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Accuracy of Gaussian approximation for
high-dimensional posterior distributions
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The prominent Bernstein — von Mises (BvM) result claims that the posterior distribution after centering by the
efficient estimator and standardizing by the square root of the total Fisher information is nearly standard normal.
In particular, the prior completely washes out from the asymptotic posterior distribution. This fact is fundamental
and justifies the Bayes approach from the frequentist viewpoint. In the nonparametric setup the situation changes
dramatically and the impact of prior becomes essential even for the contraction of the posterior; see (Ann. Statist.
36 (2008) 1435-1463, Ann. Statist. 39 (2011) 2557-2584, Ann. Statist. 41 (2013) 1999-2028, Ann. Statist. 42 (2014)
1941-1969) for different models like Gaussian regression or i.i.d. model in different weak topologies. This paper
offers another non-asymptotic approach to studying the behavior of the posterior for a special but rather popular
and useful class of statistical models and for Gaussian priors. Our main results describe the accuracy of Gaussian
approximation of the posterior. In particular, we show that restricting to the class of all centrally symmetric credible
sets around the penalized maximum likelihood estimator (pMLE) allows to get Gaussian approximation up to
order n~!. We also derive tight finite sample bounds on posterior contraction in terms of the so-called effective
dimension of the parameter space and address the question of frequentist reliability of Bayesian credible sets. The
obtained results are specified for nonparametric log-density estimation and generalized regression.

Keywords: Posterior; concentration; contraction Gaussian approximation
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Kernel Stein discrepancy (KSD) is a widely used kernel-based measure of discrepancy between probability mea-
sures. It is often employed in the scenario where a user has a collection of samples from a candidate probability
measure and wishes to compare them against a specified target probability measure. KSD has been employed in a
range of settings including goodness-of-fit testing, parametric inference, MCMC output assessment and generative
modelling. However, so far the method has been restricted to finite-dimensional data. We provide the first analysis
of KSD in the generality of data lying in a separable Hilbert space, for example functional data. The main resultis a
novel Fourier representation of KSD obtained by combining the theory of measure equations with kernel methods.
This allows us to prove that KSD can separate measures and thus is valid to use in practice. Additionally, our results
improve the interpretability of KSD by decoupling the effect of the kernel and Stein operator. We demonstrate the
efficacy of the proposed methodology by performing goodness-of-fit tests for various Gaussian and non-Gaussian
functional models in a number of synthetic data experiments.

Keywords: Functional data analysis; Stein’s method; testing
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Numerous studies have been devoted to the estimation and inference problems for functional linear models (FLM).
However, few works focus on model checking problem that ensures the reliability of results. Limited tests in
this area do not have tractable null distributions or asymptotic analysis under alternatives. Also, the functional
predictor is usually assumed to be fully observed, which is impractical. To address these problems, we propose
an adaptive model checking test for FLM. It combines regular moment-based and conditional moment-based
tests, and achieves model adaptivity via the dimension of a residual-based subspace. The advantages of our test
are manifold. First, it has a tractable chi-squared null distribution and higher powers under the alternatives than
its components. Second, asymptotic properties under different underlying models are developed, including the
unvisited local alternatives. Third, the test statistic is constructed upon finite grid points, which incorporates the
discrete nature of collected data. We develop the desirable relationship between sample size and number of grid
points to maintain the asymptotic properties. Besides, we provide a data-driven approach to estimate the dimension
leading to model adaptivity, which is promising in sufficient dimension reduction. We conduct comprehensive
numerical experiments to demonstrate the advantages the test inherits from its two simple components.

Keywords: Adaptive-to-model test; functional linear model; reproducing kernel Hilbert space; sufficient
dimension reduction
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We propose a stochastic volatility model for time series of curves. It is motivated by dynamics of intraday price
curves that exhibit both between days dependence and intraday price evolution. The curves are suitably normalized
to stationary in a function space and are functional analogs of point-to-point daily returns. The between curves
dependence is modeled by a latent autoregression. The within curves behavior is modeled by a diffusion process.
We establish the properties of the model and propose several approaches to its estimation. These approaches are
justified by asymptotic arguments that involve an interplay between the latent autoregression and the intraday
diffusions. The asymptotic framework combines the increasing number of daily curves and the refinement of the
discrete grid on which each daily curve is observed. Consistency rates for the estimators of the intraday volatility
curves are derived as well as the asymptotic normality of the estimators of the latent autoregression. The estimation
approaches are further explored and compared by an application to intraday price curves of over seven thousand
U.S. stocks and an informative simulation study.

Keywords: Functional time series; intraday price curves; Itd diffusion process; stochastic volatility
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Blessing of dependence: Identifiability and
geometry of discrete models with multiple
binary latent variables
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Identifiability of discrete statistical models with latent variables is known to be challenging to study, yet crucial to a
model’s interpretability and reliability. This work presents a general algebraic technique to investigate identifiabil-
ity of discrete models with latent and graphical components. Specifically, motivated by diagnostic tests collecting
multivariate categorical data, we focus on discrete models with multiple binary latent variables. We consider the
BLESS model, in which the latent variables can have arbitrary dependencies among themselves while the latent-
to-observed measurement graph takes a “star-forest” shape. We establish necessary and sufficient graphical criteria
for identifiability, and reveal an interesting and perhaps surprising geometry of blessing-of-dependence: under the
minimal conditions for generic identifiability, the parameters are identifiable if and only if the latent variables are
not statistically independent. Thanks to this theory, we can perform formal hypothesis tests of identifiability in the
boundary case by testing marginal independence of the observed variables. In addition to the BLESS model, we
also use the technique to show identifiability and the blessing-of-dependence geometry for a more flexible model,
which has a general measurement graph beyond a start forest. Our results give new understanding of statistical
properties of graphical models with latent variables. They also entail useful implications for designing diagnostic
tests or surveys that measure binary latent traits.

