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Noise covariance estimation in multi-task
high-dimensional linear models
KAI TAN1,a, GABRIEL ROMON2,c and PIERRE C. BELLEC1,b

1Department of Statistics, Rutgers University, Piscataway, NJ 08854, USA , akai.tan@rutgers.edu,
bpierre.bellec@rutgers.edu
2CREST, ENSAE, IP Paris, Palaiseau 91120 Cedex, France , cgabriel.romon@ensae.fr

This paper studies the multi-task high-dimensional linear regression models where the noise among different tasks
is correlated, in the moderately high dimensional regime where sample size n and dimension p are of the same
order. Our goal is to estimate the covariance matrix of the noise random vectors, or equivalently the correlation
of the noise variables on any pair of two tasks. Treating the regression coefficients as a nuisance parameter, we
leverage the multi-task elastic-net and multi-task lasso estimators to estimate the nuisance. By precisely under-
standing the bias of the squared residual matrix and by correcting this bias, we develop a novel estimator of the
noise covariance that converges in Frobenius norm at the rate n−1/2 when the covariates are Gaussian distributed
with a known covariance matrix. This novel estimator is efficiently computable. Under suitable conditions, the
proposed estimator of the noise covariance attains the same rate of convergence as the “oracle” estimator that
knows in advance the regression coefficients of the multi-task model. The Frobenius error bounds obtained in this
paper also illustrate the advantage of this new estimator compared to a method-of-moments estimator that does not
attempt to estimate the nuisance. As byproducts of our techniques, we obtain estimates of the generalization error
and out-of-sample error of the multi-task elastic-net and multi-task lasso estimators. Extensive simulation studies
are carried out to illustrate the numerical performance of the proposed method.

Keywords: Elastic-net; high dimensional analysis; lasso; multi-task model; noise covariance
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Asymptotics for isotropic Hilbert-valued
spherical random fields
ALESSIA CAPONERA1,2,a

1Institut de Mathématiques, École Polytechnique Fédérale de Lausanne, Lausanne, Switzerland
2DEMS, University of Milano-Bicocca, Milan, Italy, aalessia.caponera@unimib.it

In this paper, we introduce the concept of isotropic Hilbert-valued spherical random field, thus extending the notion
of isotropic spherical random field to an infinite-dimensional setting. We then establish a spectral representation
theorem and a functional Schoenberg’s theorem. Following some key results established for the real-valued case,
we prove consistency and quantitative central limit theorem for the sample power spectrum operators in the high-
frequency regime.

Keywords: High-frequency asymptotics; Hilbert spaces; isotropy; quantitative central limit theorem; spectral
representation; spherical random fields
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Signal detection in degree corrected ERGMs
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In this paper, we study sparse signal detection problems in “degree corrected” Exponential Random Graph Models
(ERGMs). We study the performance of two tests based on conditionally centered sum of degrees/maximum of
degrees, for a wide class of such ERGMs. The performance of these tests match the performance of corresponding
uncentered tests in the β model (Ann. Statist. 46 (2018) 1288–1317). Focusing on the degree corrected two star
ERGM, we show that improved detection is possible at “criticality” using a test based on (unconditional) sum of
degrees. In this setting we provide matching lower bounds in all parameter regimes, which is based on correlations
estimates between degrees under the alternative, and is of possible independent interest.

Keywords: Asymptotic efficiency; auxiliary variables; ERGM; phase transition; signal detection; two star
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In this article, we consider the stochastic fractional diffusion equation
(
∂β +

ν

2
(−Δ)α/2

)
u(t, x) = λ Iγ0+

[
u(t, x) �W(t, x)

]
, t > 0, x ∈ R,

where α > 0, β ∈ (0,2], γ ≥ 0, λ � 0, ν > 0, and �W is a Gaussian noise which is white or fractional in time and
rough in space. We prove the existence and uniqueness of the solution in the Itô-Skorohod sense and obtain the
lower and upper bounds for the p-th moment. The Hölder regularity of the solution is also studied.

Keywords: Fractional Brownian field; Hölder continuity; Malliavin calculus; Mittag-Leffler function; moment
estimates
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This article considers the functional linear quantile regression which models the conditional quantile of a scalar re-
sponse given a functional predictor over a two-dimensional domain. We propose an estimator for the slope function
by minimizing the penalized empirical check loss function. Under the framework of reproducing kernel Hilbert
space, the minimax rate of convergence for the regularized estimator is established. Using the theory of interpo-
lation spaces on a two- or multi-dimensional domain, we develop a novel result on simultaneous diagonalization
of the reproducing and covariance kernels, revealing the interaction of the two kernels in determining the optimal
convergence rate of the estimator. Sufficient conditions are provided to show that our analysis applies to many
situations, for example, when the covariance kernel is from the Matérn class, and the slope function belongs to
a Sobolev space. We implement the interior point method to compute the regularized estimator and illustrate the
proposed method by applying it to the hippocampus surface data in the ADNI study.

Keywords: Functional linear regression; multi-dimensional domain; quantile regression; rate of convergence;
reproducing kernel Hilbert space; simultaneous diagonalization
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Ritter, K., Wasilkowski, G.W. and Woźniakowski, H. (1995). Multivariate integration and approximation for ran-
dom fields satisfying Sacks-Ylvisaker conditions. Ann. Appl. Probab. 5 518–540. MR1336881

Rockafellar, R.T. (1997). Convex Analysis. Princeton Landmarks in Mathematics. Princeton, NJ: Princeton Univ.
Press. MR1451876

Santacruz, K.S. and Swagerty, D. (2001). Early diagnosis of dementia. Amer. Fam. Phys. 63 703–718.
Schölkopf, B., Herbrich, R. and Smola, A.J. (2001). A generalized representer theorem. In Computational Learn-

ing Theory (Amsterdam, 2001). (D. Helmbold and B. Williamson, eds.). Lecture Notes in Computer Science
2111 416–426. Berlin: Springer. MR2042050 https://doi.org/10.1007/3-540-44581-1_27

Sherwood, B. and Wang, L. (2016). Partially linear additive quantile regression in ultra-high dimension. Ann.
Statist. 44 288–317. MR3449769 https://doi.org/10.1214/15-AOS1367

Shi, H., Yang, Y., Wang, L., Ma, D., Beg, M.F., Pei, J. and Cao, J. (2022). Two-dimensional functional principal
component analysis for image feature extraction. J. Comput. Graph. Statist. 31 1127–1140. MR4513375 https://
doi.org/10.1080/10618600.2022.2035738

Stein, M.L. (1999). Interpolation of Spatial Data: Some Theory for Kriging. Springer Series in Statistics. New
York: Springer. MR1697409 https://doi.org/10.1007/978-1-4612-1494-6

