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An efficient averaged stochastic Gauss-Newton
algorithm for estimating parameters of nonlinear
regressions models
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Nonlinear regression models are a standard tool for modelling real phenomena, with several applications in ma-
chine learning, ecology, econometrics, and so forth. Estimating the parameters of these models has attracted a lot
of attention during many years. We focus here on a recursive method for estimating parameters of nonlinear regres-
sions. Indeed, these kinds of methods, whose most famous instances are probably the stochastic gradient algorithm
and its averaged version, enable to deal efficiently with massive data arriving sequentially. Nevertheless, they can
be, in practice, non-robust when the eigenvalues of the Hessian of the functional we would like to minimize are at
different scales. To avoid this problem, we first focus on an online Stochastic Gauss-Newton algorithm. In order
to improve the estimates behaviour in the case of bad initialization, we then introduce a new Averaged Stochastic
Gauss-Newton algorithm and prove its asymptotic efficiency.

Keywords: Nonlinear regression model; online estimation; stochastic Gauss-Newton algorithm; stochastic
Newton algorithm; stochastic optimization
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Poisson approximation of Poisson-driven point
processes and extreme values in stochastic
geometry

MORITZ OTTO?

Department of Mathematics, Aarhus University, Aarhus, Denmark, ®otto @ math.au.dk

We study point processes that consist of certain centres of point tuples of an underlying Poisson process. Such
processes arise in stochastic geometry in the study of exceedances of various functionals describing geometric
properties of the Poisson process. We use a coupling of the point process with its Palm version to prove a general
Poisson limit theorem. We then combine our general result with the theory of asymptotic shapes of large cells
(Kendall’s problem) in random mosaics and prove Poisson limit theorems for large cells (with respect to a general
size functional) in the Poisson-Voronoi and Poisson-Delaunay mosaic. As a consequence, we establish scaling lim-
its for maxima of concrete size functionals. This extends extreme value results from (Extremes 17 (2014) 359-385)
and (Stochastic Process. Appl. 124 (2014) 2917-2953).

Keywords: Chen-Stein method; Delaunay mosaic; Kendall’s problem; maximum cell; Palm distribution; point
process approximation; Poisson process; stopping set; total variation distance; Voronoi mosaic
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An edge CLT for the log determinant of Wigner
ensembles
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We derive a Central Limit Theorem (CLT) for log |det (W — En )|, where Wy, is a Wigner matrix, and Ep is
local to the edge of the semi-circle law. Precisely, Eyy =2+ N -2/ 30N with o being either a constant (possibly
negative), or a sequence of positive real numbers, slowly diverging to infinity so that o < log2 N. We also extend
our CLT to cover spiked Wigner matrices. Our interest in the CLT is motivated by its applications to statistical
testing in critically spiked models and to the fluctuations of the free energy in the spherical Sherrington-Kirkpatrick
model of statistical physics.

Keywords: CLT; log determinant; edge of the semi-circle law; Wigner matrix
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On the expected number of critical points of
locally isotropic Gaussian random fields

HAO XU HAORAN YANG?¢and QIANG ZENG'?
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We consider locally isotropic Gaussian random fields on the N-dimensional Euclidean space for fixed N. Using the
so called Gaussian Orthogonally Invariant matrices first studied by Mallows in 1961 which include the celebrated
Gaussian Orthogonal Ensemble (GOE), we establish the Kac—Rice representation of expected number of critical
points of non-isotropic Gaussian fields, complementing the isotropic case obtained by Cheng and Schwartzman in
2018. In the limit N = oo, we show that such a representation can be always given by GOE matrices, as conjectured
by Auffinger and Zeng in 2020.

Keywords: Critical points; Gaussian random fields; GOE; GOI; isotropic increments; Kac—Rice formula
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Due to the lack of a canonical ordering in R4 for d > 1, defining multivariate generalizations of the classical
univariate ranks has been a long-standing open problem in statistics. Optimal transport has been shown to offer
a solution in which multivariate ranks are obtained by transporting data points to a grid that approximates a
uniform reference measure (Ann. Statist. 45 (2017) 223-256; Hallin (2017); Ann. Statist. 49 (2021) 1139-1165),
thereby inducing ranks, signs, and a data-driven ordering of R4. We take up this new perspective to define and
study multivariate analogues of the sign covariance/quadrant statistic, Spearman’s rho, Kendall’s tau, and van der
Waerden covariances. The resulting tests of multivariate independence are fully distribution-free, hence uniformly
valid irrespective of the actual (absolutely continuous) distribution of the observations. Our results provide the
asymptotic distribution theory for these new test statistics, with asymptotic approximations to critical values to
be used for testing independence between random vectors, as well as a power analysis of the resulting tests in an
extension of the so-called (bivariate) Konijn model. This power analysis includes a multivariate Chernoff—Savage
property guaranteeing that, under elliptical generalized Konijn models, the asymptotic relative efficiency of our
van der Waerden tests with respect to Wilks’ classical (pseudo-)Gaussian procedure is strictly larger than or equal
to one, where equality is achieved under Gaussian distributions only. We similarly provide a lower bound for the
asymptotic relative efficiency of our Spearman procedure with respect to Wilks' test, thus extending the classical
result by Hodges and Lehmann on the asymptotic relative efficiency, in univariate location models, of Wilcoxon
tests with respect to the Student ones.

Keywords: Center-outward ranks and signs; elliptical Chernoff-Savage property; multivariate independence test;
Pitman asymptotic relative efficiency
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Cramér’s moderate deviations give a quantitative estimate for the relative error of the normal approximation and
provide theoretical justifications for many estimators used in statistics. In this paper, we establish self-normalized
Cramér type moderate deviations for martingales under some mild conditions. The result extends an earlier work
of Fan et al. (Bernoulli 25 (2019) 2793-2823). Moreover, applications of our result to Student’s statistic, stationary
martingale difference sequences and branching processes in a random environment are also discussed.

Keywords: Branching process in a random environment; Cramér’s moderate deviations; martingales;
self-normalized sequences; Student’s statistic
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estimation for stationary real harmonizable
symmetric a-stable processes
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We consider a non-ergodic class of stationary real harmonizable symmetric a-stable processes X = {X(¢) : t € R}
with a finite symmetric and absolutely continuous control measure. We refer to its density function as the spectral
density of X. These processes admit a LePage series representation and are conditionally Gaussian, which allows
us to derive the non-ergodic limit of sample functions on X. In particular, we give an explicit expression for the
non-ergodic limits of the empirical characteristic function of X and the lag process {X (¢ + h) — X(¢) : t € R} with
h > 0, respectively. The process admits an equivalent representation as a series of sinusoidal waves with random
frequencies which are i.i.d. with the (normalized) spectral density of X as their probability density function. Based
on strongly consistent frequency estimation using the periodogram we present a strongly consistent estimator of
the spectral density. The computation of the periodogram is fast and efficient, and our method is not affected by
the non-ergodicity of X.

Keywords: Fourier analysis; frequency estimation; harmonizable process; non-ergodic process; non-ergodic
statistics; periodogram; spectral density estimation; stable process; stationary process
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In this paper we observe a set, possibly a continuum, of signals corrupted by noise. Each signal is a finite mixture
of an unknown number of features belonging to a continuous dictionary. The continuous dictionary is parametrized
by areal non-linear parameter. We shall assume that the signals share an underlying structure by assuming that each
signal has its active features included in a finite and sparse set. We formulate regularized optimization problem to
estimate simultaneously the linear coefficients in the mixtures and the non-linear parameters of the features. The
optimization problem is composed of a data fidelity term and a (€}, LP )-penalty. We call its solution the Group-
Nonlinear-Lasso and provide high probability bounds on the prediction error using certificate functions. Following
recent works on the geometry of off-the-grid methods, we show that such functions can be constructed provided the
parameters of the active features are pairwise separated by a constant with respect to a Riemannian metric. When
the number of signals is finite and the noise is assumed Gaussian, we give refinements of our results for p = 1
and p = 2 using tail bounds on suprema of Gaussian and )(2 random processes. When p = 2, our prediction error
reaches the rates obtained by the Group-Lasso estimator in the multi-task linear regression model. Furthermore,
for p = 2 these prediction rates are faster than for p = 1 when all signals share most of the non-linear parameters.

Keywords: Continuous dictionary; group-nonlinear-lasso; interpolating certificates; mixture model; multi-task
learning; non-linear regression model; off-the-grid methods; simultaneous recovery; sparse spike deconvolution
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We study stability and sample complexity properties of divergence regularized optimal transport (DOT). First, we
obtain quantitative stability results for optimizers of DOT measured in Wasserstein distance, which are applicable
to a wide class of divergences and simultaneously improve known results for entropic optimal transport. Second,
we study the case of sample complexity, where the DOT problem is approximated using empirical measures of
the marginals. We show that divergence regularization can improve the corresponding convergence rate compared
to unregularized optimal transport. To this end, we prove upper bounds which exploit both the regularity of cost
function and divergence functional, as well as the intrinsic dimension of the marginals. Along the way, we establish
regularity properties of dual optimizers of DOT, as well as general limit theorems for empirical measures with
suitable classes of test functions.

Keywords: Entropic optimal transport; f-divergence; intrinsic dimension; regularization

References

[1] Agrawal, R. and Horel, T. (2021). Optimal bounds between f-divergences and integral probability metrics.
J. Mach. Learn. Res. 22 Paper No. 128, 59 pp. MR4279779

[2] Blanchet, J., Jambulapati, A., Kent, C. and Sidford, A. (2024). Towards optimal running timesfor optimal
transport. Oper. Res. Lett. 52 107054. MR4678768 https://doi.org/10.1016/j.0r1.2023.11.007

[3] Blondel, M., Seguy, V. and Rolet, A. (2018). Smooth and sparse optimal transport. In International Confer-
ence on Artificial Intelligence and Statistics 880-889. PMLR.