Keywords: Algebraic statistics; contingency table; diagnostic test; generic identifiability; graphical model;
hypothesis testing; latent class model; multivariate categorical data

References

Allman, E.S., Matias, C. and Rhodes, J.A. (2009). Identifiability of parameters in latent structure models with
many observed variables. Ann. Statist. 37 3099-3132. MR2549554 https://doi.org/10.1214/09-A0S689

Allman, E.S., Matias, C. and Rhodes, J.A. (2011). Parameter identifiability in a class of random graph mixture
models. J. Statist. Plann. Inference 141 1719-1736. MR2763202 https://doi.org/10.1016/j.jspi.2010.11.022

Allman, E.S. and Rhodes, J.A. (2008). The identifiability of covarion models in phylogenetics. IEEE/ACM Trans.
Comput. Biol. Bioinform. 6 76-88. https://doi.org/10.1109/TCBB.2008.52

Allman, E.S., Rhodes, J.A., Stanghellini, E. and Valtorta, M. (2015). Parameter identifiability of discrete Bayesian
networks with hidden variables. J. Causal Inference 3 189-205. MR4289435 https://doi.org/10.1515/jci-2014-
0021

Anderson, T.W. and Rubin, H. (1956). Statistical inference in factor analysis. In Proceedings of the Third Berke-
ley Symposium on Mathematical Statistics and Probability. 5 111-150. Berkeley-Los Angeles, Calif.: Univ.
California Press. MR0084943

Bing, X., Bunea, F. and Wegkamp, M. (2023). Detecting approximate replicate components of a high-dimensional
random vector with latent structure. Bernoulli 29 1368—1391. MR4550227 https://doi.org/10.3150/22-bej1502

Bing, X., Bunea, F., Ning, Y. and Wegkamp, M. (2020). Adaptive estimation in structured factor models with appli-
cations to overlapping clustering. Ann. Statist. 48 2055-2081. MR4134786 https://doi.org/10.1214/19-A0S 1877

Bollen, K.A. (1989). Structural Equations with Latent Variables. Wiley Series in Probability and Mathematical
Statistics: Applied Probability and Statistics. New York: Wiley. A Wiley-Interscience Publication. MR0996025
https://doi.org/10.1002/9781118619179

1350-7265 © 2025 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/24-BEJ1754
mailto:yuqi.gu@columbia.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=2549554
https://doi.org/10.1214/09-AOS689
https://mathscinet.ams.org/mathscinet-getitem?mr=2763202
https://doi.org/10.1016/j.jspi.2010.11.022
https://doi.org/10.1109/TCBB.2008.52
https://mathscinet.ams.org/mathscinet-getitem?mr=4289435
https://doi.org/10.1515/jci-2014-0021
https://doi.org/10.1515/jci-2014-0021
https://mathscinet.ams.org/mathscinet-getitem?mr=0084943
https://mathscinet.ams.org/mathscinet-getitem?mr=4550227
https://doi.org/10.3150/22-bej1502
https://mathscinet.ams.org/mathscinet-getitem?mr=4134786
https://doi.org/10.1214/19-AOS1877
https://mathscinet.ams.org/mathscinet-getitem?mr=0996025
https://doi.org/10.1002/9781118619179

Blessing of dependence 949

Carreira-Perpindn, M.A. and Renals, S. (2000). Practical identifiability of finite mixtures of multivariate Bernoulli
distributions. Neural Comput. 12 141-152. https://doi.org/10.1162/089976600300015925

Chen, Y., Culpepper, S. and Liang, F. (2020). A sparse latent class model for cognitive diagnosis. Psychometrika
85 121-153. MR4092105 https://doi.org/10.1007/s11336-019-09693-2

Chen, Y., Liu, J., Xu, G. and Ying, Z. (2015). Statistical analysis of Q-matrix based diagnostic classification
models. J. Amer. Statist. Assoc. 110 850-866. MR3367269 https://doi.org/10.1080/01621459.2014.934827

Choi, M.J., Tan, V.Y.F., Anandkumar, A. and Willsky, A.S. (2011). Learning latent tree graphical models. J. Mach.
Learn. Res. 12 1771-1812. MR2813153

Culpepper, S.A. (2015). Bayesian estimation of the DINA model with Gibbs sampling. J. Educ. Behav. Stat. 40
454-476. https://doi.org/10.3102/10769986155954

Culpepper, S.A. (2019). An exploratory diagnostic model for ordinal responses with binary attributes: Identifiabil-
ity and estimation. Psychometrika 84 921-940. MR4023486 https://doi.org/10.1007/s11336-019-09683-4

Drton, M. (2009). Likelihood ratio tests and singularities. Ann. Statist. 37 979-1012. MR2502658 https://doi.org/
10.1214/07-A0S571

Erosheva, E.A., Fienberg, S.E. and Joutard, C. (2007). Describing disability through individual-level mixture mod-
els for multivariate binary data. Ann. Appl. Stat. 1 502-537. MR2415745 https://doi.org/10.1214/07-AOAS 126

Fang, G., Liu, J. and Ying, Z. (2019). On the identifiability of diagnostic classification models. Psychometrika 84
19-40. MR3910906 https://doi.org/10.1007/s11336-018-09658-x

Fang, G., Guo, J., Xu, X., Ying, Z. and Zhang, S. (2021). Identifiability of bifactor models. Statist. Sinica 31
2309-2330. MR4338090 https://doi.org/10.5705/ss.20

Fienberg, S.E., Hersh, P., Rinaldo, A. and Zhou, Y. (2010). Maximum likelihood estimation in latent class models
for contingency table data. In Algebraic and Geometric Methods in Statistics 27—-62. Cambridge: Cambridge
Univ. Press. MR2642657

Gassiat, E., Cleynen, A. and Robin, S. (2016). Inference in finite state space non parametric hidden Markov models
and applications. Stat. Comput. 26 61-71. MR3439359 https://doi.org/10.1007/s11222-014-9523-8

Gassiat, E. and Rousseau, J. (2016). Nonparametric finite translation hidden Markov models and extensions.
Bernoulli 22 193-212. MR3449780 https://doi.org/10.3150/14-BEJ631

George, A.C. and Robitzsch, A. (2015). Cognitive diagnosis models in R: A didactic. Quant. Meth. Psych. 11
189-205. https://doi.org/10.20982/tqmp.11.3.p189

Goodfellow, I., Bengio, Y. and Courville, A. (2016). Deep Learning. Adaptive Computation and Machine Learning.
Cambridge, MA: MIT Press. MR3617773

