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On Azadkia–Chatterjee’s conditional
dependence coefficient
HONGJIAN SHI1,a , MATHIAS DRTON1,b and FANG HAN2,c

1Department of Mathematics, Technical University of Munich, 85748 Garching bei München, Germany,
ahongjian.shi@tum.de, bmathias.drton@tum.de
2Department of Statistics, University of Washington, Seattle, WA 98195, USA, cfanghan@uw.edu

In recent work, Azadkia and Chatterjee (Ann. Statist. 49 (2021) 3070–3102) laid out an ingenious approach to defin-
ing consistent measures of conditional dependence. Their fully nonparametric approach forms statistics based on
ranks and nearest neighbor graphs. The appealing nonparametric consistency of the resulting conditional depen-
dence measure and the associated empirical conditional dependence coefficient has quickly prompted follow-up
work that seeks to study its statistical efficiency. In this paper, we take up the framework of conditional random-
ization tests (CRT) for conditional independence and conduct a power analysis that considers two types of local
alternatives, namely, parametric quadratic mean differentiable alternatives and nonparametric Hölder smooth al-
ternatives. Our local power analysis shows that conditional independence tests using the Azadkia–Chatterjee coef-
ficient remain inefficient even when aided with the CRT framework, and serves as motivation to develop variants
of the approach; cf. Lin and Han (Biometrika 110 (2023) 283–299). As a byproduct, we resolve a conjecture of
Azadkia and Chatterjee by proving central limit theorems for the considered conditional dependence coefficients,
with explicit formulas for the asymptotic variances.

Keywords: Conditional independence; graph-based test; rank-based test; nearest neighbor graphs; local power
analysis
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Spatially inhomogeneous functions, which may be smooth in some regions and rough in other regions, are mod-
elled naturally in a Bayesian manner using so-called Besov priors which are given by random wavelet expansions
with Laplace-distributed coefficients. This paper studies theoretical guarantees for such prior measures – specif-
ically, we examine their frequentist posterior contraction rates in the setting of non-linear inverse problems with
Gaussian white noise. Our results are first derived under a general local Lipschitz assumption on the forward
map. We then verify the assumption for two non-linear inverse problems arising from elliptic partial differential
equations, the Darcy flow model from geophysics as well as a model for the Schrödinger equation appearing in
tomography. In the course of the proofs, we also obtain novel concentration inequalities for penalized least squares
estimators with �1 wavelet penalty, which have a natural interpretation as maximum a posteriori (MAP) estimators.
The true parameter is assumed to belong to some spatially inhomogeneous Besov class Bα

11, with α > 0 sufficiently
large. In a setting with direct observations, we complement these upper bounds with a lower bound on the rate of
contraction for arbitrary Gaussian priors. An immediate consequence of our results is that while Laplace priors
can achieve minimax-optimal rates over Bα

11-classes, Gaussian priors are limited to a (by a polynomial factor)
slower contraction rate. This gives information-theoretical justification for the intuition that Laplace priors are
more compatible with �1 regularity structure in the underlying parameter.

Keywords: Bayesian nonparametric inference; frequentist consistency; inverse problems; Laplace prior; spatially
inhomogeneous functions
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In this paper, we consider the problem of online asymptotic variance estimation for particle filtering and smoothing.
Current solutions for the particle filter rely on the particle genealogy and are either unstable or hard to tune in
practice. We propose to mitigate these limitations by introducing a new estimator of the asymptotic variance based
on the so called backward weights. The resulting estimator is weakly consistent and trades computational cost for
more stability and reduced variance. We also propose a more computationally efficient estimator inspired by the
PaRIS algorithm of (Bernoulli 23 (2017) 1951–1996). As an application, particle smoothing is considered and an
estimator of the asymptotic variance of the Forward Filtering Backward Smoothing estimator applied to additive
functionals is provided.

Keywords: Asymptotic variance; central limit theorem; particle filtering; particle smoothing; sequential Monte
Carlo methods

References
Andrieu, C., Doucet, A. and Holenstein, R. (2010). Particle Markov chain Monte Carlo methods. J. R. Stat. Soc.

Ser. B. Stat. Methodol. 72 269–342. MR2758115 https://doi.org/10.1111/j.1467-9868.2009.00736.x
Andrieu, C., Lee, A. and Vihola, M. (2018). Uniform ergodicity of the iterated conditional SMC and geometric

ergodicity of particle Gibbs samplers. Bernoulli 24 842–872. MR3706778 https://doi.org/10.3150/15-BEJ785
Cappé, O., Moulines, E. and Rydén, T. (2005). Inference in Hidden Markov Models. Springer Series in Statistics.

New York: Springer. MR2159833
Cérou, F., Del Moral, P. and Guyader, A. (2011). A nonasymptotic theorem for unnormalized Feynman-Kac

particle models. Ann. Inst. Henri Poincaré Probab. Stat. 47 629–649. MR2841068 https://doi.org/10.1214/10-
AIHP358

Chan, H.P. and Lai, T.L. (2013). A general theory of particle filters in hidden Markov models and some applica-
tions. Ann. Statist. 41 2877–2904. MR3161451 https://doi.org/10.1214/13-AOS1172

Chopin, N. (2004). Central limit theorem for sequential Monte Carlo methods and its application to Bayesian
inference. Ann. Statist. 32 2385–2411. MR2153989 https://doi.org/10.1214/009053604000000698

Chopin, N. and Papaspiliopoulos, O. (2020). An Introduction to Sequential Monte Carlo. Springer Series in Statis-
tics. Cham: Springer. MR4215639 https://doi.org/10.1007/978-3-030-47845-2

Chopin, N. and Singh, S.S. (2015). On particle Gibbs sampling. Bernoulli 21 1855–1883. MR3352064 https://doi.
org/10.3150/14-BEJ629

Del Moral, P. (2004). Feynman-Kac Formulae: Genealogical and Interacting Particle Systems with Applications.
Probability and Its Applications (New York). New York: Springer. MR2044973 https://doi.org/10.1007/978-1-
4684-9393-1

Del Moral, P., Doucet, A. and Singh, S.S. (2010). A backward particle interpretation of Feynman-Kac formulae.
ESAIM Math. Model. Numer. Anal. 44 947–975. MR2731399 https://doi.org/10.1051/m2an/2010048

Del Moral, P. and Guionnet, A. (1999). Central limit theorem for nonlinear filtering and interacting particle sys-
tems. Ann. Appl. Probab. 9 275–297. MR1687359 https://doi.org/10.1214/aoap/1029962742

1350-7265 © 2024 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/23-BEJ1586
mailto:yazid.janati_elidrissi@telecom-sudparis.eu
mailto:yohan.petetin@telecom-sudparis.eu
mailto:sylvain.le_corff@sorbonne-universite.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=2758115
https://doi.org/10.1111/j.1467-9868.2009.00736.x
https://mathscinet.ams.org/mathscinet-getitem?mr=3706778
https://doi.org/10.3150/15-BEJ785
https://mathscinet.ams.org/mathscinet-getitem?mr=2159833
https://mathscinet.ams.org/mathscinet-getitem?mr=2841068
https://doi.org/10.1214/10-AIHP358
https://doi.org/10.1214/10-AIHP358
https://mathscinet.ams.org/mathscinet-getitem?mr=3161451
https://doi.org/10.1214/13-AOS1172
https://mathscinet.ams.org/mathscinet-getitem?mr=2153989
https://doi.org/10.1214/009053604000000698
https://mathscinet.ams.org/mathscinet-getitem?mr=4215639
https://doi.org/10.1007/978-3-030-47845-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3352064
https://doi.org/10.3150/14-BEJ629
https://doi.org/10.3150/14-BEJ629
https://mathscinet.ams.org/mathscinet-getitem?mr=2044973
https://doi.org/10.1007/978-1-4684-9393-1
https://doi.org/10.1007/978-1-4684-9393-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2731399
https://doi.org/10.1051/m2an/2010048
https://mathscinet.ams.org/mathscinet-getitem?mr=1687359
https://doi.org/10.1214/aoap/1029962742


912 Y. Janati El Idrissi, S. Le Corff and Y. Petetin

Del Moral, P., Doucet, A. and Sumeetpal, S. (2010). Forward Smoothing using Sequential Monte Carlo. Preprint.
Available at arXiv:1012.5390.

Douc, R. and Cappé, O. (2005). Comparison of resampling schemes for particle filtering. In ISPA 2005. Proceed-
ings of the 4th International Symposium on Image and Signal Processing and Analysis, 2005 64–69. IEEE.

Douc, R., Moulines, E. and Stoffer, D.S. (2014). Nonlinear Time Series: Theory, Methods, and Applications with
R Examples. Chapman & Hall/CRC Texts in Statistical Science Series. Boca Raton, FL: CRC Press/CRC.
MR3289095

Douc, R., Garivier, A., Moulines, E. and Olsson, J. (2011). Sequential Monte Carlo smoothing for general
state space hidden Markov models. Ann. Appl. Probab. 21 2109–2145. MR2895411 https://doi.org/10.1214/10-
AAP735

Doucet, A., Godsill, S. and Andrieu, C. (2000). On sequential Monte Carlo sampling methods for Bayesian filter-
ing. Stat. Comput. 10 197–208.

Du, Q. and Guyader, A. (2021). Variance estimation in adaptive sequential Monte Carlo. Ann. Appl. Probab. 31
1021–1060. MR4278778 https://doi.org/10.1214/20-aap1611

Dubarry, C. and Le Corff, S. (2013). Non-asymptotic deviation inequalities for smoothed additive functionals in
nonlinear state-space models. Bernoulli 19 2222–2249. MR3160552 https://doi.org/10.3150/12-BEJ450

Fearnhead, P., Wyncoll, D. and Tawn, J. (2010). A sequential smoothing algorithm with linear computational cost.
Biometrika 97 447–464. MR2650750 https://doi.org/10.1093/biomet/asq013

Gloaguen, P., Le Corff, S. and Olsson, J. (2022). A pseudo-marginal sequential Monte Carlo online smoothing
algorithm. Bernoulli 28 2606–2633. MR4474556 https://doi.org/10.3150/21-bej1431

Godsill, S.J., Doucet, A. and West, M. (2004). Monte Carlo smoothing for nonlinear times series. J. Amer. Statist.
Assoc. 99 156–168. MR2054295 https://doi.org/10.1198/016214504000000151

Gordon, N.J., Salmond, D.J. and Smith, A.F. (1993). Novel approach to nonlinear/non-Gaussian Bayesian state
estimation. In IEE Proceedings F 140 107–113. IET.