[4] Bolley, F. and Villani, C. (2005). Weighted Csiszar-Kullback-Pinsker inequalities and applications to trans-
portation inequalities. Ann. Fac. Sci. Toulouse Math. (6) 14 331-352. MR2172583

[5] Carlier, G., Duval, V., Peyré, G. and Schmitzer, B. (2017). Convergence of entropic schemes for opti-
mal transport and gradient flows. SIAM J. Math. Anal. 49 1385-1418. MR3635459 https://doi.org/10.1137/
15M1050264

[6] Carlier, G. and Laborde, M. (2020). A differential approach to the multi-marginal Schrédinger system. SIAM
J. Math. Anal. 52 709-717. MR4062805 https://doi.org/10.1137/19M 1253800

[7] Carlier, G., Pegon, P. and Tamanini, L. (2023). Convergence rate of general entropic optimal transport costs.
Calc. Var. Partial Differential Equations 62 Paper No. 116, 28 pp. MR4565039 https://doi.org/10.1007/
500526-023-02455-0

[8] Chizat, L., Roussillon, P., Léger, F., Vialard, F.-X. and Peyré, G. (2020). Faster Wasserstein distance estima-
tion with the Sinkhorn divergence. Adv. Neural Inf. Process. Syst. 33 2257-2269.

[9] Cominetti, R. and San Martin, J. (1994). Asymptotic analysis of the exponential penalty trajectory in linear
programming. Math. Program. 67 169—187. MR1305565 https://doi.org/10.1007/BF01582220

[10] Conforti, G. and Tamanini, L. (2021). A formula for the time derivative of the entropic cost and applications.
J. Funct. Anal. 280 Paper No. 108964, 48 pp. MR4232667 https://doi.org/10.1016/j.jfa.2021.108964
[11] Csiszér, 1. (1975). I-divergence geometry of probability distributions and minimization problems. Ann.

Probab. 3 146-158. MR0365798 https://doi.org/10.1214/a0p/1176996454

1350-7265 © 2025 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/24-BEJ1725
mailto:erhan@umich.edu
mailto:stephan.eckstein@uni-tuebingen.de
mailto:xin.zhang@univie.ac.at
https://mathscinet.ams.org/mathscinet-getitem?mr=4279779
https://mathscinet.ams.org/mathscinet-getitem?mr=4678768
https://doi.org/10.1016/j.orl.2023.11.007
https://mathscinet.ams.org/mathscinet-getitem?mr=2172583
https://mathscinet.ams.org/mathscinet-getitem?mr=3635459
https://doi.org/10.1137/15M1050264
https://doi.org/10.1137/15M1050264
https://mathscinet.ams.org/mathscinet-getitem?mr=4062805
https://doi.org/10.1137/19M1253800
https://mathscinet.ams.org/mathscinet-getitem?mr=4565039
https://doi.org/10.1007/s00526-023-02455-0
https://doi.org/10.1007/s00526-023-02455-0
https://mathscinet.ams.org/mathscinet-getitem?mr=1305565
https://doi.org/10.1007/BF01582220
https://mathscinet.ams.org/mathscinet-getitem?mr=4232667
https://doi.org/10.1016/j.jfa.2021.108964
https://mathscinet.ams.org/mathscinet-getitem?mr=0365798
https://doi.org/10.1214/aop/1176996454

214

[12]

[13]

[14]
[15]
[16]
[17]

(18]

[19]

[20]

[21]
(22]
(23]

(24]
[25]

[26]
[27]
(28]
[29]
(30]
(31]
(32]
(33]
(34]
(35]

(36]

E. Bayraktar, S. Eckstein and X. Zhang

Cuturi, M. (2013). Sinkhorn distances: Lightspeed computation of optimal transport. Adv. Neural Inf. Pro-
cess. Syst. 26.

del Barrio, E., Gonzélez Sanz, A., Loubes, J.-M. and Niles-Weed, J. (2023). An improved central limit
theorem and fast convergence rates for entropic transportation costs. SIAM J. Math. Data Sci. 5 639-669.
MR4616887 https://doi.org/10.1137/22M149260X

Deligiannidis, G., De Bortoli, V. and Doucet, A. (2021). Quantitative uniform stability of the iterative pro-
portional fitting procedure. Preprint. Available at arXiv:2108.08129.

Dessein, A., Papadakis, N. and Rouas, J.-L. (2018). Regularized optimal transport and the rot mover’s dis-
tance. J. Mach. Learn. Res. 19 Paper No. 15, 53 pp. MR3862422

Di Marino, S. and Gerolin, A. (2020). Optimal transport losses and Sinkhorn algorithm with general convex
regularization. Preprint. Available at arXiv:2007.00976.

Dudley, R.M. (1968). The speed of mean Glivenko-Cantelli convergence. Ann. Math. Stat. 40 40-50.
MRO0236977 https://doi.org/10.1214/aoms/1177697802

Eckstein, S. and Kupper, M. (2021). Computation of optimal transport and related hedging problems via pe-
nalization and neural networks. Appl. Math. Optim. 83 639—-667. MR4239795 https://doi.org/10.1007/s00245-
019-09558-1

Eckstein, S., Kupper, M. and Pohl, M. (2020). Robust risk aggregation with neural networks. Math. Finance
30 1229-1272. MR4154769 https://doi.org/10.1111/mafi.12280

Eckstein, S. and Nutz, M. (2022). Quantitative stability of regularized optimal transport and conver-
gence of Sinkhorn’s algorithm. SIAM J. Math. Anal. 54 5922-5948. MR4506579 https://doi.org/10.1137/
21M145505X

Eckstein, S. and Nutz, M. (2022). Convergence Rates for Regularized Optimal Transport via Quantization.
Preprint. Available at arXiv:2208.14391.

Essid, M. and Solomon, J. (2018). Quadratically regularized optimal transport on graphs. SIAM J. Sci. Com-
put. 40 A1961-A1986. MR3820384 https://doi.org/10.1137/17M 1132665

Folland, G.B. (1999). Real Analysis: Modern Techniques and Their Applications, 2nd ed. Pure and Applied
Mathematics (New York). New York: Wiley. MR1681462

Folland, G.B. (2005). Higher-order derivatives and Taylor’s formula in several variables. Preprint, 1-4.
Fournier, N. and Guillin, A. (2015). On the rate of convergence in Wasserstein distance of the empirical mea-
sure. Probab. Theory Related Fields 162 707-738. MR3383341 https://doi.org/10.1007/s00440-014-0583-7
Franklin, J. and Lorenz, J. (1989). On the scaling of multidimensional matrices. Linear Algebra Appl. 114/115
717-735. MR0986904 https://doi.org/10.1016/0024-3795(89)90490-4

Genevay, A., Chizat, L., Bach, F., Cuturi, M. and Peyré, G. (2019). Sample complexity of Sinkhorn diver-
gences. In The 22nd International Conference on Artificial Intelligence and Statistics 1574—1583. PMLR.
Ghosal, P., Nutz, M. and Bernton, E. (2022). Stability of entropic optimal transport and Schrodinger bridges.
J. Funct. Anal. 283 Paper No. 109622, 22 pp. MR4460341 https://doi.org/10.1016/j.jfa.2022.109622

Gigli, N. and Tamanini, L. (2021). Second order differentiation formula on RCD*(K, N) spaces. J. Eur. Math.
Soc. (JEMS) 23 1727-1795. MR4244516 https://doi.org/10.4171/JEMS/1042

Goldfeld, Z., Kato, K., Rioux, G. and Sadhu, R. (2022). Limit Theorems for Entropic Optimal Transport
Maps and the Sinkhorn Divergence. Preprint. Available at arXiv:2207.08683.

Goldfeld, Z., Kato, K., Rioux, G. and Sadhu, R. (2022). Statistical inference with regularized optimal trans-
port. Preprint. Available at arXiv:2205.04283.

Gonzalez-Sanz, A., Loubes, J.-M. and Niles-Weed, J. (2022). Weak limits of entropy regularized Optimal
Transport; potentials, plans and divergences. Preprint. Available at arXiv:2207.07427.