Goodman, L.A. (1974). Exploratory latent structure analysis using both identifiable and unidentifiable models.
Biometrika 61 215-231. MR0370936 https://doi.org/10.1093/biomet/61.2.215

Gu, Y. (2024). Supplement to “Blessing of dependence: identifiability and geometry of discrete models with
multiple binary latent variables.” https://doi.org/10.3150/24-BEJ1754SUPP

Gu, Y. and Dunson, D.B. (2023). Bayesian pyramids: Identifiable multilayer discrete latent structure models for
discrete data. J. R. Stat. Soc. Ser. B. Stat. Methodol. 85 399-426. MR4726971 https://doi.org/10.1093/jrsssb/
qkad010

Gu, Y. and Xu, G. (2019). The sufficient and necessary condition for the identifiability and estimability of the
DINA model. Psychometrika 84 468-483. MR3947373 https://doi.org/10.1007/s11336-018-9619-8

Gu, Y. and Xu, G. (2021). Sufficient and necessary conditions for the identifiability of the Q-matrix. Statist. Sinica
31 449-472. MR4270392 https://doi.org/10.5705/ss.20

Gu, Y. and Xu, G. (2023). A joint MLE approach to large-scale structured latent attribute analysis. J. Amer. Statist.
Assoc. 118 746-760. MR4571155 https://doi.org/10.1080/01621459.2021.1955689

Gyllenberg, M., Koski, T., Reilink, E. and Verlaan, M. (1994). Nonuniqueness in probabilistic numerical identifi-
cation of bacteria. J. Appl. Probab. 31 542-548. MR 1274807 https://doi.org/10.2307/3215044

Halpern, Y. and Sontag, D. (2013). Unsupervised learning of noisy-or Bayesian networks. In Uncertainty in Arti-
ficial Intelligence 272-28]1. Citeseer.

Hinton, G.E., Osindero, S. and Teh, Y.-W. (2006). A fast learning algorithm for deep belief nets. Neural Comput.
18 1527-1554. MR2224485 https://doi.org/10.1162/nec0.2006.18.7.1527

Junker, B.W. and Sijtsma, K. (2001). Cognitive assessment models with few assumptions, and connections with
nonparametric item response theory. Appl. Psychol. Meas. 25 258-272. MR 1842982 https://doi.org/10.1177/
01466210122032064


https://doi.org/10.1162/089976600300015925
https://mathscinet.ams.org/mathscinet-getitem?mr=4092105
https://doi.org/10.1007/s11336-019-09693-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3367269
https://doi.org/10.1080/01621459.2014.934827
https://mathscinet.ams.org/mathscinet-getitem?mr=2813153
https://doi.org/10.3102/10769986155954
https://mathscinet.ams.org/mathscinet-getitem?mr=4023486
https://doi.org/10.1007/s11336-019-09683-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2502658
https://doi.org/10.1214/07-AOS571
https://doi.org/10.1214/07-AOS571
https://mathscinet.ams.org/mathscinet-getitem?mr=2415745
https://doi.org/10.1214/07-AOAS126
https://mathscinet.ams.org/mathscinet-getitem?mr=3910906
https://doi.org/10.1007/s11336-018-09658-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4338090
https://doi.org/10.5705/ss.20
https://mathscinet.ams.org/mathscinet-getitem?mr=2642657
https://mathscinet.ams.org/mathscinet-getitem?mr=3439359
https://doi.org/10.1007/s11222-014-9523-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3449780
https://doi.org/10.3150/14-BEJ631
https://doi.org/10.20982/tqmp.11.3.p189
https://mathscinet.ams.org/mathscinet-getitem?mr=3617773
https://mathscinet.ams.org/mathscinet-getitem?mr=0370936
https://doi.org/10.1093/biomet/61.2.215
https://doi.org/10.3150/24-BEJ1754SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4726971
https://doi.org/10.1093/jrsssb/qkad010
https://doi.org/10.1093/jrsssb/qkad010
https://mathscinet.ams.org/mathscinet-getitem?mr=3947373
https://doi.org/10.1007/s11336-018-9619-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4270392
https://doi.org/10.5705/ss.20
https://mathscinet.ams.org/mathscinet-getitem?mr=4571155
https://doi.org/10.1080/01621459.2021.1955689
https://mathscinet.ams.org/mathscinet-getitem?mr=1274807
https://doi.org/10.2307/3215044
https://mathscinet.ams.org/mathscinet-getitem?mr=2224485
https://doi.org/10.1162/neco.2006.18.7.1527
https://mathscinet.ams.org/mathscinet-getitem?mr=1842982
https://doi.org/10.1177/01466210122032064
https://doi.org/10.1177/01466210122032064

950 Y. Gu

Kolda, T.G. and Bader, B.W. (2009). Tensor decompositions and applications. SIAM Rev. 51 455-500. MR2535056
https://doi.org/10.1137/07070111X

Kruskal, J.B. (1977). Three-way arrays: Rank and uniqueness of trilinear decompositions, with application to arith-
metic complexity and statistics. Linear Algebra Appl. 18 95-138. MR0444690 https://doi.org/10.1016/0024-
3795(77)90069-6

Lauritzen, S.L. (1996). Graphical Models. Oxford Statistical Science Series 17. Oxford University Press, New
York: The Clarendon Press. Oxford Science Publications. MR1419991

Lazarsfeld, P.F. and Henry, N.W. (1968). Latent Structure Analysis. Boston, MA: Houghton Mifflin.
Mealli, F., Pacini, B. and Stanghellini, E. (2016). Identification of principal causal effects using additional out-
comes in concentration graphs. J. Educ. Behav. Stat. 41 463—-480. https://doi.org/10.3102/1076998616646199
Mourad, R., Sinoquet, C., Zhang, N.L., Liu, T. and Leray, P. (2013). A survey on latent tree models and applica-
tions. J. Artificial Intelligence Res. 47 157-203. MR3072945 https://doi.org/10.1613/jair.3879

Rupp, A.A. and Templin, J.L. (2008). Unique characteristics of diagnostic classification models: A comprehensive
review of the current state-of-the-art. Measurement 6 219-262. https://doi.org/10.1080/15366360802490866

Settimi, R. and Smith, J.Q. (2000). Geometry, moments and conditional independence trees with hidden variables.
Ann. Statist. 28 1179-1205. MR 1811324 https://doi.org/10.1214/a0s/1015956712

Shiers, N., Zwiernik, P., Aston, J.A.D. and Smith, J.Q. (2016). The correlation space of Gaussian latent tree mod-
els and model selection without fitting. Biometrika 103 531-545. MR3551782 https://doi.org/10.1093/biomet/
asw032

Shwe, M.A., Middleton, B., Heckerman, D.E., Henrion, M., Horvitz, E.J., Lehmann, H.P. and Cooper, G.F. (1991).
Probabilistic diagnosis using a reformulation of the INTERNIST-1/QMR knowledge base. Methods Inf. Med.
30 241-255.

