CLT, to some
polynomial moment conditions. Indeed, we establish that only the existence of some polynomial moment of order
€ [2,4] is sufficient for exponential growth of p. However the rate of growth of log p cannot further be improved
from o(nl/z) as a power of n even if X;;’s are iid across (i, j) and Xj; is bounded. We also establish near—n~%/2
Berry-Esseen rate for ), in high dimension under the existence of (2 + )th absolute moments of X;; for 0 < «x < 1.
When « = 1, the obtained Berry-Esseen rate is also shown to be optimal. As an application, we find respective
versions for componentwise Student’s t-statistic, which may be useful in high dimensional statistical inference.

Keywords: Berry-Esseen theorem; self-normalized sum; student t-statistic; UCLT
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We propose a reproducing kernel Hilbert space approach for statistical inference regarding the slope in a function-
on-function linear regression via penalised least squares, regularized by the thin-plate spline smoothness penalty.
We derive a Bahadur expansion for the slope surface estimator and prove its weak convergence as a process in
the space of all continuous functions. As a consequence of these results, we construct minimax optimal estimates,
simultaneous confidence regions for the slope surface and simultaneous prediction bands. Moreover, we derive
new tests for the hypothesis that the maximum deviation between the “true” slope surface and a given surface is
less than or equal to a given threshold. In other words, we are not trying to test for exact equality (because in many
applications this hypothesis is hard to justify), but rather for pre-specified deviations under the null hypothesis. To
ensure practicability, non-standard bootstrap procedures are developed addressing particular features that arise in
these testing problems. We also demonstrate that the new methods have good finite sample properties by means of
a simulation study and illustrate their practicability by analyzing a data example.

Keywords: Bootstrap; function-on-function linear regression; maximum deviation; minimax optimality;
simultaneous confidence regions; relevant hypotheses; reproducing kernel Hilbert space
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This paper establishes a Freidlin-Wentzell large deviation principle for stochastic differential equations(SDEs)
under locally weak monotonicity conditions and Lyapunov conditions. We illustrate the main result of the paper
by showing that it can be applied to SDEs with non-Lipschitzian coefficients, which can not be covered in the
existing literature. These include the interesting biological models like stochastic Duffing-van der Pol oscillator
model, stochastic SIR model, etc.

Keywords: Freidlin-Wentzell large deviation principle; locally weak monotonicity condition; non-Lipschitzian
coefficients
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Consider a random vector y = 2 1/2x, where the p elements of the vector x are i.i.d. real-valued random variables
with zero mean and finite fourth moment, and /2 is a deterministic p X p matrix such that the eigenvalues of
the population correlation matrix R of y are uniformly bounded away from zero and infinity. In this paper, we find
that the log determinant of the sample correlation matrix R based on a sample of size n from the distribution of y
satisfies a CLT (central limit theorem) for p/n — y € (0,1] and p < n. Explicit formulas for the asymptotic mean
and variance are provided. In case the mean of y is unknown, we show that after re-centering by the empirical
mean the obtained CLT holds with a shift in the asymptotic mean. This result is of independent interest in both
large dimensional random matrix theory and high-dimensional statistical literature of large sample correlation ma-
trices for non-normal data. Finally, the obtained findings are applied for testing of uncorrelatedness of p random
variables. Surprisingly, in the null case R =1, the test statistic becomes distribution-free and the extensive simula-
tions show that the obtained CLT also holds if the moments of order four do not exist at all, which conjectures a
promising and robust test statistic for heavy-tailed high-dimensional data.

Keywords: CLT; dependent data; large-dimensional asymptotic; log determinant; random matrix theory; sample
correlation matrix
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Conditioned limit theorems as n — oo are given for the increments X1, ..., X, of arandom walk S, = X| +- -+ Xj;,
subject to the conditionings S, > nb or S, = nb with b > EX. The probabilities of these conditioning events
are given by saddlepoint approximations, corresponding to the exponential tilting fg(x) = e0x=¥(0) f(x) of the
increment density f(x), with 4 satisfying b = Eg X = ¢/(#) where /(6) = log Ee?X . 1t has been noted in various
formulations that conditionally, the increment density somehow is close to fy(x). Sharp versions of such statements
are given, including correction terms for segments (Xi,. .., X} ) with k fixed. Similar correction terms are given
for the mean and variance of fn(x) — Fy(x) where Fy, is the empirical c.d.f. of Xj,...,X,. Also a result on
the total variation distance for segments with k/n — ¢ € (0,1) is derived. Further functional limit theorems for
(F(x).Sk) ¢ <,, are given, involving a bivariate conditioned Brownian limit.

Keywords: Boltzmann law; conditioned Brownian motion; empirical c.d.f.; exponential tilting; functional limit
theorem; Gibbs conditioning; saddlepoint approximation; total variation distance
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Entrywise limit theorems for eigenvectors of
signal-plus-noise matrix models with weak
signals

FANGZHENG XIE?