Graf, S. and Luschgy, H. (2000). Foundations of Quantization for Probability Distributions. Lecture Notes
in Math. 1730. Berlin: Springer. MR 1764176 https://doi.org/10.1007/BFb0103945

Keriven, N. (2023). Entropic Optimal Transport on Random Graphs. SIAM J. Math. Data Sci. § 1028-1050.
MR4671658 https://doi.org/10.1137/22M 1518281

Klatt, M., Tameling, C. and Munk, A. (2020). Empirical regularized optimal transport: Statistical theory and
applications. SIAM J. Math. Data Sci. 2 419-443. MR4105566 https://doi.org/10.1137/19M 1278788
Kloeckner, B.R. (2020). Empirical measures: Regularity is a counter-curse to dimensionality. ESAIM Probab.
Stat. 24 408-434. MR4153634 https://doi.org/10.1051/ps/2019025


https://mathscinet.ams.org/mathscinet-getitem?mr=4616887
https://doi.org/10.1137/22M149260X
https://arxiv.org/abs/2108.08129
https://mathscinet.ams.org/mathscinet-getitem?mr=3862422
https://arxiv.org/abs/2007.00976
https://mathscinet.ams.org/mathscinet-getitem?mr=0236977
https://doi.org/10.1214/aoms/1177697802
https://mathscinet.ams.org/mathscinet-getitem?mr=4239795
https://doi.org/10.1007/s00245-019-09558-1
https://doi.org/10.1007/s00245-019-09558-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4154769
https://doi.org/10.1111/mafi.12280
https://mathscinet.ams.org/mathscinet-getitem?mr=4506579
https://doi.org/10.1137/21M145505X
https://doi.org/10.1137/21M145505X
https://arxiv.org/abs/2208.14391
https://mathscinet.ams.org/mathscinet-getitem?mr=3820384
https://doi.org/10.1137/17M1132665
https://mathscinet.ams.org/mathscinet-getitem?mr=1681462
https://mathscinet.ams.org/mathscinet-getitem?mr=3383341
https://doi.org/10.1007/s00440-014-0583-7
https://mathscinet.ams.org/mathscinet-getitem?mr=0986904
https://doi.org/10.1016/0024-3795(89)90490-4
https://mathscinet.ams.org/mathscinet-getitem?mr=4460341
https://doi.org/10.1016/j.jfa.2022.109622
https://mathscinet.ams.org/mathscinet-getitem?mr=4244516
https://doi.org/10.4171/JEMS/1042
https://arxiv.org/abs/2207.08683
https://arxiv.org/abs/2205.04283
https://arxiv.org/abs/2207.07427
https://mathscinet.ams.org/mathscinet-getitem?mr=1764176
https://doi.org/10.1007/BFb0103945
https://mathscinet.ams.org/mathscinet-getitem?mr=4671658
https://doi.org/10.1137/22M1518281
https://mathscinet.ams.org/mathscinet-getitem?mr=4105566
https://doi.org/10.1137/19M1278788
https://mathscinet.ams.org/mathscinet-getitem?mr=4153634
https://doi.org/10.1051/ps/2019025

Stability and sample complexity of divergence regularized optimal transport 215

(37]
(38]
(39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
(48]
[49]
[50]
[51]

[52]
(53]

(54]
[55]
[56]
(571

(58]

[59]

[60]

[61]

Larsson, M., Park, J. and Wiesel, J. (2023). On concentration of the empirical measure for general transport
costs. Preprint. Available at arXiv:2305.18636.

Léonard, C. (2012). From the Schrodinger problem to the Monge-Kantorovich problem. J. Funct. Anal. 262
1879-1920. MR2873864 https://doi.org/10.1016/j.jfa.2011.11.026

Lin, T., Ho, N. and Jordan, M. (2019). On efficient optimal transport: An analysis of greedy and accelerated
mirror descent algorithms. In International Conference on Machine Learning 3982-3991. PMLR.

Lorenz, D. and Mabhler, H. (2022). Orlicz space regularization of continuous optimal transport problems.
Appl. Math. Optim. 85 Paper No. 14, 33 pp. MR4409806 https://doi.org/10.1007/s00245-022-09826-7
Lorenz, D.A., Manns, P. and Meyer, C. (2021). Quadratically regularized optimal transport. Appl. Math.
Optim. 83 1919-1949. MR4261277 https://doi.org/10.1007/s00245-019-09614-w

Manole, T. and Niles-Weed, J. (2021). Sharp convergence rates for empirical optimal transport with smooth
costs. Preprint. Available at arXiv:2106.1318]1.

McCann, R.J., Pass, B. and Warren, M. (2012). Rectifiability of optimal transportation plans. Canad. J. Math.
64 924-934. MR2957236 https://doi.org/10.4153/CIM-2011-080-6

Mena, G. and Niles-Weed, J. (2019). Statistical bounds for entropic optimal transport: Sample complexity
and the central limit theorem. Adv. Neural Inf. Process. Syst. 32.

Miiller, A. (1997). Integral probability metrics and their generating classes of functions. Adv. in Appl. Probab.
29 429-443. MR 1450938 https://doi.org/10.2307/1428011

Nutz, M. and Wiesel, J. (2022). Entropic optimal transport: Convergence of potentials. Probab. Theory Re-
lated Fields 184 401-424. MR4498514 https://doi.org/10.1007/s00440-021-01096-8

Nutz, M. and Wiesel, J. (2023). Stability of Schrodinger potentials and convergence of Sinkhorn’s algorithm.
Ann. Probab. 51 699-722. MR4546630 https://doi.org/10.1214/22-aop1611

Pal, S. (2019). On the difference between entropic cost and the optimal transport cost. Preprint. Available at
arXiv:1905.12206.

Peyré, G., Cuturi, M. et al. (2019). Computational optimal transport: With applications to data science. Found.
Trends Mach. Learn. 11 355-607.

Pooladian, A.-A. and Niles-Weed, J. (2021). Entropic estimation of optimal transport maps. Preprint. Avail-
able at arXiv:2109.12004.

Rigollet, P. and Stromme, A.J. (2022). On the sample complexity of entropic optimal transport. Preprint.
Available at arXiv:2206.13472.

Rockafellar, R.T. and Wets, R.J.-B. (2009). Variational Analysis 317. Berlin: Springer.

Rudin, W. (1976). Principles of Mathematical Analysis, 3rd ed. International Series in Pure and Applied
Mathematics. New York—Auckland-Diisseldorf: McGraw-Hill. MR0385023

Schmitzer, B. (2019). Stabilized sparse scaling algorithms for entropy regularized transport problems. SIAM
J. Sci. Comput. 41 A1443—-A1481. MR3947294 https://doi.org/10.1137/16M 1106018

Seguy, V., Damodaran, B.B., Flamary, R., Courty, N., Rolet, A. and Blondel, M. (2017). Large-scale optimal
transport and mapping estimation. Preprint. Available at arXiv:1711.02283.

Sinkhorn, R. and Knopp, P. (1967). Concerning nonnegative matrices and doubly stochastic matrices. Pacific
J. Math. 21 343-348. MR0210731

Sreekumar, S., Goldfeld, Z. and Kato, K. (2022). Limit distribution theory for f-Divergences. Preprint.
Available at arXiv:2211.11184.

Sriperumbudur, B.K., Fukumizu, K., Gretton, A., Scholkopf, B. and Lanckriet, G.R.G. (2012). On the empir-
ical estimation of integral probability metrics. Electron. J. Stat. 6 1550—-1599. MR2988458 https://doi.org/
10.1214/12-EJS722

Tagkesen, B., Shafieezadeh-Abadeh, S. and Kuhn, D. (2023). Semi-discrete optimal transport: Hardness,
regularization and numerical solution. Math. Program. 199 1033—1106. MR4578388 https://doi.org/10.1007/
$10107-022-01856-x

Terjék, D. and Gonzdlez-Sanchez, D. (2022). Optimal transport with f-divergence regularization and gen-
eralized Sinkhorn algorithm. In International Conference on Artificial Intelligence and Statistics 5135-5165.
PMLR.

Villani, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathematics 58. Providence, RI:
Amer. Math. Soc. MR1964483 https://doi.org/10.1090/gsm/058


https://arxiv.org/abs/2305.18636
https://mathscinet.ams.org/mathscinet-getitem?mr=2873864
https://doi.org/10.1016/j.jfa.2011.11.026
https://mathscinet.ams.org/mathscinet-getitem?mr=4409806
https://doi.org/10.1007/s00245-022-09826-7
https://mathscinet.ams.org/mathscinet-getitem?mr=4261277
https://doi.org/10.1007/s00245-019-09614-w
https://arxiv.org/abs/2106.13181
https://mathscinet.ams.org/mathscinet-getitem?mr=2957236
https://doi.org/10.4153/CJM-2011-080-6
https://mathscinet.ams.org/mathscinet-getitem?mr=1450938
https://doi.org/10.2307/1428011
https://mathscinet.ams.org/mathscinet-getitem?mr=4498514
https://doi.org/10.1007/s00440-021-01096-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4546630
https://doi.org/10.1214/22-aop1611
https://arxiv.org/abs/1905.12206
https://arxiv.org/abs/2109.12004
https://arxiv.org/abs/2206.13472
https://mathscinet.ams.org/mathscinet-getitem?mr=0385023
https://mathscinet.ams.org/mathscinet-getitem?mr=3947294
https://doi.org/10.1137/16M1106018
https://arxiv.org/abs/1711.02283
https://mathscinet.ams.org/mathscinet-getitem?mr=0210731
https://arxiv.org/abs/2211.11184
https://mathscinet.ams.org/mathscinet-getitem?mr=2988458
https://doi.org/10.1214/12-EJS722
https://doi.org/10.1214/12-EJS722
https://mathscinet.ams.org/mathscinet-getitem?mr=4578388
https://doi.org/10.1007/s10107-022-01856-x
https://doi.org/10.1007/s10107-022-01856-x
https://mathscinet.ams.org/mathscinet-getitem?mr=1964483
https://doi.org/10.1090/gsm/058

216 E. Bayraktar, S. Eckstein and X. Zhang

[62] Weed, J. (2018). An explicit analysis of the entropic penalty in linear programming. In Conference on Learn-
ing Theory 1841-1855. PMLR.