Silva, R., Scheines, R., Glymour, C. and Spirtes, P. (2006). Learning the structure of linear latent variable models.
J. Mach. Learn. Res. 7T 191-246. MR2274367

Stanghellini, E. and Vantaggi, B. (2013). Identification of discrete concentration graph models with one hidden
binary variable. Bernoulli 19 1920-1937. MR3129039 https://doi.org/10.3150/12-BEJ435

Tatsuoka, K.K. (1983). Rule space: An approach for dealing with misconceptions based on item response theory.
J. Educ. Meas. 20 345-354. https://doi.org/10.1111/j.1745-3984.1983.tb00212.x

von Davier, M. and Lee, Y.-S. (2019). Handbook of Diagnostic Classification Models. Cham: Springer. https://doi.
org/10.1007/978-3-030-05584-4

Wu, Z., Deloria-Knoll, M. and Zeger, S.L. (2017). Nested partially latent class models for dependent binary data;
estimating disease etiology. Biostatistics 18 200-213. MR3825117 https://doi.org/10.1093/biostatistics/kxw037

Xu, G. (2017). Identifiability of restricted latent class models with binary responses. Ann. Statist. 45 675-707.
MR3650397 https://doi.org/10.1214/16-A0S 1464

Zwiernik, P. (2016). Semialgebraic Statistics and Latent Tree Models. Monographs on Statistics and Applied Prob-
ability 146. Boca Raton, FL: CRC Press/CRC. MR3379921

Zwiernik, P. and Smith, J.Q. (2012). Tree cumulants and the geometry of binary tree models. Bernoulli 18 290-321.
MR2888708 https://doi.org/10.3150/10-BEJ338


https://mathscinet.ams.org/mathscinet-getitem?mr=2535056
https://doi.org/10.1137/07070111X
https://mathscinet.ams.org/mathscinet-getitem?mr=0444690
https://doi.org/10.1016/0024-3795(77)90069-6
https://doi.org/10.1016/0024-3795(77)90069-6
https://mathscinet.ams.org/mathscinet-getitem?mr=1419991
https://doi.org/10.3102/1076998616646199
https://mathscinet.ams.org/mathscinet-getitem?mr=3072945
https://doi.org/10.1613/jair.3879
https://doi.org/10.1080/15366360802490866
https://mathscinet.ams.org/mathscinet-getitem?mr=1811324
https://doi.org/10.1214/aos/1015956712
https://mathscinet.ams.org/mathscinet-getitem?mr=3551782
https://doi.org/10.1093/biomet/asw032
https://doi.org/10.1093/biomet/asw032
https://mathscinet.ams.org/mathscinet-getitem?mr=2274367
https://mathscinet.ams.org/mathscinet-getitem?mr=3129039
https://doi.org/10.3150/12-BEJ435
https://doi.org/10.1111/j.1745-3984.1983.tb00212.x
https://doi.org/10.1007/978-3-030-05584-4
https://doi.org/10.1007/978-3-030-05584-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3825117
https://doi.org/10.1093/biostatistics/kxw037
https://mathscinet.ams.org/mathscinet-getitem?mr=3650397
https://doi.org/10.1214/16-AOS1464
https://mathscinet.ams.org/mathscinet-getitem?mr=3379921
https://mathscinet.ams.org/mathscinet-getitem?mr=2888708
https://doi.org/10.3150/10-BEJ338

Bernoulli 31(2), 2025, 973-1006
https://doi.org/10.3150/24-BEJ 1755

Functional linear and single-index models:
A unified approach via Gaussian Stein identity

KRISHNAKUMAR BALASUBRAMANIAN!2 HANS-GEORG MULLER!Y and
BHARATH K. SRIPERUMBUDUR?Z¢

1Department of Statistics, University of California, Davis, Davis, USA, *kbala@ucdavis.edu,
bhgmueller@ ucdavis.edu
2Departmem‘ of Statistics, Pennsylvania State University, University Park, USA, °bksI8@psu.edu

Functional linear and single-index models are core regression methods in functional data analysis and are widely
used for performing regression in a wide range of applications when the covariates are random functions coupled
with scalar responses. In the existing literature, however, the construction of associated estimators and the study of
their theoretical properties is invariably carried out on a case-by-case basis for specific models under consideration.
In this work, assuming the predictors are Gaussian processes, we provide a unified methodological and theoretical
framework for estimating the index in functional linear, and its direction in single-index models. In the latter case,
the proposed approach does not require the specification of the link function. In terms of methodology, we show
that the reproducing kernel Hilbert space (RKHS) based functional linear least-squares estimator, when viewed
through the lens of an infinite-dimensional Gaussian Stein’s identity, also provides an estimator of the index of the
single-index model. Theoretically, we characterize the convergence rates of the proposed estimators for both linear
and single-index models. Our analysis has several key advantages: (i) it does not require restrictive commutativity
assumptions for the covariance operator of the random covariates and the integral operator associated with the
reproducing kernel; and (ii) the true index parameter can lie outside of the chosen RKHS, thereby allowing for
index misspecification as well as for quantifying the degree of such index misspecification. Several existing results
emerge as special cases of our analysis.

