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SID: A novel class of nonparametric tests of
independence for censored outcomes
JINHONG LI1,a, J ICAI LIU2,b, J INHONG YOU3,c and RIQUAN ZHANG4,d

1School of Statistics and Data Science, Laboratory for Statistical Monitoring and Intelligent Governance of
Common Prosperit, Zhejiang Gongshang University, Hangzhou, China, ajinhongli0106@gmail.com
2School of Statistics and Mathematics, Shanghai Lixin University of Accounting and Finance, Shanghai, China,
bliujicai1234@126.com
3School of Statistics and Management, Shanghai University of Finance and Economics, Shanghai, China,
cjohnyou07@163.com
4School of Statistics and Information, Shanghai University of International Business and Economics, Shanghai,
China, dzhangriquan@163.com

We propose a new class of metrics, called the survival independence divergence (SID), to test dependence between
a right-censored outcome and covariates. A key technique for deriving the SIDs is to use a counting process strategy,
which equivalently transforms the intractable independence test due to the presence of censoring into a test problem
for complete observations. The SIDs are equal to zero if and only if the right-censored response and covariates
are independent, and they are capable of detecting various types of nonlinear dependence. We propose empirical
estimates of the SIDs and establish their asymptotic properties. We further develop a wild bootstrap method to
estimate the critical values and show the consistency of the bootstrap tests. The numerical studies demonstrate that
our SID-based tests are highly competitive with existing methods in a wide range of settings.

Keywords: Characteristic function; counting process; nonparametric independence test; reproducing kernel
Hilbert space; survival analysis
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Identifiability of overcomplete independent
component analysis
K EXIN WANGa and ANNA SEIGALb

SEAS, Harvard University, Cambridge, United States, akexin_wang@g.harvard.edu, baseigal@seas.harvard.edu

Independent component analysis (ICA) studies mixtures of independent latent sources. An ICA model is identifiable
if the mixing can be recovered uniquely. When the number of sources is at most the number of observations, Comon
proved in 1994 that ICA is identifiable if and only if at most one source is Gaussian. However, in the overcomplete
setting, where the number of sources exceeds the number of observations, an if and only if characterization for
identifiability has been missing. In this paper, we give such a characterization. The proof studies linear spaces of
rank one symmetric matrices. For generic mixing, we present an identifiability condition in terms of the number
of sources and the number of observations. We use our identifiability results to design a coupled matrix and tensor
decomposition algorithm to recover the mixing matrix from data and apply it to synthetic data and two real datasets.

Keywords: Independent component analysis; identifiability; real algebraic geometry
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Merging rate of opinions via
optimal transport on random measures
MARTA CATALANO1,a and HUGO LAVENANT2,b
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Random measures provide flexible parameters for Bayesian nonparametric models. Given two different priors for
a random measure, we develop a natural framework to investigate the rate at which the corresponding posteriors
merge, as the sample size increases. We define a new distance between the laws of random measures that is built
as a Wasserstein distance on the ground space of unbalanced measures, endowed with the bounded Lipschitz
metric. We develop tight analytical bounds for its specification to completely random measures, including the
special case of Poisson and gamma random measures. The bounds are interpreted in terms of an adapted extended
Wasserstein distance between the Lévy measures and are used to investigate the merging between the posteriors
of normalized gamma and generalized gamma priors. After a careful study on the identifiability of the law of the
random measure, interesting asymptotic and finite-sample insights are derived without putting any assumption on
the true data generating process.

Keywords: Bayesian nonparametrics; completely random measures; Cox process; impact of the prior; Lévy
measure; merging of opinions; optimal transport; Poisson process; Wasserstein distance
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Dimension-free uniform concentration bound
for logistic regression
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We provide a novel dimension-free uniform concentration bound for the empirical risk function of constrained
logistic regression. Our bound yields a milder sufficient condition for a uniform law of large numbers than conditions
derived by the Rademacher complexity argument and McDiarmid’s inequality. The derivation is based on the PAC-
Bayes approach with second-order expansion and Rademacher-complexity-based bounds for the residual term of
the expansion.
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We consider a linear regression model with complex-valued response and predictors from a compact and connected
Lie group. The regression model is formulated in terms of eigenfunctions of the Laplace-Beltrami operator on the
Lie group. We show that the normalized Haar measure is an approximate optimal design with respect to all Kiefer’s
Φ𝑝-criteria. Inspired by the concept of 𝑡-designs in the field of algebraic combinatorics, we then consider so-called
𝜆-designs in order to construct exact Φ𝑝-optimal designs for fixed sample sizes in the considered regression
problem. In particular, we explicitly construct Φ𝑝-optimal designs for regression models with predictors in the Lie
groups SU(2) and SO(3), the groups of 2 × 2 unitary matrices and 3 × 3 orthogonal matrices with determinant
equal to 1, respectively. We also discuss the advantages of the derived theoretical results in a concrete biological
application.

Keywords: Approximate design; Haar measure; Kiefer’s optimality criteria; Laplace-Beltrami operator; Lie
groups; linear regression; optimal design; spherical 𝑡-design; Wigner’s 𝐷-matrices; 𝜆-design
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Strong convergence for tensor GUE random
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(Ann. of Math. (2) 162 (2005) 711–775) proved that iid GUEs converge strongly to free semicircular elements as
the dimension grows to infinity. Motivated by considerations from quantum physics – in particular, understanding
nearest neighbor interactions in quantum spin systems – we consider iid GUE acting on multipartite state spaces,
with components on more than half of the sites and identity on the remaining sites. In particular, any two GUEs have
some sites in common. We show that under proper assumptions on the dimension of the sites, strong asymptotic
freeness still holds. Our proof relies on an interpolation technology recently introduced by (Invent. Math. 234
(2023) 419–487).
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Calculating averages with respect to multimodal probability distributions is often necessary in applications. Markov
chain Monte Carlo (MCMC) methods to this end, which are based on time averages along a realization of a Markov
process ergodic with respect to the target probability distribution, are usually plagued by a large variance due to the
metastability of the process. In this work, we mathematically analyze an importance sampling approach for MCMC
methods that rely on the overdamped Langevin dynamics. Specifically, we study an estimator based on an ergodic
average along a realization of an overdamped Langevin process for a modified potential. The estimator we consider
incorporates a reweighting term in order to rectify the bias that would otherwise be introduced by this modification of
the potential. We obtain an explicit expression in dimension 1 for the biasing potential that minimizes the asymptotic
variance of the estimator for a given observable, and propose a general numerical approach for approximating the
optimal potential in the multi-dimensional setting. We also investigate an alternative approach where, instead of the
asymptotic variance for a single given observable, a weighted average of the asymptotic variances corresponding
to a class of observables is minimized. Finally, we demonstrate the capabilities of the proposed method by means
of numerical experiments.

Keywords: Importance sampling; overdamped Langevin dynamics; Poisson equation; variance reduction
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Motivated by the problem of detecting a change in the evolution of a network, we consider the preferential
attachment random graph model with a time-dependent attachment function. Our goal is to detect whether the
attachment mechanism changed over time, based on a single snapshot of the network and without directly observable
information about the dynamics. We cast this question as a hypothesis testing problem, where the null hypothesis
is a preferential attachment model with a constant affine attachment parameter 𝛿0, and the alternative hypothesis
is a preferential attachment model where the affine attachment parameter changes from 𝛿0 to 𝛿1 at an unknown
changepoint time 𝜏𝑛. For our analysis we focus on the regime where 𝛿0 and 𝛿1 are fixed, and the changepoint
occurs close to the observation time of the network (i.e., 𝜏𝑛 = 𝑛 − 𝑐𝑛𝛾 with 𝑐 > 0 and 𝛾 ∈ (0, 1)). This corresponds
to a rather relevant scenario where we aim to detect the changepoint shortly after it has happened. We present two
tests based on the number of vertices with minimal degree, and show that these are asymptotically powerful when
1
2 < 𝛾 < 1. We conjecture that any test based on the final network snapshot will be powerless when 𝛾 < 1

2 . The
first test we propose requires knowledge of 𝛿0. The second test is significantly more involved, and does not require
the knowledge of 𝛿0 while still achieving the same asymptotic performance guarantees. Furthermore, we prove
that the test statistics for both tests are asymptotically normal, allowing for accurate calibration of the tests. This is
demonstrated by numerical experiments, that also illustrate the finite sample test properties.

Keywords: Changepoint detection; preferential attachment model
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We study nonparametric estimation in dynamical systems described by ordinary differential equations (ODEs).
Specifically, we focus on estimating the unknown function 𝑓 : ℝ𝑑 → ℝ

𝑑 that governs the system dynamics through
the ODE 𝑢̇(𝑡) = 𝑓 (𝑢(𝑡)), where observations 𝑌 𝑗 ,𝑖 = 𝑢 𝑗 (𝑡 𝑗 ,𝑖) + 𝜀 𝑗 ,𝑖 of solutions 𝑢 𝑗 of the ODE are made at times
𝑡 𝑗 ,𝑖 with independent noise 𝜀 𝑗 ,𝑖 . We introduce two novel models—the Stubble model and the Snake model—to
mitigate the issue of observation location dependence on 𝑓 , an inherent difficulty in nonparametric estimation
of ODE systems. In the Stubble model, we observe many short solutions with initial conditions that adequately
cover the domain of interest. Here, we study an estimator based on multivariate local polynomial regression and
univariate polynomial interpolation. In the Snake model, we observe few long trajectories that traverse the domain
of interest. Here, we study an estimator that combines univariate local polynomial estimation with multivariate

polynomial interpolation. For both models, we establish error bounds of order 𝑛−
𝛽

2(𝛽+1)+𝑑 for 𝛽-smooth functions
𝑓 in an infinite-dimensional function class of Hölder-type and establish minimax optimality for the Stubble model
in general and for the Snake model under some conditions via comparison to lower bounds from parallel work.