[63] Weed, J. and Bach, F. (2019). Sharp asymptotic and finite-sample rates of convergence of empirical measures
in Wasserstein distance. Bernoulli 25 2620-2648. MR4003560 https://doi.org/10.3150/18-BEJ1065


https://mathscinet.ams.org/mathscinet-getitem?mr=4003560
https://doi.org/10.3150/18-BEJ1065

Bernoulli 31(1), 2025, 240-270
https://doi.org/10.3150/24-BEJ 1726

Adaptive deep learning for nonlinear time series
models

DAISUKE KURISU! RIKU FUKAMI%? and YUTA KOIKE?*¢

I Center for Spatial Information Science, The University of Tokyo, 5-1-5, Kashiwanoha, Kashiwa-shi, Chiba
277-8568, Japan, *daisukekurisu@csis.u-tokyo.ac.jp

2Graduate School of Mathematical Science, The University of Tokyo, 3-8-1 Komaba, Meguro-ku, Tokyo 153-8914,
Japan, brick.h.azuma@ gmail.com, kyuta@ms.u-tokyo.ac.jp

In this paper, we develop a general theory for adaptive nonparametric estimation of the mean function of a non-
stationary and nonlinear time series model using deep neural networks (DNNs). We first consider two types of
DNN estimators, non-penalized and sparse-penalized DNN estimators, and establish their generalization error
bounds for general non-stationary time series. We then derive minimax lower bounds for estimating mean functions
belonging to a wide class of nonlinear autoregressive (AR) models that include nonlinear generalized additive
AR, single index, and threshold AR models. Building upon the results, we show that the sparse-penalized DNN
estimator is adaptive and attains the minimax optimal rates up to a poly-logarithmic factor for many nonlinear
AR models. Through numerical simulations, we demonstrate the usefulness of the DNN methods for estimating
nonlinear AR models with intrinsic low-dimensional structures and discontinuous or rough mean functions, which
is consistent with our theory.

Keywords: Adaptive estimation; deep neural network; minimax optimality; nonlinear time series
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Asymptotically optimal sequential multiple
testing with asynchronous decisions
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The problem of simultaneously testing the marginal distributions of sequentially monitored, independent data
streams is considered. The decisions for the various testing problems can be made at different times, using data
from all streams, which can be monitored until all decisions have been made. Moreover, arbitrary a priori bounds
are assumed on the number of signals, i.e., data streams in which the alternative hypothesis is correct. A novel
sequential multiple testing procedure is proposed and it is shown to achieve the minimum expected decision time,
simultaneously in every data stream and under every signal configuration, asymptotically as certain metrics of
global error rates go to zero. This optimality property is established under general parametric composite hypothe-
ses, various error metrics, and weak distributional assumptions that allow for temporal dependence. Furthermore,
the limit of the factor by which the expected decision time in a data stream increases when one is limited to syn-
chronous or decentralized procedures is evaluated. Finally, two existing sequential multiple testing procedures in
the literature are compared with the proposed one in various simulation studies.

Keywords: Asymptotic optimality; asynchronous decisions; parametric composite hypotheses; prior information;
sequential multiple testing
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We prove that if X,Y are positive, independent, non-Dirac random variables and if for @, > 0, a # (3,

_ 1+B(x+y) . l1+a(x+y)
z//a,ﬁ(x,y) - (y I+ax+By’ X 1+ax+,8y) ’
then the random variables U and V defined by (U, V) = ¢4 g(X,Y) are independent if and only if X and Y follow
Kummer distributions with suitably related parameters. In other words, any invariant measure for a lattice recursion
model governed by ¥, g in the scheme introduced by Croydon and Sasada in (Croydon and Sasada (2020)) is
necessarily a product measure with Kummer marginals. The result extends earlier characterizations of Kummer
and gamma laws by independence of
_ Y
U=1x

and V:X(1+%),

which corresponds to the case of ¢ o. We also show, in the supplement, that this independence property of
Kummer laws covers, as limiting cases, several independence models known in the literature: the Lukacs, the
Kummer-Gamma, the Matsumoto-Yor and the discrete Korteweg de Vries models.

Keywords: Independence preserving property; Kummer distributions; Matsumoto-Yor property
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Nearest neighbor empirical processes
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In the regression framework, the empirical measure based on the responses resulting from the nearest neighbors,
among the covariates, to a given point x is introduced and studied as a central statistical quantity. First, the as-
sociated empirical process is shown to satisfy a uniform central limit theorem under a local bracketing entropy
condition on the underlying class of functions reflecting the localizing nature of the nearest neighbor algorithm.
Second a uniform non-asymptotic bound is established under a well-known condition, often referred to as Vapnik-
Chervonenkis, on the uniform entropy numbers. The covariance of the Gaussian limit obtained in the uniform
central limit theorem is simply equal to the conditional covariance operator given the covariate value. This sug-
gests the possibility of using standard formulas to estimate the variance by using only the nearest neighbors instead
of the full data. This is illustrated on two problems: the estimation of the conditional cumulative distribution func-
tion and local linear regression.

Keywords: Concentration inequality; empirical process theory; nearest neighbor algorithm; weak convergence
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This work aims at making a comprehensive contribution in the general area of parametric inference for discretely
observed diffusion processes. Established approaches for likelihood-based estimation invoke a time-discretisation
scheme for the approximation of the intractable transition dynamics of the Stochastic Differential Equation (SDE)
model over finite time periods. The scheme is applied for a step-size ¢ > 0, that is either user-selected or determined
by the data. Recent research has highlighted the critical effect of the choice of numerical scheme on the behaviour
of derived parameter estimates in the setting of hypo-elliptic SDEs. In brief, in our work, first, we develop two
weak second order sampling schemes (to cover both hypo-elliptic and elliptic SDEs) and produce a small time
expansion for the density of the schemes to form a proxy for the true intractable SDE transition density. Then, we
establish a collection of analytic results for likelihood-based parameter estimates obtained via the formed proxies,
thus providing a theoretical framework that showcases advantages from the use of the developed methodology for
SDE calibration. We present numerical results from carrying out classical or Bayesian inference, for both elliptic
and hypo-elliptic SDEs.

Keywords: CLT; data augmentation; hypo-elliptic diffusion; small time density expansion; stochastic differential
equation
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Poisson hulls
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We introduce a hull operator on Poisson point processes, the easiest example being the convex hull of the support
of a point process in Euclidean space. Assuming that the intensity measure of the process is known on the set
generated by the hull operator, we discuss estimation of an expected linear statistic built on the Poisson process. In
special cases, our general scheme yields an estimator of the volume of a convex body or an estimator of an integral
of a Holder function. We show that the estimation error is given by the Kabanov—Skorohod integral with respect
to the underlying Poisson process. A crucial ingredient of our approach is a spatial strong Markov property of the
underlying Poisson process with respect to the hull. We derive the rate of normal convergence for the estimation
error, and illustrate it on an application to estimators of integrals of a Holder function. We also discuss estimation
of higher order symmetric statistics.

Keywords: Convex hull; hull operator; Kabanov—Skorohod integral; Poisson process; symmetric statistics
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Cross-validation is the standard approach for tuning parameter selection in many non-parametric regression prob-
lems. However its use is less common in change-point regression, perhaps as its prediction error-based criterion
may appear to permit small spurious changes and hence be less well-suited to estimation of the number and lo-
cation of change-points. We show that in fact the problems of cross-validation with squared error loss are more
severe and can lead to systematic under- or over-estimation of the number of change-points, and highly suboptimal
estimation of the mean function in simple settings where changes are easily detectable. We propose two simple ap-
proaches to remedy these issues, the first involving the use of absolute error rather than squared error loss, and the
second involving modifying the holdout sets used. For the latter, we provide conditions that permit consistent esti-
mation of the number of change-points for a general change-point estimation procedure. We show these conditions
are satisfied for least squares estimation using new results on its performance when supplied with the incorrect
number of change-points. Numerical experiments show that our new approaches are competitive with common
change-point methods using classical tuning parameter choices when error distributions are well-specified, but
can substantially outperform these in misspecified models. An implementation of our methodology is available in
the R package crossvalidationCP on CRAN.

Keywords: Change-point regression; cross-validation; segment neighbourhood; sample-splitting; selection
consistency; tuning parameter selection
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In 1926, G. Udny Yule (J. R. Stat. Soc. 89 (1926) 1-63) considered the following problem: given a sequence of
pairs of random variables {X,Y; } (k =1,2,...,n), and letting X; = S; and ¥; = S/ where S; and S/ are the partial
sums of two independent random walks, what is the distribution of the empirical correlation coefficient

i=1 SiSi - %(Z?:l Si)(EiL; S 9
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Yule empirically observed the distribution of this statistic to be heavily dispersed and frequently large in absolute
value, leading him to call it “nonsense correlation.” This unexpected finding led to his formulation of two concrete
questions, each of which would remain open for more than ninety years: (i) Find (analytically) the variance of p;,
as n — oo and (ii): Find (analytically) the higher order moments and the density of p,, as n — oco. In 2017, Ernst,
Shepp and Wyner (Ann. Statist. 45 (2017) 1789-1809) considered the empirical correlation coefficient

/01 W1 (W, (t)dt — /01 W (t)dt fol W ()dt

\/ /01 W2(0)dt - ( fol 114] (t)dt) 2\/ fol W3 (0)dt — ( /01 Wz(t)dt) 2

of two independent Wiener processes W1, W,, the limit to which p,, converges weakly, as was first shown by P.C.B.
Phillips (J. Econometrics 33 (1986) 311-340). Using tools from integral equation theory, Ernst, Shepp and Wyner
(Ann. Statist. 45 (2017) 1789-1809) closed question (i) by explicitly calculating the second moment of p to be
.240522. This paper adopts a completely different approach to the same question, rooted in an earlier literature on
the laws of quadratic functionals of Gaussian diffusions (in particular, (Adv. in Appl. Probab. 25 (1993) 570-584;
Stoch. Stoch. Rep. 41 (1992) 201-218)). This allows us to develop an Itd-formula approach from which we calculate
expressions for the Laplace transform of p, leading to expressions for the moments which we evaluate up to order
16, thereby closing question (ii). This leads, for the first time, to an approximation to the density of Yule’s nonsense
correlation. The broad applicability of this approach is demonstrated by answering the corresponding questions
when the pair of independent Brownian motions is replaced by a pair of correlated Brownian motions, or by two
independent Ornstein-Uhlenbeck processes, or by two independent Brownian bridges. We conclude by extending
the definition of p to the time interval [0,7] for any T > 0 and prove a Central Limit Theorem for the case of two
independent Ornstein-Uhlenbeck processes.