Keywords: Covariance operator; functional single-index models; functional regression; Gaussian Stein’s identity;
integral operator; operator commutativity; reproducing kernel Hilbert space
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The angular halfspace depth (ahD) is a natural modification of the celebrated halfspace (or Tukey) depth to the
setup of directional data. It allows us to define elements of nonparametric inference, such as the median, the
inter-quantile regions, or the rank statistics, for datasets supported on the unit sphere. Despite being introduced
in 1987, ahD has never received ample recognition in the literature, mainly due to the lack of efficient algorithms
for its computation. With the recent progress on the computational front, ahD exhibits the potential for developing
viable nonparametric statistics techniques for directional datasets. In this paper, we thoroughly treat the theoretical
properties of ahD. We show that similarly to the classical halfspace depth for multivariate data, also ahD satisfies
many desirable properties of a statistical depth function. Further, we derive uniform continuity/consistency results
for the associated set of directional medians, and the central regions of ahD, the latter representing a depth-based
analogue of the quantiles for directional data.

Keywords: Angular halfspace depth; angular Tukey’s depth; directional data; median; nonparametric methods
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Nonparametric estimators for the mean and the covariance functions of functional data are proposed. The setup
covers a wide range of practical situations. The random trajectories are not necessarily differentiable, have un-
known regularity, and are measured with error at discrete design points. The measurement error could be het-
eroscedastic. The design points could be either randomly drawn or common for all curves. The estimators depend
on the local regularity of the stochastic process generating the functional data. We consider a simple estimator of
this local regularity which exploits the replication and regularization features of functional data. Next, we use the
“smoothing first, then estimate” approach for the mean and the covariance functions. They can be applied with
both sparsely or densely sampled curves, are easy to calculate and to update, and perform well in simulations.
Simulations built upon an example of a real data set illustrate the effectiveness of the new approach.

Keywords: Functional data analysis; Holder exponent; kernel smoothing; minimax optimality
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Vector autoregressive (VAR) models are widely used in multivariate time series analysis for describing the short-
time dynamics of the data. The reduced-rank VAR models are of particular interest when dealing with high-
dimensional and highly correlated time series. Many results for these models are based on the stationarity assump-
tion that does not hold in several applications when the data exhibits structural breaks. We consider a low-rank
piecewise stationary VAR model with possible changes in the transition matrix of the observed process. We de-
velop a new test of the presence of a change-point in the transition matrix and show its minimax optimality with
respect to the dimension and the sample size. Our two-step change-point detection strategy is based on the con-
struction of estimators for the transition matrices and using them in a penalized version of the likelihood ratio test
statistic. The effectiveness of the proposed method is demonstrated using both synthetic and real data.

Keywords: High-dimensional; minimax optimality; nuclear norm penalization; statistical testing; structural breaks
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We study how to construct a stochastic process on a finite interval with given ‘roughness’ and its finite joint
moments. We first extend Ciesielski’s isomorphism (1960) along a general sequence of partitions, and provide a
characterization of Holder regularity of a function in terms of the coefficients along Schauder basis. Using this
characterization we propose a better (pathwise) estimator of Holder exponent. As an additional application, we
construct fake (fractional) Brownian motions with some path properties and finite moments same as (fractional)
Brownian motions. These belong to non-Gaussian families of stochastic processes which are statistically difficult
to distinguish from real (fractional) Brownian motions.

Keywords: Ciesielski’s isomorphism; fake fractional Brownian motion; fractional Brownian motion; generalized
Faber-Schauder system; matching moments; normality tests; pathwise Holder regularity estimator; roughness
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Recovering a planted vector v in an n-dimensional random subspace of R is a generic task related to many
problems in machine learning and statistics, such as dictionary learning, subspace recovery, principal component
analysis, and non-Gaussian component analysis. In this work, we study computationally efficient estimation and
detection of a planted vector v whose ¢4 norm differs from that of a Gaussian vector with the same ¢, norm. For
instance, in the special case where v is an N p-sparse vector with Bernoulli-Gaussian or Bernoulli-Rademacher
entries, our results include the following: (1) We give an improved analysis of a slight variant of the spectral
method proposed by Hopkins, Schramm, Shi, and Steurer (2016), showing that it approximately recovers v with
high probability in the regime np < VN. This condition subsumes the conditions p << 1/+/n or np S VN required
by previous work up to polylogarithmic factors. We achieve £« error bounds for the spectral estimator via a leave-
one-out analysis, from which it follows that a simple thresholding procedure exactly recovers v with Bernoulli—
Rademacher entries, even in the dense case p = 1. (2) We study the associated detection problem and show that
in the regime np > VN, any spectral method from a large class (and more generally, any low-degree polynomial
of the input) fails to detect the planted vector. This matches the condition for recovery and offers evidence that no
polynomial-time algorithm can succeed in recovering a Bernoulli-Gaussian vector v when np > VN.

Keywords: Computational lower bound; eigenvector perturbation; low-degree method; planted sparse vector;
spectral method
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Isotonic conditional laws
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We introduce isotonic conditional laws (ICL) which extend the classical notion of conditional laws by the ad-
ditional requirement that there exists an isotonic relationship between the random variable of interest and the
conditioning random object. We show existence and uniqueness of ICL building on conditional expectations given
o-lattices. ICL corresponds to a classical conditional law if and only if the latter is already isotonic. ICL is moti-
vated from a statistical point of view by showing that ICL emerges equivalently as the minimizer of an expected
score where the scoring rule may be taken from a large class comprising the continuous ranked probability score
(CRPS). Furthermore, ICL is calibrated in the sense that it is invariant to certain conditioning operations, and
the corresponding event probabilities and quantiles are simultaneously optimal with respect to all relevant scoring
functions. We develop a new notion of general conditional functionals given o-lattices which is of independent
interest.

Keywords: Calibration; conditional functional; conditional law; isotonicity; o--lattice
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A novel linear integration rule called control neighbors is proposed in which nearest neighbor estimates act as
control variates to speed up the convergence rate of the Monte Carlo procedure on metric spaces. The main result
is the O(n_l/ 2ys/ d) convergence rate — where n stands for the number of evaluations of the integrand and d
for the dimension of the domain — of this estimate for Holder functions with regularity s € (0,1], a rate which,
in some sense, is optimal. Several numerical experiments validate the complexity bound and highlight the good
performance of the proposed estimator.