Keywords: Minimax optimal; nonparametric regression; ordinary differential equations; rate of convergence
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Sample path properties of the fractional
Wiener–Weierstrass bridge
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Fractional Wiener–Weierstrass bridges are a class of Gaussian processes that arise from replacing the trigonometric
function in the construction of classical Weierstrass functions by a fractional Brownian bridge. We investigate the
sample path properties of such processes, including local and uniform moduli of continuity, Φ-variation, Hausdorff
dimension, nowhere differentiability, and location of the maximum. Our analysis relies heavily on upper and lower
bounds of fractional integrals, where we establish a novel improvement of the classical Hardy–Littlewood inequality
for fractional integrals of a special class of step functions.

Keywords: Fractional Wiener–Weierstrass bridge; Hardy–Littlewood inequality for fractional integrals; Hausdorff
dimension; moduli of continuity; Φ-variation
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Asymptotic bias reduction of maximum
likelihood estimates via penalized likelihoods
with differential geometry
MASAYO Y. HIROSE1,a and SHUHEI MANO2,b

1Institute of Mathematics for Industry, Kyushu University, Fukuoka, Japan, amasayo@imi.kyushu-u.ac.jp
2Department of Fundamental Statistical Mathematics, The Institute of Statistical Mathematics, Tachikawa,
Japan, bsmano@ism.ac.jp

A method for asymptotic bias reduction of maximum likelihood estimates of generic estimands is developed. The
estimator is realized as a plug-in estimator, where the parameter maximizes the penalized likelihood with a penalty
function that satisfies a quasi-linear partial differential equation of the first order. The integration of the partial
differential equation with the aid of differential geometry is discussed. Applications to generalized linear models,
linear mixed-effects models, and a location-scale family are presented.

Keywords: Bias reduction; information geometry; Jeffreys prior; partial differential equation; plug-in estimator;
shrinkage
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Regularized e-processes: Anytime valid
inference with knowledge-based efficiency gains
RYAN MARTINa
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Classical statistical methods have theoretical justification when the sample size is predetermined. In applications,
however, sample sizes are often data-dependent rather than predetermined. The aforementioned methods aren’t
reliable in this latter case, hence the recent interest in e-processes and methods that are anytime valid, i.e.,
reliable for any dynamic data-collection plan. But if the investigator has relevant-yet-incomplete prior information
about the quantity of interest, then there’s an opportunity for efficiency gain. This paper proposes a regularized e-
process framework featuring a knowledge-based, imprecise-probabilistic regularization with improved efficiency. A
generalized version of Ville’s inequality is established, ensuring that inference based on the regularized e-process is
anytime valid in a novel, knowledge-dependent sense. Regularized e-processes also facilitate possibility-theoretic
uncertainty quantification with strong frequentist-like calibration properties and other Bayesian-like properties:
satisfies the likelihood principle, avoids sure-loss, and offers formal decision-making with reliability guarantees.
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We derive a Bernstein–von Mises theorem in the context of misspecified, non-i.i.d., hierarchical models
parametrised by a finite-dimensional parameter of interest. We apply our results to hierarchical models con-
taining non-linear operators, including the squared integral operator, and PDE-constrained inverse problems. More
specifically, we consider the elliptic, time-independent Schrödinger equation with parametric boundary condition
and general parabolic PDEs with parametric potential and boundary constraints. Our theoretical results are com-
plemented with a numerical analysis of synthetic data sets, considering both the square integral operator and the
Schrödinger equation.

Keywords: Bayesian estimation; Bernstein–von Mises; hierarchical model; misspecification; parametric model;
posterior distribution
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We study the universality property of estimators for high-dimensional linear models, which implies that the distri-
bution of estimators is independent of whether the covariates follow a Gaussian distribution. Recent developments
in high-dimensional statistics typically require covariates to strictly follow a Gaussian distribution to precisely
characterize the properties of estimators. To relax this Gaussianity requirement, the existing literature has ex-
amined conditions under which estimators achieve universality. In particular, independence among the elements
of the high-dimensional covariates has played a critical role. In this study, we focus on high-dimensional linear
models with covariates exhibiting block dependence, where covariate elements can only be dependent within each
block, and show that estimators for such models retain universality. Specifically, we prove that the distribution
of estimators with Gaussian covariates can be approximated by the distribution of estimators with non-Gaussian
covariates having the same moments under block dependence. To establish this result, we develop a generalized
Lindeberg principle suitable for handling block dependencies and derive new error bounds for correlated covariate
elements. We further demonstrate the universality result across several different estimators.

Keywords: Dependency; high-dimension; linear models; robust estimators; universality
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We derive sharp upper and lower bounds for the pointwise concentration function of the maximum statistic of
𝑑 identically distributed real-valued random variables. Our first main result places no restrictions either on the
common marginal law of the samples or on the copula describing their joint distribution. We show that, in
general, strictly sublinear dependence of the concentration function on the dimension 𝑑 is not possible. We then
introduce a new class of copulas, namely those with a convex diagonal section, and demonstrate that restricting
to this class yields a sharper upper bound on the concentration function. This allows us to establish several
new dimension-independent and poly-logarithmic-in-𝑑 anti-concentration inequalities for a variety of marginal
distributions under mild dependence assumptions. Our theory improves upon the best known results in certain
special cases. Applications to high-dimensional statistical inference are presented, including a specific example
pertaining to Gaussian mixture approximations for factor models, for which our main results lead to superior
distributional guarantees.

Keywords: Anti-concentration; concentration; copulas; extreme value theory; high-dimensional probability; order
statistics
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Several identities, involving the Lebesgue measure of data-based simplices or parallelotopes, have been obtained for
functionals involving the sample covariance matrix 𝑆 or its population counterpart Σ. This is the case in particular
for Wilks’ generalized variance det(𝑆), which allowed one to obtain an explicit expression for E[det(𝑆)] whenever
observations are randomly sampled from a distribution with finite second-order moments. To date, however, all
such results are limited to scalar functionals. In this paper, we obtain geometric identities for the adjugate adj(𝑆)
of 𝑆 and for other functionals involving adj(𝑆) and the sample mean vector 𝑋̄ . This allows us in particular to
define uniformly minimum risk unbiased (UMRU) estimators of the corresponding population quantities. Just as
the results from (Ann. Statist. 36 (2008) 2261–2283) find applications when conditional independence is of interest,
our results are relevant in an elliptical framework (resp., in a general framework) where conditional independence
is replaced with partial uncorrelatedness (resp., with an original concept of partial median-uncorrelatedness).

Keywords: Adjugate matrices; graphical models; partial uncorrelatedness; random polytopes; random projections;
sample covariance matrices; UMRU estimators

References
Bodnar, T., Mazur, S. and Podgórski, K. (2016). Singular inverse Wishart distribution and its application to portfolio

theory. J. Multivariate Anal. 143 314–326. https://doi.org/10.1016/j.jmva.2015.09.021
Bodnar, T. and Okhrin, Y. (2008). Properties of the singular, inverse and generalized inverse partitioned Wishart

distributions. J. Multivariate Anal. 99 2389–2045. MR2463397 https://doi.org/10.1016/j.jmva.2008.02.024
Cambanis, S., Huang, S. and Simons, G. (1981). On the theory of elliptically contoured distributions. J. Multivariate

Anal. 11 368–385. https://doi.org/10.1016/0047-259X(81)90082-8
Drton, M., Massam, H. and Olkin, I. (2008). Moments of minors of Wishart matrices. Ann. Statist. 36 2261–2283.

MR2458187 https://doi.org/10.1214/07-AOS522
Dürre, A. and Paindaveine, D. (2022a). Affine-equivariant inference for multivariate location under 𝐿𝑝 loss

functions. Ann. Statist. 50 2616–2640. https://doi.org/10.1214/22-AOS2199
Dürre, A. and Paindaveine, D. (2022b). Supplement to “Affine-equivariant inference for multivariate location under
𝐿𝑝 loss functions”. Ann. Statist. Online supplement. https://doi.org/10.1214/22-AOS2199SUPP

Dürre, A. and Paindaveine, D. (2026). Supplement to “On some geometric identities involving the sample covariance
matrix and its adjugate.” https://doi.org/10.3150/25-BEJ1944SUPP

Horn, R.A. and Johnson, C.R. (2013). Matrix Analysis, 2nd ed. New York: Cambridge Univ. Press.
Janssen, P., Serfling, R. and Veraverbeke, N. (1984). Asymptotic normality for a general class of statistical functions

and applications to measures of spread. Ann. Statist. 12 1369–1379. https://doi.org/10.1214/aos/1176346797
Magnus, J.R. and Neudecker, H. (2007). Matrix Differential Calculus with Applications in Statistics and Econo-

metrics, 3rd ed. Chichester: Wiley.
Muirhead, R.J. (2005). Aspects of Multivariate Statistical Theory. Hoboken, New Jersey: Wiley.
Paindaveine, D. (2022). On the measure of anchored Gaussian simplices, with applications to multivariate medians.

Bernoulli 28 965–996. https://doi.org/10.3150/21-BEJ1373
Pfanzagl, J. (1994). Parametric Statistical Theory. Berlin: Walter de Gruyter.

1350-7265 © 2026 ISI/BS

https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/25-BEJ1944
mailto:a.m.durre@math.leidenuniv.nl
mailto:Davy.Paindaveine@ulb.be
https://doi.org/10.1016/j.jmva.2015.09.021
https://mathscinet.ams.org/mathscinet-getitem?mr=2463397
https://doi.org/10.1016/j.jmva.2008.02.024
https://doi.org/10.1016/0047-259X(81)90082-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2458187
https://doi.org/10.1214/07-AOS522
https://doi.org/10.1214/22-AOS2199
https://doi.org/10.1214/22-AOS2199SUPP
https://doi.org/10.3150/25-BEJ1944SUPP
https://doi.org/10.1214/aos/1176346797
https://doi.org/10.3150/21-BEJ1373


On some identities involving the sample covariance matrix and its adjugate 2047

Pronzato, L. (1998). On a property of the expected value of a determinant. Statist. Probab. Lett. 39 161–165.
https://doi.org/10.1016/S0167-7152(98)00057-1

Pronzato, L., Wynn, H.P. and Zhigljavsky, A.A. (2017). Extended generalised variances, with applications. Bernoulli
23 2617–2642. https://doi.org/10.3150/16-BEJ821

Pronzato, L., Wynn, H.P. and Zhigljavsky, A.A. (2018). Simplicial variances, potentials and Mahalanobis distances.
J. Multivariate Anal. 168 276–289. https://doi.org/10.1016/j.jmva.2018.08.002

Serfling, R. (1980). Approximation Theorems of Mathematical Statistics. New York: Wiley.
Serfling, R.J. (1984). Generalized L-, M-, and R-statistics. Ann. Statist. 12 76–86. MR0733500 https://doi.org/10.