Steinwart, I. and Christmann, A. (2008). Support Vector Machines. Springer Science & Business Media.
Steinwart, I. and Scovel, C. (2012). Mercer’s theorem on general domains: On the interaction between measures,

kernels, and RKHSs. Constr. Approx. 35 363–417. MR2914365 https://doi.org/10.1007/s00365-012-9153-3
Sun, X., Du, P., Wang, X. and Ma, P. (2018). Optimal penalized function-on-function regression under a repro-

ducing kernel Hilbert space framework. J. Amer. Statist. Assoc. 113 1601–1611. MR3902232 https://doi.org/10.
1080/01621459.2017.1356320

Thompson, P.M., Hayashi, K.M., Zubicaray, G.I.D., Janke, A.L., Rose, S.E., Semple, J., Hong, M.S., Her-
man, D.H., Gravano, D., Doddrell, D.M. and Toga, A.W. (2004). Mapping hippocampal and ventricular change
in Alzheimer disease. NeuroImage 22 1754–1766. https://doi.org/10.1016/j.neuroimage.2004.03.040

van der Vaart, A.W. and Wellner, J.A. (1996). Weak Convergence and Empirical Processes. Springer Series in
Statistics. New York: Springer. MR1385671 https://doi.org/10.1007/978-1-4757-2545-2

https://mathscinet.ams.org/mathscinet-getitem?mr=2840180
https://doi.org/10.1214/10-AOAS407
https://mathscinet.ams.org/mathscinet-getitem?mr=4307778
https://doi.org/10.1177/1471082X20929802
https://doi.org/10.1177/1471082X20929802
https://doi.org/10.1097/00001756-199506090-00017
https://mathscinet.ams.org/mathscinet-getitem?mr=3719049
https://doi.org/10.1007/s00211-017-0892-8
https://doi.org/10.1007/s00211-017-0892-8
https://mathscinet.ams.org/mathscinet-getitem?mr=1619189
https://doi.org/10.1214/ss/1030037960
https://mathscinet.ams.org/mathscinet-getitem?mr=2814625
https://doi.org/10.1109/TIP.2010.2042099
https://doi.org/10.1109/TIP.2010.2042099
https://mathscinet.ams.org/mathscinet-getitem?mr=1125714
https://mathscinet.ams.org/mathscinet-getitem?mr=2168993
https://mathscinet.ams.org/mathscinet-getitem?mr=2514435
https://mathscinet.ams.org/mathscinet-getitem?mr=2997664
https://doi.org/10.1515/1557-4679.1381
https://mathscinet.ams.org/mathscinet-getitem?mr=1336881
https://mathscinet.ams.org/mathscinet-getitem?mr=1451876
https://mathscinet.ams.org/mathscinet-getitem?mr=2042050
https://doi.org/10.1007/3-540-44581-1_27
https://mathscinet.ams.org/mathscinet-getitem?mr=3449769
https://doi.org/10.1214/15-AOS1367
https://mathscinet.ams.org/mathscinet-getitem?mr=4513375
https://doi.org/10.1080/10618600.2022.2035738
https://doi.org/10.1080/10618600.2022.2035738
https://mathscinet.ams.org/mathscinet-getitem?mr=1697409
https://doi.org/10.1007/978-1-4612-1494-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2914365
https://doi.org/10.1007/s00365-012-9153-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3902232
https://doi.org/10.1080/01621459.2017.1356320
https://doi.org/10.1080/01621459.2017.1356320
https://doi.org/10.1016/j.neuroimage.2004.03.040
https://mathscinet.ams.org/mathscinet-getitem?mr=1385671
https://doi.org/10.1007/978-1-4757-2545-2


FLQR on a two-dimensional domain 1803

Volgushev, S., Chao, S.-K. and Cheng, G. (2019). Distributed inference for quantile regression processes. Ann.
Statist. 47 1634–1662. MR3911125 https://doi.org/10.1214/18-AOS1730

Wahba, G. (1990). Spline Models for Observational Data. CBMS-NSF Regional Conference Series in Applied
Mathematics 59. Philadelphia, PA: SIAM. MR1045442 https://doi.org/10.1137/1.9781611970128

Wainwright, M.J. (2019). High-Dimensional Statistics: A Non-asymptotic Viewpoint. Cambridge Series in Statisti-
cal and Probabilistic Mathematics 48. Cambridge: Cambridge Univ. Press. MR3967104 https://doi.org/10.1017/
9781108627771

Wang, J.-L., Chiou, J.-M. and Müller, H.-G. (2016). Functional data analysis. Annu. Rev. Stat. Appl. 3 257–295.
Wang, J., Wong, R.K.W. and Zhang, X. (2022). Low-rank covariance function estimation for multidimensional

functional data. J. Amer. Statist. Assoc. 117 809–822. MR4436314 https://doi.org/10.1080/01621459.2020.
1820344

Wang, Y., Lui, L.M., Gu, X., Hayashi, K.M., Chan, T.F., Toga, A.W., Thompson, P.M. and Yau, S.-T. (2007). Brain
surface conformal parameterization using Riemann surface structure. IEEE Trans. Med. Imag. 26 853–865.

Wang, Y., Chan, T.F., Toga, A.W. and Thompson, P.M. (2009). Multivariate tensor-based brain anatomical sur-
face morphometry via holomorphic one-forms. In International Conference on Medical Image Computing and
Computer-Assisted Intervention 337–344. Springer.

Wendland, H. (2005). Scattered Data Approximation. Cambridge Monographs on Applied and Computational
Mathematics 17. Cambridge: Cambridge Univ. Press. MR2131724

Yang, Y. and Barron, A. (1999). Information-theoretic determination of minimax rates of convergence. Ann. Statist.
27 1564–1599. MR1742500 https://doi.org/10.1214/aos/1017939142

Yao, F., Müller, H.-G. and Wang, J.-L. (2005). Functional linear regression analysis for longitudinal data. Ann.
Statist. 33 2873–2903. MR2253106 https://doi.org/10.1214/009053605000000660

Yao, F., Sue-Chee, S. and Wang, F. (2017). Regularized partially functional quantile regression. J. Multivariate
Anal. 156 39–56. MR3624684 https://doi.org/10.1016/j.jmva.2017.02.001

Yuan, M. (2006). GACV for quantile smoothing splines. Comput. Statist. Data Anal. 50 813–829. MR2207010
https://doi.org/10.1016/j.csda.2004.10.008

Yuan, M. and Cai, T.T. (2010). A reproducing kernel Hilbert space approach to functional linear regression. Ann.
Statist. 38 3412–3444. MR2766857 https://doi.org/10.1214/09-AOS772

Zhang, P. (1993). Model selection via multifold cross validation. Ann. Statist. 21 299–313. MR1212178 https://doi.
org/10.1214/aos/1176349027

Zhang, Z., Wang, X., Kong, L. and Zhu, H. (2022). High-dimensional spatial quantile function-on-scalar regres-
sion. J. Amer. Statist. Assoc. 117 1563–1578. MR4480732 https://doi.org/10.1080/01621459.2020.1870984