pi=

Keywords: Nonsense correlation; Ornstein-Uhlenbeck processes; volatile correlation; Wiener processes
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This work resolves the following question in non-Euclidean statistics: Is it possible to consistently estimate the
Fréchet mean set of an unknown population distribution, with respect to the Hausdorff metric, when given access
to independent identically-distributed samples? Our affirmative answer is based on a careful analysis of the “re-
laxed empirical Fréchet mean set estimators” which identify the set of near-minimizers of the empirical Fréchet
functional and where the amount of “relaxation” vanishes as the number of data tends to infinity. On the theoret-
ical side, our results include exact descriptions of which relaxation rates give weak consistency and which give
strong consistency, as well as a description of an estimator which (assuming only the finiteness of certain moments
and a mild condition on the metric entropy of the underlying metric space) adaptively finds the fastest possible
relaxation rate for strongly consistent estimation. On the applied side, we consider the problem of estimating the
set of Fermat-Weber points of an unknown distribution in the space of equidistant trees endowed with the tropical
projective metric; in this setting, we provide an algorithm that provably implements our adaptive estimator, and we
apply this method to real phylogenetic data.

Keywords: Computational phylogenetics; Fermat-Weber point; Fréchet mean; Hausdorff metric; medoids;
non-Euclidean statistics; random sets; stochastic optimization
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We introduce a random recursive tree model with two communities, called balanced community modulated random
recursive tree, or BCMRT in short. In this setting, pairs of nodes of different type appear sequentially. Each node
of the pair decides independently to attach to their own type with probability 1 — ¢, or to the other type with
probability ¢, and then chooses its parent uniformly within the set of existing nodes with the selected type. We
find that the limiting degree distributions coincide for different g. Therefore, as far as inference is concerned, other
statistics have to be studied. We first consider the setting where the time-labels of the nodes, i.e., their time of
arrival, are observed but their type is not. In this setting, we design a consistent estimator for g and provide bounds
for the feasibility of testing between two different values of g. Moreover, we show that if ¢ is small enough, then it
is possible to cluster the nodes in a way correlated with the true partition, even though the algorithm is exponential
in time (in passing, we show that our clustering procedure is intimately connected to the NP-hard problem of
minimum fair bisection). In the unlabelled setting, i.e., when only the tree structure is observed, we show that it is
possible to test between different values of g in a strictly better way than by random guessing. This follows from a
delicate analysis of the sum-of-distances statistic.

Keywords: Clustering; combinatorial statistics; community detection; community modulated recursive trees;
minimum fair bisection; parameter testing; random recursive trees; Wiener index
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Estimation of a pure-jump stable
Cox-Ingersoll-Ross process
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We consider a pure-jump stable Cox-Ingersoll-Ross (a-stable CIR) process driven by a non-symmetric stable Lévy
process with jump activity a € (1,2) and we address the joint estimation of drift, scaling and jump activity param-
eters from high-frequency observations of the process on a fixed time period. We first prove the existence of a
consistent, rate optimal and asymptotically conditionally Gaussian estimator based on an approximation of the
likelihood function. Moreover, uniqueness of the drift estimators is established assuming that the scaling coeffi-
cient and the jump activity are known or consistently estimated. Next we propose easy-to-implement preliminary
estimators of all parameters and we improve them by a one-step procedure.

Keywords: Cox-Ingersoll-Ross process; estimating functions; Lévy process; parametric inference; stable process;
stochastic differential equation
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Enriching Brownian motion with regenerations from a fixed regeneration distribution y at a particular regeneration
rate « results in a Markov process that has a target distribution 7 as its invariant distribution. For the purpose of
Monte Carlo inference, implementing such a scheme requires firstly selection of regeneration distribution y, and
secondly computation of a specific constant C. Both of these tasks can be very difficult in practice for good
performance. We introduce a method for adapting the regeneration distribution, by adding point masses to it. This
allows the process to be simulated with as few regenerations as possible and obviates the need to find said constant
C. Moreover, the choice of fixed u is replaced with the choice of the initial regeneration distribution, which
is considerably less difficult. We establish convergence of this resulting self-reinforcing process and explore its
effectiveness at sampling from a number of target distributions. The examples show that adapting the regeneration
distribution guards against poor choices of fixed regeneration distribution and can reduce the error of Monte Carlo
estimates of expectations of interest, especially when 7 is skewed.

Keywords: Adaptive algorithm; Markov process; MCMC; normalizing constant; regeneration distribution;
Restore sampler; sampling; simulation
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A limit theorem for the largest interpoint distance of p independent and identically distributed points in R” to the
Gumbel distribution is proved, where the number of points p = p;, tends to infinity as the dimension of the points
n — oo. The theorem holds under moment assumptions and corresponding conditions on the growth rate of p.
We obtain a plethora of ancillary results such as the joint convergence of maximum and minimum interpoint dis-
tances. Using the inherent sum structure of interpoint distances, our result is generalized to maxima of dependent
random walks with non-decaying correlations and we also derive point process convergence. An application of the
maximum interpoint distance to testing the equality of means for high-dimensional random vectors is presented.
Moreover, we study the largest off-diagonal entry of a sample covariance matrix. The proofs are based on the
Chen-Stein Poisson approximation method and Gaussian approximation to large deviation probabilities.

Keywords: Extreme value theory; Gumbel distribution; high dimension; independence test; maximum under
dependence; p-norms

References

[1] Appel, M.J.B., Najim, C.A. and Russo, R.P. (2002). Limit laws for the diameter of a random point set. Adv.
in Appl. Probab. 34 1-10. MR1895327 https://doi.org/10.1239/aap/1019160946

[2] Arratia, R., Goldstein, L. and Gordon, L. (1989). Two moments suffice for Poisson approximations: The
Chen-Stein method. Ann. Probab. 17 9-25. MR0972770

[3] Biau, G. and Mason, D.M. (2015). High-dimensional p-norms. In Mathematical Statistics and Limit Theo-
rems 21-40. Cham: Springer. MR3380729

[4] Cai, T. and Liu, W. (2011). Adaptive thresholding for sparse covariance matrix estimation. J. Amer. Statist.
Assoc. 106 672-684. MR2847949 https://doi.org/10.1198/jasa.2011.tm10560

[5] Cai, T.T. (2017). Global testing and large-scale multiple testing for high-dimensional covariance structures.
Annu. Rev. Stat. Appl. 4 423-446.

[6] Chernozhukov, V., Chetverikov, D. and Kato, K. (2013). Gaussian approximations and multiplier bootstrap
for maxima of sums of high-dimensional random vectors. Ann. Statist. 41 2786-2819. MR3161448 https://
doi.org/10.1214/13-A0S 1161

[7] Demichel, Y., Fermin, A.-K. and Soulier, P. (2015). The diameter of an elliptical cloud. Electron. J. Probab.
20 1-32. MR3325097 https://doi.org/10.1214/EJP.v20-3777

[8] Donoho, D. (2000). High-dimensional data analysis: The curses and blessings of dimensionality Technical
Report, Stanford Univ.

[9] Embrechts, P., Kliippelberg, C. and Mikosch, T. (1997). Modelling Extremal Events: For Insurance and
Finance. Applications of Mathematics (New York) 33. Berlin: Springer. MR 1458613 https://doi.org/10.1007/
978-3-642-33483-2

[10] Fan, J. and Jiang, T. (2019). Largest entries of sample correlation matrices from equi-correlated normal
populations. Ann. Probab. 47 3321-3374. MR4021253 https://doi.org/10.1214/19-A0P1341

[11] Gosmann, J., Stoehr, C., Heiny, J. and Dette, H. (2022). Sequential change point detection in high dimensional
time series. Electron. J. Stat. 16 3608-3671. MR4444665 https://doi.org/10.1214/22-ejs2027

1350-7265 © 2025 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/24-BEJ1738
mailto:johannes.heiny@math.su.se
mailto:carolin.kleemann@rub.de
https://mathscinet.ams.org/mathscinet-getitem?mr=1895327
https://doi.org/10.1239/aap/1019160946
https://mathscinet.ams.org/mathscinet-getitem?mr=0972770
https://mathscinet.ams.org/mathscinet-getitem?mr=3380729
https://mathscinet.ams.org/mathscinet-getitem?mr=2847949
https://doi.org/10.1198/jasa.2011.tm10560
https://mathscinet.ams.org/mathscinet-getitem?mr=3161448
https://doi.org/10.1214/13-AOS1161
https://doi.org/10.1214/13-AOS1161
https://mathscinet.ams.org/mathscinet-getitem?mr=3325097
https://doi.org/10.1214/EJP.v20-3777
https://mathscinet.ams.org/mathscinet-getitem?mr=1458613
https://doi.org/10.1007/978-3-642-33483-2
https://doi.org/10.1007/978-3-642-33483-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4021253
https://doi.org/10.1214/19-AOP1341
https://mathscinet.ams.org/mathscinet-getitem?mr=4444665
https://doi.org/10.1214/22-ejs2027