1214/aos/1176346393
Srivastava, M.S. (2003). Singular Wishart and multivariate beta distributions. Ann. Statist. 31 1537–1560. https://

doi.org/10.1214/aos/1065705118
Uhler, C. (2018). Gaussian graphical models. In Handbook of Graphical Models 217–238. CRC Press.
van der Vaart, H.R. (1965). A note on Wilks’ internal scatter. Ann. Math. Statist. 36 1308–1312. https://doi.org/

10.1214/aoms/1177700006
Vogel, D. and Fried, R. (2011). Elliptical graphical modelling. Biometrika 98 935–951. https://doi.org/10.1093/

biomet/asr037
Whittaker, J. (1990). Graphical Models in Applied Multivariate Statistics. Chichester: Wiley.
Wilks, S.S. (1932). Certain generalizations in the analysis of variance. Biometrika 24 471–494. https://doi.org/10.

2307/2331979

https://doi.org/10.1016/S0167-7152(98)00057-1
https://doi.org/10.3150/16-BEJ821
https://doi.org/10.1016/j.jmva.2018.08.002
https://mathscinet.ams.org/mathscinet-getitem?mr=0733500
https://doi.org/10.1214/aos/1176346393
https://doi.org/10.1214/aos/1176346393
https://doi.org/10.1214/aos/1065705118
https://doi.org/10.1214/aos/1065705118
https://doi.org/10.1214/aoms/1177700006
https://doi.org/10.1214/aoms/1177700006
https://doi.org/10.1093/biomet/asr037
https://doi.org/10.1093/biomet/asr037
https://doi.org/10.2307/2331979
https://doi.org/10.2307/2331979


Bernoulli 32(3), 2026, 2071–2097
https://doi.org/10.3150/25-BEJ1945

Multivariate Hilbertian additive regression with
general estimated variables
JEONG MIN JEON1,a and GER MAIN VAN BEVER2,b

1Seoul National University, Seoul, South Korea, ajeongmin.jeon.stat@gmail.com
2Université libre de Bruxelles and Université de Namur, Brussels, Belgium, bgermain.van.bever@ulb.be

We investigate a multivariate Hilbertian additive model in which the response variable is Hilbert-space-valued
and predictors are multi-dimensional Euclidean. We allow for the scenario where both variables are unobservable
but they are estimable. This scenario includes the case of principal or singular component scores, the case of
density-valued responses and the case of semiparametric regression. For such cases, we provide estimation errors
for the variables, which are of importance in their own right. Additionally, we derive the full non-asymptotic and
asymptotic properties of our regression estimator under such estimation errors. This allows us to handle various
novel regression problems. We demonstrate the strong performance of our regression estimator via simulation
studies and a real data application.

Keywords: Additive model; dimension reduction; non-Euclidean data; smooth backfitting
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Let 𝑇𝑐,𝛽 denote the smallest 𝑡 ≥ 1 that a continuous, self-similar Gaussian process with self-similarity index 𝛼 > 0
moves at least ±𝑐𝑡𝛽 units. We prove that: (i) If 𝛽 > 𝛼, then 𝑇𝑐,𝛽 =∞ with positive probability; (ii) If 𝛽 < 𝛼 and
𝑋 is strongly locally nondeterministic in the sense of Pitt (1978), then 𝑇𝑐,𝛽 has moments of all order; and (iii) If
𝛽 = 𝛼 and 𝑋 is strongly locally nondeterministic in the sense of Pitt (1978), then there exists a continuous, strictly
decreasing function 𝜆 : (0 ,∞) → (0 ,∞) such that E(𝑇𝜇

𝑐,𝛽
) is finite when 0 < 𝜇 < 𝜆(𝑐) and infinite when 𝜇 > 𝜆(𝑐).

Together these results extend a celebrated theorem of Breiman (1967) and Shepp (1967) for passage times of a
Brownian motion on the critical square-root boundary. We briefly discuss two examples: One about fractional
Brownian motion, and another about a family of linear stochastic partial differential equations.

Keywords: Boundary crossing probabilities; Gaussian processes; self-similarity; strong local non-determinism
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Optimal transport and the Wasserstein distance 𝒲𝑝 have recently seen a number of applications in the fields
of statistics, machine learning, data science, and the physical sciences. These applications are however severely
restricted by the curse of dimensionality, meaning that the number of data points needed to estimate these problems
accurately increases exponentially in the dimension. To alleviate this problem, a number of variants of 𝒲𝑝 have
been introduced. We focus here on one of these variants, namely the max-sliced Wasserstein metric 𝒲 𝑝 . This
metric reduces the high-dimensional minimization problem given by 𝒲𝑝 to a maximum of one-dimensional
measurements in an effort to overcome the curse of dimensionality. In this note we derive concentration results and
upper bounds on the expectation of 𝒲 𝑝 between the true and empirical measure on unbounded reproducing kernel
Hilbert spaces. We show that, under quite generic assumptions, probability measures concentrate uniformly fast
in one-dimensional subspaces, at (nearly) parametric rates. Our results imply an improvement of currently known
bounds for 𝒲 𝑝 in the finite-dimensional case.

Keywords: (Max-sliced) Wasserstein distance; (projection robust) optimal transport; ratio limit theorem;
reproducing kernel Hilbert space (RKHS)
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In this article we revisit the weak optimal transport (WOT) problem, introduced by Gozlan, Roberto, Samson and
Tetali (J. Funct. Anal. 273 (2017) 3327–3405). We work on the real line, with barycentric cost functions, and, as our
first result, give the following characterization of the set of optimal couplings for two probability measures 𝜇 and 𝜈:
every optimizer couples the left tails of 𝜇 and 𝜈 using a submartingale, the right tails using a supermartingale, while
the central region is coupled using a martingale. We then consider a constrained optimal transport problem, where
admissible transport plans are only those that are optimal for the WOT problem with 𝐿1 costs. The constrained
problem generalizes the (sub/super-) martingale optimal transport problems, studied by Beiglböck and Juillet (Ann.
Probab. 44 (2016) 42–106), and Nutz and Stebegg (Ann. Probab. 46 (2018) 3351–3398) among others. Finally we
introduce a generalized shadow measure and establish its connection to the WOT. This extends and generalizes the
results obtained in (sub/super-) martingale settings.

Keywords: Convex order; couplings; optimal transport; martingale transport
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Since the work of Aldous and Pitman (Ann. Inst. Henri Poincaré Probab. Stat. 34 (1998a) 637–686), several authors
have studied the pruning processes of Galton-Watson trees and their continuous analogue Lévy trees. Löhr, Voisin
and Winter (Ann. Inst. Henri Poincaré Probab. Stat. 51 (2015) 1342–1368) introduced the space of bi-measure
ℝ-trees equipped with the so-called leaf sampling weak vague topology which allows them to unify the discrete
and the continuous picture by considering them as instances of the same Feller-continuous Markov process with
different initial conditions. Moreover, the authors show that these so-called pruning processes converge in the
Skorokhod space of càdlàg paths with values in the space of bi-measure ℝ-trees, whenever the initial bi-measure
ℝ-trees converge. In this paper we provide an application to the above principle by verifying that a sequence
of suitably rescaled critical conditioned Galton-Watson trees whose offspring distributions lie in the domain of
attraction of a stable law of index 𝛼 ∈ (1, 2] converge to the 𝛼-stable Lévy-tree in the leaf-sampling weak vague
topology.

Keywords: Galton-Watson trees; Gromov-weak topology; pruning procedure; real trees; stable Lévy tree;
tree-valued process
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We study the convergence of the empirical distribution associated with a system of interacting kinetic particles
subject to independent Brownian forcing in a finite horizon setting, using some recent progress on kinetic non-linear
partial differential equations. Under general assumptions that require only weak convergence on the initial datum
-without assuming independence or moment conditions- we prove convergence in probability to the corresponding
non-linear Fokker-Planck PDE.

Keywords: Anisotropic Sobolev spaces; interacting particle system; kinetic non-linear Fokker-Planck equation
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variables
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We study convergence in the Central Limit Theorem under the 𝜒2-distance. Suppose 𝑛 independent random
variables 𝑋1, 𝑋2, . . . , 𝑋𝑛 have zero mean and equal variance. We prove that if the average of 𝜒2 distances between
these variables and the normal distribution is bounded by a sufficiently small constant, then the 𝜒2 distance between
their standardized sum and the normal distribution is 𝑂 (1/𝑛).

Keywords: Normal approximation; 𝜒2-distance; Hermite polynomials; subgaussian; Stein’s approach; Parseval’s
identity
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Minimax optimal rates of convergence in
monotone shuffled and unlinked regression
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Shuffled regression and unlinked regression represent intriguing challenges that have garnered considerable attention
in many fields, including ecological regression, multi-target tracking problems, image denoising, and others.
However, a notable gap exists in the existing literature, particularly in vanishing noise, i.e., how the rate of
estimation of the underlying signal scales with the error variance. This paper aims to bridge this gap by delving
into the monotone function estimation problem under vanishing noise variance, i.e., we allow the error variance
to go to 0 as the number of observations increases. Our investigation reveals that, asymptotically, the shuffled
regression problem is comparatively simpler than the unlinked regression; if the error variance is smaller than a
threshold, then the minimax risk of the shuffled regression is smaller than that of the unlinked regression. On the
other hand, the minimax estimation error is of the same order in the two problems if the noise level is larger than
that threshold. Our analysis is quite general in that we do not assume smoothness assumptions on the link function
𝑚0 (which only needs to be left-continuous, but may even have jump discontinuities). Because these problems are
related to deconvolution, we also provide bounds for deconvolution in a similar context. Through this exploration,
we contribute to understanding the intricate relationships between these statistical problems and shed light on their
behaviors under vanishing noise.