Zhou, L. and Pan, H. (2014). Principal component analysis of two-dimensional functional data. J. Comput. Graph.
Statist. 23 779–801. MR3224656 https://doi.org/10.1080/10618600.2013.827986

https://mathscinet.ams.org/mathscinet-getitem?mr=3911125
https://doi.org/10.1214/18-AOS1730
https://mathscinet.ams.org/mathscinet-getitem?mr=1045442
https://doi.org/10.1137/1.9781611970128
https://mathscinet.ams.org/mathscinet-getitem?mr=3967104
https://doi.org/10.1017/9781108627771
https://doi.org/10.1017/9781108627771
https://mathscinet.ams.org/mathscinet-getitem?mr=4436314
https://doi.org/10.1080/01621459.2020.1820344
https://doi.org/10.1080/01621459.2020.1820344
https://mathscinet.ams.org/mathscinet-getitem?mr=2131724
https://mathscinet.ams.org/mathscinet-getitem?mr=1742500
https://doi.org/10.1214/aos/1017939142
https://mathscinet.ams.org/mathscinet-getitem?mr=2253106
https://doi.org/10.1214/009053605000000660
https://mathscinet.ams.org/mathscinet-getitem?mr=3624684
https://doi.org/10.1016/j.jmva.2017.02.001
https://mathscinet.ams.org/mathscinet-getitem?mr=2207010
https://doi.org/10.1016/j.csda.2004.10.008
https://mathscinet.ams.org/mathscinet-getitem?mr=2766857
https://doi.org/10.1214/09-AOS772
https://mathscinet.ams.org/mathscinet-getitem?mr=1212178
https://doi.org/10.1214/aos/1176349027
https://doi.org/10.1214/aos/1176349027
https://mathscinet.ams.org/mathscinet-getitem?mr=4480732
https://doi.org/10.1080/01621459.2020.1870984
https://mathscinet.ams.org/mathscinet-getitem?mr=3224656
https://doi.org/10.1080/10618600.2013.827986


Bernoulli 30(3), 2024, 1825–1844
https://doi.org/10.3150/23-BEJ1654

Finitely additive mass transportation
PIETRO RIGOa

Dipartimento di Scienze Statistiche “P. Fortunati”, Università di Bologna, via delle Belle Arti 41, 40126 Bologna,
Italy, apietro.rigo@unibo.it

Some classical mass transportation problems are investigated in a finitely additive setting. Let Ω =
∏n

i=1Ωi and
A = ⊗n

i=1Ai , where (Ωi,Ai, μi) is a (σ-additive) probability space for i = 1, . . . ,n. Let c : Ω→ [0,∞] be an A-
measurable cost function. Let M be the collection of finitely additive probabilities on A with marginals μ1, . . . , μn.
If couplings are meant as elements of M , most classical results of mass transportation theory, including duality
and attainability of the Kantorovich inf, are valid without any further assumptions. Special attention is devoted to
martingale transport. Let (Ωi,Ai) = (R,B(R)) for all i and

M1 =
{
P ∈ M : P 	 P∗ and (π1, . . . , πn) is a P-martingale}

where P∗ is a reference probability on A and π1, . . . , πn are the canonical projections on Ω = Rn. If M1 �∅, the
Kantorovich inf over M1 is attained, in the sense that

∫
c dP = infQ∈M1

∫
c dQ for some P ∈ M1. Conditions for

M1 �∅ are given as well.

Keywords: Coupling; duality theorem; finitely additive probability; martingale; mass transportation
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Local convergence rates of the nonparametric
least squares estimator with applications to
transfer learning
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Convergence properties of empirical risk minimizers can be conveniently expressed in terms of the associated
population risk. To derive bounds for the performance of the estimator under covariate shift, however, pointwise
convergence rates are required. Under weak assumptions on the design distribution, it is shown that least squares
estimators (LSE) over 1-Lipschitz functions are also minimax rate optimal with respect to a weighted uniform
norm, where the weighting accounts in a natural way for the non-uniformity of the design distribution. This implies
that although least squares is a global criterion, the LSE adapts locally to the size of the design density. We develop
a new indirect proof technique that establishes the local convergence behavior based on a carefully chosen local
perturbation of the LSE. The obtained local rates are then applied to analyze the LSE for transfer learning under
covariate shift.

Keywords: Covariate shift; domain adaptation; local rates; mean squared error; minimax estimation;
nonparametric least squares; nonparametric regression; transfer learning
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Representation of random variables as Lebesgue
integrals
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We study representations of a random variable ξ as an integral of an adapted process with respect to the Lebesgue
measure. The existence of such representations in two different regularity classes is characterized in terms of the
quadratic variation of (local) martingales closed by ξ.
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A large-sample theory for infinitesimal gradient
boosting
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Infinitesimal gradient boosting (Dombry and Duchamps (2021)) is defined as the vanishing-learning-rate limit of
the popular tree-based gradient boosting algorithm from machine learning. It is characterized as the solution of a
nonlinear ordinary differential equation in an infinite-dimensional function space where the infinitesimal boosting
operator driving the dynamics depends on the training sample. We consider the asymptotic behavior of the model
in the large sample limit and prove its convergence to a deterministic process. This population limit is again
characterized by a differential equation that depends on the population distribution. We explore some properties
of this population limit: we prove that the dynamics makes the test error decrease and we consider its long time
behavior.
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Kernel-weighted specification testing under
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Kernel-weighted test statistics have been widely used in a variety of settings including non-stationary regression,
survival analysis, propensity score and panel data models. We develop the limit theory for a kernel-weighted
specification test of a parametric conditional mean when the law of the regressors may not be absolutely continuous
to the Lebesgue measure and admits non-trivial singular components. In the special case of absolutely continuous
measures, our approach weakens the usual regularity conditions. This result is of independent interest and may be
useful in other applications that utilize kernel smoothed statistics. Simulations illustrate the non-trivial impact of
the distribution of the conditioning variables on the power properties of the test statistic.

Keywords: Fractal; goodness-of-fit; kernel smoothing; singular distribution; small ball probability
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Asymptotics of discrete Schrödinger bridges via
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Consider the problem of matching two independent i.i.d. samples of size N from two distributions P and Q in Rd .
For an arbitrary continuous cost function, the optimal assignment problem looks for the matching that minimizes
the total cost. We consider instead in this paper the problem where each matching is endowed with a Gibbs prob-
ability weight proportional to the exponential of the negative total cost of that matching. Viewing each matching
as a joint distribution with N atoms, we then take a convex combination with respect to the above Gibbs proba-
bility measure. We show that this resulting random joint distribution converges, as N →∞, to the solution of a
variational problem, introduced by Föllmer, called the Schrödinger problem. We also prove a limiting Gaussian
fluctuation for this convergence in the form of central limit theorems for integrated test functions. This establishes
a novel passage for the transition from discrete to continuum in Schrödinger’s lazy gas experiment.