Janati El Idrissi, Y., Le Corff, S. and Petetin, Y. (2024). Supplement to “Variance estimation for sequential Monte
Carlo algorithms: A backward sampling approach.” https://doi.org/10.3150/23-BEJ1586SUPP

Kantas, N., Doucet, A., Singh, S.S., Maciejowski, J. and Chopin, N. (2015). On particle methods for parameter
estimation in state-space models. Statist. Sci. 30 328–351. MR3383884 https://doi.org/10.1214/14-STS511

Koskela, J., Jenkins, P.A., Johansen, A.M. and Spanò, D. (2020). Asymptotic genealogies of interacting particle
systems with an application to sequential Monte Carlo. Ann. Statist. 48 560–583. MR4065174 https://doi.org/
10.1214/19-AOS1823

Künsch, H.R. (2005). Recursive Monte Carlo filters: Algorithms and theoretical analysis. Ann. Statist. 33
1983–2021. MR2211077 https://doi.org/10.1214/009053605000000426

Lee, A., Singh, S.S. and Vihola, M. (2020). Coupled conditional backward sampling particle filter. Ann. Statist. 48
3066–3089. MR4152635 https://doi.org/10.1214/19-AOS1922

Lee, A. and Whiteley, N. (2018). Variance estimation in the particle filter. Biometrika 105 609–625. MR3842888
https://doi.org/10.1093/biomet/asy028

Lindsten, F. and Schön, T.B. (2012). On the use of backward simulation in the particle Gibbs sampler. In 2012
IEEE ICASSP 3845–3848. https://doi.org/10.1109/ICASSP.2012.6288756

Liu, J. and West, M. (2001). Sequential Monte Carlo methods in practice. In Statistics for Engineering and Infor-
mation Science 225–246. New York: Springer.

Olsson, J. and Douc, R. (2019). Numerically stable online estimation of variance in particle filters. Bernoulli 25
1504–1535. MR3920380 https://doi.org/10.3150/18-bej1028

Olsson, J. and Westerborn, J. (2017). Efficient particle-based online smoothing in general hidden Markov models:
The PaRIS algorithm. Bernoulli 23 1951–1996. MR3624883 https://doi.org/10.3150/16-BEJ801

Olsson, J., Cappé, O., Douc, R. and Moulines, E. (2008). Sequential Monte Carlo smoothing with application
to parameter estimation in nonlinear state space models. Bernoulli 14 155–179. MR2401658 https://doi.org/10.
3150/07-BEJ6150

Pitt, M.K. and Shephard, N. (1999). Filtering via simulation: Auxiliary particle filters. J. Amer. Statist. Assoc. 94
590–599. MR1702328 https://doi.org/10.2307/2670179

Poyiadjis, G., Doucet, A. and Singh, S.S. (2011). Particle approximations of the score and observed informa-
tion matrix in state space models with application to parameter estimation. Biometrika 98 65–80. MR2804210
https://doi.org/10.1093/biomet/asq062

https://arxiv.org/abs/arXiv:1012.5390
https://mathscinet.ams.org/mathscinet-getitem?mr=3289095
https://mathscinet.ams.org/mathscinet-getitem?mr=2895411
https://doi.org/10.1214/10-AAP735
https://doi.org/10.1214/10-AAP735
https://mathscinet.ams.org/mathscinet-getitem?mr=4278778
https://doi.org/10.1214/20-aap1611
https://mathscinet.ams.org/mathscinet-getitem?mr=3160552
https://doi.org/10.3150/12-BEJ450
https://mathscinet.ams.org/mathscinet-getitem?mr=2650750
https://doi.org/10.1093/biomet/asq013
https://mathscinet.ams.org/mathscinet-getitem?mr=4474556
https://doi.org/10.3150/21-bej1431
https://mathscinet.ams.org/mathscinet-getitem?mr=2054295
https://doi.org/10.1198/016214504000000151
https://doi.org/10.3150/23-BEJ1586SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3383884
https://doi.org/10.1214/14-STS511
https://mathscinet.ams.org/mathscinet-getitem?mr=4065174
https://doi.org/10.1214/19-AOS1823
https://doi.org/10.1214/19-AOS1823
https://mathscinet.ams.org/mathscinet-getitem?mr=2211077
https://doi.org/10.1214/009053605000000426
https://mathscinet.ams.org/mathscinet-getitem?mr=4152635
https://doi.org/10.1214/19-AOS1922
https://mathscinet.ams.org/mathscinet-getitem?mr=3842888
https://doi.org/10.1093/biomet/asy028
https://doi.org/10.1109/ICASSP.2012.6288756
https://mathscinet.ams.org/mathscinet-getitem?mr=3920380
https://doi.org/10.3150/18-bej1028
https://mathscinet.ams.org/mathscinet-getitem?mr=3624883
https://doi.org/10.3150/16-BEJ801
https://mathscinet.ams.org/mathscinet-getitem?mr=2401658
https://doi.org/10.3150/07-BEJ6150
https://doi.org/10.3150/07-BEJ6150
https://mathscinet.ams.org/mathscinet-getitem?mr=1702328
https://doi.org/10.2307/2670179
https://mathscinet.ams.org/mathscinet-getitem?mr=2804210
https://doi.org/10.1093/biomet/asq062


Variance estimation for sequential Monte Carlo algorithms 913

Tanizaki, H. and Mariano, R. (1994). Prediction, filtering and smoothing in non-linear and non-normal cases using
Monte Carlo integration. J. Appl. Econometrics 9 163–79.



Bernoulli 30(2), 2024, 936–960
https://doi.org/10.3150/23-BEJ1619

Reproduction of initial distributions from the
first hitting time distribution for birth-and-death
processes
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For birth-and-death processes, we show that every initial distribution is reproduced from the first hitting time dis-
tribution. The reproduction is done by applying to the distribution function a differential operator defined through
the eigenfunction of the generator. Using the spectral theory for generalized second-order differential operators,
we study asymmetric random walks and binary branching processes.

Keywords: Birth-and-death processes; first hitting time
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Maximal displacement of spectrally negative
branching Lévy processes
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We consider a branching Markov process in continuous time in which the particles evolve independently as spec-
trally negative Lévy processes. When the branching mechanism is critical or subcritical, the process will eventually
die and we may define its overall maximum, i.e. the maximum location ever reached by a particle. The purpose of
this paper is to give asymptotic estimates for the survival function of this maximum. In particular, we show that in
the critical case the asymptotics is polynomial when the underlying Lévy process oscillates or drifts towards +∞,
and is exponential when it drifts towards −∞.

Keywords: Branching process; extreme values; spectrally negative Lévy process
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We study sufficient conditions for a local asymptotic mixed normality property of statistical models. We accommo-
date the framework of Jeganathan [Sankhyā Ser. A 44 (1982) 173–212] to a triangular array of variable dimension
to, in particular, treat high-frequency observations of stochastic processes. When observations are smooth in the
Malliavin sense, with the aid of Malliavin calculus techniques by Gobet [Bernoulli 7 (2001) 899–912], we further
give tractable sufficient conditions which do not require Aronson-type estimates of the transition density function.
The transition density function is even allowed to have zeros. For an application, we prove the local asymptotic
mixed normality property of hypoelliptic diffusion models under high-frequency observations, in both complete
and partial observation frameworks. The former and the latter extend previous results for elliptic diffusions and for
integrated diffusions, respectively.

Keywords: Hypoelliptic diffusion processes; integrated diffusion processes; local asymptotic mixed normality;
L2 regularity condition; Malliavin calculus; partial observations
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This paper proves that the separation convergence toward the uniform distribution abruptly occurs at times around
ln(n)/n for the (time-accelerated by 2) Brownian motion on the sphere with a high dimension n. The arguments
are based on a new and elementary perturbative approach for estimating hitting times in a small noise context.
The quantitative estimates thus obtained are applied to the strong stationary times constructed in (Arnaudon,
Coulibaly-Pasquier and Miclo (2020)) to deduce the wanted cut-off phenomenon.

Keywords: Hitting times; separation discrepancy; small noise one-dimensional diffusions; spherical Brownian
motions; strong stationary times
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We provide a new characterisation of Duquesne and Le Gall’s α-stable tree, α ∈ (1,2], as the solution of a recursive

distributional equation (RDE) of the form T d
= g (ξ,Ti,i ≥ 0), where g is a concatenation operator, ξ = (ξi,i ≥ 0) a

sequence of scaling factors, Ti , i ≥ 0, and T are i.i.d. trees independent of ξ. This generalises the characterisation
of the Brownian Continuum Random Tree proved by Albenque and Goldschmidt, based on self-similarity observed
by Aldous. By relating to previous results on a rather different class of RDE, we explore the present RDE and obtain
for a large class of similar RDEs that the fixpoint is unique (up to multiplication by a constant) and attractive.

Keywords: Gromov–Hausdorff distance; recursive distributional equation; R-tree; stable tree
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Most of the popular dependence measures for two random variables X and Y (such as Pearson’s and Spearman’s
correlation, Kendall’s τ and Gini’s γ) vanish whenever X and Y are independent. However, neither does a vanishing
dependence measure necessarily imply independence, nor does a measure equal to 1 imply that one variable is a
measurable function of the other. Yet, both properties are natural properties for a convincing dependence measure.
In this paper, we present a general approach to transforming a given dependence measure into a new one which
exactly characterizes independence as well as functional dependence. Our approach uses the concept of monotone
rearrangements as introduced by Hardy and Littlewood and is applicable to a broad class of measures. In particular,
we are able to define a rearranged Spearman’s ρ and a rearranged Kendall’s τ which do attain the value 0 if and
only if both variables are independent, and the value 1 if and only if one variable is a measurable function of
the other. We also present simple estimators for the rearranged dependence measures, prove their consistency and
illustrate their finite sample properties by means of a simulation study and a data example.

Keywords: Coefficient of correlation; copula; decreasing rearrangement; measure of dependence
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We detail an approach to developing Stein’s method for bounding integral metrics on probability measures defined
on a Riemannian manifold M . Our approach exploits the relationship between the generator of a diffusion on M
having a target invariant measure and its characterising Stein operator. We consider a pair of such diffusions with
different starting points, and through analysis of the distance process between the pair, derive Stein factors, which
bound the solution to the Stein equation and its derivatives. The Stein factors contain curvature-dependent terms
and reduce to those currently available for Rm, and moreover imply that the bounds for Rm remain valid when M
is a flat manifold.
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Extremal clusters of stationary processes with long memory can be quite intricate. For certain stationary infinitely
divisible processes with subexponential tails an extremal cluster may consist of a single extreme value distributed
over a stable regenerative set. This happens both in the case of power-like tails and in the case of certain lighter
tails, e.g. lognormal-like tails, In this paper we show that in the case of semi-exponential tails, a new shape of
extremal clusters arises. In this case each stable regenerative set supports a random panoply of varying extremes.

Keywords: Extreme value theory; long range dependence; random sup-measure; stable regenerative set;
subexponential distributions; semi-exponential distributions; Gumbel maximum domain of attraction
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We consider a modified quadratic variation of the Hermite process based on some well-chosen increments of this
process. These special increments have the very useful property to be independent and identically distributed up
to asymptotically negligible remainders. We prove that this modified quadratic variation satisfies a Central Limit
Theorem and we derive its rate of convergence under the Wasserstein distance via Stein-Malliavin calculus. As a
consequence, we construct, for the first time in the literature related to Hermite processes, a strongly consistent
and asymptotically normal estimator for the Hurst parameter.