Department of Statistics, Indiana University, Bloomington, United States, ®fxie @iu.edu

We establish a finite-sample Berry-Esseen theorem for the entrywise limits of the eigenvectors for a broad col-
lection of signal-plus-noise random matrix models under challenging weak signal regimes. The signal strength is
characterized by a scaling factor p, through np;, where n is the dimension of the random matrix, and we allow
npy, to grow at the rate of logn. The key technical contribution is a sharp finite-sample entrywise eigenvector
perturbation bound. The existing error bounds on the two-to-infinity norms of the higher-order remainders are not
sufficient when np;, is proportional to logn. We apply the general entrywise eigenvector analysis results to the
symmetric noisy matrix completion problem, random dot product graphs, and two subsequent inference tasks for
random graphs: the estimation of pure nodes in mixed membership stochastic block models and the hypothesis
testing of the equality of latent positions in random graphs.

Keywords: Berry-Esseen theorem; entrywise eigenvector analysis; random dot product graphs; signal-plus-noise
matrix model; symmetric noisy matrix completion
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Limit theorems for Fréchet mean sets
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For 1 < p < oo, the Fréchet p-mean of a probability measure on a metric space is an important notion of central
tendency that generalizes the usual notions in the real line of mean (p = 2) and median (p = 1). In this work we
prove a collection of limit theorems for Fréchet means and related objects, which, in general, constitute a sequence
of random closed sets. On the one hand, we show that many limit theorems (a strong law of large numbers, an
ergodic theorem, and a large deviations principle) can be simply descended from analogous theorems on the space
of probability measures via purely topological considerations. On the other hand, we provide the first sufficient
conditions for the strong law of large numbers to hold in a 7, topology (in particular, the Fell topology), and
we show that this condition is necessary in some special cases. We also discuss statistical and computational
implications of the results herein.

Keywords: Kuratowski convergence; Hausdorff metric; Wasserstein metric; random sets; Karcher mean;
non-Euclidean statistics; medoids
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Tracy-Widom law for the extreme eigenvalues of
large signal-plus-noise matrices
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Let S=R+ X be an M X N matrix where R is the signal matrix and X is the noise matrix consisting of i.i.d.
standardized entries. The signal matrix R is allowed to be full rank, which is rarely studied in literature compared
with the low rank cases. Under a regularity condition of R that assures the square root behaviour of the spectral
density near the edge, we prove that the largest eigenvalue of SS* has the Tracy-Widom distribution under a tail
condition on the entries of X. Moreover, such a condition is proved to be necessary and sufficient to assure the
Tracy-Widom law.

Keywords: Edge universality; extreme eigenvalues; signal-plus-noise matrix; Tracy-Widom law
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In this paper we analyze the L, error of neural network regression estimates with one hidden layer. Under the
assumption that the Fourier transform of the regression function decays suitably fast, we show that an estimate,
where all initial weights are chosen according to proper uniform distributions and where the weights are learned by
gradient descent, achieves a rate of convergence of 1/+/n (up to a logarithmic factor). Our statistical analysis implies
that the key aspect behind this result is the proper choice of the initial inner weights and the adjustment of the outer
weights via gradient descent. This indicates that we can also simply use linear least squares to choose the outer
weights. We prove a corresponding theoretical result and compare our new linear least squares neural network
estimate with standard neural network estimates via simulated data. Our simulations show that our theoretical
considerations lead to an estimate with an improved performance in many cases.

Keywords: Deep learning; gradient descent; rate of convergence; neural networks
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We consider the problem of supervised dimension reduction with a particular focus on extreme values of the target
Y € R to be explained by a covariate vector X € RP. The general purpose is to define and estimate a projection
on a lower dimensional subspace of the covariate space which is sufficient for predicting exceedances of the
target above high thresholds. We propose an original definition of Tail Conditional Independence which matches
this purpose. Inspired by Sliced Inverse Regression (SIR) methods, we develop a novel framework (TIREX, Tail
Inverse Regression for EXtreme response) in order to estimate an extreme sufficient dimension reduction (SDR)
space of potentially smaller dimension than that of a classical SDR space. We prove the weak convergence of tail
empirical processes involved in the estimation procedure and we illustrate the relevance of the proposed approach
on simulated and real world data.

Keywords: Dimension reduction; empirical processes; extreme events; inverse regression; supervised learning
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The Chebyshev or £ estimator is an unconventional alternative to the ordinary least squares in solving linear
regressions. It is defined as the minimizer of the £ objective function

B :=argmin||Y — XB||co-
B

The asymptotic distribution of the Chebyshev estimator under fixed number of covariates was recently studied
(Knight (2020)), yet finite-sample guarantees and generalizations to high-dimensional settings remain open. In
this paper, we develop non-asymptotic upper bounds on the estimation error || — 8*|| for a Chebyshev estimator
B, in a regression setting with uniformly distributed noise &; ~ U([—a,a]) where a is either known or unknown.
With relatively mild assumptions on the (random) design matrix X, we can bound the error rate by Cp /n with
high probability, for some constant C, depending on the dimension p and the law of the design. Furthermore, we
illustrate that there exist designs for which the Chebyshev estimator is (nearly) minimax optimal. On the other hand
we also argue that there exist designs for which this estimator behaves sub-optimally in terms of the constant Cp’s
dependence on p. Finally, we show that “Chebyshev’s LASSO” has advantages over the regular LASSO in high
dimensional situations, provided that the noise is uniform. Specifically, we argue that it achieves a much faster rate
of estimation under certain assumptions on the growth rate of the sparsity level and the ambient dimension with
respect to the sample size.