Keywords: Chaos decomposition; contiguity; entropy regularization; Hoeffding decomposition; infinite-order
U-statistics; optimal matching; optimal transport; Schrödinger bridge
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We consider a one-dimensional McKean-Vlasov stochastic differential equation with potential and interaction
terms depending on unknown parameters. The sample path is continuously observed on a time interval [0,2T].
We assume that the process is in the stationary regime. As this distribution is not explicit, the exact likelihood
does not lead to computable estimators. To overcome this difficulty, we consider a kernel estimator of the invariant
density based on the sample path on [0,T] and obtain new properties for this estimator. Then, we derive an explicit
approximate likelihood using the sample path on [T,2T], including the kernel estimator of the invariant density and
study the associated estimators of the unknown parameters. We prove their consistency and asymptotic normality
with rate

√
T as T grows to infinity. Several classes of models illustrate the theory.

Keywords: Approximate likelihood; asymptotic properties of estimators; continuous observations; invariant
distribution; long time asymptotics; McKean-Vlasov stochastic differential equations; parametric and
nonparametric inference
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Modern neuroimaging research calls for statistical methods that can model dynamic relationships between a func-
tional response and a set of covariates. Current methods, however, remain disparate and limited in their ability
to robustly accommodate real-world data and integrate smoothness penalties. In this work, we propose an M-
estimation framework for the varying-coefficient model with a functional response that encompasses both mean
and quantile regression. To accommodate smoothness regularization and circumvent the stringent conditions on
Fourier coefficients or the covariance operator’s eigenvalues imposed by traditional fixed-basis representations, we
assume that the functional coefficient resides in a reproducing kernel Hilbert space. We show that our proposed es-
timator is minimax rate optimal and establish convergence properties of our modified alternating direction method
of multipliers algorithm. We further propose combining a weighted M-estimator and a copula model to quantify
within-subject spatial dependence to improve estimation accuracy. Simulation studies and a real-world analysis
demonstrate the robustness of our proposed methods to outliers.

Keywords: Alternating direction method of multipliers; copula model; functional response; M-estimator;
minimax; reproducing kernel Hilbert space; varying coefficient model
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Towards standard imsets for maximal ancestral
graphs
ZHONGYI HUa and ROBIN J. EVANSb
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The imsets of Studený (Probabilistic Conditional Independence Structures (2005) Springer) are an algebraic
method for representing conditional independence models. They have many attractive properties when applied
to such models, and they are particularly nice for working with directed acyclic graph (DAG) models. In particular,
the ‘standard’ imset for a DAG is in one-to-one correspondence with the independences it induces, and hence is
a label for its Markov equivalence class. We first present a proposed extension to standard imsets for maximal
ancestral graph (MAG) models, using the parameterizing set representation of Hu and Evans (In Proc. 36th Conf.
Uncertainty in Artificial Intelligence (2020) PMLR). We show that for many such graphs our proposed imset is
perfectly Markovian with respect to the graph, including a class of graphs we refer to as simple MAGs, which in-
cludes DAGs as a special case. In these cases the imset provides a scoring criteria by measuring the discrepancy for
a list of independences that define the model; this gives an alternative to the usual BIC score that is also consistent,
and much easier to compute. We also show that, of independence models that do represent the MAG, the imset
we give is minimal. Unfortunately, for some graphs the representation does not represent all the independences
in the model, and in certain cases does not represent any at all. For these general MAGs, we refine the reduced
ordered local Markov property (Richardson in (Scand. J. Stat. 30 (2003) 145–157)) by a novel graphical tool called
power DAGs, and this results in an imset that induces the correct model and which, under a mild condition, can be
constructed in polynomial time.

Keywords: Characteristic imset; Graphical models; maximal ancestral graphs; ordered local Markov property;
standard imset
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Large deviations of reflected weakly interacting
particle systems
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In this paper, we prove a large deviation principle for the empirical measures of a system of weakly interacting
diffusions with reflection. We adopt the weak convergence approach. To make this approach work, we show that
the sequence of empirical measures of the controlled reflected system will converge to the weak solution of an
associated reflected McKean–Vlasov equation.

Keywords: Interacting particle systems; large deviation; McKean–Vlasov equation; stochastic differential
equation with reflection; sub-martingale problem; weak convergence
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Stochastic optimal control problems have a long tradition in applied probability, with the questions addressed being
of high relevance in a multitude of fields. Even though theoretical solutions are well understood in many scenarios,
their practicability suffers from the assumption of known dynamics of the underlying stochastic process, raising
the statistical challenge of developing purely data-driven strategies. For the mathematically separated classes of
continuous diffusion processes and Lévy processes, we show that developing efficient strategies for related sin-
gular stochastic control problems can essentially be reduced to finding rate-optimal estimators with respect to the
sup-norm risk of objects associated to the invariant distribution of ergodic processes which determine the theoreti-
cal solution of the control problem. From a statistical perspective, we exploit the exponential β-mixing property as
the common factor of both scenarios to drive the convergence analysis, indicating that relying on general stability
properties of Markov processes is a sufficiently powerful and flexible approach to treat complex applications re-
quiring statistical methods. We show moreover that in the Lévy case—even though per se jump processes are more
difficult to handle both in statistics and control theory—a fully data-driven strategy with regret of significantly
better order than in the diffusion case can be constructed utilizing spatial ergodicity of a path-time transformation
of the Lévy process in form of its overshoots.

Keywords: Data-driven singular control; exploration vs. exploitation; Lévy processes; overshoots; diffusion
processes; reinforcement learning; nonparametric statistics; sup-norm risk
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On large deviations and intersection of random
interlacements
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We investigate random interlacements on Zd with d ≥ 3, and derive the large deviation rate for the probability that
the capacity of the interlacement set in a macroscopic box is much smaller than that of the box. As an application,
we obtain the large deviation rate for the probability that two independent interlacements have empty intersections
in a macroscopic box. Additionally, we prove that conditioning on this event, one of the interlacements will be
sparse in terms of capacity within the box. This result is an example of the entropic repulsion phenomenon for
random interlacements.

Keywords: Entropic repulsion; large deviations; random interlacements
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Given a heterogeneous Gaussian sequence model with unknown mean θ ∈ Rd and known covariance matrix Σ =
diag(σ2

1 , . . . ,σ
2
d
), we study the signal detection problem against sparse alternatives, for known sparsity s. Namely,

we characterize how large ε∗ > 0 should be, in order to distinguish with high probability the null hypothesis θ = 0
from the alternative composed of s-sparse vectors in Rd , separated from 0 in Lt norm (t ∈ [1,∞]) by at least ε∗.
We find non-asymptotic minimax upper and lower bounds over the minimax separation radius ε∗ and prove that
they are always matching. We also derive the corresponding minimax tests achieving these bounds. Our results
reveal new phase transitions regarding the behavior of ε∗ with respect to the level of sparsity, to the Lt metric, and
to the heteroscedasticity profile of Σ. In the case of the Euclidean (i.e. L2) separation, we bridge the remaining
gaps in the literature.