Keywords: Asymptotic normality; fractional Brownian motion; Hermite process; Hurst index estimation; multiple
Wiener-Itô integrals; Ornstein-Uhlenbeck process; Stein-Malliavin calculus; strong consistency
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For multivariate stationary time series many important properties, such as partial correlation, graphical models and
autoregressive representations are encoded in the inverse of its spectral density matrix. This is not true for non-
stationary time series, where the pertinent information lies in the inverse infinite dimensional covariance matrix
operator associated with the multivariate time series. This necessitates the study of the covariance of a multivariate
nonstationary time series and its relationship to its inverse. We show that if the rows/columns of the infinite dimen-
sional covariance matrix decay at a certain rate then the rate (up to a factor) transfers to the rows/columns of the
inverse covariance matrix. This is used to obtain a nonstationary autoregressive representation of the time series
and a Baxter-type bound between the parameters of the autoregressive infinite representation and the correspond-
ing finite autoregressive projection. The aforementioned results lay the foundation for the subsequent analysis of
locally stationary time series. In particular, we show that smoothness properties on the covariance matrix transfer
to (i) the inverse covariance (ii) the parameters of the vector autoregressive representation and (iii) the partial
covariances. All results are set up in such a way that the constants involved depend only on the eigenvalue of the
covariance matrix and can be applied in the high-dimensional settings with non-diverging eigenvalues.

Keywords: Autoregressive parameters; Baxter’s inequality; high dimensional time series; local stationarity;
partial covariance
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We examine the relation between a stochastic version of the rough integral with the symmetric-Stratonovich inte-
gral in the sense of regularization. Under mild regularity conditions in the sense of Malliavin calculus, we establish
equality between stochastic rough and symmetric-Stratonovich integrals driven by a class of Gaussian processes.
As a by-product, we show that solutions of multi-dimensional rough differential equations driven by a large class
of Gaussian rough paths they are actually solutions to Stratonovich stochastic differential equations. We obtain
almost sure convergence rates of the first-order Stratonovich scheme to rough integrals in the sense of Gubinelli.
In case the time-increment of the Malliavin derivative of the integrands is regular enough, the rates are essentially
sharp. The framework applies to a large class of Gaussian processes whose the second-order derivative of the
covariance function is a sigma-finite non-positive measure on R2

+ off diagonal.

Keywords: Rough paths; Stratonovich integrals

References
Alòs, E., León, J.A. and Nualart, D. (2001). Stochastic Stratonovich calculus fBm for fractional Brownian motion

with Hurst parameter less than 1/2. Taiwanese J. Math. 5 609–632. MR1849782 https://doi.org/10.11650/twjm/
1500574954

Alòs, E., Mazet, O. and Nualart, D. (2001). Stochastic calculus with respect to Gaussian processes. Ann. Probab.
29 766–801. MR1849177 https://doi.org/10.1214/aop/1008956692

Alòs, E. and Nualart, D. (2003). Stochastic integration with respect to the fractional Brownian motion. Stoch.
Stoch. Rep. 75 129–152. MR1978896 https://doi.org/10.1080/1045112031000078917

Butkovsky, O., Dareiotis, K. and Gerencsér, M. (2021). Approximation of SDEs: A stochastic sewing approach.
Probab. Theory Related Fields 181 975–1034. MR4344136 https://doi.org/10.1007/s00440-021-01080-2

Cass, T., Friz, P. and Victoir, N. (2009). Non-degeneracy of Wiener functionals arising from rough differen-
tial equations. Trans. Amer. Math. Soc. 361 3359–3371. MR2485431 https://doi.org/10.1090/S0002-9947-09-
04677-7

Cass, T. and Lim, N. (2019). A Stratonovich-Skorohod integral formula for Gaussian rough paths. Ann. Probab.
47 1–60. MR3909965 https://doi.org/10.1214/18-AOP1254

Cass, T. and Lim, N. (2021). Skorohod and rough integration for stochastic differential equations driven by Volterra
processes. Ann. Inst. Henri Poincaré Probab. Stat. 57 132–168. MR4255171 https://doi.org/10.1214/20-aihp1074

Cass, T., Litterer, C. and Lyons, T. (2013). Integrability and tail estimates for Gaussian rough differential equations.
Ann. Probab. 41 3026–3050. MR3112937 https://doi.org/10.1214/12-AOP821

Cass, T., Hairer, M., Litterer, C. and Tindel, S. (2015). Smoothness of the density for solutions to Gaussian rough
differential equations. Ann. Probab. 43 188–239. MR3298472 https://doi.org/10.1214/13-AOP896

Cheridito, P. and Nualart, D. (2005). Stochastic integral of divergence type with respect to fractional Brownian
motion with Hurst parameter H ∈ (0, 1

2 ). Ann. Inst. Henri Poincaré Probab. Stat. 41 1049–1081. MR2172209
https://doi.org/10.1016/j.anihpb.2004.09.004

1350-7265 © 2024 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/23-BEJ1629
mailto:ohashi@mat.unb.br
mailto:francesco.russo@ensta-paris.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=1849782
https://doi.org/10.11650/twjm/1500574954
https://doi.org/10.11650/twjm/1500574954
https://mathscinet.ams.org/mathscinet-getitem?mr=1849177
https://doi.org/10.1214/aop/1008956692
https://mathscinet.ams.org/mathscinet-getitem?mr=1978896
https://doi.org/10.1080/1045112031000078917
https://mathscinet.ams.org/mathscinet-getitem?mr=4344136
https://doi.org/10.1007/s00440-021-01080-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2485431
https://doi.org/10.1090/S0002-9947-09-04677-7
https://doi.org/10.1090/S0002-9947-09-04677-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3909965
https://doi.org/10.1214/18-AOP1254
https://mathscinet.ams.org/mathscinet-getitem?mr=4255171
https://doi.org/10.1214/20-aihp1074
https://mathscinet.ams.org/mathscinet-getitem?mr=3112937
https://doi.org/10.1214/12-AOP821
https://mathscinet.ams.org/mathscinet-getitem?mr=3298472
https://doi.org/10.1214/13-AOP896
https://mathscinet.ams.org/mathscinet-getitem?mr=2172209
https://doi.org/10.1016/j.anihpb.2004.09.004


1198 A. Ohashi and F. Russo

Coutin, L., Friz, P. and Victoir, N. (2007). Good rough path sequences and applications to anticipating stochastic
calculus. Ann. Probab. 35 1172–1193. MR2319719 https://doi.org/10.1214/009117906000000827

Coutin, L. and Qian, Z. (2002). Stochastic analysis, rough path analysis and fractional Brownian motions. Probab.
Theory Related Fields 122 108–140. MR1883719 https://doi.org/10.1007/s004400100158

Coviello, R., di Girolami, C. and Russo, F. (2011). On stochastic calculus related to financial assets without semi-
martingales. Bull. Sci. Math. 135 733–774. MR2838099 https://doi.org/10.1016/j.bulsci.2011.06.008

Coviello, R. and Russo, F. (2007). Nonsemimartingales: Stochastic differential equations and weak Dirichlet pro-
cesses. Ann. Probab. 35 255–308. MR2303950 https://doi.org/10.1214/009117906000000566

Deya, A., Neuenkirch, A. and Tindel, S. (2012). A Milstein-type scheme without Lévy area terms for SDEs driven
by fractional Brownian motion. Ann. Inst. Henri Poincaré Probab. Stat. 48 518–550. MR2954265 https://doi.
org/10.1214/10-AIHP392

Errami, M. and Russo, F. (2003). n-covariation, generalized Dirichlet processes and calculus with respect to finite
cubic variation processes. Stochastic Process. Appl. 104 259–299. MR1961622 https://doi.org/10.1016/S0304-
4149(02)00238-7

Feyel, D. and de La Pradelle, A. (2006). Curvilinear integrals along enriched paths. Electron. J. Probab. 11
860–892. MR2261056 https://doi.org/10.1214/EJP.v11-356

Friz, P.K. and Hairer, M. (2020). A Course on Rough Paths. Universitext. Cham: Springer. With an introduction to
regularity structures. MR4174393 https://doi.org/10.1007/978-3-030-41556-3

Friz, P.K., Hocquet, A. and Lê, K. (2021). Rough stochastic differential equations. Preprint. Available at arXiv:
2106.10340.

Friz, P. and Riedel, S. (2014). Convergence rates for the full Gaussian rough paths. Ann. Inst. Henri Poincaré
Probab. Stat. 50 154–194. MR3161527 https://doi.org/10.1214/12-AIHP507

Friz, P.K. and Victoir, N.B. (2010a). Multidimensional Stochastic Processes as Rough Paths: Theory and Appli-
cations. Cambridge Studies in Advanced Mathematics 120. Cambridge: Cambridge Univ. Press. MR2604669
https://doi.org/10.1017/CBO9780511845079

Friz, P. and Victoir, N. (2010b). Differential equations driven by Gaussian signals. Ann. Inst. Henri Poincaré
Probab. Stat. 46 369–413. MR2667703 https://doi.org/10.1214/09-AIHP202

Friz, P.K., Gess, B., Gulisashvili, A. and Riedel, S. (2016). The Jain-Monrad criterion for rough paths and applica-
tions to random Fourier series and non-Markovian Hörmander theory. Ann. Probab. 44 684–738. MR3456349
https://doi.org/10.1214/14-AOP986

Garzón, J., León, J.A. and Torres, S. (2023). Forward integration of bounded variation coefficients with respect to
Hölder continuous processes. Bernoulli 29 1877–1904. MR4580900 https://doi.org/10.3150/22-bej1524

Gomes, A.O., Ohashi, A., Russo, F. and Teixeira, A. (2021). Rough paths and regularization. J. Stoch. Anal. 2
Art. 1, 20 pp. MR4331260

Gradinaru, M. and Nourdin, I. (2003). Approximation at first and second order of m-order integrals of the fractional
Brownian motion and of certain semimartingales. Electron. J. Probab. 8 no. 18, 26 pp. MR2041819 https://doi.
org/10.1214/EJP.v8-166

Gradinaru, M., Russo, F. and Vallois, P. (2003). Generalized covariations, local time and Stratonovich Itô’s formula
for fractional Brownian motion with Hurst index H ≥ 1

4 . Ann. Probab. 31 1772–1820. MR2016600 https://doi.
org/10.1214/aop/1068646366

Gradinaru, M., Nourdin, I., Russo, F. and Vallois, P. (2005). m-order integrals and generalized Itô’s formula: The
case of a fractional Brownian motion with any Hurst index. Ann. Inst. Henri Poincaré Probab. Stat. 41 781–806.
MR2144234 https://doi.org/10.1016/j.anihpb.2004.06.002

Gubinelli, M. (2004). Controlling rough paths. J. Funct. Anal. 216 86–140. MR2091358 https://doi.org/10.1016/j.
jfa.2004.01.002

Hu, Y., Jolis, M. and Tindel, S. (2013). On Stratonovich and Skorohod stochastic calculus for Gaussian processes.
Ann. Probab. 41 1656–1693. MR3098687 https://doi.org/10.1214/12-AOP751

Hu, Y., Liu, Y. and Nualart, D. (2016). Rate of convergence and asymptotic error distribution of Euler approxima-
tion schemes for fractional diffusions. Ann. Appl. Probab. 26 1147–1207. MR3476635 https://doi.org/10.1214/
15-AAP1114