Keywords: Chebyshev estimator; Chebyshev’s LASSO; Linear Model; Uniform distribution
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We prove a Central Limit Theorem for the empirical optimal transport cost, |/ eA{ Tc(Pn,Om) — Te (P, Q)}, in the

semi-discrete case, i.e when the distribution P is supported in N points, but without assumptions on Q. We show
that the asymptotic distribution is the sup of a centered Gaussian process, which is Gaussian under some additional
conditions on the probability Q and on the cost. Such results imply the central limit theorem for the p-Wassertein
distance, for p > 1. This means that, for fixed N, the curse of dimensionality is avoided. To better understand
the influence of such N, we provide bounds of E|(WI§7(P,Qm) - Wlf(P, Q)| depending on m and N. Finally, the
semi-discrete framework provides a control on the second derivative of the dual formulation, which yields the
first central limit theorem for the optimal transport potentials and Laguerre cells. The results are supported by
simulations that help to visualize the given limits and bounds. We analyse also the cases where classical bootstrap
works.

Keywords: Central limit theorem; Laguerre cells; optimal transport; optimal transport potentials; semi-discrete
optimal transport

References

Acosta, G. and Durdn, R.G. (2004). An optimal Poincaré inequality in L! for convex domains. Proc. Amer. Math.
Soc. 132 195-202. MR2021262 https://doi.org/10.1090/S0002-9939-03-07004-7

Bansil, M. and Kitagawa, J. (2022). Quantitative stability in the geometry of semi-discrete optimal transport. Int.
Math. Res. Not. IMRN 10 7354-7389. MR4418710 https://doi.org/10.1093/imrn/rnaa355

Bing, X., Bunea, F. and Niles-Weed, J. (2022). The Sketched Wasserstein Distance for mixture distributions.
https://doi.org/10.48550/ARXIV.2206.12768

Caffarelli, L.A. (1996). Boundary regularity of maps with convex potentials. II. Ann. of Math. (2) 144 453-496.
MR 1426885 https://doi.org/10.2307/2118564

Cércamo, J., Cuevas, A. and Rodriguez, L.-A. (2020). Directional differentiability for supremum-type functionals:
Statistical applications. Bernoulli 26 2143-2175. MR4091104 https://doi.org/10.3150/19-BEJ1188

Cordero-Erausquin, D. and Figalli, A. (2019). Regularity of monotone transport maps between unbounded do-
mains. Discrete Contin. Dyn. Syst. 39 7101-7112. MR4026183 https://doi.org/10.3934/dcds.2019297

de Lara, L., Gonzdlez Sanz, A., Asher, N. and Loubes, J.-M. (2021). Transport-based counterfactual models. Pre-
Print.

del Barrio, E., Gonzdlez Sanz, A. and Hallin, M. (2022). Nonparametric Multiple-Output Center-Outward Quantile
Regression. https://doi.org/10.48550/ARXIV.2204.11756

del Barrio, E., Gonzdlez Sanz, A. and Loubes, J.-M. (2024). Supplement to “Central limit theorems for semi-
discrete Wasserstein distances.” https://doi.org/10.3150/23-BEJ1608SUPP

del Barrio, E., Gonzélez-Sanz, A. and Hallin, M. (2020). A note on the regularity of optimal-transport-based
center-outward distribution and quantile functions. J. Multivariate Anal. 180 104671. MR4147635 https://doi.
org/10.1016/j.jmva.2020.104671

1350-7265 © 2024 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/23-BEJ1608
mailto:tasio@eio.uva.es
mailto:alberto.gonzalez.sanz@uva.es
mailto:loubes@math.univ-toulouse.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=2021262
https://doi.org/10.1090/S0002-9939-03-07004-7
https://mathscinet.ams.org/mathscinet-getitem?mr=4418710
https://doi.org/10.1093/imrn/rnaa355
https://doi.org/10.48550/ARXIV.2206.12768
https://mathscinet.ams.org/mathscinet-getitem?mr=1426885
https://doi.org/10.2307/2118564
https://mathscinet.ams.org/mathscinet-getitem?mr=4091104
https://doi.org/10.3150/19-BEJ1188
https://mathscinet.ams.org/mathscinet-getitem?mr=4026183
https://doi.org/10.3934/dcds.2019297
https://doi.org/10.48550/ARXIV.2204.11756
https://doi.org/10.3150/23-BEJ1608SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4147635
https://doi.org/10.1016/j.jmva.2020.104671
https://doi.org/10.1016/j.jmva.2020.104671