Keywords: Heteroscedasticity; non-Euclidean norms; signal detection; sparsity
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The block maxima method is one of the most popular approaches for extreme value analysis with independent
and identically distributed observations in the domain of attraction of an extreme value distribution. The lack of
a rigorous study on the Bayesian inference in this context has limited its use for statistical analysis of extremes.
In this paper we propose an empirical Bayes procedure for inference on the block maxima law and its related
quantities. We show that the posterior distributions of the tail index of the data distribution and of the return
levels (representative of future extreme episodes) are consistent and asymptotically normal. These properties guar-
antee the reliability of posterior-based inference. We also establish contraction rates of the posterior predictive
distribution, the key tool in Bayesian probabilistic forecasting. Posterior computations are readily obtained via an
efficient adaptive Metropolis-Hasting type of algorithm. Simulations show its excellent inferential performances
already with modest sample sizes. The utility of our proposal is showcased analysing extreme winds generated by
hurricanes in Southeastern US.

Keywords: Contraction rate; extreme quantiles; posterior consistency; return levels; tail index; wind speed
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Limit theorems for random Motzkin paths near
boundary
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We consider Motzkin paths of length L, not fixed at zero at both end points, with constant weights on the edges
and general weights on the end points. We investigate, as the length L tends to infinity, the limit behaviors of (a)
boundary measures induced by the weights on both end points and (b) the segments of the sampled Motzkin path
viewed as a process starting from each of the two end points, referred to as boundary processes. Our first result
concerns the case when the induced boundary measures have finite first moments. Our second result concerns
when the boundary measure on the right end point is a generalized geometric measure with parameter ρ1 ≥ 1,
so that this is an infinite measure and yet it induces a probability measure for random Motzkin path when ρ1 is
not too large. The two cases under investigation reveal a phase transition. In particular, we show that the limit left
boundary processes in the two cases have the same transition probabilities as random walks conditioned to stay
non-negative.

Keywords: Discrete Bessel process; matrix ansatz; Motzkin paths; random walk conditioned to stay positive;
Viennot’s formula
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Poincaré inequalities and integrated
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We obtain new sharp weighted Poincaré inequalities on Riemannian manifolds for a general class of measures.
When specialised to generalised Cauchy measures, this gives a unified and simple proof of the weighted Poincaré
inequality for the whole range of parameters, with the optimal spectral gap, the error term and the extremal func-
tions.
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The problem of sequential change diagnosis is considered, where observations are obtained on-line, an abrupt
change occurs in their distribution, and the goal is to quickly detect the change and accurately identify the post-
change distribution, while controlling the false alarm rate. A finite set of alternatives is postulated for the post-
change regime, but no prior information is assumed for the unknown change point. A drawback of many algorithms
that have been proposed for this problem is the implicit use of pre-change data for determining the post-change
distribution. This can lead to very large conditional probabilities of misidentification, given that there was no false
alarm, unless the change occurs soon after monitoring begins. A novel, recursive algorithm is proposed and shown
to resolve this issue without the use of additional tuning parameters and without sacrificing control of the worst-
case delay in Lorden’s sense. A theoretical analysis is conducted for a general family of sequential change diagnosis
procedures, which supports the proposed algorithm and revises certain state-of-the-art results. Additionally, a
novel, comprehensive method is proposed for the design and evaluation of sequential change diagnosis algorithms.
This method is illustrated with simulation studies, where existing procedures are compared to the proposed.

Keywords: CuSum; Lorden’s criterion; sequential change detection; sequential change diagnosis
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We consider degenerate diffusion equations of the form ∂t pt = Δ f (pt ) on a bounded domain and subject to no-flux
boundary conditions, for a class of nonlinearities f that includes the porous medium equation. We derive for them
a trajectorial analogue of the entropy dissipation identity, which describes the rate of entropy dissipation along
every path of the diffusion. In line with the recent work (Theory Probab. Appl. 66 (2022) 668–707), our approach
is based on applying stochastic analysis to the underlying probabilistic representations, which in our context are
stochastic differential equations with normal reflection on the boundary. This trajectorial approach also leads to a
new derivation of the Wasserstein gradient flow property for nonlinear diffusions, as well as to a simple proof of
the HWI inequality in the present context.

Keywords: Degenerate diffusion; entropy dissipation; gradient flow; HWI inequality; porous medium equation
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In many scientific applications the aim is to infer a function which is smooth in some areas, but rough or even dis-
continuous in other areas of its domain. Such spatially inhomogeneous functions can be modelled in Besov spaces
with suitable integrability parameters. In this work we study adaptive Bayesian inference over Besov spaces, in the
white noise model from the point of view of rates of contraction, using p-exponential priors, which range between
Laplace and Gaussian and possess regularity and scaling hyper-parameters. To achieve adaptation, we employ
empirical and hierarchical Bayes approaches for tuning these hyper-parameters. Our results show that, while it
is known that Gaussian priors can attain the minimax rate only in Besov spaces of spatially homogeneous func-
tions, Laplace priors lead to adaptive or nearly adaptive procedures in both Besov spaces of spatially homogeneous
functions and Besov spaces permitting spatial inhomogeneities.

Keywords: Adaptation; Besov spaces; empirical Bayes; Gaussian prior; hierarchical Bayes; Laplace prior;
posterior contraction rates; spatially inhomogeneous functions; white noise model
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A Peskun ordering between two samplers, implying a dominance of one over the other, is known among the Markov
chain Monte Carlo community for being a remarkably strong result. It is however also known for being a result that
is notably difficult to establish. Indeed, one has to prove that the probability to reach a state y from a state x, using a
sampler, is greater than or equal to the probability using the other sampler, and this must hold for all pairs (x,y) such
that x � y. We provide in this paper a weaker version that does not require an inequality between the probabilities
for all these states: essentially, the dominance holds asymptotically, as a varying parameter grows without bound,
as long as the states for which the probabilities are greater than or equal to belong to a mass-concentrating set.
The weak ordering turns out to be useful to compare lifted samplers for partially-ordered discrete state-spaces
with their Metropolis–Hastings counterparts. An analysis in great generality yields a qualitative conclusion: they
asymptotically perform better in certain situations (and we are able to identify them), but not necessarily in others
(and the reasons why are made clear). A quantitative study in a specific context of graphical-model simulation is
also conducted.

Keywords: Bayesian statistics; binary random variables; Ising model; Markov chain Monte Carlo methods;
variable selection
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This paper proposes convex relaxation based robust methods to recover approximately low-rank matrices in the
presence of heavy-tailed and asymmetric errors, allowing for heteroscedasticity. We focus on three archetypal
applications in matrix recovery: matrix compressed sensing, matrix completion and multitask regression. Statis-
tically, we provide sub-Gaussian-type deviation bounds when the noise variables only have bounded variances in
each aforementioned setting. Improving upon the earlier results in Fan, Wang and Zhu (Ann. Statist. 49 (2021)
1239–1266), the convergence rates of our estimators are proportional to the noise scale under matrix sensing and
multitask regression settings, and thus diminish to 0 in the noiseless case. Computationally, we propose a matrix
version of the local adaptive majorize-minimization algorithm, which is much faster than the alternating direction
method of multiplier used in previous work and is scalable to large datasets. Numerical experiments demonstrate
the advantage of our methods over their non-robust counterparts and corroborate the theoretical findings that the
convergence rates are proportional to the noise scale.