Kruk, I. and Russo, F. (2010). Malliavin-Skorohod calculus and Paley-Wiener integral for covariance singular
processes. Preprint. Available at arXiv:1011.6478v1.

https://mathscinet.ams.org/mathscinet-getitem?mr=2319719
https://doi.org/10.1214/009117906000000827
https://mathscinet.ams.org/mathscinet-getitem?mr=1883719
https://doi.org/10.1007/s004400100158
https://mathscinet.ams.org/mathscinet-getitem?mr=2838099
https://doi.org/10.1016/j.bulsci.2011.06.008
https://mathscinet.ams.org/mathscinet-getitem?mr=2303950
https://doi.org/10.1214/009117906000000566
https://mathscinet.ams.org/mathscinet-getitem?mr=2954265
https://doi.org/10.1214/10-AIHP392
https://doi.org/10.1214/10-AIHP392
https://mathscinet.ams.org/mathscinet-getitem?mr=1961622
https://doi.org/10.1016/S0304-4149(02)00238-7
https://doi.org/10.1016/S0304-4149(02)00238-7
https://mathscinet.ams.org/mathscinet-getitem?mr=2261056
https://doi.org/10.1214/EJP.v11-356
https://mathscinet.ams.org/mathscinet-getitem?mr=4174393
https://doi.org/10.1007/978-3-030-41556-3
https://arxiv.org/abs/arXiv:2106.10340
https://arxiv.org/abs/arXiv:2106.10340
https://mathscinet.ams.org/mathscinet-getitem?mr=3161527
https://doi.org/10.1214/12-AIHP507
https://mathscinet.ams.org/mathscinet-getitem?mr=2604669
https://doi.org/10.1017/CBO9780511845079
https://mathscinet.ams.org/mathscinet-getitem?mr=2667703
https://doi.org/10.1214/09-AIHP202
https://mathscinet.ams.org/mathscinet-getitem?mr=3456349
https://doi.org/10.1214/14-AOP986
https://mathscinet.ams.org/mathscinet-getitem?mr=4580900
https://doi.org/10.3150/22-bej1524
https://mathscinet.ams.org/mathscinet-getitem?mr=4331260
https://mathscinet.ams.org/mathscinet-getitem?mr=2041819
https://doi.org/10.1214/EJP.v8-166
https://doi.org/10.1214/EJP.v8-166
https://mathscinet.ams.org/mathscinet-getitem?mr=2016600
https://doi.org/10.1214/aop/1068646366
https://doi.org/10.1214/aop/1068646366
https://mathscinet.ams.org/mathscinet-getitem?mr=2144234
https://doi.org/10.1016/j.anihpb.2004.06.002
https://mathscinet.ams.org/mathscinet-getitem?mr=2091358
https://doi.org/10.1016/j.jfa.2004.01.002
https://doi.org/10.1016/j.jfa.2004.01.002
https://mathscinet.ams.org/mathscinet-getitem?mr=3098687
https://doi.org/10.1214/12-AOP751
https://mathscinet.ams.org/mathscinet-getitem?mr=3476635
https://doi.org/10.1214/15-AAP1114
https://doi.org/10.1214/15-AAP1114
https://arxiv.org/abs/arXiv:1011.6478v1


Rough paths and symmetric-Stratonovich integrals 1199

Kruk, I., Russo, F. and Tudor, C.A. (2007). Wiener integrals, Malliavin calculus and covariance measure structure.
J. Funct. Anal. 249 92–142. MR2338856 https://doi.org/10.1016/j.jfa.2007.03.031

Lê, K. (2020). A stochastic sewing lemma and applications. Electron. J. Probab. 25 Paper No. 38, 55 pp.
MR4089788 https://doi.org/10.1214/20-ejp442

Liu, Y., Selk, Z. and Tindel, S. (2020). Convergence of trapezoid rule to rough integrals. Preprint. Available at
arXiv:2005.06500.

Liu, Y. and Tindel, S. (2019). First-order Euler scheme for SDEs driven by fractional Brownian motions: The rough
case. Ann. Appl. Probab. 29 758–826. MR3910017 https://doi.org/10.1214/17-AAP1374

Lyons, T.J. (1998). Differential equations driven by rough signals. Rev. Mat. Iberoam. 14 215–310. MR1654527
https://doi.org/10.4171/RMI/240

Matsuda, T. and Perkowski, N. (2022). An extension of the stochastic sewing lemma and applications to fractional
stochastic calculus. Preprint. Available at arXiv:2206.01686.

Neuenkirch, A. and Nourdin, I. (2007). Exact rate of convergence of some approximation schemes associated to
SDEs driven by a fractional Brownian motion. J. Theoret. Probab. 20 871–899. MR2359060 https://doi.org/10.
1007/s10959-007-0083-0

Nualart, D. (2006). The Malliavin Calculus and Related Topics, 2nd ed. Probability and Its Applications (New
York). Berlin: Springer. MR2200233

Nualart, D. and Pardoux, É. (1988). Stochastic calculus with anticipating integrands. Probab. Theory Related
Fields 78 535–581. MR0950346 https://doi.org/10.1007/BF00353876

Ohashi, A. and Russo, F. (2024). Supplement to “Rough paths and symmetric-Stratonovich integrals driven by
singular covariance Gaussian processes.” https://doi.org/10.3150/23-BEJ1629SUPP

Perkowski, N. and Prömel, D.J. (2016). Pathwise stochastic integrals for model free finance. Bernoulli 22
2486–2520. MR3498035 https://doi.org/10.3150/15-BEJ735

Perlman, M.D. (1974). Jensen’s inequality for a convex vector-valued function on an infinite-dimensional space.
J. Multivariate Anal. 4 52–65. MR0362421 https://doi.org/10.1016/0047-259X(74)90005-0

Russo, F. and Tudor, C.A. (2006). On bifractional Brownian motion. Stochastic Process. Appl. 116 830–856.
MR2218338 https://doi.org/10.1016/j.spa.2005.11.013

Russo, F. and Vallois, P. (1993). Forward, backward and symmetric stochastic integration. Probab. Theory Related
Fields 97 403–421. MR1245252 https://doi.org/10.1007/BF01195073

Russo, F. and Vallois, P. (2007). Elements of stochastic calculus via regularization. In Séminaire de Probabilités
XL. Lecture Notes in Math. 1899 147–185. Berlin: Springer. MR2409004 https://doi.org/10.1007/978-3-540-
71189-6_7

Russo, F. and Vallois, P. (2022). Stochastic Calculus via Regularizations. Bocconi & Springer Series 11. Cham:
Springer. MR4559653 https://doi.org/10.1007/978-3-031-09446-0

Song, J. and Tindel, S. (2022). Skorohod and Stratonovich integrals for controlled processes. Stochastic Process.
Appl. 150 569–595. MR4426165 https://doi.org/10.1016/j.spa.2022.05.002

Wong, E. and Zakai, M. (1965). On the relation between ordinary and stochastic differential equations. Internat.
J. Engrg. Sci. 3 213–229. MR0183023 https://doi.org/10.1016/0020-7225(65)90045-5

https://mathscinet.ams.org/mathscinet-getitem?mr=2338856
https://doi.org/10.1016/j.jfa.2007.03.031
https://mathscinet.ams.org/mathscinet-getitem?mr=4089788
https://doi.org/10.1214/20-ejp442
https://arxiv.org/abs/arXiv:2005.06500
https://mathscinet.ams.org/mathscinet-getitem?mr=3910017
https://doi.org/10.1214/17-AAP1374
https://mathscinet.ams.org/mathscinet-getitem?mr=1654527
https://doi.org/10.4171/RMI/240
https://arxiv.org/abs/arXiv:2206.01686
https://mathscinet.ams.org/mathscinet-getitem?mr=2359060
https://doi.org/10.1007/s10959-007-0083-0
https://doi.org/10.1007/s10959-007-0083-0
https://mathscinet.ams.org/mathscinet-getitem?mr=2200233
https://mathscinet.ams.org/mathscinet-getitem?mr=0950346
https://doi.org/10.1007/BF00353876
https://doi.org/10.3150/23-BEJ1629SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3498035
https://doi.org/10.3150/15-BEJ735
https://mathscinet.ams.org/mathscinet-getitem?mr=0362421
https://doi.org/10.1016/0047-259X(74)90005-0
https://mathscinet.ams.org/mathscinet-getitem?mr=2218338
https://doi.org/10.1016/j.spa.2005.11.013
https://mathscinet.ams.org/mathscinet-getitem?mr=1245252
https://doi.org/10.1007/BF01195073
https://mathscinet.ams.org/mathscinet-getitem?mr=2409004
https://doi.org/10.1007/978-3-540-71189-6_7
https://doi.org/10.1007/978-3-540-71189-6_7
https://mathscinet.ams.org/mathscinet-getitem?mr=4559653
https://doi.org/10.1007/978-3-031-09446-0
https://mathscinet.ams.org/mathscinet-getitem?mr=4426165
https://doi.org/10.1016/j.spa.2022.05.002
https://mathscinet.ams.org/mathscinet-getitem?mr=0183023
https://doi.org/10.1016/0020-7225(65)90045-5


Bernoulli 30(2), 2024, 1231–1256
https://doi.org/10.3150/23-BEJ1630

Mean stationarity test in time series: A signal
variance-based approach
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Inference of mean structure is an important problem in time series analysis. Various tests have been developed to
test for different mean structures, for example, the presence of structural breaks, and parametric mean structures.
However, many of them are designed for handling specific mean structures, and may lose power upon violation
of such structural assumptions. In this paper, we propose a new mean stationarity test built around the signal
variance. The proposed test is based on a super-efficient estimator which could achieve a convergence rate faster
than

√
n. It can detect non-constancy of the mean function under serial dependence. It is shown to have promising

power, especially in detecting hardly noticeable oscillating structures. The proposal is further generalized to test
for smooth trend structures and relative signal variability.

Keywords: Difference variate; mean stationarity; non-linear time series; relative variability; signal variance;
super-efficiency
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Multivariate point processes (MPPs) are widely applied to model the occurrences of events, e.g., natural disas-
ters, online message exchanges, financial transactions or neuronal spike trains. In the Hawkes process model, the
probability of occurrences of future events depend on the past of the process. This model is particularly popular
for modelling interactive phenomena such as disease expansion. In this work we consider the nonlinear multivari-
ate Hawkes model, which allows to account for excitation and inhibition between interacting entities. We provide
theoretical guarantees for applying nonparametric Bayesian estimation methods in this context. In particular, we
obtain concentration rates of the posterior distribution on the parameters, under mild assumptions on the prior
distribution and the model. These results also lead to convergence rates of Bayesian estimators. Another object
of interest in event-data modelling is to infer the graph of interaction - or Granger causal graph. In this case, we
provide consistency guarantees; in particular, we prove that the posterior distribution is consistent on the graph
adjacency matrix of the process, as well as a Bayesian estimator based on an adequate loss function.