Keywords: Control variates; Holder functions; metric space; Monte Carlo; nearest neighbor; optimal convergence
rate; variance reduction; Voronoi cell
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Data observed over a long period of time may contain several change points, where the distribution of a variable
changes but remains the same over the blocks in between. This useful qualitative structure allows precise estimation
and uncertainty quantification for a long vector of parameters. Detecting these change points is another important
objective. In this paper, we derive a concentration inequality for an empirical Bayes procedure, obtain the frequen-
tist coverage of a suitable confidence ball of the optimal size constructed from the posterior distribution and study
the problem of change point detection. We adopt an oracle approach to quantify the estimation error locally and
show that the estimation error of the proposed procedure matches with the oracle rate, thus automatically implying
minimax optimality, adaptively over all change point structures. Under a condition on the minimum magnitude
of the changes, we show that precisely all change points are detected with high probability, and accompany this
with a lower bound result asserting the minimality of that condition. Our results are non-asymptotic and robust
in that normality is used only as a working model in the procedure, but the true distribution may not be normal.
We discuss important extensions of our results to Hilbert space-valued parameters to address the multiple change
point problem for multivariate and functional data. Finally, we describe a possible computational procedure using
the simulated annealing method.

Keywords: Change points; confidence ball; empirical Bayes; oracle; posterior contraction
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We study the problem of exact support recovery for high-dimensional sparse linear regression under independent
Gaussian design when the signals are weak, rare, and possibly heterogeneous. Under a suitable scaling of the
sample size and signal sparsity, we fix the minimum signal magnitude at the information-theoretic optimal rate
and investigate the asymptotic selection accuracy of best subset selection (BSS) and marginal screening (MS)
procedures. We show that despite the ideal setup, somewhat surprisingly, marginal screening can fail to achieve
exact recovery with probability converging to one in the presence of heterogeneous signals, whereas BSS enjoys
model consistency whenever the minimum signal strength is above the information-theoretic threshold. To mitigate
the computational intractability of BSS, we also propose an efficient two-stage algorithmic framework called ETS
(Estimate Then Screen) comprised of an estimation step and gradient coordinate screening step, and under the
same scaling assumption on sample size and sparsity, we show that ETS achieves model consistency under the
same information-theoretic optimal requirement on the minimum signal strength as BSS. Finally, we present a
simulation study comparing ETS with LASSO and marginal screening. The numerical results agree with our
asymptotic theory even for realistic values of the sample size, dimension and sparsity.

Keywords: Heterogeneous signals; high-dimensional statistics; iterative hard thresholding; marginal screening;
model consistency; variable selection
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The multiple testing literature has primarily dealt with three types of dependence assumptions between p-values:
independence, positive regression dependence, and arbitrary dependence. In this paper, we provide what we believe
are the first theoretical results under various notions of negative dependence (negative Gaussian dependence, neg-
ative regression dependence, negative association, negative orthant dependence and weak negative dependence).
These include the Simes global null test and the Benjamini-Hochberg procedure, which are known experimentally
to be anti-conservative under negative dependence. The anti-conservativeness of these procedures is bounded by
factors smaller than that under arbitrary dependence (in particular, by factors independent of the number of hy-
potheses). We also provide new results about negatively dependent e-values, and provide several examples as to
when negative dependence may arise. Our proofs are elementary and short, thus amenable to extensions.

Keywords: E-values; false discovery rate; negative association; negative orthant dependence; simes test
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SDE with power non-linearity
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In our paper (Bernoulli 26 (2020) 1381-1409), we found all strong Markov solutions that spend zero time at
0 of the Stratonovich stochastic differential equation dX = |X|% o dB, a € (0,1). These solutions have the form
Xf =F (Bf), where F(x) = ﬁ |x|1/ (1-a) signx and BY is the skew Brownian motion with skewness parameter
6 € [-1,1] starting at F/ -1 (Xp)- In this paper we show how an addition of small external additive noise éW restores
uniqueness. In the limit as € — 0, we recover heterogeneous diffusion corresponding to the physically symmetric
case 6 = 0.

Keywords: Generalized It0’s formula; heterogeneous diffusion process; local time; non-uniqueness; selection
problem; singular stochastic differential equation; skew Brownian motion; Stratonovich integral
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We study some fundamental properties, such as the transience, the recurrence, the first passage times and the zero
set of a certain type of sawtooth Markov processes, called extremal shot noise processes. The sets of zeros of the
latter are Mandelbrot’s random cutout sets, i.e. the sets obtained after placing Poisson random covering intervals on
the positive half-line. Based on this connection, we provide a new proof of Fitzsimmons-Fristedt-Shepp Theorem
which characterizes the random cutout sets.

Keywords: Extremal process; first passage time; invariant function; random covering; sawtooth process; shot
noise process; subordinator
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Pick n ordered and independent uniform points on the d-dimensional flat torus. Then, link each point to its closest
one that arrived before. This constructs random labelled trees called nearest neighbour trees of size n on the
d-dimensional flat torus. These trees share some properties with the random recursive tree: the height of the last
arrival node, the mean degree of the root, etc. On the contrary, the number of leaves seems to depend on dimension
d, but no such properties have been proved yet. In this article, we prove that the mean number of siblings depends
on d. In particular, we give explicit calculations of this number when n goes to infinity. In dimension 1, itis 1 +1n2
and, in any dimension d, it has an explicit integral form, but unfortunately, it does not give an explicit number.
Nevertheless, we show that it converges to 2 when d — oo at a speed of order (V3/ 2)4. To prove these results,
we look at the local limit of those trees and we do some fine computations about the intersection of two balls in
dimension d. In particular, we obtain a non-trivial upper bound for those intersections in some precise cases.

Keywords: High dimension; intersection of balls; local limit; nearest neighbour tree
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We propose a novel statistical test to assess the mutual independence of multidimensional random vectors. Our
approach is based on the L;-distance between the joint density function and the product of the marginal densities
associated with the presumed independent vectors. Under the null hypothesis, we employ Poissonization tech-
niques to establish the asymptotic normal approximation of the corresponding test statistic, without imposing any
regularity assumptions on the underlying Lebesgue density function, denoted as f(-). Remarkably, we observe that
the limiting distribution of the L{-based statistics remains unaffected by the specific form of f(-). This unexpected
result contributes to the robustness and versatility of our method. Moreover, our tests exhibit nontrivial local power
against a subset of local alternatives, which converge to the null hypothesis at a rate of n~V/ 2h;d/ 4, d > 2, where
n represents the sample size and 4, denotes the bandwidth. Finally, the theory is supported by a comprehensive
simulation study to investigate the finite-sample performance of our proposed test. The results demonstrate that
our testing procedure generally outperforms existing approaches across various examined scenarios.