Keywords: Heavy-tailed data; Huber loss; low-rank matrix recovery; nuclear norm; trace regression
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Let T be a function of Hermite rank one and let {G(t)}t∈R be a mean-square continuous stationary Gaussian pro-
cess with long-range dependence. We explore the finite-dimensional distributions of the second-order scattering
transform of the process X = {T(G(t))}t∈R when all the scale parameters go to infinity simultaneously. For fre-
quently used wavelets, we find a constraint on the ratio of the scale parameters of the wavelet transform within the
first and second layers such that the limit exists. The constraint is explicitly expressed in terms of the Hurst index
of the long-range dependent inputs and the gap between the indices of the first and second non-zero coefficients
in the Hermite expansion of the function T . Under the constraint on the ratio of the scale parameters, we prove
that the rescaled second-order scattering transform converges in the finite-dimensional distribution sense to a chi
process of degree one. The limiting process is expressed in terms of the Fourier transform of mother wavelet and
the Hurst index of long-range dependence.

Keywords: Double scaling limits; Feynman diagram; long-range dependent processes; non-Gaussian processes;
scattering transform; wavelet transform; Wiener-Itô decomposition
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We consider the problem of detecting jumps in an otherwise smoothly evolving trend whilst the covariance and
higher-order structures of the system can experience both smooth and abrupt changes over time. The number of
jump points is allowed to diverge to infinity with the jump sizes possibly shrinking to zero. The method is based
on a multiscale application of an optimal jump-pass filter to the time series, where the scales are dense between
admissible lower and upper bounds. For a wide class of non-stationary time series models and trend functions,
the proposed method is shown to be able to detect all jump points within a nearly optimal range with a prescribed
probability asymptotically under mild conditions. For a time series of length n, the computational complexity of
the proposed method is O(n) for each scale and O(n log1+ε n) overall, where ε is an arbitrarily small positive
constant. Numerical studies show that the proposed jump testing and estimation method performs robustly and
accurately under complex temporal dynamics.

Keywords: Diverging number of jumps; local CUSUM procedure; nonstationary time series; optimal estimation
accuracy
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The motion of the tagged particle in the
asymmetric exclusion process with long jumps
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Computing, Huazhong University of Science and Technology, Wuhan, China, alinjie_zhao@hust.edu.cn

We prove a law of large numbers and invariance principles for the tagged particle in the asymmetric exclusion
process with long jumps when the process starts from its equilibrium measure.
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Conditional hazard rate estimation for right
censored data
SAM EFROMOVICHa

Department of Mathematical Sciences, UTDallas, Richardson, USA, aefrom@utdallas.edu

Theory and methodology of nonparametric sharp minimax estimation of the conditional hazard rate function of a
right censored lifetime given a continuous covariate are developed. The theory, using an oracle’s approach, shows
how the conditional hazard and nuisance functions affect rate and constant of the mean integrated squared error
(MISE) convergence. The methodology suggests a data-driven estimator matching performance of the oracle.
Further, if the lifetime is independent of the covariate, the estimator recognizes that and the MISE converges
with the univariate rate. Then the setting is extended to a vector of continuous and ordinal/nominal categorical
predictors, and an estimator performing adaptation to smoothness and dimensionality of conditional hazard is
suggested. Practical examples devoted to reducing potent greenhouse gas emissions are presented.

Keywords: Adaptation; dimension reduction; nonparametric; nuisance function; sharp minimax

References

Albu, N., Barani, N. and Constantin, M. (2021). Choosing an conomical solution for water aeration. Hydraulica
145 32–37.

Balan, T.A. and Putter, H. (2020). A tutorial on frailty models. Stat. Methods Med. Res. 29 3424–3454. MR4156864
https://doi.org/10.1177/0962280220921889

Cai, J., Fan, J., Jiang, J. and Zhou, H. (2008). Partially linear hazard regression with varying coefficients for
multivariate survival data. J. R. Stat. Soc. Ser. B. Stat. Methodol. 70 141–158. MR2412635 https://doi.org/10.
1111/j.1467-9868.2007.00630.x

Comte, F., Gaïffas, S. and Guilloux, A. (2011). Adaptive estimation of the conditional intensity of marker-
dependent counting processes. Ann. Inst. Henri Poincaré Probab. Stat. 47 1171–1196. MR2884230 https://doi.
org/10.1214/10-AIHP386

Cox, D.R. and Oakes, D. (1984). Analysis of Survival Data. Monographs on Statistics and Applied Probability.
London: CRC Press. MR0751780

Cui, Y. and Hannig, J. (2019). Nonparametric generalized fiducial inference for survival functions under censoring.
Biometrika 106 501–518. MR3992384 https://doi.org/10.1093/biomet/asz016

Drewnowski, J., Remiszewska-Skwarek, A., Duda, S. and Lagod, G. (2019). Aeration process in bioreactors as the
main energy consumer in a wastewater treatment plant. Review of solutions and methods of process optimiza-
tion. Processes 7 1–21.

Efromovich, S.Y. (1985). Nonparametric estimation of the density with unknown smoothness. Theory Probab.
Appl. 30 524–534. MR1005732 https://doi.org/10.1137/1130067

Efromovich, S.Y. (1989). On sequential nonparametric estimation of density. Theory Probab. Appl. 34 228–239.
MR1005732 https://doi.org/10.1137/1134019

Efromovich, S. (1999). Nonparametric Curve Estimation: Methods, Theory, and Applications. Springer Series in
Statistics. New York: Springer. MR1705298

Efromovich, S. (2001). Density estimation under random censorship and order restrictions: From asymptotic to
small samples. J. Amer. Statist. Assoc. 96 667–684. MR1946433 https://doi.org/10.1198/016214501753168334

Efromovich, S. (2013). Nonparametric regression with the scale depending on auxiliary variable. Ann. Statist. 41
1542–1568. MR3113821 https://doi.org/10.1214/13-AOS1126

1350-7265 © 2024 ISI/BS

http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/23-BEJ1679
mailto:efrom@utdallas.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4156864
https://doi.org/10.1177/0962280220921889
https://mathscinet.ams.org/mathscinet-getitem?mr=2412635
https://doi.org/10.1111/j.1467-9868.2007.00630.x
https://doi.org/10.1111/j.1467-9868.2007.00630.x
https://mathscinet.ams.org/mathscinet-getitem?mr=2884230
https://doi.org/10.1214/10-AIHP386
https://doi.org/10.1214/10-AIHP386
https://mathscinet.ams.org/mathscinet-getitem?mr=0751780
https://mathscinet.ams.org/mathscinet-getitem?mr=3992384
https://doi.org/10.1093/biomet/asz016
https://mathscinet.ams.org/mathscinet-getitem?mr=1005732
https://doi.org/10.1137/1130067
https://mathscinet.ams.org/mathscinet-getitem?mr=1005732
https://doi.org/10.1137/1134019
https://mathscinet.ams.org/mathscinet-getitem?mr=1705298
https://mathscinet.ams.org/mathscinet-getitem?mr=1946433
https://doi.org/10.1198/016214501753168334
https://mathscinet.ams.org/mathscinet-getitem?mr=3113821
https://doi.org/10.1214/13-AOS1126