Keywords: Nonlinear Hawkes processes; nonparametric Bayesian inference; Granger-causal Graph
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Ertekin, Ş., Rudin, C. and McCormick, T.H. (2015). Reactive point processes: A new approach to predicting power
failures in underground electrical systems. Ann. Appl. Stat. 9 122–144. MR3341110 https://doi.org/10.1214/14-
AOAS789

Farajtabar, M., Wang, Y., Gomez Rodriguez, M., Li, S., Zha, H. and Song, L. (2015). Coevolve: A joint point
process model for information diffusion and network co-evolution. Adv. Neural Inf. Process. Syst. 28.

Gao, F. and Zhu, L. (2018a). Some asymptotic results for nonlinear Hawkes processes. Stochastic Process. Appl.
128 4051–4077. MR3906978 https://doi.org/10.1016/j.spa.2018.01.007

Gao, X. and Zhu, L. (2018b). Functional central limit theorems for stationary Hawkes processes and application to
infinite-server queues. Queueing Syst. 90 161–206. MR3850052 https://doi.org/10.1007/s11134-018-9570-5

Gerhard, F., Deger, M. and Truccolo, W. (2017). On the stability and dynamics of stochastic spiking neuron models:
Nonlinear Hawkes process and point process GLMs. PLoS Comput. Biol. 13 e1005390. https://doi.org/10.1371/
journal.pcbi.1005390

Ghosal, S., Ghosh, J.K. and van der Vaart, A.W. (2000). Convergence rates of posterior distributions. Ann. Statist.
28 500–531. MR1790007 https://doi.org/10.1214/aos/1016218228

Ghosal, S. and van der Vaart, A. (2007). Convergence rates of posterior distributions for non-i.i.d. observations.
Ann. Statist. 35 192–223. MR2332274 https://doi.org/10.1214/009053606000001172

Graham, C. (2021). Regenerative properties of the linear Hawkes process with unbounded memory. Ann. Appl.
Probab. 31 2844–2863. MR4350975 https://doi.org/10.1214/21-aap1664

Granger, C.W. (1969). Investigating causal relations by econometric models and cross-spectral methods. Econo-
metrica 424–438.

Gusto, G. and Schbath, S. (2005). FADO: A statistical method to detect favored or avoided distances between
occurrences of motifs using the Hawkes’ model. Stat. Appl. Genet. Mol. Biol. 4 Art. 24. MR2170440 https://
doi.org/10.2202/1544-6115.1119

Hansen, N.R., Reynaud-Bouret, P. and Rivoirard, V. (2015). Lasso and probabilistic inequalities for multivariate
point processes. Bernoulli 21 83–143. MR3322314 https://doi.org/10.3150/13-BEJ562

Hawkes, A.G. (1971). Point spectra of some mutually exciting point processes. J. Roy. Statist. Soc. Ser. B 33
438–443. MR0358976

https://mathscinet.ams.org/mathscinet-getitem?mr=4153592
https://doi.org/10.1017/apr.2020.19
https://mathscinet.ams.org/mathscinet-getitem?mr=2858222
https://doi.org/10.1239/aap/1316792671
https://mathscinet.ams.org/mathscinet-getitem?mr=3499526
https://doi.org/10.1214/16-EJS1142
https://mathscinet.ams.org/mathscinet-getitem?mr=3449317
https://doi.org/10.1214/14-AAP1089
https://arxiv.org/abs/arXiv:2201.05009
https://mathscinet.ams.org/mathscinet-getitem?mr=2412641
https://doi.org/10.1111/j.1467-9868.2007.00634.x
https://mathscinet.ams.org/mathscinet-getitem?mr=4152118
https://doi.org/10.1214/19-AOS1903
https://doi.org/10.1145/2783258.2783411
https://mathscinet.ams.org/mathscinet-getitem?mr=3611742
https://doi.org/10.1111/jtsa.12213
https://mathscinet.ams.org/mathscinet-getitem?mr=2865638
https://doi.org/10.1239/jap/1318940477
https://mathscinet.ams.org/mathscinet-getitem?mr=3341110
https://doi.org/10.1214/14-AOAS789
https://doi.org/10.1214/14-AOAS789
https://mathscinet.ams.org/mathscinet-getitem?mr=3906978
https://doi.org/10.1016/j.spa.2018.01.007
https://mathscinet.ams.org/mathscinet-getitem?mr=3850052
https://doi.org/10.1007/s11134-018-9570-5
https://doi.org/10.1371/journal.pcbi.1005390
https://doi.org/10.1371/journal.pcbi.1005390
https://mathscinet.ams.org/mathscinet-getitem?mr=1790007
https://doi.org/10.1214/aos/1016218228
https://mathscinet.ams.org/mathscinet-getitem?mr=2332274
https://doi.org/10.1214/009053606000001172
https://mathscinet.ams.org/mathscinet-getitem?mr=4350975
https://doi.org/10.1214/21-aap1664
https://mathscinet.ams.org/mathscinet-getitem?mr=2170440
https://doi.org/10.2202/1544-6115.1119
https://doi.org/10.2202/1544-6115.1119
https://mathscinet.ams.org/mathscinet-getitem?mr=3322314
https://doi.org/10.3150/13-BEJ562
https://mathscinet.ams.org/mathscinet-getitem?mr=0358976


Bayesian estimation of nonlinear Hawkes processes 1259

Hillairet, C., Huang, L., Khabou, M. and Réveillac, A. (2022). The Malliavin-Stein method for Hawkes functionals.
ALEA Lat. Am. J. Probab. Math. Stat. 19 1293–1328. MR4512148 https://doi.org/10.30757/alea.v19-52

Isham, V. and Westcott, M. (1979). A self-correcting point process. Stochastic Process. Appl. 8 335–347.
MR0535308 https://doi.org/10.1016/0304-4149(79)90008-5

Karabash, D. (2012). On stability of Hawkes process. ArXiv preprint. Available at arXiv:1201.1573.
Karabash, D. and Zhu, L. (2015). Limit theorems for marked Hawkes processes with application to a risk model.

Stoch. Models 31 433–451. MR3395721 https://doi.org/10.1080/15326349.2015.1024868
Lambert, R., Tuleau-Malot, C., Bessaih, T., Rivoirard, V., Bouret, Y., Leresche, N. and Reynaud-Bouret, P. (2017).

Reconstructing the functional connectivity of multiple spike trains using Hawkes models. J. Neurosci. Methods
297. https://doi.org/10.1016/j.jneumeth.2017.12.026

Lewis, E. and Mohler, G. (2011). A nonparametric EM algorithm for multiscale Hawkes processes. J. Nonparametr.
Stat. 1 1–20.

Malem-Shinitski, N., Ojeda, C. and Opper, M. (2022). Variational Bayesian inference for nonlinear Hawkes
process with Gaussian process self-effects. Entropy 24 Paper No. 356. MR4406556 https://doi.org/10.3390/
e24030356

Massoulié, L. (1998). Stability results for a general class of interacting point processes dynamics, and applications.
Stochastic Process. Appl. 75 1–30. MR1629010 https://doi.org/10.1016/S0304-4149(98)00006-4

Mei, H. and Eisner, J.M. (2017). The neural Hawkes process: A neurally self-modulating multivariate point pro-
cess. Adv. Neural Inf. Process. Syst. 30.

Menon, A. and Lee, Y. (2018). Proper loss functions for nonlinear Hawkes processes. In Proceedings of the AAAI
Conference on Artificial Intelligence 32.

Miscouridou, X., Caron, F. and Teh, Y.W. (2018). Modelling sparsity, heterogeneity, reciprocity and community
structure in temporal interaction data. Adv. Neural Inf. Process. Syst. 31.

Møller, J. and Rasmussen, J.G. (2005). Perfect simulation of Hawkes processes. Adv. in Appl. Probab. 37 629–646.
MR2156552 https://doi.org/10.1239/aap/1127483739

Ogata, Y. (1988). Statistical models for earthquake occurrences and residual analysis for point processes. J. Amer.
Statist. Assoc. 83 9–27.

Raad, M.B. (2019). Renewal time points for Hawkes processes. ArXiv preprint. Available at arXiv:1906.02036.
Raad, M.B., Ditlevsen, S. and Löcherbach, E. (2020). Stability and mean-field limits of age dependent Hawkes

processes. Ann. Inst. Henri Poincaré Probab. Stat. 56 1958–1990. MR4116713 https://doi.org/10.1214/19-
AIHP1023

Rasmussen, J.G. (2013). Bayesian inference for Hawkes processes. Methodol. Comput. Appl. Probab. 15 623–642.
MR3085883 https://doi.org/10.1007/s11009-011-9272-5

Reynaud-Bouret, P. and Roy, E. (2006). Some non asymptotic tail estimates for Hawkes processes. Bull. Belg.
Math. Soc. Simon Stevin 13 883–896. MR2293215

Reynaud-Bouret, P. and Schbath, S. (2010). Adaptive estimation for Hawkes processes; application to genome
analysis. Ann. Statist. 38 2781–2822. MR2722456 https://doi.org/10.1214/10-AOS806

Reynaud-Bouret, P., Rivoirard, V., Grammont, F. and Tuleau-Malot, C. (2014). Goodness-of-fit tests and nonpara-
metric adaptive estimation for spike train analysis. J. Math. Neurosci. 4 Art. 3. MR3197017 https://doi.org/10.
1186/2190-8567-4-3

Rousseau, J. (2010). Rates of convergence for the posterior distributions of mixtures of betas and adaptive non-
parametric estimation of the density. Ann. Statist. 38 146–180. MR2589319 https://doi.org/10.1214/09-AOS703

Stone, C.J. (1994). The use of polynomial splines and their tensor products in multivariate function estimation.
Ann. Statist. 22 118–184. With discussion by Andreas Buja and Trevor Hastie and a rejoinder by the author.
MR1272079 https://doi.org/10.1214/aos/1176325361

Sulem, D., Rivoirard, V. and Rousseau, J. (2024). Supplement to “Bayesian estimation of nonlinear Hawkes pro-
cesses.” https://doi.org/10.3150/23-BEJ1631SUPP

Torrisi, G.L. (2016). Gaussian approximation of nonlinear Hawkes processes. Ann. Appl. Probab. 26 2106–2140.
MR3543891 https://doi.org/10.1214/15-AAP1141