Keywords: Asymptotic normality; distribution-free tests; independence test; kernel density function estimator;
L;-distance
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In this paper, we introduce a variant of optimal transport adapted to the causal structure given by an underlying
directed graph G. Different graph structures lead to different specifications of the optimal transport problem. For
instance, a fully connected graph yields standard optimal transport, a linear graph structure corresponds to causal
optimal transport between the distributions of two discrete-time stochastic processes, and an empty graph leads
to a notion of optimal transport related to CO-OT, Gromov—Wasserstein distances and factored OT. We derive
different characterizations of G-causal transport plans and introduce Wasserstein distances between causal models
that respect the underlying graph structure. We show that average treatment effects are continuous with respect
to G-causal Wasserstein distances and small perturbations of structural causal models lead to small deviations
in G-causal Wasserstein distance. We also introduce an interpolation between causal models based on G-causal
Wasserstein distance and compare it to standard Wasserstein interpolation.

Keywords: Average treatment effect; causality; directed graphs; optimal transport; Wasserstein distance
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Reversibility of elliptical slice sampling
revisited
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We extend elliptical slice sampling, a Markov chain transition kernel suggested in Murray, Adams and MacKay
(In The Proceedings of the 13th International Conference on Artificial Intelligence and Statistics (2010) 541-548),
to infinite-dimensional separable Hilbert spaces and discuss its well-definedness. We point to a regularity re-
quirement, provide an alternative proof of the desirable reversibility property and show that it induces a positive
semi-definite Markov operator. Crucial within the proof of the formerly mentioned results is the analysis of a
shrinkage Markov chain that may be interesting on its own.

Keywords: Elliptical slice sampling; reversibility; shrinkage procedure
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Heat kernel estimates for kinetic SDEs with
drifts being unbounded and in Kato’s class
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In this paper we investigate the existence and uniqueness of weak solutions for kinetic stochastic differential equa-
tions with Holder diffusion and unbounded singular drifts in Kato’s class. Moreover, we also establish sharp
two-sided estimates for the density of the solution. In particular, the drift » can be in the mixed qu Lf;ll Lfc’zz space
with 2/g + d/p1 + 3d/py < 1. As an application, we show the existence and uniqueness of weak solution to a
second order singular interacting particle system in R4V,

Keywords: Heat kernel estimates; Kato’s class; kinetic SDEs; Krylov’s estimate
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Brownian motion conditioned to spend limited
time outside a bounded interval — an extreme

example of entropic repulsion
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We show that a Brownian motion on R > which is allowed to spend a total of s > 0 time units outside a bounded
interval does not leave the interval at all. This can be seen as an extreme example of entropic repulsion. Moreover,
we explicitly determine the exact asymptotic behavior of the probability that a Brownian motion on [0,7'] spends

limited time outside a bounded interval, as 7' — oo.

Keywords: Brownian motion; conditioned process; extreme entropic repulsion; occupation time
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We consider the copula mapping, which maps a joint cumulative distribution function to the corresponding cop-
ula. Its Hadamard differentiability was shown in van der Vaart and Wellner (1996), Fermanian, Radulovi¢ and
Wegkamp (2004) and (under less strict assumptions) in Biicher and Volgushev (2013). This differentiability result
has proved to be a powerful tool to show the weak convergence of empirical copula processes in various settings
using the functional delta method. We state a generalization of the Hadamard differentiability results and illustrate
how it can be used for the derivations of asymptotic expansions and the weak convergence of empirical copula
processes in the presence of covariates. The usefulness of this result is illustrated on several applications which
include a multidimensional functional linear model, where the copula of the error vector describes the dependency
between the components of the vector of observations, given the functional covariate.

Keywords: Empirical copula; functional delta method; Hadamard derivative; pseudo-observations; regression
residuals; weak convergence
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Shape restriction imposed on a function of interest, such as a regression or density function, allows for its esti-
mation without smoothness assumptions. The concept of k-monotonicity encompasses a family of shape restric-
tions, including decreasing and convex decreasing as special cases corresponding to k = 1 and k = 2. We consider
Bayesian approaches to estimate a k-monotone density. By utilizing a kernel mixture representation and putting a
Dirichlet process or a finite mixture prior on the mixing distribution, we show that the posterior contraction rate
in the Hellinger distance is (n/log n)_k/ @k+1) for a k-monotone density, which is minimax optimal up to a poly-
logarithmic factor. When k( = oo or the true k-monotone density is a finite Jp-component mixture of the kernel,
the contraction rate improves to the nearly parametric rate. Moreover, by putting a prior on k, we show that almost
the same rates hold even when the best value of k is unknown. A specific application in modeling the density of
p-values in a large-scale multiple testing problem is considered. Simulation studies are conducted to evaluate the
performance of the proposed method.

Keywords: Adaptation; contraction rates; Dirichlet process mixture; mixture representation; shape restrictions
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In this paper we consider the problem of parameter estimation in the p-spin Curie-Weiss model, for p > 3. We
provide a complete description of the limiting properties of the maximum likelihood (ML) estimators of the inverse
temperature and the magnetic field given a single realization from the p-spin Curie-Weiss model, complementing
the well-known results in the 2-spin case by Comets and Gidas (1991). Our results unearth various new phase
transitions and surprising limit theorems, such as the existence of a ‘critical’ curve in the parameter space, where
the limiting distribution of the ML estimators is a mixture with both continuous and discrete components. The
number of mixture components is either two or three, depending on, among other things, the sign of one of the
parameters and the parity of p. Another interesting revelation is the existence of certain ‘special’ points in the
parameter space where the ML estimators exhibit a superefficiency phenomenon, converging to a non-Gaussian
limiting distribution at rate N 3/4, Using these results we can obtain asymptotically valid confidence intervals for
the inverse temperature and the magnetic field at all points in the parameter space where consistent estimation is
possible.