Keywords: Deconvolution; minimax rate of estimation; shuffled regression; unlinked regression; vanishing noise
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We study a parametric family of latent variable models, namely topic models, equipped with a hierarchical structure
among the topic variables. These models may be viewed as a finite mixture of the latent Dirichlet allocation (LDA)
induced distributions, but the LDA components are constrained by a latent hierarchy, specifically a rooted and
directed tree structure, which enables the learning of interpretable and latent topic hierarchies of interest. A
mathematical framework is developed in order to establish the identifiability of the latent topic hierarchy under
suitable regularity conditions and to derive bounds for posterior contraction rates of the model and its parameters.
We demonstrate the usefulness of such models and validate their theoretical properties through careful simulation
studies and a real data example using the New York Times articles.

Keywords: Consistency; contraction rate; directed tree; identifiability; inverse bound; Latent Dirichlet Allocation;
topic hierarchy; topic model

References
Anandkumar, A., Foster, D.P., Hsu, D., Kakade, S.M. and Liu, Y.-K. (2015). A spectral algorithm for latent Dirichlet

allocation. Algorithmica 72 193–214.
Arora, S., Ge, R. and Moitra, A. (2012). Learning topic models–going beyond SVD. In Proceedings of the 2012

IEEE 53rd Annual Symposium on Foundations of Computer Science 1–10. Los Alamitos, CA: IEEE Computer
Society.

Baio, G. and Blangiardo, M. (2010). Bayesian hierarchical model for the prediction of football results. J. Appl.
Stat. 37 253–264.

Bing, X., Bunea, F. and Wegkamp, M. (2020a). A fast algorithm with minimax optimal guarantees for topic models
with an unknown number of topics. Bernoulli 26 1765–1796.

Bing, X., Bunea, F. and Wegkamp, M. (2020b). Optimal estimation of sparse topic models. J. Mach. Learn. Res.
21 177.

Blei, D.M., Griffiths, T.L. and Jordan, M.I. (2010). The nested Chinese restaurant process and Bayesian nonpara-
metric inference of topic hierarchies. J. ACM 57 7.

Blei, D. and Lafferty, J. (2005). Correlated topic models. In Proceedings of the 19th International Conference on
Neural Information Processing Systems 18 147–154. Cambridge, MA: MIT Press.

Blei, D.M. and Lafferty, J.D. (2006). Dynamic topic models. In Proceedings of the 23rd International Conference
on Machine Learning 113–120. New York, NY: ACM Press.

Blei, D.M., Andrew, Y.A. and Jordan, M.I. (2003). Latent Dirichlet allocation. J. Mach. Learn. Res. 3 993–1022.
cAllenby, G.M. and Rossi, P.E. (2006). Hierarchical Bayes models. The Handbook of Marketing Research: Uses,

misuses, and future advances 418–440.
Camerlenghi, F., Lijoi, A., Orbanz, P. and Prünster, I. (2019). Distribution theory for hierarchical processes. Ann.

Statist. 47 67–92.
Catalano, M., De Blasi, P., Lijoi, A. and Prünster, I. (2022). Posterior asymptotics for boosted hierarchical Dirichlet

process mixtures. J. Mach. Learn. Res. 23 80.
Catalano, M., Del Sole, C., Lijoi, A. and Prünster, I. (2024). A unified approach to hierarchical random measures.

Sankhya A 86 255–287.

1350-7265 © 2026 ISI/BS

https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/25-BEJ1953
https://orcid.org/0009-0000-9669-2053
mailto:sunritc@umich.edu
mailto:rayleigh@umich.edu
mailto:xuanlong@umich.edu


2272 S. Chakraborty, R. Lei and X. Nguyen

Chakraborty, S., Lei, R. and Nguyen, X. (2026). Supplement to “Learning topic hierarchies by tree-directed latent
variable models.” https://doi.org/10.3150/25-BEJ1953SUPP

Chen, Y., He, S., Yang, Y. and Liang, F. (2023). Learning topic models: Identifiability and finite-sample analysis.
J. Amer. Statist. Assoc. 118 2860–2875.

D’Angelo, L. and Denti, F. (2024). A finite-infinite shared atoms nested model for the Bayesian analysis of large
grouped data sets. Bayesian Anal. 1 1–34.

Das, R., Zaheer, M. and Dyer, C. (2015). Gaussian LDA for topic models with word embeddings. In Proceedings
of the 53rd Annual Meeting of the Association for Computational Linguistics and the 7th International Joint
Conference on Natural Language Processing (Volume 1: Long Papers) 795–804. Beijing: Association for
Computational Linguistics.

Ghosal, S. and van der Vaart, A.W. (2017). Fundamentals of Nonparametric Bayesian Inference 44. Cambridge:
Cambridge University Press.

Gu, Y. and Dunson, D.B. (2023). Bayesian pyramids: Identifiable multilayer discrete latent structure models for
discrete data. J. R. Stat. Soc. Ser. B. Stat. Methodol. 85 399–426.

Guha, A., Ho, N. and Nguyen, X. (2021). On posterior contraction of parameters and interpretability in Bayesian
mixture modeling. Bernoulli 27 2159–2188.

Harary, F. (1969). J. Graph Theory. Reading, MA: Addison-Wesley Publishing Company.
Ho, N. and Nguyen, X. (2015). Identifiability and optimal rates of convergence for parameters of multiple types in

finite mixtures.
Holder, M. and Lewis, P.O. (2003). Phylogeny estimation: Traditional and Bayesian approaches. Nat. Rev. Genet.

4 275–284.
Holmes, C., Denison, D.T., Ray, S. and Mallick, B. (2005). Bayesian prediction via partitioning. J. Comput. Graph.

Statist. 14 811–830.
Javadi, H. and Montanari, A. (2019). Nonnegative matrix factorization via archetypal analysis. J. Amer. Statist.

Assoc. 115 896–907.
Ke, Z.T. and Wang, M. (2024). Using SVD for topic modeling. J. Amer. Statist. Assoc. 119 434–449.
Lijoi, A., Prünster, I. and Rebaudo, G. (2023). Flexible clustering via hidden hierarchical Dirichlet priors. Scand.

J. Stat. 50 213–234.
Lijoi, A., Prünster, I. and Rigon, T. (2024). Finite-dimensional discrete random structures and Bayesian clustering.

J. Amer. Statist. Assoc. 119 929–941.
McGlothlin, A.E. and Viele, K. (2018). Bayesian hierarchical models. J. Amer. Med. Assoc. 320 2365–2366.
Nguyen, X. (2010). Inference of global clusters from locally distributed data. Bayesian Anal. 5 817–845.
Nguyen, X. (2013). Convergence of latent mixing measures in finite and infinite mixture models. Ann. Statist. 41

370–400.
Nguyen, X. (2015). Posterior contraction of the population polytope in finite admixture models. Bernoulli 21

618–646.
Nguyen, X. (2016). Borrowing strengh in hierarchical Bayes: Posterior concentration of the Dirichlet base measure.

Bernoulli 22.
Orbanz, P. and Roy, D.M. (2015). Bayesian models of graphs, arrays and other exchangeable random structures.

IEEE Trans. Pattern Anal. Mach. Intell. 37 437–461.
Papaspiliopoulos, O., Stumpf-Fétizon, T. and Zanella, G. (2023). Scalable Bayesian computation for crossed and

nested hierarchical models. Electron. J. Stat. 17 3575–3612.
Pritchard, J.K., Stephens, M. and Donnelly, P. (2000). Inference of population structure using multilocus genotype

data. Genetics 155 945–959.
Rouder, J.N. and Lu, J. (2005). An introduction to Bayesian hierarchical models with an application in the theory

of signal detection. Psychon. Bull. Rev. 12 573–604.
Schwaller, L., Robin, S. and Stumpf, M. (2017). A Closed-Form Approach to Bayesian Inference in Tree-Structured

Graphical Models.
Shalit, U., Weinshall, D. and Chechik, G. (2013). Modeling musical influence with topic models. In Proceedings

of the 30th International Conference on International Conference on Machine Learning-Volume 28 244–252.
JMLR.org.

https://doi.org/10.3150/25-BEJ1953SUPP


Tree-directed topic model 2273

Tang, J., Meng, Z., Nguyen, X., Mei, Q. and Zhang, M. (2014). Understanding the limiting factors of topic modeling
via posterior contraction analysis. In Proceedings of the 31st International Conference on Machine Learning 32
190–198. JMLR.org.

Teh, Y.W., Jordan, M.I., Beal, M.J. and Blei, D.M. (2006). Hierarchical Dirichlet processes. J. Amer. Statist. Assoc.
101 1566–1581.

Valle, F., Osella, M. and Caselle, M. (2020). A topic modeling analysis of tcga breast and lung cancer transcriptomic
data. Cancers 12 3799.

Veenman, M., Stefan, A.M. and Haaf, J.M. (2024). Bayesian hierarchical modeling: An introduction and reassess-
ment. Behav. Res. Methods 56 4600–4631.

Wang, Y. (2019). Convergence rates of latent topic models under relaxed identifiability conditions. Electron. J.
Stat. 13 37–66.

Webb, J.A., Stewardson, M.J. and Koster, W.M. (2010). Detecting ecological responses to flow variation using
Bayesian hierarchical models. Freshw. Biol. 55 108–126.