Torrisi, G.L. (2017). Poisson approximation of point processes with stochastic intensity, and application to non-
linear Hawkes processes. Ann. Inst. Henri Poincaré Probab. Stat. 53 679–700. MR3634270 https://doi.org/10.
1214/15-AIHP730

https://mathscinet.ams.org/mathscinet-getitem?mr=4512148
https://doi.org/10.30757/alea.v19-52
https://mathscinet.ams.org/mathscinet-getitem?mr=0535308
https://doi.org/10.1016/0304-4149(79)90008-5
https://arxiv.org/abs/arXiv:1201.1573
https://mathscinet.ams.org/mathscinet-getitem?mr=3395721
https://doi.org/10.1080/15326349.2015.1024868
https://doi.org/10.1016/j.jneumeth.2017.12.026
https://mathscinet.ams.org/mathscinet-getitem?mr=4406556
https://doi.org/10.3390/e24030356
https://doi.org/10.3390/e24030356
https://mathscinet.ams.org/mathscinet-getitem?mr=1629010
https://doi.org/10.1016/S0304-4149(98)00006-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2156552
https://doi.org/10.1239/aap/1127483739
https://arxiv.org/abs/arXiv:1906.02036
https://mathscinet.ams.org/mathscinet-getitem?mr=4116713
https://doi.org/10.1214/19-AIHP1023
https://doi.org/10.1214/19-AIHP1023
https://mathscinet.ams.org/mathscinet-getitem?mr=3085883
https://doi.org/10.1007/s11009-011-9272-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2293215
https://mathscinet.ams.org/mathscinet-getitem?mr=2722456
https://doi.org/10.1214/10-AOS806
https://mathscinet.ams.org/mathscinet-getitem?mr=3197017
https://doi.org/10.1186/2190-8567-4-3
https://doi.org/10.1186/2190-8567-4-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2589319
https://doi.org/10.1214/09-AOS703
https://mathscinet.ams.org/mathscinet-getitem?mr=1272079
https://doi.org/10.1214/aos/1176325361
https://doi.org/10.3150/23-BEJ1631SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3543891
https://doi.org/10.1214/15-AAP1141
https://mathscinet.ams.org/mathscinet-getitem?mr=3634270
https://doi.org/10.1214/15-AIHP730
https://doi.org/10.1214/15-AIHP730


1260 D. Sulem, V. Rivoirard and J. Rousseau

Truccolo, W., Eden, U.T., Fellows, M.R., Donoghue, J.P. and Brown, E.N. (2005). A point process framework for
relating neural spiking activity to spiking history, neural ensemble, and extrinsic covariate effects. J. Neuro-
physiol. 93 1074–1089. https://doi.org/10.1152/jn.00697.2004

van der Vaart, A.W. and van Zanten, J.H. (2008). Rates of contraction of posterior distributions based on Gaussian
process priors. Ann. Statist. 36 1435–1463. MR2418663 https://doi.org/10.1214/009053607000000613

van der Vaart, A.W. and van Zanten, J.H. (2009). Adaptive Bayesian estimation using a Gaussian random field
with inverse gamma bandwidth. Ann. Statist. 37 2655–2675. MR2541442 https://doi.org/10.1214/08-AOS678

Veen, A. and Schoenberg, F.P. (2008). Estimation of space-time branching process models in seismology
using an EM-type algorithm. J. Amer. Statist. Assoc. 103 614–624. MR2523998 https://doi.org/10.1198/
016214508000000148

Wang, Y., Xie, B., Du, N. and Song, L. (2016). Isotonic Hawkes processes. In International Conference on Machine
Learning 2226–2234.

Xu, H., Farajtabar, M. and Zha, H. (2016). Learning granger causality for Hawkes processes. In 33rd International
Conference on Machine Learning, ICML 2016 4 2576–2588.

Zhou, F., Luo, S., Li, Z., Fan, X., Wang, Y., Sowmya, A. and Chen, F. (2021). Efficient EM-variational inference
for nonparametric Hawkes process. Stat. Comput. 31 1–11.

Zhou, F., Kong, Q., Zhang, Y., Feng, C. and Zhu, J. (2021). Nonlinear Hawkes processes in time-varying system.
ArXiv preprint. Available at arXiv:2106.04844.

Zhou, F., Kong, Q., Deng, Z., Kan, J., Zhang, Y., Feng, C. and Zhu, J. (2022). Efficient inference for dynamic
flexible interactions of neural populations. J. Mach. Learn. Res. 23 Paper No. 211. MR4577164

https://doi.org/10.1152/jn.00697.2004
https://mathscinet.ams.org/mathscinet-getitem?mr=2418663
https://doi.org/10.1214/009053607000000613
https://mathscinet.ams.org/mathscinet-getitem?mr=2541442
https://doi.org/10.1214/08-AOS678
https://mathscinet.ams.org/mathscinet-getitem?mr=2523998
https://doi.org/10.1198/016214508000000148
https://doi.org/10.1198/016214508000000148
https://arxiv.org/abs/arXiv:2106.04844
https://mathscinet.ams.org/mathscinet-getitem?mr=4577164


Bernoulli 30(2), 2024, 1287–1312
https://doi.org/10.3150/23-BEJ1632

Optimal weighted pooling for inference about
the tail index and extreme quantiles
ABDELAATI DAOUIA1,a , SIMONE A. PADOAN2,b and GILLES STUPFLER3,c

1Toulouse School of Economics, University of Toulouse Capitole, France, aabdelaati.daouia@tse-fr.eu
2Department of Decision Sciences, Bocconi University, via Roentgen 1, 20136 Milano, Italy,
bsimone.padoan@unibocconi.it
3Univ Angers, CNRS, LAREMA, SFR MATHSTIC, F-49000 Angers, France, cgilles.stupfler@univ-angers.fr

This paper investigates pooling strategies for tail index and extreme quantile estimation from heavy-tailed data.
To fully exploit the information contained in several samples, we present general weighted pooled Hill estimators
of the tail index and weighted pooled Weissman estimators of extreme quantiles calculated through a nonstandard
geometric averaging scheme. We develop their large-sample asymptotic theory across a fixed number of sam-
ples, covering the general framework of heterogeneous sample sizes with different and asymptotically dependent
distributions. Our results include optimal choices of pooling weights based on asymptotic variance and MSE min-
imization. In the important application of distributed inference, we prove that the variance-optimal distributed
estimators are asymptotically equivalent to the benchmark Hill and Weissman estimators based on the unfeasi-
ble combination of subsamples, while the AMSE-optimal distributed estimators enjoy a smaller AMSE than the
benchmarks in the case of large bias. We consider additional scenarios where the number of subsamples grows
with the total sample size and effective subsample sizes can be low. We extend our methodology to handle serial
dependence and the presence of covariates. Simulations confirm the statistical inferential theory of our pooled
estimators. Two applications to real weather and insurance data are showcased.

Keywords: Extreme values; heavy tails; inference; pooling; testing
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Testing with p*-values: Between p-values, mid
p-values, and e-values
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We introduce the notion of p*-values (p*-variables), which generalizes p-values (p-variables) in several senses.
The new notion has four natural interpretations: operational, probabilistic, Bayesian, and frequentist. A main ex-
ample of a p*-value is a mid p-value, which arises in the presence of discrete test statistics. A unified stochastic
representation for p-values, mid p-values, and p*-values is obtained to illustrate the relationship between the three
objects. We study several ways of merging arbitrarily dependent or independent p*-values into one p-value or p*-
value. Admissible calibrators of p*-values to and from p-values and e-values are obtained with nice mathematical
forms, revealing the role of p*-values as a bridge between p-values and e-values. The notion of p*-values be-
comes useful in many situations even if one is only interested in p-values, mid p-values, or e-values. In particular,
deterministic tests based on p*-values can be applied to improve some classic methods for p-values and e-values.

Keywords: Arbitrary dependence; average of p-values; mid p-values; posterior predictive p-values; test martingale
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We design sequential tests for a large class of nonparametric null hypotheses based on elicitable and identifiable
functionals. Such functionals are defined in terms of scoring functions and identification functions, which are ideal
building blocks for constructing nonnegative supermartingales under the null. This in turn yields sequential tests
via Ville’s inequality. Using regret bounds from Online Convex Optimization, we obtain rigorous guarantees on
the asymptotic power of the tests for a wide range of alternative hypotheses. Our results allow for bounded and
unbounded data distributions, assuming that a sub-ψ tail bound is satisfied.

Keywords: Anytime valid testing; elicitable functionals; identifiable functionals; online optimization; sequential
statistics
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For a class of non-linear stochastic heat equations driven by α-stable white noises for α ∈ (1,2) with Lipschitz
coefficients, we prove the existence and pathwise uniqueness of Lp-valued càdlàg solution to such an equation
for p ∈ (α,2] by considering a sequence of approximating stochastic heat equations driven by truncated α-stable
white noises obtained by removing the big jumps from the original α-stable white noise. If the α-stable white
noise is spectrally one-sided, under additional monotonicity assumption on noise coefficients, we further prove a
comparison theorem on the L2-valued càdlàg solutions to such an equation. As a consequence, the non-negativity
of the L2-valued càdlàg solution is established for the above stochastic heat equation with non-negative initial
function.

Keywords: α-stable white noises; comparison principle; non-negative solutions; stochastic heat equations;
truncated α-stable white noises
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Berry-Esseen bound and Cramér moderate
deviation expansion for a supercritical branching
random walk
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We consider a supercritical branching random walk where each particle gives birth to a random number of particles
of the next generation, which move on the real line, according to a fixed law. Let Zn be the counting measure which
counts the number of particles of n-th generation situated in a given region. Under suitable conditions, we establish
a Berry-Esseen bound and a Cramér type moderate deviation expansion for Zn with suitable norming.

Keywords: Branching random walk; central limit theorem; Berry-Esseen bound; large and moderate deviations;
branching processes; random walks
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For the multivariate linear regression model with unknown covariance, the corrected Akaike information criterion
is the minimum variance unbiased estimator of the expected Kullback–Leibler discrepancy. In this study, based on
the loss estimation framework, we show its inadmissibility as an estimator of the Kullback–Leibler discrepancy
itself, instead of the expected Kullback–Leibler discrepancy. We provide improved estimators of the Kullback–
Leibler discrepancy that work well in reduced-rank situations and examine their performance numerically.
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We present new classes of positive definite kernels on non-standard spaces that are integrally strictly positive
definite or characteristic. In particular, we discuss radial kernels on separable Hilbert spaces, and introduce broad
classes of kernels on Banach spaces and on metric spaces of strong negative type. The general results are used to
give explicit classes of kernels on separable Lp spaces and on sets of measures.
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We propose an empirical likelihood ratio (ELR) test for comparing any two supervised learning models, which
may be nested, non-nested, overlapping, misspecified, or correctly specified. The test compares the prediction
losses of models based on the cross-validation. We determine the asymptotic null and alternative distributions
of the ELR test for comparing two nonparametric learning models under a general framework of convex loss
functions. However, the prediction losses from the cross-validation involve repeatedly fitting the models with one
observation left out, which leads to a heavy computational burden. We introduce an easy-to-implement ELR test
which requires fitting the models only once and shares the same asymptotics as the original one. The proposed tests
are applied to compare additive models with varying-coefficient models. Furthermore, a scalable distributed ELR

test is proposed for testing the importance of a group of variables in possibly misspecified additive models with
massive data. Simulations show that the proposed tests work well and have favorable finite-sample performance
compared to some existing approaches. The methodology is validated on an empirical application.

Keywords: Cross-validation; nonparametric smoothing; scalable distributed test
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Sectional Voronoi tessellations:
Characterization and high-dimensional limits
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The intersections of beta-Voronoi, beta-prime-Voronoi and Gaussian-Voronoi tessellations in Rd with an �-
dimensional affine subspaces, 1 ≤ � ≤ d − 1, are shown to be random tessellations of the same type but with
different model parameters. In particular, the intersection of a classical Poisson-Voronoi tessellation with an affine
subspace is shown to have the same distribution as a certain beta-Voronoi tessellation. The geometric properties
of the typical cell and, more generally, typical k-faces, of the sectional Poisson-Voronoi tessellation are studied in
detail. It is proved that in high dimensions, that is as d →∞, the intersection of the d-dimensional Poison-Voronoi
tessellation with an affine subspace of fixed dimension � converges to the �-dimensional Gaussian-Voronoi tessel-
lation.