Keywords: Central limit theorems; estimation; Ising models; magnetization; phase transitions; spin-systems;
superefficiency
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A bootstrapped test of covariance stationarity
based on orthonormal transformations
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We propose a covariance stationarity test for an otherwise dependent and possibly globally non-stationary time
series. We work in a generalized version of the new setting in Jin, Wang and Wang (J. R. Stat. Soc. Ser. B. Stat.
Methodol. 77 (2015) 893-922), who exploit Walsh (Amer. J. Math. 45 (1923) 5-24) functions in order to com-
pare sub-sample covariances with the full sample counterpart. They impose strict stationarity under the null, only
consider linear processes under either hypothesis in order to achieve a parametric estimator for an inverted high
dimensional asymptotic covariance matrix, and do not consider any other orthonormal basis. Conversely, we work
with a general orthonormal basis under mild conditions that include Haar wavelet and Walsh functions, and we
allow for linear or nonlinear processes with possibly non-iid innovations. This is important in macroeconomics and
finance where nonlinear feedback and random volatility occur in many settings. We completely sidestep asymp-
totic covariance matrix estimation and inversion by bootstrapping a max-correlation difference statistic, where the
maximum is taken over the correlation lag 4 and basis generated sub-sample counter & (the number of systematic
samples). We achieve a higher feasible rate of increase for the maximum lag and counter Hy and K7 . Of particular
note, our test is capable of detecting breaks in variance, and distant, or very mild, deviations from stationarity.

Keywords: Covariance stationarity; max-correlation test; multiplier bootstrap; orthonormal basis; Walsh functions
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We study extensions of Fréchet means for random objects in the space Sym*(p) of p X p symmetric positive-
definite matrices using the scaling-rotation geometric framework introduced by Jung et al. [SIAM J. Matrix. Anal.
Appl. 36 (2015) 1180-1201]. The scaling-rotation framework is designed to enjoy a clearer interpretation of the
changes in random ellipsoids in terms of scaling and rotation. In this work, we formally define the scaling-rotation
(SR) mean set to be the set of Fréchet means in Sym™(p) with respect to the scaling-rotation distance. Since
computing such means requires a difficult optimization, we also define the partial scaling-rotation (PSR) mean set
lying in the space of eigen-decompositions as a proxy for the SR mean set. The PSR mean set is easier to compute
and its projection to Sym*(p) often coincides with SR mean set. Minimal conditions are required to ensure that
the mean sets are non-empty. Because eigen-decompositions are never unique, neither are PSR means, but we give
sufficient conditions for the sample PSR mean to be unique up to the action of a certain finite group. We also
establish strong consistency of the sample PSR means as estimators of the population PSR mean set, and a central
limit theorem. In an application to multivariate tensor-based morphometry, we demonstrate that a two-group test
using the proposed PSR means can have greater power than the two-group test using the usual affine-invariant
geometric framework for symmetric positive-definite matrices.

Keywords: Central limit theorem; manifolds; scaling-rotation distance; strong consistency
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On a near-optimal and efficient algorithm for
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The pooled data problem asks to identify the unknown labels of a set of items from condensed measurements.
More precisely, given n items, assume that each item has a label in {0, 1,...,d}, encoded via the ground-truth o-.
We call the pooled data problem sparse if the number of non-zero entries of o~ scales as k ~ n? for 6 € (0,1). The
information that is revealed about o~ comes from pooled measurements, each indicating how many items of each
label are contained in the pool. The most basic question is to design a pooling scheme that uses as few pools as
possible, while reconstructing o with high probability. Variants of the problem and its combinatorial ramifications
have been studied for at least 35 years. However, the study of the modern question of efficient inference of the
labels has suggested a statistical-to-computational gap of order Inz in the minimum number of pools needed for
theoretically possible versus efficient inference. In this article, we resolve the question whether this Inn-gap is
artificial or of a fundamental nature by the design of an efficient algorithm, called SCIENT, based upon a novel
pooling scheme on a number of pools very close to the information-theoretic threshold.

Keywords: Phase transition; pooled data; quantitative group testing; spatial coupling; statistical inference
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Heat content for Gaussian processes: Small-time
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This paper establishes the small-time asymptotic behaviors of the regular heat content and spectral heat content
for general Gaussian processes in both one-dimensional and multi-dimensional settings, where the boundary of
the underlying domain satisfies some smoothness condition. For the amount of heat loss associated with the spec-
tral heat content, the exact asymptotic behavior with the rate function being the expected supremum process is
obtained, whereas for the regular heat content, the exact asymptotic behavior is described in terms of the standard
deviation function.

Keywords: Asymptotic behavior; Gaussian process; regular heat content; spectral heat content
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We extend the latent position random graph model to the line graph of a random graph, which is formed by creat-
ing a vertex for each edge in the original random graph, and connecting each pair of edges incident to a common
vertex in the original graph. We prove concentration inequalities for the spectrum of general line graphs, as well as
limiting distribution results for the largest eigenvalue and the empirical spectral distribution for the line graph of
an Erd6s-Rényi random graph. For the stochastic blockmodel, we establish that although naive spectral decompo-
sitions can fail to extract necessary signal for edge clustering, there exist signal-preserving singular subspaces of
the line graph that can be recovered through a carefully-chosen projection. Moreover, we can consistently estimate
edge latent positions in a random line graph, even though such graphs are of a random size, typically have high
rank, and possess no spectral gap. Our results demonstrate that the line graph of a stochastic block model exhibits
underlying block structure, and in simulations, we synthesize and test our methods against several commonly-used
techniques, including tensor decompositions, for cluster recovery and edge covariate inference. By incorporating
information encoded in both vertices and edges, the random line graph improves network inference.

Keywords: Edge attributes; edge covariates; network inference; random line graphs; spectral decomposition
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We study properties of a sample covariance estimate ) given a finite sample of # i.i.d. centered random elements
in R with the covariance matrix . We derive dimension-free bounds on the squared Frobenius norm of (f -
%) under reasonable assumptions. For instance, we show that ||§ - Z||% differs from its expectation by at most
O(Tr(22)/n) with overwhelming probability, which is a significant improvement over the existing results. This
allows us to establish the concentration phenomenon for the squared Frobenius distance between the covariance
and its empirical counterpart in the case of moderately large effective rank of X.

Keywords: Covariance estimation; cumulant generating function; effective rank; Hanson-Wright inequality;
Orlicz norm
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