Bernoulli 32(3), 2026, 2298–2322
https://doi.org/10.3150/25-BEJ1954

Liberating dimension and spectral norm:
A universal approach to spectral properties of
sample covariance matrices
YANQING YINa

School of Statistics and Data Science, Joint Lab for Statistics and Finance, Nanjing Audit University, Nanjing,
China, ayinyq799@nenu.edu.cn

In this paper, our primary objective is to elucidate a guiding principle that governs the spectral properties of
the sample covariance matrix. This principle exhibits a harmonious behavior across various limiting frameworks,
eliminating the necessity for constraints on the rates of dimension 𝑝 and sample size 𝑛 as long as both tend to
infinity. We achieve this by employing a well-suited normalization technique on the original sample covariance
matrix. Subsequently, we establish a robust central limit theorem for linear spectral statistics within this expansive
framework, extending the Bai-Silverstein theorem (Ann. Probab. 32 (2004) 553–605). This accomplishment effec-
tively eliminates the need for a bounded spectral norm on the population covariance matrix and relaxes constraints
on the rates of dimension 𝑝 and sample size 𝑛. As a result, our findings significantly broaden the applicability of
these results in the realm of high-dimensional statistics. To demonstrate the potency of our established results, we
provide an illustrative example involving the test for covariance structure under high dimensionality. This illustrative
example extends the findings in the work of Ledoit and Wolf (Ann. Stat. 30 (2002) 1081–1102) and Qiu, Li, and
Yao (Ann. Stat. 51 (2023) 1427–1451) by liberating both 𝑝 and 𝑛. Extensive numerical analyses are conducted to
thoroughly investigate the robustness of our theoretical findings.

Keywords: Central limit theorem; limiting spectral distribution; linear spectral statistics; M-P law; ultra-high
dimension covariance matrix
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Tournaments are competitions between a number of teams, the outcome of which determines the relative strength
or rank of each team. In many cases, the strength of a team in the tournament is given by a score. Perhaps the most
fundamental mathematical result in the theory of random tournaments is Moon’s theorem, which provides a nec-
essary and sufficient condition for a feasible score sequence via majorization. To give a probabilistic interpretation
of Moon’s result, Aldous and Kolesnik introduced the football model, the existence of which gives a short proof
of Moon’s theorem. However, the proof of Aldous and Kolesnik is “noncanonical”, leading to the question of a
canonical construction of the football model. The purpose of this paper is to provide explicit constructions of the
football model with an additional stochastic ordering constraint, which can be formulated by martingale transport.
Two solutions are given: one is by solving an entropy optimization problem via Sinkhorn’s algorithm, and the other
relies on the idea of shadow couplings. It turns out that both constructions yield the property of strong stochastic
transitivity. A nontransitive version of the football model is also considered.

Keywords: Entropy optimization; football model; martingale transport; pairwise comparison; score sequence;
shadow coupling; Sinkhorn’s algorithm; stochastic ordering; strong stochastic transitivity; tournament
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In this paper we determine quantitative stability bounds for the Hessian of entropic potentials, i.e., the dual solution
to the entropic optimal transport problem. To the authors’ knowledge this is the first work addressing this second-
order quantitative stability estimate in general unbounded settings. Our proof strategy relies on semiconcavity
properties of entropic potentials and on the representation of entropic transport plans as laws of forward and
backward diffusion processes, known as Schrödinger bridges. Moreover, our approach allows to deduce a stochastic
proof of quantitative stability estimates for entropic transport plans and for gradients of entropic potentials as well.
Finally, as a direct consequence of these stability bounds, we deduce exponential convergence rates for gradient
and Hessian of Sinkhorn iterates along Sinkhorn’s algorithm, a problem that was still open in unbounded settings.
Our rates have a polynomial dependence on the regularization parameter.

Keywords: Entropic Optimal Transport; Hamilton-Jacobi-Bellman; Hessian stability; Schrödinger bridges;
Sinkhorn’s algorithm
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We investigate the asymptotic behavior of the spiked eigenvalues and the largest non-spiked eigenvalues of the
sample covariance matrix 𝑇𝑋𝑋∗𝑇∗, where the entries of 𝑋 follow the elliptical distributions. We discuss this
model under a general framework that allows for the existence of both divergent spiked eigenvalues and bounded
ones, while the total number of spikes can grow to infinity. We show that some well-known results which have
been proved for 𝑋 with independent components still hold under elliptical distributions. Specifically, the divergent
spiked sample eigenvalues converge in distribution to Gaussian limits after proper centralization and scaling.
The asymptotic means depend not only on the population spikes but also on the non-spikes, while the asymptotic
variances depend solely on the radius of 𝑋 . For the bounded sample spiked eigenvalues, they converge in probability
to certain typical locations of the limiting spectral distribution. We also provide a central limit theorem for a class of
bounded spiked eigenvalues for potential statistical use. Additionally, for the largest non-spiked sample eigenvalues,
the limiting Tracy-Widom law is obtained. We note that the results above are derived under the assumption that the
radius of the entries in 𝑋 has finite fourth moments.

Keywords: Bounded spikes; central limit theorem; divergent spikes; elliptical distributions; sample covariance
matrices; Tracy-Widom distribution

References

Bai, Z.D. (1999). Methodologies in spectral analysis of large-dimensional random matrices, a review. Statist. Sinica
9 611–677. MR1711663

Bai, J. and Ng, S. (2002). Determining the number of factors in approximate factor models. Econometrica 70
191–221. MR1926259 https://doi.org/10.1111/1468-0262.00273

Bai, Z. and Silverstein, J.W. (2010). Spectral Analysis of Large Dimensional Random Matrices, Second ed. Springer
Series in Statistics. New York: Springer. MR2567175 https://doi.org/10.1007/978-1-4419-0661-8

Bai, Z. and Yao, J. (2012). On sample eigenvalues in a generalized spiked population model. J. Multivariate Anal.
106 167–177. MR2887686 https://doi.org/10.1016/j.jmva.2011.10.009

Bai, Z. and Yao, J. (2021). Erratum: Central limit theorems for eigenvalues in a spiked population model [Annales de
l’Institut Henri Poincaré—Probabilités et Statistiques 2008, Vol. 44, No. 3, 447–474]. Ann. Inst. Henri Poincaré
Probab. Stat. 57 272. MR4255175 https://doi.org/10.1214/20-aihp1078

Bai, Z. and Zhou, W. (2008). Large sample covariance matrices without independence structures in columns.
Statist. Sinica 18 425–442. MR2411613

Baik, J., Ben Arous, G. and Péché, S. (2005). Phase transition of the largest eigenvalue for nonnull complex sample
covariance matrices. Ann. Probab. 33 1643–1697. MR2165575 https://doi.org/10.1214/009117905000000233

Baik, J. and Silverstein, J.W. (2006). Eigenvalues of large sample covariance matrices of spiked population models.
J. Multivariate Anal. 97 1382–1408. MR2279680 https://doi.org/10.1016/j.jmva.2005.08.003

1350-7265 © 2026 ISI/BS

https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/25-BEJ1957
https://orcid.org/0000-0002-7666-6840
mailto:jiahui.xie@u.nus.edu
mailto:wangzhou@nus.edu.sg
mailto:yulong@mail.shufe.edu.cn
https://mathscinet.ams.org/mathscinet-getitem?mr=1711663
https://mathscinet.ams.org/mathscinet-getitem?mr=1926259
https://doi.org/10.1111/1468-0262.00273
https://mathscinet.ams.org/mathscinet-getitem?mr=2567175
https://doi.org/10.1007/978-1-4419-0661-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2887686
https://doi.org/10.1016/j.jmva.2011.10.009
https://mathscinet.ams.org/mathscinet-getitem?mr=4255175
https://doi.org/10.1214/20-aihp1078
https://mathscinet.ams.org/mathscinet-getitem?mr=2411613
https://mathscinet.ams.org/mathscinet-getitem?mr=2165575
https://doi.org/10.1214/009117905000000233
https://mathscinet.ams.org/mathscinet-getitem?mr=2279680
https://doi.org/10.1016/j.jmva.2005.08.003


2380 J. Xie, L. Yu and W. Zhou

Benaych-Georges, F. and Knowles, A. (2016). Lectures on the local semicircle law for Wigner matrices. Preprint.
Available at arXiv:1601.04055.

Bloemendal, A., Knowles, A., Yau, H.-T. and Yin, J. (2016). On the principal components of sample covariance
matrices. Probab. Theory Related Fields 164 459–552. MR3449395 https://doi.org/10.1007/s00440-015-0616-x

Cai, T.T., Han, X. and Pan, G. (2020). Limiting laws for divergent spiked eigenvalues and largest nonspiked
eigenvalue of sample covariance matrices. Ann. Statist. 48 1255–1280. MR4124322 https://doi.org/10.1214/18-
AOS1798

Cai, T., Ma, Z. and Wu, Y. (2015). Optimal estimation and rank detection for sparse spiked covariance matrices.
Probab. Theory Related Fields 161 781–815. MR3334281 https://doi.org/10.1007/s00440-014-0562-z

Ding, X. (2019). Asymptotics of empirical eigen-structure for high dimensional sample covariance matrices of
general form. Preprint. Available at arXiv:1708.06296.

Ding, X. and Xie, J. (2025). Tracy-Widom distribution for the edge eigenvalues of elliptical model. Inf. Inference
14. Paper No. iaaf004. MR4894837 https://doi.org/10.1093/imaiai/iaaf004.

Ding, X., Xie, J., Yu, L. and Zhou, W. (2023). Extreme eigenvalues of sample covariance matrices under generalized
elliptical models with applications. Preprint. Available at arXiv:2303.03532.

Dobriban, E. and Liu, S. (2019). A new theory for sketching in linear regression. Preprint. Available at arXiv:1810.
06089.