CLT for semi-discrete Wasserstein distances 555

del Barrio, E., Gordaliza, P. and Loubes, J.-M. (2019). A central limit theorem for L), transportation cost on the
real line with application to fairness assessment in machine learning. Inf. Inference 8 817-849. MR4045479
https://doi.org/10.1093/imaiai/iaz016

del Barrio, E. and Loubes, J.-M. (2019a). Central limit theorems for empirical transportation cost in general di-
mension. Ann. Probab. 47 926-951. MR3916938 https://doi.org/10.1214/18-AOP1275

del Barrio, E., Sanz, A.G. and Loubes, J.-M. (2021). Central limit theorems for general transportation costs. Ann.
Henri Poincaré. To appear.

del Barrio, E., Sanz, A.G., Loubes, J.-M. and Niles-Weed, J. (2022). An improved central limit theorem and fast
convergence rates for entropic transportation costs. ArXiv. Available at arXiv:2204.09105.

Fang, Z. and Santos, A. (2018). Inference on directionally differentiable functions. Rev. Econ. Stud. 86 377-412.
https://doi.org/10.1093/restud/rdy049

Galichon, A. (2016). Optimal Transport Methods in Economics. Princeton, NJ: Princeton Univ. Press. MR3586373
https://doi.org/10.1515/9781400883592

Gallouét, T.O. and Mérigot, Q. (2018). A Lagrangian scheme a la Brenier for the incompressible Euler equations.
Found. Comput. Math. 18 835-865. MR3833643 https://doi.org/10.1007/s10208-017-9355-y

Gangbo, W. and McCann, R.J. (1996). The geometry of optimal transportation. Acta Math. 177 113-161.
MR 1440931 https://doi.org/10.1007/BF02392620

Gayraud, N.T., Rakotomamonjy, A. and Clerc, M. (2017). Optimal transport applied to transfer learning for P300
detection. In BCI 2017-7th Graz Brain-Computer Interface Conference 6.

Goldfeld, Z., Kato, K., Nietert, S. and Rioux, G. (2022a). Limit distribution theory for smooth p-Wasserstein
distances. https://doi.org/10.48550/ARXIV.2203.00159

Goldfeld, Z., Kato, K., Rioux, G. and Sadhu, R. (2022b). Statistical inference with regularized optimal transport.
ArXiv Preprint.

Goldfeld, Z., Kato, K., Rioux, G. and Sadhu, R. (2022c). Limit Theorems for Entropic Optimal Transport Maps
and the Sinkhorn Divergence. https://doi.org/10.48550/ARXIV.2207.08683

Gonzdlez Sanz, A., Loubes, J.-M. and Niles-Weed, J. (2022). Weak limits of entropy regularized Optimal Trans-
port; potentials, plans and divergences. https://doi.org/10.48550/ARXIV.2207.07427

Gonzdlez-Delgado, J., Gonzélez Sanz, A., Cortés, J. and Neuvial, P. (2021). Two-sample goodness-of-fit tests on
the flat torus based on Wasserstein distance and their relevance to structural biology.

Gordaliza, P., del Barrio, E., Fabrice, G. and Loubes, J.-M. (2019). Obtaining fairness using optimal transport the-
ory. In Proceedings of the 36th International Conference on Machine Learning (K. Chaudhuri and R. Salakhut-
dinov, eds.). Proc. Mach. Learn. Res. 97 2357-2365. Proc. Mach. Learn. Res.

Graf, S. and Luschgy, H. (2000). Foundations of Quantization for Probability Distributions. Lecture Notes in
Math. 1730. Berlin: Springer. MR1764176 https://doi.org/10.1007/BFb0103945

Hallin, M., del Barrio, E., Cuesta-Albertos, J. and Matrdn, C. (2021). Distribution and quantile functions, ranks
and signs in dimension d: A measure transportation approach. Ann. Statist. 49 1139-1165. MR4255122 https://
doi.org/10.1214/20-a0s1996

Hartmann, V. and Schuhmacher, D. (2020). Semi-discrete optimal transport: A solution procedure for the un-
squared Euclidean distance case. Math. Methods Oper. Res. 92 133-163. MR4152920 https://doi.org/10.1007/
s00186-020-00703-z

Hundrieser, S., Klatt, M., Staudt, T. and Munk, A. (2022). A unifying approach to distributional limits for empirical
optimal transport. ArXiv Preprint.

Hundrieser, S., Staudt, T. and Munk, A. (2022). Empirical optimal transport between different measures adapts to
lower complexity. ArXiv Preprint.

Jiang, R., Pacchiano, A., Stepleton, T., Jiang, H. and Chiappa, S. (2020). Wasserstein fair classification. In Uncer-
tainty in Artificial Intelligence 862—872. Proc. Mach. Learn. Res.