538
[12]
[13]
[14]
[15]
[16]

[17]

(18]
(19]

[20]

(21]
[22]
(23]

[24]

[25]

[26]

[27]

(28]
[29]
(30]

(31]

(32]

(33]

J. Heiny and C. Kleemann

Han, F., Chen, S. and Liu, H. (2017). Distribution-free tests of independence in high dimensions. Biometrika
104 813-828. MR3737306 https://doi.org/10.1093/biomet/asx050

Heiny, J. and Kleemann, C. (2024). Supplement to “Maximum interpoint distance of high-dimensional ran-
dom vectors.” https://doi.org/10.3150/24-BEJ1738SUPP

Heiny, J., Mikosch, T. and Yslas, J. (2021). Point process convergence for the off-diagonal entries of sample
covariance matrices. Ann. Appl. Probab. 31 538-560. MR4254488 https://doi.org/10.1214/20-aap1597
Henze, N. and Klein, T. (1996). The limit distribution of the largest interpoint distance from a symmetric
Kotz sample. J. Multivariate Anal. 57 228-239. MR1391170 https://doi.org/10.1006/jmva.1996.0031
Jammalamadaka, S.R. and Janson, S. (1986). Limit theorems for a triangular scheme of U-statistics with
applications to inter-point distances. Ann. Probab. 14 1347-1358. MR0866355

Jammalamadaka, S.R. and Janson, S. (2015). Asymptotic distribution of the maximum interpoint distance
in a sample of random vectors with a spherically symmetric distribution. Ann. Appl. Probab. 25 3571-3591.
MR3404644 https://doi.org/10.1214/14-AAP1082

Jiang, T. (2004). The asymptotic distributions of the largest entries of sample correlation matrices. Ann. Appl.
Probab. 14 865-880. MR2052906 https://doi.org/10.1214/105051604000000143

Johnstone, I.M. (2001). On the distribution of the largest eigenvalue in principal components analysis. Ann.
Statist. 29 295-327. MR1863961 https://doi.org/10.1214/a0s/1009210544

Johnstone, I.M. and Titterington, D.M. (2009). Statistical challenges of high-dimensional data. Philos. Trans.
R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 367 4237-4253. MR2546386 https://doi.org/10.1098/rsta.2009.
0159

Kallenberg, O. (1983). Random Measures, 3rd ed. Berlin: Akademie-Verlag, Academic Press [Harcourt Brace
Jovanovich, Publishers], London. MR0818219

Kuba, M. and Panholzer, A. (2016). On moment sequences and mixed Poisson distributions. Probab. Surv.
13 89-155. MR3550936 https://doi.org/10.1214/14-PS244

Lao, W. and Mayer, M. (2008). U-max-statistics. J. Multivariate Anal. 99 2039-2052. MR2466550 https://
doi.org/10.1016/j.jmva.2008.02.001

Li, D., Liu, W.-D. and Rosalsky, A. (2010). Necessary and sufficient conditions for the asymptotic distribution
of the largest entry of a sample correlation matrix. Probab. Theory Related Fields 148 5-35. MR2653220
https://doi.org/10.1007/s00440-009-0220-z

Li, D., Qi, Y. and Rosalsky, A. (2012). On Jiang’s asymptotic distribution of the largest entry of a sample
correlation matrix. J. Multivariate Anal. 111 256-270. MR2944420 https://doi.org/10.1016/j.jmva.2012.04.
002

Li, J. (2018). Asymptotic normality of interpoint distances for high-dimensional data with applications to the
two-sample problem. Biometrika 105 529-546. MR3842883 https://doi.org/10.1093/biomet/asy020

Linnik, J.V. (1960). On the probability of large deviations for the sums of independent variables. In Proc. 4th
Berkeley Sympos. Math. Statist. and Prob., Vol. 1l 289-306. Berkeley-Los Angeles, Calif.: Univ. California
Press. MR0137142

Liu, S.-H. and Zhang, Z.-S. (2023). Cramér-type moderate deviations under local dependence. Ann. Appl.
Probab. 33 4747-4797. MR4674063 https://doi.org/10.1214/23-aap1931

Matthews, P.C. and Rukhin, A.L. (1993). Asymptotic distribution of the normal sample range. Ann. Appl.
Probab. 3 454-466. MR1221161

Mayer, M. and Molchanov, I. (2007). Limit theorems for the diameter of a random sample in the unit ball.
Extremes 10 129-150. MR2394205 https://doi.org/10.1007/s10687-007-0038-y

Petrov, V.V. (1975). Sums of Independent Random Variables. Ergebnisse der Mathematik und Ihrer Gren-
zgebiete [Results in Mathematics and Related Areas], Band 82. New York: Springer. Translated from the
Russian by A. A. Brown. MR0388499

Resnick, S.I. (2008). Extreme Values, Regular Variation and Point Processes. Springer Series in Operations
Research and Financial Engineering. New York: Springer. Reprint of the 1987 original. MR2364939
Schrempp, M. (2016). The limit distribution of the largest interpoint distance for distributions supported by
a d-dimensional ellipsoid and generalizations. Adv. in Appl. Probab. 48 1256—1270. MR3595774 https://doi.
org/10.1017/apr.2016.73


https://mathscinet.ams.org/mathscinet-getitem?mr=3737306
https://doi.org/10.1093/biomet/asx050
https://doi.org/10.3150/24-BEJ1738SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4254488
https://doi.org/10.1214/20-aap1597
https://mathscinet.ams.org/mathscinet-getitem?mr=1391170
https://doi.org/10.1006/jmva.1996.0031
https://mathscinet.ams.org/mathscinet-getitem?mr=0866355
https://mathscinet.ams.org/mathscinet-getitem?mr=3404644
https://doi.org/10.1214/14-AAP1082
https://mathscinet.ams.org/mathscinet-getitem?mr=2052906
https://doi.org/10.1214/105051604000000143
https://mathscinet.ams.org/mathscinet-getitem?mr=1863961
https://doi.org/10.1214/aos/1009210544
https://mathscinet.ams.org/mathscinet-getitem?mr=2546386
https://doi.org/10.1098/rsta.2009.0159
https://doi.org/10.1098/rsta.2009.0159
https://mathscinet.ams.org/mathscinet-getitem?mr=0818219
https://mathscinet.ams.org/mathscinet-getitem?mr=3550936
https://doi.org/10.1214/14-PS244
https://mathscinet.ams.org/mathscinet-getitem?mr=2466550
https://doi.org/10.1016/j.jmva.2008.02.001
https://doi.org/10.1016/j.jmva.2008.02.001
https://mathscinet.ams.org/mathscinet-getitem?mr=2653220
https://doi.org/10.1007/s00440-009-0220-z
https://mathscinet.ams.org/mathscinet-getitem?mr=2944420
https://doi.org/10.1016/j.jmva.2012.04.002
https://doi.org/10.1016/j.jmva.2012.04.002
https://mathscinet.ams.org/mathscinet-getitem?mr=3842883
https://doi.org/10.1093/biomet/asy020
https://mathscinet.ams.org/mathscinet-getitem?mr=0137142
https://mathscinet.ams.org/mathscinet-getitem?mr=4674063
https://doi.org/10.1214/23-aap1931
https://mathscinet.ams.org/mathscinet-getitem?mr=1221161
https://mathscinet.ams.org/mathscinet-getitem?mr=2394205
https://doi.org/10.1007/s10687-007-0038-y
https://mathscinet.ams.org/mathscinet-getitem?mr=0388499
https://mathscinet.ams.org/mathscinet-getitem?mr=2364939
https://mathscinet.ams.org/mathscinet-getitem?mr=3595774
https://doi.org/10.1017/apr.2016.73
https://doi.org/10.1017/apr.2016.73

Maximum interpoint distance of high-dimensional random vectors 539

[34] Shao, Q.-M. and Zhou, W.-X. (2014). Necessary and sufficient conditions for the asymptotic distributions
of coherence of ultra-high dimensional random matrices. Ann. Probab. 42 623—-648. MR3178469 https://doi.
org/10.1214/13-A0OP837

[35] Tang, P., Lu, R. and Xie, J. (2022). Asymptotic distribution of the maximum interpoint distance for high-
dimensional data. Statist. Probab. Lett. 190 Paper No. 109567, 7. MR4461681 https://doi.org/10.1016/j.spl.
2022.109567

[36] Zaitsev, A.Y. (1987). On the Gaussian approximation of convolutions under multidimensional analogues of
S.N. Bernstein’s inequality conditions. Probab. Theory Related Fields 74 535-566. MR0876255 https://doi.
org/10.1007/BF00363515

[37] Zhu, C. and Shao, X. (2021). Interpoint distance based two sample tests in high dimension. Bernoulli 27
1189-1211. MR4255231 https://doi.org/10.3150/20-bej1270


https://mathscinet.ams.org/mathscinet-getitem?mr=3178469
https://doi.org/10.1214/13-AOP837
https://doi.org/10.1214/13-AOP837
https://mathscinet.ams.org/mathscinet-getitem?mr=4461681
https://doi.org/10.1016/j.spl.2022.109567
https://doi.org/10.1016/j.spl.2022.109567
https://mathscinet.ams.org/mathscinet-getitem?mr=0876255
https://doi.org/10.1007/BF00363515
https://doi.org/10.1007/BF00363515
https://mathscinet.ams.org/mathscinet-getitem?mr=4255231
https://doi.org/10.3150/20-bej1270

Bernoulli 31(1), 2025, 561-583
https://doi.org/10.3150/24-BEJ 1739

Synchronisation for scalar conservation laws via
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We provide an elementary proof of geometric synchronisation for scalar conservation laws on a domain with
Dirichlet boundary conditions. Unlike previous results, our proof does not rely on a strict maximum principle, and
builds instead on a quantitative estimate of the dissipation at the boundary. We identify a coercivity condition under
which the estimates are uniform over all initial conditions, via the construction of suitable super- and sub-solutions.
In lack of such coercivity our results build on LP energy estimates and a Lyapunov structure.