Keywords: Beta-Voronoi tessellation; Gaussian-Voronoi tessellation; high-dimensional limit; Laguerre
tessellation; Poisson point process; Poisson-Voronoi tessellation; sectional tessellation; stochastic geometry;
typical cell
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In this paper we investigate the existence of (minimal) supersolutions to BSDEs with mean-reflection on the Z
component. We first prove that classical methods to obtain conditions for the existence of supersolutions to BS-
DEs cannot be applied for this type of constraints. We show that, contrary to BSDEs with mean-reflections on the Y
component, we cannot expect a supersolution with a deterministic increasing process K . Nonetheless, we give con-
ditions for the existence of a supersolution for a stochastic component K and under various constraints. Finally, we
turn to the existence of minimal supersolution by formalizing some previous arguments on the time-inconsistency
of such problems. We formalize some previous arguments on the time-inconsistency of such problems, proving
that a minimal supersolution is necessarily a solution in our framework. We apply the results to a replication prob-
lem with consumption-investment strategy under law constraints on the investment strategy. We show that the only
strategy that might be optimal is the one with no investment.

Keywords: Constrained BSDEs; Malliavin calculus
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Piecewise constant priors are routinely used in the Bayesian Cox proportional hazards model for survival analysis.
Despite its popularity, large sample properties of this Bayesian method are not yet well understood. This work
provides a unified theory for posterior distributions in this setting, not requiring the priors to be conjugate. We
first derive contraction rate results for wide classes of histogram priors on the unknown hazard function and prove
asymptotic normality of linear functionals of the posterior hazard in the form of Bernstein–von Mises theorems.
Second, using recently developed multiscale techniques, we derive functional limiting results for the cumulative
hazard and survival function. Frequentist coverage properties of Bayesian credible sets are investigated: we prove
that certain easily computable credible bands for the survival function are optimal frequentist confidence bands. We
conduct simulation studies that confirm these predictions, with an excellent behavior particularly in finite samples.
Our results suggest that the Bayesian approach can provide an easy solution to obtain both the coefficients estimate
and the credible bands for survival function in practice.

Keywords: Bayesian Cox model; frequentist analysis of Bayesian procedures; piecewise constant prior;
parametric and nonparametric Bernstein–von Mises theorems; survival analysis; supremum-norm contraction rate
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Spine for interacting populations and sampling
VINCENT BANSAYEa

CMAP, Ecole polytechnique, Palaiseau, France, avincent.bansaye@polytechnique.edu

We consider some Markov jump processes which model structured populations with interactions via density de-
pendence. We propose a Markov construction involving a distinguished individual (spine) which allows us to
describe the random tree and random sample at a given time via a change of probability. This spine construction
involves the extension of the type space of individuals to include the state of the population. The jump rates off the
spine individual can also be modified. We exploit this approach to study issues concerning population dynamics.
For single type populations, we derive the phase diagram of a growth fragmentation model with competition as
well as the growth of the size of transient birth and death processes which permit multiple births. We also describe
the ancestral lineages of a uniform sample in multitype populations.

Keywords: Interactions; jump Markov process; martingales; populations; positive semigroup; random tree; spine

References

[1] Addario-Berry, L. and Penington, S. (2017). The front location in branching Brownian motion with decay of
mass. Ann. Probab. 45 3752–3794. MR3729614 https://doi.org/10.1214/16-AOP1148

[2] Anderson, D.F. and Kurtz, T.G. (2011). Continuous Time Markov Chain Models for Chemical Reaction
Networks 3–42. New York: Springer.

[3] Athreya, K.B. (2000). Change of measures for Markov chains and the L log L theorem for branching pro-
cesses. Bernoulli 6 323–338. MR1748724 https://doi.org/10.2307/3318579

[4] Bansaye, V., Cloez, B., Gabriel, P. and Marguet, A. (2022). A non-conservative Harris ergodic theorem.
J. Lond. Math. Soc. (2) 106 2459–2510. MR4498558 https://doi.org/10.1112/jlms.12639

[5] Bansaye, V., Delmas, J.-F., Marsalle, L. and Tran, V.C. (2011). Limit theorems for Markov processes indexed
by continuous time Galton-Watson trees. Ann. Appl. Probab. 21 2263–2314. MR2895416 https://doi.org/10.
1214/10-AAP757

[6] Bansaye, V. and Méléard, S. (2015). Stochastic Models for Structured Populations: Scaling Limits and Long
Time Behavior. Mathematical Biosciences Institute Lecture Series. Stochastics in Biological Systems 1.
Cham: Springer; Columbus, OH: MBI Mathematical Biosciences Institute, Ohio State Univ. MR3380810
https://doi.org/10.1007/978-3-319-21711-6

[7] Berestycki, J., Fittipaldi, M.C. and Fontbona, J. (2018). Ray-Knight representation of flows of branching pro-
cesses with competition by pruning of Lévy trees. Probab. Theory Related Fields 172 725–788. MR3877546
https://doi.org/10.1007/s00440-017-0819-4

[8] Bertoin, J. (2006). Random Fragmentation and Coagulation Processes. Cambridge Studies in Ad-
vanced Mathematics 102. Cambridge: Cambridge Univ. Press. MR2253162 https://doi.org/10.1017/
CBO9780511617768

[9] Bertoin, J. (2017). Markovian growth-fragmentation processes. Bernoulli 23 1082–1101. MR3606760 https://
doi.org/10.3150/15-BEJ770

[10] Bertoin, J. and Watson, A.R. (2018). A probabilistic approach to spectral analysis of growth-fragmentation
equations. J. Funct. Anal. 274 2163–2204. MR3767431 https://doi.org/10.1016/j.jfa.2018.01.014

[11] Calvez, V., Henry, B., Méléard, S. and Tran, V.C. (2022). Dynamics of lineages in adaptation to a gradual
environmental change. Ann. Henri Lebesgue 5 729–777. MR4482341 https://doi.org/10.5802/ahl.135

[12] Chauvin, B. and Rouault, A. (1988). KPP equation and supercritical branching Brownian motion in the
subcritical speed area. Application to spatial trees. Probab. Theory Related Fields 80 299–314. MR0968823
https://doi.org/10.1007/BF00356108

1350-7265 © 2024 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/23-BEJ1645
mailto:vincent.bansaye@polytechnique.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3729614
https://doi.org/10.1214/16-AOP1148
https://mathscinet.ams.org/mathscinet-getitem?mr=1748724
https://doi.org/10.2307/3318579
https://mathscinet.ams.org/mathscinet-getitem?mr=4498558
https://doi.org/10.1112/jlms.12639
https://mathscinet.ams.org/mathscinet-getitem?mr=2895416
https://doi.org/10.1214/10-AAP757
https://doi.org/10.1214/10-AAP757
https://mathscinet.ams.org/mathscinet-getitem?mr=3380810
https://doi.org/10.1007/978-3-319-21711-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3877546
https://doi.org/10.1007/s00440-017-0819-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2253162
https://doi.org/10.1017/CBO9780511617768
https://doi.org/10.1017/CBO9780511617768
https://mathscinet.ams.org/mathscinet-getitem?mr=3606760
https://doi.org/10.3150/15-BEJ770
https://doi.org/10.3150/15-BEJ770
https://mathscinet.ams.org/mathscinet-getitem?mr=3767431
https://doi.org/10.1016/j.jfa.2018.01.014
https://mathscinet.ams.org/mathscinet-getitem?mr=4482341
https://doi.org/10.5802/ahl.135
https://mathscinet.ams.org/mathscinet-getitem?mr=0968823
https://doi.org/10.1007/BF00356108


1556 V. Bansaye

[13] Cloez, B. (2017). Limit theorems for some branching measure-valued processes. Adv. in Appl. Probab. 49
549–580. MR3668388 https://doi.org/10.1017/apr.2017.12

[14] Del Moral, P. (2004). Feynman-Kac Formulae: Genealogical and Interacting Particle Systems with Appli-
cations. Probability and Its Applications (New York). New York: Springer. MR2044973 https://doi.org/10.
1007/978-1-4684-9393-1

[15] Eckhoff, M., Kyprianou, A.E. and Winkel, M. (2015). Spines, skeletons and the strong law of large numbers
for superdiffusions. Ann. Probab. 43 2545–2610. MR3395469 https://doi.org/10.1214/14-AOP944

[16] Engländer, J. (2015). Spatial Branching in Random Environments and with Interaction. Advanced Series on
Statistical Science & Applied Probability 20. Hackensack, NJ: World Scientific Co. Pte. Ltd. MR3362353
https://doi.org/10.1142/8991

[17] Engländer, J., Harris, S.C. and Kyprianou, A.E. (2010). Strong law of large numbers for branching diffusions.
Ann. Inst. Henri Poincaré Probab. Stat. 46 279–298. MR2641779 https://doi.org/10.1214/09-AIHP203

[18] Etheridge, A.M. and Kurtz, T.G. (2019). Genealogical constructions of population models. Ann. Probab. 47
1827–1910. MR3980910 https://doi.org/10.1214/18-AOP1266

[19] Ethier, S.N. and Kurtz, T.G. (1986). Markov Processes: Characterization and Convergence. Wiley Series
in Probability and Mathematical Statistics: Probability and Mathematical Statistics. New York: Wiley.
MR0838085 https://doi.org/10.1002/9780470316658

[20] Georgii, H.-O. and Baake, E. (2003). Supercritical multitype branching processes: The ancestral types of typ-
ical individuals. Adv. in Appl. Probab. 35 1090–1110. MR2014271 https://doi.org/10.1239/aap/1067436336

[21] Harris, S.C., Hesse, M. and Kyprianou, A.E. (2016). Branching Brownian motion in a strip: Survival near
criticality. Ann. Probab. 44 235–275. MR3456337 https://doi.org/10.1214/14-AOP972

[22] Harris, S.C., Johnston, S.G.G. and Roberts, M.I. (2020). The coalescent structure of continuous-time Galton-
Watson trees. Ann. Appl. Probab. 30 1368–1414. MR4133376 https://doi.org/10.1214/19-AAP1532

[23] Ikeda, N. and Watanabe, S. (1989). Stochastic Differential Equations and Diffusion Processes, 2nd ed. North-
Holland Mathematical Library 24. Amsterdam: North-Holland. MR1011252

[24] Jagers, P. and Nerman, O. (1996). The asymptotic composition of supercritical multi-type branching popula-
tions. In Séminaire de Probabilités, XXX. Lecture Notes in Math. 1626 40–54. Berlin: Springer. MR1459475
https://doi.org/10.1007/BFb0094640

[25] Karlin, S. and McGregor, J.L. (1957). The differential equations of birth-and-death processes, and the Stielt-
jes moment problem. Trans. Amer. Math. Soc. 85 489–546. MR0091566 https://doi.org/10.2307/1992942