2424 S. Efromovich

Efromovich, S. (2016). Minimax theory of nonparametric hazard rate estimation: Efficiency and adaptation. Ann.
Inst. Statist. Math. 68 25–75. MR3440214 https://doi.org/10.1007/s10463-014-0487-4

Efromovich, S. (2018). Missing and Modified Data in Nonparametric Estimation: With R Examples. Monographs
on Statistics and Applied Probability 156. Boca Raton, FL: CRC Press. MR3752670

Efromovich, S. (2021). Sharp minimax distribution estimation for current status censoring with or without missing.
Ann. Statist. 49 568–589. MR4206691 https://doi.org/10.1214/20-AOS1970

Efromovich, S. (2024). Supplement to “Conditional hazard rate estimation for right censored data.” https://doi.org/
10.3150/23-BEJ1679SUPP

Fleming, T.R. and Harrington, D.P. (2011). Counting Processes and Survival Analysis. New York: Wiley.
MR1100924

Gill, R. (2006). Lectures on Survival Analysis. New York: Springer.
Gneyou, K.E. (2014). A strong linear representation for the maximum conditional hazard rate estimator in survival

analysis. J. Multivariate Anal. 128 10–18. MR3199824 https://doi.org/10.1016/j.jmva.2014.02.013
Golubev, G.K. (1991). LAN in problems of non-parametric estimation of functions and lower bounds for quadratic

risks. Probl. Inf. Transm. 36 152–157. MR1109023 https://doi.org/10.1137/1136014
Hoffmann, M. and Lepski, O. (2002). Random rates in anisotropic regression. Ann. Statist. 30 325–396. With

discussions and a rejoinder by the authors. MR1902892 https://doi.org/10.1214/aos/1021379858
Huang, J.Z. and Su, Y. (2021). Asymptotic properties of penalized spline estimators in concave extended linear

models: Rates of convergence. Ann. Statist. 49 3383–3407. MR4352534 https://doi.org/10.1214/21-aos2088
Ibragimov, I.A. and Khasminskii, R.Z. (1981). Statistical Estimation: Asymptotic Theory. Applications of Mathe-

matics 16. New York–Berlin: Springer. Translated from the Russian by Samuel Kotz. MR0620321
Kahane, J.-P. (1985). Some Random Series of Functions, 2nd ed. Cambridge Studies in Advanced Mathematics 5.

Cambridge: Cambridge Univ. Press. MR0833073
Kalbfleisch, J.D. and Prentice, R.L. (2011). The Statistical Analysis of Failure Time Data. New York: Wiley.

MR0570114
Kang, S., Lu, W. and Zhang, J. (2018). On estimation of the optimal treatment regime with the additive hazards

model. Statist. Sinica 28 1539–1560. MR3821017
Klein, J. and Moeschberger, M. (2003). Survival Analysis: Techniques for Censored and Truncated Data. New

York: Springer.
Kooperberg, C., Stone, C.J. and Truong, Y.K. (1995). Hazard regression. J. Amer. Statist. Assoc. 90 78–94.

MR1325116
Lee, E.T. and Wang, J.W. (2003). Statistical Methods for Survival Data Analysis, 3rd ed. Wiley Series in Probability

and Statistics. Hoboken, NJ: Wiley Interscience. MR1968483 https://doi.org/10.1002/0471458546
Lee, E.T. and Wang, J.W. (2013). Statistical Methods for Survival Data Analysis, 4th ed. Wiley Series in Probability

and Statistics. Hoboken, NJ: Wiley. MR3235949
Legrand, C. (2021). Advanced Survival Models. Chapman & Hall/CRC Biostatistics Series. Boca Raton, FL: CRC

Press. MR4596197
Li, G. and Doss, H. (1995). An approach to nonparametric regression for life history data using local linear fitting.

Ann. Statist. 23 787–823. MR1345201 https://doi.org/10.1214/aos/1176324623
Li, D., Lu, W., Shu, D., Toh, S. and Wang, W. (2023). Distributed Cox proportional hazards regression using

summary-level information. Biostatistics 24 776–794. https://doi.org/10.1093/biostatistics/kxac006
Lu, M., Lu, T. and Li, C.-S. (2018). Efficient estimation of partially linear additive Cox model under monotonicity

constraint. J. Statist. Plann. Inference 192 18–34. MR3697122 https://doi.org/10.1016/j.jspi.2017.07.003
McKeague, I.W. and Utikal, K.J. (1990). Inference for a nonlinear counting process regression model. Ann. Statist.

18 1172–1187. MR1062704 https://doi.org/10.1214/aos/1176347745
Miller, R.G. Jr. (2011). Survival Analysis. New York: Wiley. MR0634228
Moore, D. (2016). Applied Survival Analysis Using R. New York: Springer.
Pinsker, M.S. (1980). Optimal filtration of square-integrable signals in Gaussian noise. Problemy Peredachi Infor-

matsii 16 52–68. MR0624591
Prentice, R.L. and Zhao, S. (2019). The Statistical Analysis of Multivariate Failure Time Data: A Marginal Model-

ing Approach. Monographs on Statistics and Applied Probability 163. Boca Raton, FL: CRC Press. MR3966434
https://doi.org/10.1201/9780429162367

https://mathscinet.ams.org/mathscinet-getitem?mr=3440214
https://doi.org/10.1007/s10463-014-0487-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3752670
https://mathscinet.ams.org/mathscinet-getitem?mr=4206691
https://doi.org/10.1214/20-AOS1970
https://doi.org/10.3150/23-BEJ1679SUPP
https://doi.org/10.3150/23-BEJ1679SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=1100924
https://mathscinet.ams.org/mathscinet-getitem?mr=3199824
https://doi.org/10.1016/j.jmva.2014.02.013
https://mathscinet.ams.org/mathscinet-getitem?mr=1109023
https://doi.org/10.1137/1136014
https://mathscinet.ams.org/mathscinet-getitem?mr=1902892
https://doi.org/10.1214/aos/1021379858
https://mathscinet.ams.org/mathscinet-getitem?mr=4352534
https://doi.org/10.1214/21-aos2088
https://mathscinet.ams.org/mathscinet-getitem?mr=0620321
https://mathscinet.ams.org/mathscinet-getitem?mr=0833073
https://mathscinet.ams.org/mathscinet-getitem?mr=0570114
https://mathscinet.ams.org/mathscinet-getitem?mr=3821017
https://mathscinet.ams.org/mathscinet-getitem?mr=1325116
https://mathscinet.ams.org/mathscinet-getitem?mr=1968483
https://doi.org/10.1002/0471458546
https://mathscinet.ams.org/mathscinet-getitem?mr=3235949
https://mathscinet.ams.org/mathscinet-getitem?mr=4596197
https://mathscinet.ams.org/mathscinet-getitem?mr=1345201
https://doi.org/10.1214/aos/1176324623
https://doi.org/10.1093/biostatistics/kxac006
https://mathscinet.ams.org/mathscinet-getitem?mr=3697122
https://doi.org/10.1016/j.jspi.2017.07.003
https://mathscinet.ams.org/mathscinet-getitem?mr=1062704
https://doi.org/10.1214/aos/1176347745
https://mathscinet.ams.org/mathscinet-getitem?mr=0634228
https://mathscinet.ams.org/mathscinet-getitem?mr=0624591
https://mathscinet.ams.org/mathscinet-getitem?mr=3966434
https://doi.org/10.1201/9780429162367


Conditional hazard 2425

Samuelson, O., Bjökra, A. and Carlsson, B. (2021). Model-based monitoring of diffuser fouling using standard
sensors. Water Res. 13 100–118.