Keywords: Burgers; mixing; scalar conservation laws; synchronisation
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We propose a general framework for modelling network data that is designed to describe aspects of non-
exchangeability, with an explicit parameter describing the degree of non-exchangeability. Conditional on latent
(unobserved) variables, the edges of the network are generated by their finite growth history (via a latent order)
while the marginal probabilities of the adjacency matrix are modeled by a generalization of a graph limit function
(or a graphon). In particular, we study the estimation, clustering and degree behavior of the network in this set-
ting. We determine (i) the least squares estimator of a composite graphon attaining the minimax rate under weak
dependence with respect to squared error loss; (ii) that spectral clustering is able to consistently detect the la-
tent membership when the block-wise constant composite graphon is considered under additional conditions; and
(iii) we are able to construct models with heavy-tailed empirical degrees under specific scenarios and parameter
choices. We find conditions under which the spectral clustering is consistent under non-exchangeability, revealing
that the application scope of classification can be broader than classic i.i.d. or exchangeable assumptions. In ag-
gregate, we explore why and under which general conditions non-exchangeable network data can be described by
a stochastic block model. The new modelling framework is able to capture empirically important characteristics of
network data such as sparsity combined with heavy tailed degree distribution, and add understanding as to what
generative mechanisms will make them arise.

Keywords: Exchangeable arrays; nonlinear stochastic processes; statistical network analysis; stochastic block
model
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Optimal stopping of the stable process with
state-dependent killing

KEES VAN SCHAIK!2 ALEXANDER R. WATSONZb and XIN X U3¢

1University of Manchester, Manchester, UK, ®kees.vanschaik@manchester.ac.uk
2University College London, London, UK, balexander.watson@ucl.ac.uk
3Xi’an Jiaotong-Liverpool University, Suzhou, PR China, °Xin. Xu03 @xjtlu.edu.cn

We describe the solution of an optimal stopping problem for a stable Lévy process killed at state-dependent rate.
The killing rate is chosen in such a way that the killed process remains self-similar, and the solution to the optimal
stopping problem is obtained by characterising a self-similar Markov process associated with the stable process.
The optimal stopping strategy is to stop upon first passage into an interval, found explicitly in terms of the param-
eters of the model.

Keywords: Lamperti transformation; Lévy process; Markov additive process; omega-clock; optimal stopping;
self-similar Markov process; stable process

References

[

—

Albrecher, H., Gerber, H.U. and Shiu, E.S.W. (2011). The optimal dividend barrier in the gamma-omega

model. Eur. Actuar. J. 143-55. MR2843466 https://doi.org/10.1007/s13385-011-0006-4

Albrecher, H. and Lautscham, V. (2013). From ruin to bankruptcy for compound Poisson surplus processes.

Astin Bull. 43 213-243. MR3388122 https://doi.org/10.1017/asb.2013.4

Bichteler, K. (2002). Stochastic Integration with Jumps. Encyclopedia of Mathematics and Its Applications

89. Cambridge: Cambridge Univ. Press. MR1906715 https://doi.org/10.1017/CBO9780511549878

Blumenthal, R.M. and Getoor, R.K. (1968). Markov Processes and Potential Theory. Pure and Applied Math-

ematics 29. New York: Academic Press. MR0264757

Bogdan, K., Burdzy, K. and Chen, Z.-Q. (2003). Censored stable processes. Probab. Theory Related Fields

127 89-152. MR2006232 https://doi.org/10.1007/s00440-003-0275-1

Budd, T. (2018). The peeling process on random planar maps coupled to an O(n) loop model (with an ap-

pendix by Linxiao Chen). Preprint. Available at arXiv:1809.02012v1.

Caballero, M.E. and Chaumont, L. (2006). Conditioned stable Lévy processes and the Lamperti representa-

tion. J. Appl. Probab. 43 967-983. MR2274630 https://doi.org/10.1239/jap/1165505201

Caballero, M.E., Pardo, J.C. and Pérez, J.L. (2011). Explicit identities for Lévy processes associated to sym-

metric stable processes. Bernoulli 17 34-59. MR2797981 https://doi.org/10.3150/10-BEJ275

Caglar, M., Kyprianou, A. and Vardar-Acar, C. (2022). An optimal stopping problem for spectrally negative

Markov additive processes. Stochastic Process. Appl. 150 1109-1138. MR4440179 https://doi.org/10.1016/].

spa.2021.06.010

[10] Czarna, I., Kaszubowski, A., Li, S. and Palmowski, Z. (2020). Fluctuation identities for omega-killed
spectrally negative Markov additive processes and dividend problem. Adv. in Appl. Probab. 52 404-432.
MR4123641 https://doi.org/10.1017/apr.2020.2

[11] Gerber, H.U., Shiu, E.S.W. and Yang, H. (2012). The Omega model: From bankruptcy to occupation times
in the red. Eur. Actuar. J. 2 259-272. MR3039553 https://doi.org/10.1007/s13385-012-0052-6

[12] Kaszubowski, A. (2019). Omega bankruptcy for different Lévy models. Slaski Przeglad Stat. 17 31-58.

[13] Kiihn, C. and van Schaik, K. (2008). Perpetual convertible bonds with credit risk. Stochastics 80 585-610.

MR2460249 https://doi.org/10.1080/17442500802263888

2

—

3

—

[4

—_

[5

—

[6

—_

[7

—

[8

—_—

9

—

1350-7265 © 2025 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/24-BEJ1741
mailto:kees.vanschaik@manchester.ac.uk
mailto:alexander.watson@ucl.ac.uk
mailto:Xin.Xu03@xjtlu.edu.cn
https://mathscinet.ams.org/mathscinet-getitem?mr=2843466
https://doi.org/10.1007/s13385-011-0006-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3388122
https://doi.org/10.1017/asb.2013.4
https://mathscinet.ams.org/mathscinet-getitem?mr=1906715
https://doi.org/10.1017/CBO9780511549878
https://mathscinet.ams.org/mathscinet-getitem?mr=0264757
https://mathscinet.ams.org/mathscinet-getitem?mr=2006232
https://doi.org/10.1007/s00440-003-0275-1
https://arxiv.org/abs/1809.02012v1
https://mathscinet.ams.org/mathscinet-getitem?mr=2274630
https://doi.org/10.1239/jap/1165505201
https://mathscinet.ams.org/mathscinet-getitem?mr=2797981
https://doi.org/10.3150/10-BEJ275
https://mathscinet.ams.org/mathscinet-getitem?mr=4440179
https://doi.org/10.1016/j.spa.2021.06.010
https://doi.org/10.1016/j.spa.2021.06.010
https://mathscinet.ams.org/mathscinet-getitem?mr=4123641
https://doi.org/10.1017/apr.2020.2
https://mathscinet.ams.org/mathscinet-getitem?mr=3039553
https://doi.org/10.1007/s13385-012-0052-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2460249
https://doi.org/10.1080/17442500802263888

610

(14]

[15]
[16]
(17]
(18]
[19]

(20]

(21]
(22]
(23]
(24]

[25]

[26]

(27]

K. van Schaik, A.R. Watson and X. Xu

Kuznetsov, A. and Pardo, J.C. (2013). Fluctuations of stable processes and exponential functionals of hyper-
geometric Lévy processes. Acta Appl. Math. 123 113—-139. MR3010227 https://doi.org/10.1007/s10440-012-
9718-y

Kyprianou, A.E. (2014). Fluctuations of Lévy Processes with Applications: Introductory Lectures, 2nd ed.
Universitext. Heidelberg: Springer. MR3155252 https://doi.org/10.1007/978-3-642-37632-0

Kyprianou, A.E. (2016). Deep factorisation of the stable process. Electron. J. Probab. 21 1-28. MR3485365
https://doi.org/10.1214/16-EJP4506

Kyprianou, A.E., Pardo, J.C. and Rivero, V. (2010). Exact and asymptotic n-tuple laws at first and last passage.
Ann. Appl. Probab. 20 522-564. MR2650041 https://doi.org/10.1214/09-AAP626

Kyprianou, A.E., Pardo, J.C. and Vidmar, M. (2021). Double hypergeometric Lévy processes and self-
similarity. J. Appl. Probab. 58 254-273. MR4222428 https://doi.org/10.1017/jpr.2020.86

Kyprianou, A.E., Pardo, J.C. and Watson, A.R. (2014). Hitting distributions of a-stable processes via path
censoring and self-similarity. Ann. Probab. 42 398-430. MR3161489 https://doi.org/10.1214/12-A0OP790
Kyprianou, A.E., Rivero, V. and Sengiil, B. (2018). Deep factorisation of the stable process II: Potentials and
applications. Ann. Inst. Henri Poincaré Probab. Stat. 54 343-362. MR3765892 https://doi.org/10.1214/16-
ATHP806

Lamperti, J. (1972). Semi-stable Markov processes. 1. Z. Wahrsch. Verw. Gebiete 22 205-225. MR0307358
https://doi.org/10.1007/BF00536091

Li, B. and Palmowski, Z. (2018). Fluctuations of omega-killed spectrally negative Lévy processes. Stochastic
Process. Appl. 128 3273-3299. MR3849809 https://doi.org/10.1016/j.spa.2017.10.018

Mordecki, E. (2002). Optimal stopping and perpetual options for Lévy processes. Finance Stoch. 6 473—493.
MR 1932381 https://doi.org/10.1007/s007800200070

Peskir, G. and Shiryaev, A. (2006). Optimal Stopping and Free-Boundary Problems. Lectures in Mathematics
ETH Ziirich. Basel: Birkhduser. MR2256030

Rodosthenous, N. and Zhang, H. (2018). Beating the omega clock: An optimal stopping problem with random
time-horizon under spectrally negative Lévy models. Ann. Appl. Probab. 28 2105-2140. MR3843825 https://
doi.org/10.1214/17-AAP1322

Rogozin, B.A. (1973). The distribution of the first hit for stable and asymptotically stable walks on an interval.
Theory Probab. Appl. 17 332-338.