Kitagawa, J., Mérigot, Q. and Thibert, B. (2019). Convergence of a Newton algorithm for semi-discrete optimal
transport. J. Eur. Math. Soc. (JEMS) 21 2603-2651. MR39856009 https://doi.org/10.4171/JEMS/889

Lévy, B., Mohayaee, R. and von Hausegger, S. (2020). A fast semi-discrete optimal transport algorithm for a
unique reconstruction of the early universe. Pre-Print.

Manole, T., Balakrishnan, S. and Wasserman, L. (2022). Minimax confidence intervals for the sliced Wasserstein
distance. Electron. J. Stat. 16 2252-2345. MR4402565 https://doi.org/10.1214/22-ejs2001


https://mathscinet.ams.org/mathscinet-getitem?mr=4045479
https://doi.org/10.1093/imaiai/iaz016
https://mathscinet.ams.org/mathscinet-getitem?mr=3916938
https://doi.org/10.1214/18-AOP1275
https://arxiv.org/abs/arXiv:2204.09105
https://doi.org/10.1093/restud/rdy049
https://mathscinet.ams.org/mathscinet-getitem?mr=3586373
https://doi.org/10.1515/9781400883592
https://mathscinet.ams.org/mathscinet-getitem?mr=3833643
https://doi.org/10.1007/s10208-017-9355-y
https://mathscinet.ams.org/mathscinet-getitem?mr=1440931
https://doi.org/10.1007/BF02392620
https://doi.org/10.48550/ARXIV.2203.00159
https://doi.org/10.48550/ARXIV.2207.08683
https://doi.org/10.48550/ARXIV.2207.07427
https://mathscinet.ams.org/mathscinet-getitem?mr=1764176
https://doi.org/10.1007/BFb0103945
https://mathscinet.ams.org/mathscinet-getitem?mr=4255122
https://doi.org/10.1214/20-aos1996
https://doi.org/10.1214/20-aos1996
https://mathscinet.ams.org/mathscinet-getitem?mr=4152920
https://doi.org/10.1007/s00186-020-00703-z
https://doi.org/10.1007/s00186-020-00703-z
https://mathscinet.ams.org/mathscinet-getitem?mr=3985609
https://doi.org/10.4171/JEMS/889
https://mathscinet.ams.org/mathscinet-getitem?mr=4402565
https://doi.org/10.1214/22-ejs2001

556 E. del Barrio, A. Gonzdlez Sanz and J.-M. Loubes

Mena, G. and Niles-Weed, J. (2019). Statistical bounds for entropic optimal transport: Sample complexity and the
central limit theorem. In Advances in Neural Information Processing Systems 32. Curran Associates.

Meyron, J. (2019). Initialization procedures for discrete and semi-discrete optimal transport. Comput. Aided Design
115 13-22. MR3954050 https://doi.org/10.1016/j.cad.2019.05.037

Milman, E. (2007). On the role of convexity in isoperimetry, spectral gap and concentration. Invent. Math. 177
1-43.

Pollard, D. (1982). A central limit theorem for k-means clustering. Ann. Probab. 10 919-926. MR0672292

Pooladian, A.-A., Divol, V. and Niles-Weed, J. (2023). Minimax estimation of discontinuous optimal transport
maps: The semi-discrete case. https://doi.org/10.48550/ARXIV.2301.11302

Rathmair, M. (2019). On how Poincaré inequalities imply weighted ones. Monatsh. Math. 188 753-763.
MR3928771 https://doi.org/10.1007/s00605-019-01266-w

Rockafellar, R.T. (1970). Convex Analysis. Princeton Mathematical Series, No. 28. Princeton, NJ: Princeton Univ.
Press. MR0274683

Rockafellar, R.T. and Wets, R.J.-B. (1998). Variational Analysis. Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences] 317. Berlin: Springer. MR 1491362 https://doi.org/10.1007/
978-3-642-02431-3

Sadhu, R., Goldfeld, Z. and Kato, K. (2021). Limit Distribution Theory for the Smooth 1-Wasserstein Distance
with Applications. https://doi.org/10.48550/ARXIV.2107.13494

Segers, J. (2022). Graphical and uniform consistency of estimated optimal transport plans. https://doi.org/10.
48550/ARXIV.2208.02508

Shen, J., Qu, Y., Zhang, W. and Yu, Y. (2018). Wasserstein distance guided representation learning for domain
adaptation. In Thirty-Second AAAI Conference on Artificial Intelligence.