Slavov, A.K. (2017). General characteristics and treatment possibilities of dairy wastewater - a review. Food Tech-
nol. Biotechnol. 55 14–28. https://doi.org/10.17113/ftb.55.01.17.4520

Spierdijk, L. (2008). Nonparametric conditional hazard rate estimation: A local linear approach. Comput. Statist.
Data Anal. 52 2419–2434. MR2411948 https://doi.org/10.1016/j.csda.2007.08.007

Tsiatis, A. (1975). A nonidentifiability aspect of the problem of competing risks. Proc. Natl. Acad. Sci. USA 72
20–22. MR0356425 https://doi.org/10.1073/pnas.72.1.20

Van Keilegom, I. and Veraverbeke, N. (2001). Hazard rate estimation in nonparametric regression with censored
data. Ann. Inst. Statist. Math. 53 730–745. MR1880808 https://doi.org/10.1023/A:1014696717644

Vinardella, S., Astalsa, S., Pecesb, M., Cardetea, M., Fernandez, I., Mata-Alvareza, J. and Dosta, J. (2020). Ad-
vances in anaerobic membrane bioreactor technology for municipal wastewater treatment. Renew. Sustain. En-
ergy Rev. 130 109–136.

Wasserman, L. (2006). All of Nonparametric Statistics. Springer Texts in Statistics. New York: Springer.
MR2172729

Zhao, L. and Feng, D. (2020). Deep neural networks for survival analysis using pseudo values. IEEE J. Biomed.
Health Inform. 24 3308–3314.

Zhong, Q., Mueller, J. and Wang, J.-L. (2022). Deep learning for the partially linear Cox model. Ann. Statist. 50
1348–1375. MR4441123 https://doi.org/10.1214/21-aos2153

Zhou, M. (2016). Empirical Likelihood Method in Survival Analysis. Chapman & Hall/CRC Biostatistics Series.
Boca Raton, FL: CRC Press. MR3616660

https://doi.org/10.17113/ftb.55.01.17.4520
https://mathscinet.ams.org/mathscinet-getitem?mr=2411948
https://doi.org/10.1016/j.csda.2007.08.007
https://mathscinet.ams.org/mathscinet-getitem?mr=0356425
https://doi.org/10.1073/pnas.72.1.20
https://mathscinet.ams.org/mathscinet-getitem?mr=1880808
https://doi.org/10.1023/A:1014696717644
https://mathscinet.ams.org/mathscinet-getitem?mr=2172729
https://mathscinet.ams.org/mathscinet-getitem?mr=4441123
https://doi.org/10.1214/21-aos2153
https://mathscinet.ams.org/mathscinet-getitem?mr=3616660


Bernoulli 30(3), 2024, 2450–2474
https://doi.org/10.3150/23-BEJ1680

Detecting long-range dependence for
time-varying linear models
LUJIA BAIa and WEICHI WUb

Center for Statistical Science, Department of Industrial Engineering, Tsinghua University, Beijing, China,
ablj20@mails.tsinghua.edu.cn, bwuweichi@mail.tsinghua.edu.cn

We consider the problem of testing for long-range dependence in time-varying coefficient regression models,
where the covariates and errors are locally stationary, allowing complex temporal dynamics and heteroscedastic-
ity. We develop KPSS, R/S, V/S, and K/S-type statistics based on the nonparametric residuals. Under the null
hypothesis, the local alternatives as well as the fixed alternatives, we derive the limiting distributions of the test
statistics. As the four types of test statistics could degenerate when the time-varying mean, variance, long-run
variance of errors, covariates, and the intercept lie in certain hyperplanes, we show the bootstrap-assisted tests
are consistent under both degenerate and non-degenerate scenarios. In particular, in the presence of covariates the
exact local asymptotic power of the bootstrap-assisted tests can enjoy the same order as that of the classical KPSS
test of long memory for strictly stationary series. The asymptotic theory is built on a new Gaussian approximation
technique for locally stationary long-memory processes with short-memory covariates, which is of independent
interest. The effectiveness of our tests is demonstrated by extensive simulation studies and real data analysis.
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We study the large-sample properties of sparse M-estimators in the presence of pseudo-observations. Our frame-
work covers a broad class of semi-parametric copula models, for which the marginal distributions are unknown and
replaced by their empirical counterparts. It is well known that the latter modification significantly alters the limit-
ing laws compared to usual M-estimation. We establish the consistency and the asymptotic normality of our sparse
penalized M-estimator and we prove the asymptotic oracle property with pseudo-observations, possibly in the case
when the number of parameters is diverging. Our framework allows to manage copula-based loss functions that are
potentially unbounded. Additionally, we state the weak limit of multivariate rank statistics for an arbitrary dimen-
sion and the weak convergence of empirical copula processes indexed by maps. We apply our inference method to
Canonical Maximum Likelihood losses with Gaussian copulas, mixtures of copulas or conditional copulas. The
theoretical results are illustrated by two numerical experiments.
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We derive both Azuma-Hoeffding and Burkholder-type inequalities for partial sums over a rectangular grid of
dimension d of a random field satisfying a weak dependency assumption of projective type: the difference between
the expectation of an element of the random field and its conditional expectation given the rest of the field at a
distance more than δ is bounded, in Lp distance, by a known decreasing function of δ. The analysis is based on
the combination of a multi-scale approximation of random sums by martingale difference sequences, and of a
careful decomposition of the domain. The obtained results extend previously known bounds under comparable
hypotheses, and do not use the assumption of commuting filtrations.
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This paper discusses the problem of choosing the optimal block length for two block bootstrap methods designed
for periodically correlated processes. These are the Generalized Seasonal Block Bootstrap and the Extension of
Moving Block Bootstrap. Two estimation problems are considered: the overall mean and the seasonal means.
In both cases, the optimal block length is obtained by minimizing the mean squared error of the corresponding
bootstrap variance estimator and in all cases it is proportional to the cube root of the sample size and should
be a multiple of the period length plus one observation to avoid some bias. Finally, the results of the performed
simulation are presented, in which optimal blocks lengths are estimated for several periodically correlated time
series.

Keywords: Asymptotic expansion; bifrequency square; periodic time series; spectral estimation
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