Dobriban, E. and Sheng, Y. (2021). Distributed linear regression by averaging. Ann. Statist. 49 918–943.
MR4255113 https://doi.org/10.1214/20-aos1984

El Karoui, N. (2009). Concentration of measure and spectra of random matrices: Applications to correlation
matrices, elliptical distributions and beyond. Ann. Appl. Probab. 19 2362–2405. MR2588248 https://doi.org/
10.1214/08-AAP548

El Karoui, N. (2018). On the impact of predictor geometry on the performance on high-dimensional ridge-
regularized generalized robust regression estimators. Probab. Theory Related Fields 170 95–175. MR3748322
https://doi.org/10.1007/s00440-016-0754-9

El Karoui, N., Bean, D., Bickel, P.J., Lim, C. and Yu, B. (2013). On robust regression with high-dimensional
predictors. Proc. Natl. Acad. Sci. USA 110 14557–14562.

Erdësh, L. (2011). Universality of Wigner random matrices: A survey of recent results. Uspekhi Mat. Nauk 66
67–198. MR2859190 https://doi.org/10.1070/RM2011v066n03ABEH004749

Fama, E.F. and French, K.R. (1993). Common risk factors in the returns on stocks and bonds. J. Financ. Econ. 33
3–56.

Fan, J., Liao, Y. and Mincheva, M. (2013). Large covariance estimation by thresholding principal orthogonal
complements. J. R. Stat. Soc. Ser. B. Stat. Methodol. 75 603–680. MR3091653 https://doi.org/10.1111/rssb.
12016

Fan, J., Liu, H. and Wang, W. (2018). Large covariance estimation through elliptical factor models. Ann. Statist. 46
1383–1414. MR3819104 https://doi.org/10.1214/17-AOS1588

Fang, K.T. and Anderson, T.W., eds. (1990). Statistical Inference in Elliptically Contoured and Related Distribu-
tions. New York: Allerton Press. MR1066887

Gupta, A.K., Varga, T. and Bodnar, T. (2013). Elliptically Contoured Models in Statistics and Portfolio Theory,
Second ed. New York: Springer. MR3112145 https://doi.org/10.1007/978-1-4614-8154-6

Hu, J., Li, W., Liu, Z. and Zhou, W. (2019). High-dimensional covariance matrices in elliptical distributions with
application to spherical test. Ann. Statist. 47 527–555. MR3909941 https://doi.org/10.1214/18-AOS1699

Johnstone, I.M. (2001). On the distribution of the largest eigenvalue in principal components analysis. Ann. Statist.
29 295–327. MR1863961 https://doi.org/10.1214/aos/1009210544

Jung, S. and Marron, J.S. (2009). PCA consistency in high dimension, low sample size context. Ann. Statist. 37
4104–4130. MR2572454 https://doi.org/10.1214/09-AOS709

Kelker, D. (1970). Distribution theory of spherical distributions and a location-scale parameter generalization.
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We show that for every mean zero log-concave real random variable 𝑋 one has ∥𝑋 ∥𝑝 ≤ 𝑝
𝑞 ∥𝑋 ∥𝑞 for 𝑝 ≥ 𝑞 ≥ 1,

going beyond the well-known case of symmetric random variables. We also prove that in the class of arbitrary log-
concave real random variables for 𝑝 > 𝑞 > 0 the quantity ∥𝑋 ∥𝑝/∥𝑋 ∥𝑞 is maximized for some shifted exponential
distribution. Building upon this we derive the bound ∥𝑋 ∥𝑝 ≤ 𝐶0

𝑝
𝑞 ∥𝑋 ∥𝑞 for arbitrary log-concave 𝑋 , with best

possible absolute constant 𝐶0 = 𝑒𝑊 (1/𝑒) ≈ 1.3211 in front of 𝑝
𝑞 , where𝑊 stands for the Lambert function.
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Algorithm evaluation and comparison are fundamental questions in machine learning and statistics—how well
does an algorithm perform at a given modeling task, and which algorithm performs best? Many methods have
been developed to assess algorithm performance, often based around cross-validation type strategies, retraining
the algorithm of interest on different subsets of the data and assessing its performance on the held-out data points.
Despite the broad use of such procedures, the theoretical properties of these methods are not yet fully understood.
In this work, we explore some fundamental limits for answering these questions with limited amounts of data. In
particular, we make a distinction between two questions: how good is an algorithm 𝒜 at the problem of learning
from a training set of size 𝑛, versus, how good is a particular fitted model produced by running 𝒜 on a particular
training data set of size 𝑛? Our main results prove that, for any test that treats the algorithm 𝒜 as a “black box” (i.e.,
we can only study the behavior of 𝒜 empirically), there is a fundamental limit on our ability to carry out inference
on the performance of 𝒜, unless the number of available data points 𝑁 is many times larger than the evaluation
sample size 𝑛 of interest. On the other hand, evaluating the performance of a particular fitted model can be easy as
long as the loss function is bounded and a holdout data set is available—that is, as long as 𝑁 − 𝑛 is not too small.
We also ask whether an assumption of algorithmic stability might be sufficient to circumvent this hardness result.
Surprisingly, we find that the same hardness result still holds for the problem of evaluating the performance of 𝒜,
aside from a high-stability regime where fitted models are essentially nonrandom. Finally, we also establish similar
hardness results for the problem of comparing multiple algorithms.

Keywords: Algorithm evaluation; algorithm risk; algorithmic stability; distribution-free inference

References

Angelopoulos, A.N., Barber, R.F. and Bates, S. (2024). Theoretical foundations of conformal prediction. arXiv
preprint. Available at arXiv:2411.11824.

Angelopoulos, A.N., Bates, S., Fisch, A., Lei, L. and Schuster, T. (2024). Conformal risk control. In The Twelfth
International Conference on Learning Representations.

Arlot, S. and Celisse, A. (2010). A survey of cross-validation procedures for model selection. Stat. Surv. 4 40–79.
Austern, M. and Zhou, W. (2020). Asymptotics of cross-validation. arXiv preprint. Available at arXiv:2001.11111.
Bahadur, R.R. and Savage, L.J. (1956). The nonexistence of certain statistical procedures in nonparametric prob-

lems. Ann. Math. Statist. 27 1115–1122.
Barber, R.F. (2020). Is distribution-free inference possible for binary regression? Electron. J. Stat. 14 3487–3524.
Barber, R.F., Candes, E.J., Ramdas, A. and Tibshirani, R.J. (2021a). The limits of distribution-free conditional

predictive inference. Inf. Inference 10 455–482.
Barber, R.F., Candès, E.J., Ramdas, A. and Tibshirani, R.J. (2021b). Predictive inference with the jackknife+. Ann.

Statist. 49.
Bates, S., Hastie, T. and Tibshirani, R. (2023). Cross-validation: What does it estimate and how well does it do it?

J. Amer. Statist. Assoc. 1–12.
Bayle, P., Bayle, A., Janson, L. and Mackey, L. (2020). Cross-validation confidence intervals for test error. Adv.

Neural Inf. Process. Syst. 33 16339–16350.

1350-7265 © 2026 ISI/BS

https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/25-BEJ1959
mailto:yl2785@stat.rutgers.edu
mailto:rina@uchicago.edu
https://arxiv.org/abs/2411.11824
https://arxiv.org/abs/2001.11111


2428 Y. Luo and R.F. Barber

Bouckaert, R.R. (2003). Choosing between two learning algorithms based on calibrated tests. In Proceedings of
the Twentieth International Conference on International Conference on Machine Learning 51–58.

Bousquet, O. and Elisseeff, A. (2002). Stability and generalization. J. Mach. Learn. Res. 2 499–526.
Breiman, L. (1996). Bagging predictors. Mach. Learn. 24 123–140.
Celisse, A. and Guedj, B. (2016). Stability revisited: new generalisation bounds for the leave-one-out. arXiv

preprint. Available at arXiv:1608.06412.
Demsar, J. (2006). Statistical comparisons of classifiers over multiple data sets. J. Mach. Learn. Res. 7 1–30.
Devroye, L. and Wagner, T. (1979). Distribution-free inequalities for the deleted and holdout error estimates. IEEE

Trans. Inf. Theory 25 202–207.
Dietterich, T.G. (1998). Approximate statistical tests for comparing supervised classification learning algorithms.

Neural Comput. 10 1895–1923.
Elisseeff, A., Evgeniou, T., Pontil, M. and Kaelbing, L.P. (2005). Stability of randomized learning algorithms. J.

Mach. Learn. Res. 6.
Garcia, S. and Herrera, F. (2008). An extension on statistical comparisons of classifiers over multiple data sets for

all pairwise comparisons. J. Mach. Learn. Res. 9.
Geisser, S. (1975). The predictive sample reuse method with applications. J. Amer. Statist. Assoc. 70 320–328.
Hastie, T., Tibshirani, R., Friedman, J.H. and Friedman, J.H. (2009). The Elements of Statistical Learning: Data

Mining, Inference, and Prediction 2. Springer.
Hinton, G., Neal, R., Tibshirani, R., Revow, M., Rasmussen, C., van Camp, D., Kustra, R. and Ghahramani, Z.

(1995). Assessing learning procedures using DELVE Technical Report, Technical report, University of Toronto.
Iyengar, G., Lam, H. and Wang, T. (2025). Is cross-validation the gold standard to estimate out-of-sample model

performance? Adv. Neural Inf. Process. Syst. 37 94736–94775.
Kim, B. and Barber, R.F. (2023). Black-box tests for algorithmic stability. Inf. Inference 12 2690–2719.
Kim, I., Neykov, M., Balakrishnan, S. and Wasserman, L. (2022). Local permutation tests for conditional indepen-

dence. Ann. Statist. 50 3388–3414.
Kumar, R., Lokshtanov, D., Vassilvitskii, S. and Vattani, A. (2013). Near-optimal bounds for cross-validation via

loss stability. In International Conference on Machine Learning 27–35. PMLR.
Li, J. (2023). Asymptotics of K-fold cross validation. J. Artificial Intelligence Res. 78 491–526.
Luo, Y. and Barber, R.F. (2024). Is algorithmic stability testable? a unified framework under computational

constraints. arXiv preprint. Available at arXiv:2405.15107.
Luo, Y. and Barber, R. F. (2026). Supplement to “The limits of assumption-free tests for algorithm performance.”

https://doi.org/10.3150/25-BEJ1959SUPP
Medarametla, D. and Candès, E. (2021). Distribution-free conditional median inference. Electron. J. Stat. 15

4625–4658.
Meinshausen, N. and Bühlmann, P. (2010). Stability selection. J. R. Stat. Soc. Ser. B. Stat. Methodol. 72 417–473.
Mourtada, J. and Gaiffas, S. (2022). An improper estimator with optimal excess risk in misspecified density

estimation and logistic regression. J. Mach. Learn. Res. 23 1–49.
Mourtada, J., Vaskevicius, T. and Zhivotovskiy, N. (2022). Distribution-free robust linear regression. Math. Stat.