Watson, A.R. (2013). Stable processes. Ph.D. thesis, Univ. Bath.


https://mathscinet.ams.org/mathscinet-getitem?mr=3010227
https://doi.org/10.1007/s10440-012-9718-y
https://doi.org/10.1007/s10440-012-9718-y
https://mathscinet.ams.org/mathscinet-getitem?mr=3155252
https://doi.org/10.1007/978-3-642-37632-0
https://mathscinet.ams.org/mathscinet-getitem?mr=3485365
https://doi.org/10.1214/16-EJP4506
https://mathscinet.ams.org/mathscinet-getitem?mr=2650041
https://doi.org/10.1214/09-AAP626
https://mathscinet.ams.org/mathscinet-getitem?mr=4222428
https://doi.org/10.1017/jpr.2020.86
https://mathscinet.ams.org/mathscinet-getitem?mr=3161489
https://doi.org/10.1214/12-AOP790
https://mathscinet.ams.org/mathscinet-getitem?mr=3765892
https://doi.org/10.1214/16-AIHP806
https://doi.org/10.1214/16-AIHP806
https://mathscinet.ams.org/mathscinet-getitem?mr=0307358
https://doi.org/10.1007/BF00536091
https://mathscinet.ams.org/mathscinet-getitem?mr=3849809
https://doi.org/10.1016/j.spa.2017.10.018
https://mathscinet.ams.org/mathscinet-getitem?mr=1932381
https://doi.org/10.1007/s007800200070
https://mathscinet.ams.org/mathscinet-getitem?mr=2256030
https://mathscinet.ams.org/mathscinet-getitem?mr=3843825
https://doi.org/10.1214/17-AAP1322
https://doi.org/10.1214/17-AAP1322

Bernoulli 31(1), 2025, 630-648
https://doi.org/10.3150/24-BEJ 1742

Tail probability of maximal displacement in
critical branching Lévy process with stable
branching

HAOJIE HOU' YIYANG JIANG!?, YAN-XIA REN2¢and RENMING SONG?34

LSchool of Mathematical Sciences, Peking University, Beijing, P.R. China, *houhaojie @pku.edu.cn,
bjyy.OQlé@stu.pku.edu,cn

2L MAM School of Mathematical Sciences & Center for Statistical Science, Peking University, Beijing, P.R. China,
Cyxren@math.pku.edu.cn

3Department of Mathematics, University of Illinois Urbana-Champaign, Urbana, U.S.A., drsang@illinois.edu

Consider a critical branching Lévy process {X;,¢ > 0} with branching rate 8 > 0, offspring distribution {py : k >
0} and spatial motion {&;,Px}. For any ¢ > 0, let N; be the collection of particles alive at time ¢, and, for any
u € Ny, let X,,(¢) be the position of u at time . We study the tail probability of the maximal displacement M :=
SUP; 0 SUP, e N, Xu(t) under the assumption limy—co n® Zl‘j’:n Pk = k € (0,00) for some @ € (1,2), Ep(¢1) =0 and
80((§f)r) € (0,c0) for some r > 2a/(a — 1). Our main result is a generalization of the main result of Sawyer and
Fleischman (1979) for branching Brownian motions and that of Lalley and Shao (2015) for branching random
walks, both of these results are proved under the assumption ZZ"ZO K3 P < 0o.

Keywords: Branching Lévy process; critical branching process; Feynman-Kac representation
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Principal component analysis has been one of prominent techniques in multi-dimensional statistics, and the core
is to estimate the eigenvalues in descending ordering with their corresponding eigenvectors. However, when data
are collected longitudinally in many scientific applications, the eigenvalues become dynamic over time, and the
ordering of them may not be well-defined, for instance, does not coincide with the pointwise ordering. To deal
with this issue, we propose a new framework, namely the dynamic principal component analysis. This addresses
the identifiability of principal components from a global perspective, and transforms the problem into a regression
model for data situated on the orthogonal matrix group space. The one-step unrolling method is exploited to solve
the regression problem with a suitably constructed regular base curve. The minimax rate of the proposed estimators
is established through theoretical analysis of the one-step unrolling and its connection to smoothing spline in the
context of manifold-valued data.

Keywords: Eigenvalue switch; discrete data; one-step unrolling; orthogonal matrix group; smoothing spline
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Let B, = no! Ry + T,ll/ 2Xn)(Rn + Til/ 2Xn)*, where X, is a p X n matrix with independent standardized random

variables, R;; is a p X n non-random matrix and T}, is a p X p non-random, nonnegative definite Hermitian matrix.
The matrix B, is referred to as the information-plus-noise type matrix, where R;, contains the information and
T,11/ 2Xn is the noise matrix with the covariance matrix T,,. It is known that, as n — oo, if p/n converges to a
positive number, the empirical spectral distribution of B, converges almost surely to a nonrandom limit, under
some conditions. In this paper, we prove that, under certain conditions on the eigenvalues of R, and T, for
any closed interval outside the support of the limit spectral distribution, with probability one there will be no
eigenvalues falling in this interval for all n sufficiently large.

Keywords: Information-plus-noise matrix; limiting spectral distribution; random matrix; Stieltjes transform
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Some new concentration inequalities for the It
stochastic integral
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In this paper, based on the techniques of Malliavin calculus, we provide some new concentration inequalities for
the running supremum of the Itd stochastic integral with unbounded integrands. Several applications and examples
are provided as well.
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A log-linear model for non-stationary time
series of counts
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We propose a new model for non-stationary integer-valued time series which is particularly suitable for data with
a strong trend. In contrast to popular Poisson-INGARCH models, but in line with classical GARCH models, we
propose to pick the conditional distributions from nearly scale invariant families where the mean absolute value
and the standard deviation are of the same order of magnitude. As an important prerequisite for applications in
statistics, we prove absolute regularity of the count process with exponentially decaying coefficients.
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Irregular nonparametric autoregression
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Both locally stationary processes and irregular models have had a long story of success in statistics and time series
analysis. We combine both concepts and consider a nonparametric, first-order autoregressive model with irregular,
positive innovations, where we assume that the coefficient function is Holder continuous and positive. To estimate
this function, we use a quasi-maximum likelihood based approach. A precise control of this method demands a
delicate analysis of extremes of certain weakly dependent processes, our main result being a concentration inequal-
ity for such quantities. Based on our analysis, upper and matching minimax lower bounds are derived, showing
the optimality of our estimators. Unlike the regular case, the information theoretic complexity depends both on
the smoothness and an additional shape parameter, characterizing the irregularity of the underlying distribution.
The results and ideas for the proofs are very different from classical and more recent methods in connection with
locally stationary processes.

Keywords: Irregular models; local stationarity; nonparametric autoregression
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In this paper, we establish quadratic transportation cost inequalities for solutions of stochastic reaction diffusion
equations driven by multiplicative space-time white noise on the whole real line R. Since the space variable
is defined on the unbounded domain R, the inequalities are proved under a weighted L%-norm and a weighted
uniform metric in the so-called Lzzem’ Crem spaces. The new moments estimates of the stochastic convolution
with respect to space-time white noise play an important role. In addition, the transportation cost inequalities are
also obtained for the stochastic reaction diffusion equations with random initial values.

Keywords: Concentration of measure; moment estimates for stochastic convolutions; reaction diffusion equations;
stochastic partial differential equations; transportation cost inequalities
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In this paper we focus on the problem of the parameter estimation for a class of systems described by multi-scale
McKean-Vlasov stochastic differential equations (MVSDEs, for short) with small noise, where the coefficients
depend on the slow component, the fast component, and their own distributions. Firstly, we prove an optimal
strong convergence rate of the strong averaging principle of the slow process by using the technique of Poisson
equation. Secondly, we construct the maximum likelihood estimator (MLE, for short) and prove its consistency
and asymptotic normality. Finally, an example is presented to illustrate the theoretical findings.

Keywords: McKean-Vlasov equation; multi-scale system; parameter estimation; small noise
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We study empirical variants of the halfspace (Tukey) depth of a probability measure yu, which are obtained by
replacing u with the corresponding weighted empirical measure. We prove analogues of the Marcinkiewicz—
Zygmund strong law of large numbers and of the law of the iterated logarithm in terms of set inclusions and
for the Hausdorff distance between the theoretical and empirical variants of depth trimmed regions. In the special
case of u being the uniform distribution on a convex body K, the depth trimmed regions are convex floating bodies
of K, and we obtain strong limit theorems for their empirical estimators.

Keywords: Convex floating body; empirical measure; halfspace depth; law of the iterated logarithm; strong law of
large numbers
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