Sommerfeld, M. and Munk, A. (2018). Inference for empirical Wasserstein distances on finite spaces. J. R. Stat.
Soc. Ser. B. Stat. Methodol. 80 219-238. MR3744719 https://doi.org/10.1111/rssb.12236

Tameling, C., Sommerfeld, M. and Munk, A. (2019). Empirical optimal transport on countable metric spaces:
Distributional limits and statistical applications. Ann. Appl. Probab. 29 2744-2781. MR4019874 https://doi.org/
10.1214/19-AAP1463

van der Vaart, A.W. and Wellner, J.A. (1996). Weak Convergence and Empirical Processes. Springer Series in
Statistics. New York: Springer. MR1385671 https://doi.org/10.1007/978-1-4757-2545-2

Verdinelli, I. and Wasserman, L. (2019). Hybrid Wasserstein distance and fast distribution clustering. Electron. J.
Stat. 13 5088-5119. MR4041703 https://doi.org/10.1214/19-EJS1639

Villani, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathematics 58. Providence, RI: Amer.
Math. Soc. MR1964483 https://doi.org/10.1090/gsm/058

Villani, C. (2008). Optimal Transport: Old and New. Grundlehren der Mathematischen Wissenschaften 338.
Berlin: Springer.

Vitale, R.A. (1985). L, metrics for compact, convex sets. J. Approx. Theory 45 280-287. MR0812757 https://doi.
org/10.1016/0021-9045(85)90051-6

Weed, J. and Bach, F. (2019). Sharp asymptotic and finite-sample rates of convergence of empirical measures in
Wasserstein distance. Bernoulli 25 2620-2648. MR4003560 https://doi.org/10.3150/18-BEJ1065


https://mathscinet.ams.org/mathscinet-getitem?mr=3954050
https://doi.org/10.1016/j.cad.2019.05.037
https://mathscinet.ams.org/mathscinet-getitem?mr=0672292
https://doi.org/10.48550/ARXIV.2301.11302
https://mathscinet.ams.org/mathscinet-getitem?mr=3928771
https://doi.org/10.1007/s00605-019-01266-w
https://mathscinet.ams.org/mathscinet-getitem?mr=0274683
https://mathscinet.ams.org/mathscinet-getitem?mr=1491362
https://doi.org/10.1007/978-3-642-02431-3
https://doi.org/10.1007/978-3-642-02431-3
https://doi.org/10.48550/ARXIV.2107.13494
https://doi.org/10.48550/ARXIV.2208.02508
https://doi.org/10.48550/ARXIV.2208.02508
https://mathscinet.ams.org/mathscinet-getitem?mr=3744719
https://doi.org/10.1111/rssb.12236
https://mathscinet.ams.org/mathscinet-getitem?mr=4019874
https://doi.org/10.1214/19-AAP1463
https://doi.org/10.1214/19-AAP1463
https://mathscinet.ams.org/mathscinet-getitem?mr=1385671
https://doi.org/10.1007/978-1-4757-2545-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4041703
https://doi.org/10.1214/19-EJS1639
https://mathscinet.ams.org/mathscinet-getitem?mr=1964483
https://doi.org/10.1090/gsm/058
https://mathscinet.ams.org/mathscinet-getitem?mr=0812757
https://doi.org/10.1016/0021-9045(85)90051-6
https://doi.org/10.1016/0021-9045(85)90051-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4003560
https://doi.org/10.3150/18-BEJ1065

Bernoulli 30(1), 2024, 581-609
https://doi.org/10.3150/23-BEJ 1609

Explicit bounds for spectral theory of
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In this paper, we deal with a Markov chain on a measurable state space (X,X) which has a transition kernel P
admitting an aperiodic small-set S and satisfying the standard geometric-drift condition. Under these assumptions,
there exists aq € (0,1] such that PV < §¥0 V¥ + y(V@)lg. Hence P is V¥ -geometrically ergodic and its
“second eigenvalue” o4, provides the best rate of convergence. Setting R := P —v(-)lg and I' := {1 € C, §% <
|4] < 1}, 04 is shown to satisfy, either oq,, = max {I/ll :deT, ZZ;‘H A7k y(RE-1 Ig)= 1} if this set is not empty,
Or Oy < 6. Actually the set is finite in the first case and is composed by the spectral values of P in I'. The second
case occurs when P has no spectral value in I'. Moreover, a bound of the operator-norm of (zI — P)~1 allows us
to derive an explicit formula for the multiplicative constant in the rate of convergence, which can be evaluated
provided that any information of the “second eigenvalue” is available. Such numerical computation is carried out
for a classical family of reflected random walks. Moreover we obtain a simple and explicit bound of the operator-
norm of (I = P + x(-)1x)~! involved in the definition of the so-called fundamental solution to Poisson’s equation.
This allows us to specify the location of the eigenvalues of P and, then, to obtain a general bound on @q. The
reversible case is also discussed. In particular, the bound of o4, obtained for positive reversible Markov kernels
is the expected one, and numerical illustrations are proposed for the Metropolis-Hastings algorithm and for the
Gaussian autoregressive Markov chain. The bound for the operator-norm of (I — P + n(-) 1)~ is derived from an
estimate, only depending on §%0, of the operator-norm of (I — R)~! which provides another way to get a solution
to Poisson’s equation. This estimate is also shown to be of greatest interest to generalize the error bounds obtained
for perturbed discrete and atomic Markov chains in Liu and Li (Adv. in Appl. Probab. 50 (2018) 645-669) to the
case of general geometrically ergodic Markov chains. These error estimates are the simplest that can be expected
in this context. All the estimates in this work are expressed in the standard V?0-weighted operator norm.