Learn. 4 253–292.
Myers, G.J., Sandler, C. and Badgett, T. (2011). The Art of Software Testing. Wiley.
Nadeau, C. and Bengio, Y. (2003). Inference for the generalization error. Mach. Learn. 52 239–281.
Neal, R.M. (1998). Assessing relevance determination methods using DELVE. NATO ASI Ser., Ser. F: Comput.

Syst. Sci. 168 97–132.
Raschka, S. (2018). Model evaluation, model selection, and algorithm selection in machine learning. arXiv preprint.

Available at arXiv:1811.12808.
Rinaldo, A., Wasserman, L. and G’Sell, M. (2019). Bootstrapping and sample splitting for high-dimensional,

assumption-lean inference. Ann. Statist. 47 3438–3469.
Rosset, S. and Tibshirani, R.J. (2019). From fixed-X to random-X regression: Bias-variance decompositions,

covariance penalties, and prediction error estimation. J. Amer. Statist. Assoc.
Salzberg, S.L. (1997). On comparing classifiers: Pitfalls to avoid and a recommended approach. Data Min. Knowl.

Discov. 1 317–328.
Shah, R.D. and Peters, J. (2020). The hardness of conditional independence testing and the generalized covariance

measure. Ann. Statist. 48 1514–1538.

https://arxiv.org/abs/1608.06412
https://arxiv.org/abs/2405.15107
https://doi.org/10.3150/25-BEJ1959SUPP
https://arxiv.org/abs/1811.12808


The limits of assumption-free algorithm evaluation 2429

Shalev-Shwartz, S., Shamir, O., Srebro, N. and Sridharan, K. (2010). Learnability, stability and uniform conver-
gence. J. Mach. Learn. Res. 11 2635–2670.

Shao, J. (1993). Linear model selection by cross-validation. J. Amer. Statist. Assoc. 88 486–494.
Soloff, J.A., Barber, R.F. and Willett, R. (2024). Bagging provides assumption-free stability. J. Mach. Learn. Res.

25 1–35.
Steinberger, L. and Leeb, H. (2023). Conditional predictive inference for high-dimensional stable algorithms. Ann.

Statist. 51 290–311.
Stone, M. (1974). Cross-validatory choice and assessment of statistical predictions. J. Roy. Statist. Soc. Ser. B,

Methodol. 36 111–133.
Trippe, B.L., Deshpande, S.K. and Broderick, T. (2023). Confidently comparing estimates with the c-value. J.

Amer. Statist. Assoc. 1–12.
Varma, S. and Simon, R. (2006). Bias in error estimation when using cross-validation for model selection. BMC

Bioinform. 7 1–8.
Vovk, V., Gammerman, A. and Shafer, G. (2005). Algorithmic Learning in a Random World. Springer.
Wibisono, A., Rosasco, L. and Poggio, T. (2009). Sufficient conditions for uniform stability of regularization

algorithms. Computer Science and Artificial Intelligence Laboratory Technical Report, MIT-CSAIL-TR-2009-
060 156.

Xu, H., Caramanis, C. and Mannor, S. (2011). Sparse algorithms are not stable: A no-free-lunch theorem. IEEE
Trans. Pattern Anal. Mach. Intell. 34 187–193.

Yang, Y. (2007). Consistency of cross validation for comparing regression procedures. Ann. Statist. 2450–2473.
Yu, B. (2013). Stability. Bernoulli 19 1484–1500.



Bernoulli 32(3), 2026, 2451–2472
https://doi.org/10.3150/25-BEJ1960

Optimal level set estimation for non-parametric
tournament and crowdsourcing problems
MA XIMILIAN GR AF1,a, ALEXANDR A CAR PENTIER1,b and
NICOLAS VER ZELEN2,c

1Universität Potsdam, Potsdam, Germany, agraf9@uni-potsdam.de, bcarpentier@uni-potsdam.de
2INRAE, MISTEA, Univ. Montpellier, Montpellier, France, cnicolas.verzelen@inrae.fr

Motivated by crowdsourcing, we consider a problem where we partially observe the correctness of the answers
of 𝑛 experts on 𝑑 questions. In this paper, we assume that both the experts and the questions can be ordered,
namely that the matrix 𝑀 containing the probability that expert 𝑖 answers correctly to question 𝑗 is bi-isotonic
up to a permutation of it rows and columns. When 𝑛 = 𝑑, this also encompasses the strongly stochastic transitive
(SST) model from the tournament literature. Here, we focus on the relevant problem of deciphering small entries
of 𝑀 from large entries of 𝑀 , which is key in crowdsourcing for efficient allocation of workers to questions. More
precisely, we aim at recovering a (or several) level set 𝑝 of the matrix up to a precision ℎ, namely recovering resp. the
sets of positions (𝑖, 𝑗) in 𝑀 such that 𝑀𝑖 𝑗 > 𝑝 + ℎ and 𝑀𝑖 𝑗 < 𝑝 − ℎ. We consider, as a loss measure, the number of
misclassified entries. As our main result, we construct an efficient polynomial-time algorithm that turns out to be
minimax optimal for this classification problem. This heavily contrasts with existing literature in the SST model
where, for the stronger reconstruction loss, statistical-computational gaps have been conjectured. More generally,
this sheds light on the nature of statistical-computational gaps for permutations models.

Keywords: Bivariate isotonic matrices; crowdsourcing; minimax estimation; noisy sorting; statistical
computational gap; tournament problem
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In this paper we consider two-opinion voter models on dynamic random graphs, in which the joint dynamics of
opinions and graphs acts as one-way feedback, i.e., edges appear and disappear over time depending on the opinions
of the two connected vertices, while the opinion dynamics is not affected by the graph structure. Our goal is to
investigate the joint evolution of the entries of a voter subgraph count vector, i.e., vector of subgraphs where each
vertex has a specific opinion, in the regime that the number of vertices grows large. The main result of this paper
is a functional central limit theorem. In particular, we prove that, under a proper centering and scaling, the joint
functional of the vector of subgraph counts converges to a specific multidimensional Gaussian process.

Keywords: Dynamic random graphs; functional central limit theorem; subgraph count; voter model
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On the breakdown point of transport-based
quantiles
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Recent work has used optimal transport ideas to generalize the notion of (center-outward) quantiles to dimension
𝑑 ≥ 2. We study the robustness properties of these transport-based quantiles by deriving their breakdown point,
roughly, the smallest amount of contamination required to make these quantiles take arbitrarily aberrant values.
We prove that the transport median defined in Chernozhukov et al. (2017) and Hallin et al. (2021) has breakdown
point of 1/2. Moreover, a point in the transport depth contour of order 𝜏 ∈ [0, 1/2] has breakdown point of 𝜏. This
shows that the multivariate transport depth shares the same breakdown properties as its univariate counterpart. Our
proof relies on a general argument connecting the breakdown point of transport maps evaluated at a point to the
Tukey depth of that point in the reference measure.

Keywords: Center-outward quantiles; contamination model; multivariate medians; optimal transport; robustness;
Tukey depth

References
[1] Adrover, J. and Yohai, V. (2002). Projection estimates of multivariate location. Ann. Statist. 30 1760–1781.
[2] Bernholt, T. (2006). Robust estimators are hard to compute Technical Report, Universität Dortmund.
[3] Billingsley, P. (1995). Probability and Measure, 3rd ed. Wiley Series in Probability & Mathematical Statistics:

Probability & Mathematical Statistics. Nashville, TN: Wiley.
[4] Brualdi, R.A. (2006). Combinatorial Matrix Classes. Encyclopedia of Mathematics and Its Applications 108.

Cambridge: Cambridge University Press. MR2266203
[5] Brunel, V.-E. (2018). Concentration of the empirical level sets of Tukey’s halfspace depth. Probab. Theory

Related Fields 173 1165–1196.
[6] Caffarelli, L.A. (1992). The regularity of mappings with a convex potential. J. Amer. Math. Soc. 5 99–104.

MR1124980
[7] Chaudhuri, P. (1996). On a geometric notion of quantiles for multivariate data. J. Amer. Statist. Assoc. 91

862–872.
[8] Chen, M., Gao, C. and Ren, Z. (2018). Robust covariance and scatter matrix estimation under Huber’s

contamination model. Ann. Statist. 46 1932–1960.
[9] Chernozhukov, V., Galichon, A., Hallin, M. and Henry, M. (2017). Monge-Kantorovich depth, quantiles,

ranks and signs. Ann. Statist. 45 223–256.
[10] Cordero-Erausquin, D. and Figalli, A. (2019). Regularity of monotone transport maps between unbounded

domains. Discrete Contin. Dyn. Syst. Ser. A 39 7101–7112.
[11] Davies, L.P. (1987). Asymptotic behaviour of S-estimates of multivariate location parameters and dispersion

matrices. Ann. Statist. 1269–1292.
[12] Deb, N., Bhattacharya, B.B. and Sen, B. (2025). Pitman efficiency lower bounds for multivariate distribution-

free tests based on optimal transport. J. R. Stat. Soc. Ser. B. Stat. Methodol. 00 1–28.
[13] Deb, N. and Sen, B. (2023). Multivariate rank-based distribution-free nonparametric testing using measure

transportation. J. Amer. Statist. Assoc. 118 192–207.
[14] del Barrio, E. and González-Sanz, A. (2024). Regularity of center-outward distribution functions in non-

convex domains 24 880–894.