[26] Karlin, S. and Taylor, H.M. (1975). A First Course in Stochastic Processes, 2nd ed. New York–London:
Academic Press [Harcourt Brace Jovanovich, Publishers]. MR0356197

[27] Keller, G., Kersting, G. and Rösler, U. (1987). On the asymptotic behaviour of discrete time stochastic growth
processes. Ann. Probab. 15 305–343. MR0877606

[28] Klebaner, F.C. (1984). Geometric rate of growth in population-size-dependent branching processes. J. Appl.
Probab. 21 40–49. MR0732669 https://doi.org/10.2307/3213662

[29] Kurtz, T., Lyons, R., Pemantle, R. and Peres, Y. (1997). A conceptual proof of the Kesten-Stigum theo-
rem for multi-type branching processes. In Classical and Modern Branching Processes (Minneapolis, MN,
1994). IMA Vol. Math. Appl. 84 181–185. New York: Springer. MR1601737 https://doi.org/10.1007/978-1-
4612-1862-3_14

[30] Kurtz, T.G. (1981). Approximation of Population Processes. CBMS-NSF Regional Conference Series in Ap-
plied Mathematics 36. Philadelphia, PA: SIAM. MR0610982

[31] Kurtz, T.G. and Rodrigues, E.R. (2011). Poisson representations of branching Markov and measure-valued
branching processes. Ann. Probab. 39 939–984. MR2789580 https://doi.org/10.1214/10-AOP574

[32] Küster, P. (1985). Asymptotic growth of controlled Galton-Watson processes. Ann. Probab. 13 1157–1178.
MR0806215

[33] Lambert, A. (2010). The contour of splitting trees is a Lévy process. Ann. Probab. 38 348–395. MR2599603
https://doi.org/10.1214/09-AOP485

[34] Le, V., Pardoux, E. and Wakolbinger, A. (2013). “Trees under attack”: A Ray-Knight representation of Feller’s
branching diffusion with logistic growth. Probab. Theory Related Fields 155 583–619. MR3034788 https://
doi.org/10.1007/s00440-011-0408-x

https://mathscinet.ams.org/mathscinet-getitem?mr=3668388
https://doi.org/10.1017/apr.2017.12
https://mathscinet.ams.org/mathscinet-getitem?mr=2044973
https://doi.org/10.1007/978-1-4684-9393-1
https://doi.org/10.1007/978-1-4684-9393-1
https://mathscinet.ams.org/mathscinet-getitem?mr=3395469
https://doi.org/10.1214/14-AOP944
https://mathscinet.ams.org/mathscinet-getitem?mr=3362353
https://doi.org/10.1142/8991
https://mathscinet.ams.org/mathscinet-getitem?mr=2641779
https://doi.org/10.1214/09-AIHP203
https://mathscinet.ams.org/mathscinet-getitem?mr=3980910
https://doi.org/10.1214/18-AOP1266
https://mathscinet.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
https://mathscinet.ams.org/mathscinet-getitem?mr=2014271
https://doi.org/10.1239/aap/1067436336
https://mathscinet.ams.org/mathscinet-getitem?mr=3456337
https://doi.org/10.1214/14-AOP972
https://mathscinet.ams.org/mathscinet-getitem?mr=4133376
https://doi.org/10.1214/19-AAP1532
https://mathscinet.ams.org/mathscinet-getitem?mr=1011252
https://mathscinet.ams.org/mathscinet-getitem?mr=1459475
https://doi.org/10.1007/BFb0094640
https://mathscinet.ams.org/mathscinet-getitem?mr=0091566
https://doi.org/10.2307/1992942
https://mathscinet.ams.org/mathscinet-getitem?mr=0356197
https://mathscinet.ams.org/mathscinet-getitem?mr=0877606
https://mathscinet.ams.org/mathscinet-getitem?mr=0732669
https://doi.org/10.2307/3213662
https://mathscinet.ams.org/mathscinet-getitem?mr=1601737
https://doi.org/10.1007/978-1-4612-1862-3_14
https://doi.org/10.1007/978-1-4612-1862-3_14
https://mathscinet.ams.org/mathscinet-getitem?mr=0610982
https://mathscinet.ams.org/mathscinet-getitem?mr=2789580
https://doi.org/10.1214/10-AOP574
https://mathscinet.ams.org/mathscinet-getitem?mr=0806215
https://mathscinet.ams.org/mathscinet-getitem?mr=2599603
https://doi.org/10.1214/09-AOP485
https://mathscinet.ams.org/mathscinet-getitem?mr=3034788
https://doi.org/10.1007/s00440-011-0408-x
https://doi.org/10.1007/s00440-011-0408-x


Spine and interactions 1557

[35] Lyons, R. (1997). A simple path to Biggins’ martingale convergence for branching random walk. In Classical
and Modern Branching Processes (Minneapolis, MN, 1994). IMA Vol. Math. Appl. 84 217–221. New York:
Springer. MR1601749 https://doi.org/10.1007/978-1-4612-1862-3_17

[36] Lyons, R., Pemantle, R. and Peres, Y. (1995). Conceptual proofs of L log L criteria for mean behavior of
branching processes. Ann. Probab. 23 1125–1138. MR1349164

[37] Marguet, A. (2019). Uniform sampling in a structured branching population. Bernoulli 25 2649–2695.
MR4003561 https://doi.org/10.3150/18-BEJ1066

[38] Mischler, S. and Scher, J. (2016). Spectral analysis of semigroups and growth-fragmentation equations. Ann.
Inst. H. Poincaré Anal. Non Linéaire 33 849–898. MR3489637 https://doi.org/10.1016/j.anihpc.2015.01.007

[39] Norris, J.R. (1997). Markov Chains. Cambridge Series in Statistical and Probabilistic Mathematics 2. Cam-
bridge: Cambridge Univ. Press. MR1600720

https://mathscinet.ams.org/mathscinet-getitem?mr=1601749
https://doi.org/10.1007/978-1-4612-1862-3_17
https://mathscinet.ams.org/mathscinet-getitem?mr=1349164
https://mathscinet.ams.org/mathscinet-getitem?mr=4003561
https://doi.org/10.3150/18-BEJ1066
https://mathscinet.ams.org/mathscinet-getitem?mr=3489637
https://doi.org/10.1016/j.anihpc.2015.01.007
https://mathscinet.ams.org/mathscinet-getitem?mr=1600720


Bernoulli 30(2), 2024, 1586–1610
https://doi.org/10.3150/23-BEJ1646

Strong and weak convergence for the averaging
principle of DDSDE with singular drift
MENGYU CHENG1,2,a, ZIMO HAO2,3,b and MICHAEL RÖCKNER2,4,c

1School of Mathematics and Statistics, Beijing Institute of Technology, Beijing 100081, China,
amengyu.cheng@hotmail.com
2Fakultät für Mathematik, Universität Bielefeld, 33615 Bielefeld, Germany, bzhao@math.uni-bielefeld.de,
croeckner@math.uni-bielefeld.de
3School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China
4Academy of Mathematics and Systems Science, CAS, Beijing 100190, China

In this paper, we study the averaging principle for distribution dependent stochastic differential equations with drift
in localized Lp spaces. Using Zvonkin’s transformation and estimates for solutions to Kolmogorov equations, we
prove that the solutions of the original system strongly and weakly converge to the solution of the averaged system
as the time scale ε goes to zero. Moreover, we obtain rates of the strong and weak convergence that depend on p.
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We define a new class of Gaussian processes on compact metric graphs such as street or river networks. The
proposed models, the Whittle–Matérn fields, are defined via a fractional stochastic differential equation on the
compact metric graph and are a natural extension of Gaussian fields with Matérn covariance functions on Eu-
clidean domains to the non-Euclidean metric graph setting. Existence of the processes, as well as some of their
main properties, such as sample path regularity are derived. The model class in particular contains differentiable
processes. To the best of our knowledge, this is the first construction of a differentiable Gaussian process on general
compact metric graphs. Further, we prove an intrinsic property of these processes: that they do not change upon
addition or removal of vertices with degree two. Finally, we obtain Karhunen–Loève expansions of the processes,
provide numerical experiments, and compare them to Gaussian processes with isotropic covariance functions.

Keywords: Gaussian processes; networks; quantum graphs; stochastic partial differential equations
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Recently, Chatterjee (2021) introduced a new rank-based correlation coefficient which can be used to measure
the strength of dependence between two random variables. This coefficient has already attracted much attention
as it converges to the Dette-Siburg-Stoimenov measure (see Dette et al. (2013)), which equals 0 if and only if
the variables are independent and 1 if and only if one variable is a function of the other. Further, Chatterjee’s
coefficient is computable in (near) linear time, which makes it appropriate for large-scale applications. In this
paper, we expand the theoretical understanding of Chatterjee’s coefficient in two directions: (a) First we consider
the problem of testing for independence using Chatterjee’s correlation. We obtain its asymptotic distribution under
any changing sequence of alternatives converging to the null hypothesis (of independence). We further obtain a
general result that gives exact detection thresholds and limiting power for Chatterjee’s test of independence under
natural nonparametric alternatives converging to the null. As applications of this general result, we prove a n−1/4

detection boundary for this test and compute explicitly the limiting local power on the detection boundary for
popularly studied alternatives in the literature. (b) We then construct a test for non-trivial levels of dependence
using Chatterjee’s coefficient. In contrast to testing for independence, we prove that, in this case, Chatterjee’s
coefficient indeed yields a minimax optimal procedure with a n−1/2 detection boundary. Our proof techniques
rely on Stein’s method of exchangeable pairs, a non-asymptotic projection result, and information theoretic lower
bounds.

Keywords: Independence testing; Kantorovic-Wasserstein distance; Le Cam’s two-point method; local power;
Stein’s method for locally dependent structures
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Let (W1,Y1), . . . ,(Wn,Yn) be n pairs of independent random variables. We assume that, for each i ∈ {1, . . . ,n}, the
conditional distribution of Yi given Wi belongs to a one-parameter exponential family with parameter γ�(Wi) ∈ R.
The statistical goal is to estimate these conditional distributions. We consider a model selection procedure which
works based on a general assumption that each of the model is VC-subgraph. We establish a non-asymptotic risk
bound for the resulting estimator with respect to a Hellinger-type distance. By leveraging this result, we extend
several findings previously explored in Gaussian regression to the regression in exponential families. Specifically,
we address the curse of dimensionality by imposing structural assumptions, such as general additive and multiple
index structures, on γ�. We also study model selection for ReLU neural networks, and provide a concrete example
of how ReLU neural networks can achieve a significantly faster convergence rate than traditional models. When
γ� is close to a composition of several Hölder functions, we show that under a suitable parametrization of the
exponential family, our estimator achieves the same rate of convergence as in the Gaussian case. Combining with a
lower bound, the rate is minimax optimal up to a logarithmic term. Finally, we apply the model selection procedure
to address adaptation and variable selection problems in exponential families.

Keywords: Generalized additive structure; model selection; multiple index structure; ReLU neural networks;
regression in exponential family; variable selection
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