Keywords: Drift conditions; invariant probability measure; perturbed Markov kernels; Poisson’s equation; rate of
convergence; second eigenvalue; small set
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In classical statistics, a well known paradigm consists in establishing asymptotic equivalence between an experi-
ment of i.i.d. observations and a Gaussian shift experiment, with the aim of obtaining optimal estimators in the
former complicated model from the latter simpler model. In particular, a statistical experiment consisting of » i.i.d.
observations from d-dimensional multinomial distributions can be well approximated by an experiment consisting
of d — 1 dimensional Gaussian distributions. In a quantum version of the result, it has been shown that a collection
of n qudits (d-dimensional quantum states) of full rank can be well approximated by a quantum system containing
a classical part, which is a d — 1 dimensional Gaussian distribution, and a quantum part containing an ensemble
of d(d — 1)/2 shifted thermal states. In this paper, we obtain a generalization of this result when the qudits are
not of full rank. We show that when the rank of the qudits is r, then the limiting experiment consists of an » — 1
dimensional Gaussian distribution and an ensemble of both shifted pure and shifted thermal states. For estima-
tion purposes, we establish an asymptotic minimax result in the limiting Gaussian model. Analogous results are
then obtained for estimation of a low rank qudit from an ensemble of identically prepared, independent quantum
systems, using the local asymptotic equivalence result. We also consider the problem of estimation of a linear
functional of the quantum state. We construct an estimator for the functional, analyze the risk and use quantum
local asymptotic equivalence to show that our estimator is also optimal in the minimax sense.

Keywords: Functional estimation; low rank states; quantum local asymptotic normality; quantum minimax
estimation
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Linear and nonlinear signal detection and
estimation in high-dimensional nonparametric
regression under weak sparsity
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The partially linear model provides an effective tool to combat the curse of dimensionality in nonparametric regres-
sion. Its applicability is, however, compromised by the need for correct distinction between linear and nonlinear
components. Existing solutions are restricted to low dimensions or regression functions endowed with special
structures. This paper considers a general nonparametric regression framework under which signal strength is em-
bedded in a continuous spectrum scaled by asymptotic orders. Under a weak sparsity condition which allows for
the presence of many weak, non-detectable, signals, a novel penalised regression procedure is proposed for detec-
tion and estimation of strong linear and nonlinear signals under high dimensions. The procedure applies bandwidth
regularisation and SCAD penalisation to select nonlinear and linear signals, respectively, under a partially linear
model setting. Theoretical results are established for its consistency in detecting strong signals and its error rate in
estimating the regression function. Numerical examples are presented to illustrate its performance.

Keywords: High dimensions; local linear regression; partially linear model; SCAD; variable selection; weak
sparsity
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We consider smooth linear statistics of determinantal point processes on the complex plane, and their large scale
asymptotics. We prove asymptotic normality in the finite variance case, where Soshnikov’s theorem is not appli-
cable. The setting is similar to that of Rider and Virdg [Electron. J. Probab., 12, no. 45, 1238-1257, (2007)] for the
complex plane, but replaces analyticity conditions by the assumption that the correlation kernel is reproducing.
Our proof is a streamlined version of that of Ameur, Hedenmalm and Makarov [Duke Math J., 159, 31-81, (2011)]
for eigenvalues of normal random matrices. In our case, the reproducing property is brought to bear to compensate
for the lack of analyticity and radial symmetries.

Keywords: Asymptotic normality; determinantal point process; linear statistics; Weyl-Heisenberg DPP
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Classical asymptotic theory for statistical inference usually involves calibrating a statistic by fixing the dimension d
while letting the sample size n increase to infinity. Recently, much effort has been dedicated towards understanding
how these methods behave in high-dimensional settings, where d and n both increase to infinity together. This
often leads to different inference procedures, depending on the assumptions about the dimensionality, leaving the
practitioner in a bind: given a dataset with 100 samples in 20 dimensions, should they calibrate by assuming n > d,
or d/n =~ 0.2? This paper considers the goal of dimension-agnostic inference—developing methods whose validity
does not depend on any assumption on d versus n. We introduce an approach that uses variational representations
of existing test statistics along with sample splitting and self-normalization to produce a refined test statistic with a
Gaussian limiting distribution, regardless of how d scales with n. The resulting statistic can be viewed as a careful
modification of degenerate U-statistics, dropping diagonal blocks and retaining off-diagonal blocks. We exemplify
our technique for some classical problems including one-sample mean and covariance testing, and show that our
tests have minimax rate-optimal power against appropriate local alternatives. In most settings, our cross U-statistic
matches the high-dimensional power of the corresponding (degenerate) U-statistic up to a V2 factor.