1350-7265 © 2026 ISI/BS

https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/25-BEJ1962
mailto:marco.avella@columbia.edu
mailto:alberto.gonzalezsanz@columbia.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=2266203
https://mathscinet.ams.org/mathscinet-getitem?mr=1124980


2502 M. Avella Medina and A. González-Sanz

[15] del Barrio, E., González-Sanz, A. and Hallin, M. (2020). A note on the regularity of optimal-transport-based
center-outward distribution and quantile functions. J. Multivariate Anal. 180 104671.

[16] del Barrio, E., González-Sanz, A. and Hallin, M. (2024). Nonparametric multiple-output center-outward
quantile regression. J. Amer. Statist. Assoc. 120 818–832.

[17] Depersin, J. and Lecué, G. (2023). On the robustness to adversarial corruption and to heavy-tailed data of the
Stahel–Donoho median of means. Inf. Inference 12 814–850.

[18] Donoho, D.L. and Gasko, M. (1992). Breakdown properties of location estimates based on halfspace depth
and projected outlyingness. Ann. Statist. 20 1803–1827.

[19] Donoho, D.L. and Huber, P.J. (1983). The notion of breakdown point 157184 157–184. Belmont CA,
Wadsworth.

[20] Figalli, A. (2017). The Monge–Ampère Equation and Its Applications. EMS Press.
[21] Figalli, A. (2018). On the continuity of center-outward distribution and quantile functions. Nonlinear Anal.

177 413–421.
[22] Gangbo, W. and McCann, R.J. (1996). The geometry of optimal transportation. Acta Math. 177 113–161.
[23] Ghosal, P. and Sen, B. (2022). Multivariate ranks and quantiles using optimal transport: Consistency, rates

and nonparametric testing. Ann. Statist. 50 1012–1037.
[24] González-Sanz, A., Hallin, M. and Yao, Y. (2025). Nonparametric Vector Quantile Autoregression. arXiv

preprint arXiv:2510.03166.
[25] González-Sanz, A. and Sheng, S. (2024). Linearization of Monge-Ampère equations and data science appli-

cations. arXiv preprint arXiv:2408.06534.
[26] Hallin, M. and Konen, D. (2024). Multivariate quantiles: Geometric and measure-transportation-based con-

tours. In Applications of Optimal Transport to Economics and Related Topics 61–78. Springer.
[27] Hallin, M., del Barrio, E., Cuesta-Albertos, J. and Matrán, C. (2021). Distribution and quantile functions,

ranks and signs in dimension 𝑑: A measure transportation approach. Ann. Statist. 49 1139–1165. MR4255122
[28] Hampel, F.R. (1968). Contributions to the theory of robust estimation PhD dissertation, University of Cali-

fornia, Berkeley.
[29] Hampel, F.R. (1971). A general qualitative definition of robustness. Ann. Math. Stat. 42 1887–1896.
[30] Hampel, F.R. (1974). The influence curve and its role in robust estimation. J. Amer. Statist. Assoc. 69 383–393.
[31] Hampel, F.R., Ronchetti, E.M., Rousseeuw, P.J. and Stahel, W.A. (1986). Robust Statistics: The Approach

Based on Influence Functions 196. Wiley.
[32] Huang, Z. and Sen, B. (2023). Multivariate symmetry: Distribution-free testing via optimal transport. arXiv

preprint arXiv:2305.01839.
[33] Huber, P.J. (1984). Finite sample breakdown of 𝑀-and 𝑃-estimators. Ann. Statist. 12 119–126.
[34] Huber, P.J. and Ronchetti, E.M. (2009). Robust Statistics, 2nd ed. Wiley Series in Probability and Statistics.

Hoboken, NJ: Wiley.
[35] Kent, J.T. and Tyler, D.E. (1996). Constrained M-estimation for multivariate location and scatter. Ann. Statist.

24 1346–1370.
[36] Koltchinskii, V. (1994). Spatial quantiles and their Bahadur-Kiefer representations. In Asymptotic Statistics:

Proceedings of the Fifth Prague Symposium, Held from September 4–9, 1993 361–367. Springer.
[37] Konen, D. (2025). PDE characterization of geometric distribution functions and quantiles. Bernoulli 31

2077–2104.
[38] Konen, D. and Paindaveine, D. (2022). Multivariate 𝜌-quantiles: A spatial approach. Bernoulli 28 1912–1934.
[39] Konen, D. and Paindaveine, D. (2023). Spatial quantiles on the hypersphere. Ann. Statist. 51 2221–2245.
[40] Konen, D. and Paindaveine, D. (2025). On the robustness of spatial quantiles. Ann. Inst. Henri Poincaré

Probab. Stat. 62 548–581.
[41] Lopuhaa, H.P. and Rousseeuw, P.J. (1991). Breakdown points of affine equivariant estimators of multivariate

location and covariance matrices. Ann. Statist. 229–248.
[42] Manole, T., Balakrishnan, S., Niles-Weed, J. and Wasserman, L. (2024). Plugin estimation of smooth optimal

transport maps. Ann. Statist. 52 966–998.
[43] Maronna, R.A. (1976). Robust M-estimators of multivariate location and scatter. Ann. Statist. 51–67.
[44] Maronna, R.A. and Yohai, V.J. (1995). The behavior of the Stahel-Donoho robust multivariate estimator. J.

Amer. Statist. Assoc. 90 330–341.

https://arxiv.org/abs/2510.03166
https://arxiv.org/abs/2408.06534
https://mathscinet.ams.org/mathscinet-getitem?mr=4255122
https://arxiv.org/abs/2305.01839


Breakdown point of transport quantiles 2503

[45] Maronna, R.A., Martin, R.D., Yohai, V.J. and Salibián-Barrera, M. Robust Statistics, 2nd ed. Wiley Series in
Probability and Statistics. Hoboken, NJ: Wiley. Theory and methods (with R).

[46] Massé, J.-C. (2002). Asymptotics for the Tukey median. J. Multivariate Anal. 81 286–300.
[47] McCann, R.J. (1995). Existence and uniqueness of monotone measure-preserving maps. Duke Math. J. 80

309–323.
[48] Minsker, S. (2015). Geometric median and robust estimation in Banach spaces. Bernoulli 21 2308–2335.
[49] Minsker, S. and Strawn, N. (2024). The geometric median and applications to robust mean estimation. SIAM

J. Math. Data Sci. 6 504–533.
[50] Mosler, K. (2013). Depth Statistics in Robustness and Complex Data Structures: Festschrift in Honour of

Ursula Gather 17–34. Berlin: Springer.
[51] Paindaveine, D. and Passeggeri, R. (2024). On the robustness of semi-discrete optimal transport. arXiv

preprint arXiv:2410.19596.
[52] Peyré, G. and Cuturi, M. (2019). Computational optimal transport: With applications to data science. Found.

Trends Mach. Learn. 11 355–607.
[53] Ramsay, K., Durocher, S. and Leblanc, A. (2021). Robustness and asymptotics of the projection median. J.

Multivariate Anal. 181 104678.
[54] Rockafellar, R.T. (1970). On the maximal monotonicity of subdifferential mappings. Pacific J. Math. 33

209–216.
[55] Rockafellar, R.T. (1970). Convex Analysis. Princeton, NJ: Princeton University Press.
[56] Rockafellar, R.T. and Wets, R.J.B. (1998). Variational Analysis. Grundlehren der mathematischen Wis-

senschaften [Fundamental Principles of Mathematical Sciences] 317. Berlin: Springer-Verlag.
[57] Ronchetti, E. (2023). Robustness aspects of optimal transport. In Research Papers in Statistical Inference for

Time Series and Related Models: Essays in Honor of Masanobu Taniguchi 445–453. Springer.
[58] Rousseeuw, P.J. (1984). Least median of squares regression. J. Amer. Statist. Assoc. 79 871–880.
[59] Rousseeuw, P. and Yohai, V. (1984). Robust regression by means of S-estimators. In Robust and Non-

linear Time Series Analysis: Proceedings of a Workshop Organized by the Sonderforschungsbereich 123
“Stochastische Mathematische Modelle”, Heidelberg, 1983, 256–272. Springer.

[60] Segers, J. (2022). Graphical and uniform consistency of estimated optimal transport plans.
[61] Shi, H., Hallin, M., Drton, M. and Han, F. (2022). On universally consistent and fully distribution-free rank

tests of vector independence. Ann. Statist. 50.
[62] Tukey, J.W. (1975). Mathematics and the picturing of data. In Proceedings of the International Congress of

Mathematicians 523–531.
[63] Tyler, D.E. (1994). Finite sample breakdown points of projection based multivariate location and scatter

statistics. Ann. Statist. 22 1024–1044.
[64] Villani, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathematics 58. Providence, RI:

American Mathematical Society.
[65] Yohai, V.J. (1987). High breakdown-point and high efficiency robust estimates for regression. Ann. Statist.

642–656.
[66] Zuo, Y. (2003). Projection-based depth functions and associated medians. Ann. Statist. 31 1460–1490.
[67] Zuo, Y. and Serfling, R. (2000). General notions of statistical depth function. Ann. Statist. 461–482.

https://arxiv.org/abs/2410.19596


Bernoulli 32(3), 2026, 2524–2542
https://doi.org/10.3150/25-BEJ1965

Stability of Khintchine inequalities with optimal
constants between the second and the 𝑝-th
moment for 𝑝 ≥ 3
JACEK JAK IMIUKa

Institute of Mathematics, University of Warsaw, 02-097 Warsaw, Poland, ajj406165@mimuw.edu.pl

We give a strengthening of the classical Khintchine inequality between the second and the 𝑝-th moment for 𝑝 ≥ 3
with optimal constant by adding a deficit depending on the vector of coefficients of the Rademacher sum.
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