Keywords: Sample splitting; studentization; degenerate U-statistics; high-dimensional limits; minimax optimality
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Motivated by statistical inference problems in high-dimensional time series data analysis, we first derive non-
asymptotic error bounds for Gaussian approximations of sums of high-dimensional dependent random vectors on
hyper-rectangles, simple convex sets and sparsely convex sets. We investigate the quantitative effect of temporal
dependence on the rates of convergence to a Gaussian random vector over three different dependency frameworks
(@-mixing, m-dependent, and physical dependence measure). In particular, we establish new error bounds under
the a-mixing framework and derive faster rate over existing results under the physical dependence measure. To
implement the proposed results in practical statistical inference problems, we also derive a data-driven parametric
bootstrap procedure based on a kernel-type estimator for the long-run covariance matrices. The unified Gaussian
and parametric bootstrap approximation results can be used to test mean vectors with combined % and €% type
statistics, do change point detection, and construct confidence regions for covariance and precision matrices, all
for time series data.

Keywords: Central limit theorem; dependent data; Gaussian approximation; high-dimensional statistical
inference; parametric bootstrap
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Benjamini-Hochberg false discovery proportion
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The Benjamini-Hochberg (BH) procedure remains widely popular despite having limited theoretical guarantees in
the commonly encountered scenario of correlated test statistics. Of particular concern is the possibility that the
method could exhibit bursty behavior, meaning that it might typically yield no false discoveries while occasionally
yielding both a large number of false discoveries and a false discovery proportion (FDP) that far exceeds its own
well controlled mean. In this paper, we investigate which test statistic correlation structures lead to bursty behavior
and which ones lead to well controlled FDPs. To this end, we develop a central limit theorem for the FDP in a
multiple testing setup where the test statistic correlations can be either short-range or long-range as well as either
weak or strong. The theorem and our simulations from a data-driven factor model suggest that the BH procedure
exhibits severe burstiness when the test statistics have many strong, long-range correlations, but does not otherwise.

Keywords: Empirical cumulative distribution function; functional central limit theorem; functional delta method;
multiple hypothesis testing; Simes line
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Limiting distributions of graph-based test
statistics on sparse and dense graphs

YEJIONG ZHU? and HAO CHEN®
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Two-sample tests utilizing a similarity graph on observations are useful for high-dimensional and non-Euclidean
data due to their flexibility and good performance under a wide range of alternatives. Existing works mainly
focused on sparse graphs, such as graphs with the number of edges in the order of the number of observations,
and their asymptotic results imposed strong conditions on the graph that can easily be violated by commonly
constructed graphs they suggested. Moreover, the graph-based tests have better performance with denser graphs
under many settings. In this work, we establish the theoretical ground for graph-based tests with graphs ranging
from those recommended in current literature to much denser ones.

Keywords: Dense graphs; graph-based methods; nonparametric two-sample tests; Stein’s method
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On estimators of the mean of infinite
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The Horvitz-Thompson (HT), the Rao-Hartley-Cochran (RHC) and the generalized regression (GREG) estimators
of the finite population mean are considered, when the observations are from an infinite dimensional space. We
compare these estimators based on their asymptotic distributions under some commonly used sampling designs and
some superpopulations satisfying linear regression models. We show that the GREG estimator is asymptotically
at least as efficient as any of the other two estimators under different sampling designs considered in this paper.
Further, we show that the use of some well known sampling designs utilizing auxiliary information may have
an adverse effect on the performance of the GREG estimator, when the degree of heteroscedasticity present in
linear regression models is not very large. On the other hand, the use of those sampling designs improves the
performance of this estimator, when the degree of heteroscedasticity present in linear regression models is large.
We develop methods for determining the degree of heteroscedasticity, which in turn determines the choice of
appropriate sampling design to be used with the GREG estimator. We also investigate the consistency of the
covariance operators of the above estimators. We carry out some numerical studies using real and synthetic data,
and our theoretical results are supported by the results obtained from those numerical studies.

Keywords: Asymptotic normality; consistency of estimators; covariance operator; heteroscedasticity; high
entropy sampling design; inclusion probability; relative efficiency; separable Hilbert space
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High dimensional Bernoulli distributions:
Algebraic representation and applications
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The main contribution of this paper is to find a representation of the class F4(p) of multivariate Bernoulli distri-
butions with the same mean p that allows us to find its generators analytically in any dimension. We map %;(p) to
an ideal of points and we prove that the class F4(p) can be generated from a finite set of simple polynomials. We
present two applications. Firstly, we show that polynomial generators help to find extremal points of the convex
polytope F4(p) in high dimensions. Secondly, we solve the problem of determining the lower bounds in the con-
vex order for sums of multivariate Bernoulli distributions with given margins, but with an unspecified dependence
structure.

Keywords: Convex order; extremal points; ideal of points; multidimensional Bernoulli distribution
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