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Estimation and inference for the Wasserstein
distance between mixing measures in topic
models
XIN BING1,a, FLOR ENTINA BUNEA2,b and JONATHAN NILES-W EED3,c
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2Department of Statistics and Data Science, Cornell University, Ithaca, USA, bfb238@cornell.edu
3Courant Institute for Mathematical Sciences and Center for Data Science, New York University, New York, USA,
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The Wasserstein distance between mixing measures has come to occupy a central place in the statistical analysis of
mixture models. This work proposes a new canonical interpretation of this distance and provides tools to perform
inference on the Wasserstein distance between mixing measures in topic models. We consider the general setting
of an identifiable mixture model consisting of mixtures of distributions from a set 𝒜 equipped with an arbitrary
metric 𝑑, and show that the Wasserstein distance between mixing measures is uniquely characterized as the most
discriminative convex extension of the metric 𝑑 to the set of mixtures of elements of 𝒜. The Wasserstein distance
between mixing measures has been widely used in the study of such models, but without axiomatic justification. Our
results establish this metric to be a canonical choice. Specializing our results to topic models, we consider estimation
and inference of this distance. Although upper bounds for its estimation have been recently established elsewhere,
we prove the first minimax lower bounds for the estimation of the Wasserstein distance between mixing measures,
in topic models, when both the mixing weights and the mixture components need to be estimated. Our second
main contribution is the provision of fully data-driven inferential tools for estimators of the Wasserstein distance
between potentially sparse mixing measures of high-dimensional discrete probability distributions on 𝑝 points, in
the topic model context. These results allow us to obtain the first asymptotically valid, ready to use, confidence
intervals for the Wasserstein distance in (sparse) topic models with potentially growing ambient dimension 𝑝.

Keywords: De-biased mle; limiting distribution; mixing measure; mixture distribution; optimal rates of
convergence; probability distance; sparse mixtures; topic model; Wasserstein distance
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In non-randomized treatment allocation models, treatment is assigned to a unit based on a score, e.g., scholarship
is allocated based on the score obtained in a merit test, while antihypertensive treatments are allocated based on
blood pressure level. In this paper, we present a new model coined SCENTS: Score Explained Non-Randomized
Treatment Systems that utilizes the dependency of the score on the explanatory variables to permit efficient
estimation. We derive an estimator of the treatment effect which is

√
𝑛 consistent, asymptotically normal, and

achieves semiparametric efficiency under normal errors. The analysis is extended to ultra-high dimensional vectors
of covariates, where a

√
𝑛 consistent and asymptotically normal debiased estimator is proposed. We analyze two real

data sets via our method and compare our results with those obtained by using previous approaches like regression
discontinuity design. Some possible extensions are discussed.

Keywords: Confounding variables; endogeneity; global effect; high dimensional analysis; semiparametric
efficiency
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We study mixed models with a single grouping factor where inference about unknown parameters requires optimiz-
ing a marginal likelihood defined by an intractable integral. Low-dimensional numerical integration techniques are
regularly used to approximate these integrals with inferences about parameters based on the resulting approximate
marginal likelihood. For a generic class of mixed models that satisfy explicit regularity conditions we derive the
stochastic relative error rate incurred for both the likelihood and maximum likelihood estimator when adaptive nu-
merical integration is used to approximate the marginal likelihood. We then specialize the analysis to well-specified
generalized linear mixed models having exponential family response and multivariate Gaussian random effects,
verifying that the regularity conditions hold and hence that the convergence rates apply. We also prove that for
models with likelihoods satisfying very weak concentration conditions that the maximum likelihood estimators
from non-adaptive numerical integration approximations of the marginal likelihood are not consistent, further
motivating adaptive numerical integration as the preferred tool for inference in mixed models. Code to reproduce
the simulations in this paper is provided at https://github.com/awstringer1/aq-theory-paper-code.
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In this paper, we consider the problem of seriation of a permuted structured matrix based on noisy observations.
The entries of the matrix relate to an expected quantification of interaction between two objects: the higher the
value, the closer the objects. A popular structured class for modeling such matrices is the permuted Robinson class,
namely the set of matrices whose coefficients are decreasing away from its diagonal, up to a permutation of its rows
and columns. We consider in this paper two submodels of Robinson matrices: the Tœplitz model, and the latent
position model. We provide a computational lower bound based on the low-degree paradigm, which hints that there
is a statistical-computational gap for seriation when measuring the error based on the Frobenius norm. We also
provide a simple and polynomial-time algorithm that achieves this lower bound. Along the way, we also characterize
the information-theory optimal risk thereby giving evidence for the extent of the computation/information gap for
this problem.

Keywords: Computational barrier; geometric graph; seriation; Tœplitz matrix
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We consider the problem of structure recovery in a graphical model of a tree where some variables are latent.
Specifically, we focus on the Gaussian case, which can be reformulated as a well-studied problem: recovering a
semi-labeled tree from a distance metric. We introduce randomized procedures that achieve query complexity of
optimal order. Additionally, we provide statistical analysis for scenarios where the tree distances are noisy. The
Gaussian setting can be extended to other situations, including the binary case and non-paranormal distributions.

Keywords: Latent tree models; phylogenetics; query complexity; probabilistic graphical models; structure
learning; phylogenetics
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For statistical inference on an infinite-dimensional Hilbert space ℋ with no moment conditions we introduce a
new class of energy distances on the space of probability measures on ℋ . The proposed distances consist of
the integrated squared modulus of the corresponding difference of the characteristic functionals with respect to
a reference probability measure on the Hilbert space. Necessary and sufficient conditions are established for the
reference probability measure to be characteristic, the property that guarantees that the distance defines a metric on
the space of probability measures on ℋ . We also use these results to define new distance covariances, which can be
used to measure the dependence between the marginals of a two dimensional distribution of ℋ2 without existing
moments. On the basis of the new distances we develop statistical inference for Hilbert space valued data, which
does require any moment assumptions. As a consequence, our methods are robust with respect to heavy tails in finite
dimensional data. In particular, we consider the problem of comparing the distributions of two samples and the
problem of testing for independence and construct new minimax optimal tests for the corresponding hypotheses. We
also develop aggregated (with respect to the reference measure) procedures for power enhancement and investigate
the finite-sample properties by means of a simulation study.

Keywords: Characteristic functional; functional data; Gaussian measure; Hilbert-Schmidt independence criterion;
Laplace measure; permutation test; probability measure on Hilbert space; minimax optimal testing; reproducing
kernel Hilbert space
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We develop a statistical framework for conducting inference on collections of time-varying covariance operators
(covariance flows) over a general, possibly infinite dimensional, Hilbert space, and fully develop asymptotic theory
based on interpretable and verifiable assumptions. We model the intrinsically non-linear structure of covariances
by means of the Bures-Wasserstein metric geometry. We make use of the Riemannian-like structure induced by
this metric to define a notion of mean and covariance of a random flow, and develop an associated Karhunen-Loève
expansion. We then treat theproblem of estimation and construction of functional principal components from a
finite collection of covariance flows, observed fully or irregularly. Our theoretical results are motivated by modern
problems in functional data analysis, where one observes operator-valued random processes – for instance when
analysing dynamic functional connectivity and fMRI data, or when analysing multiple functional time series in
the frequency domain. Nevertheless, our framework is also novel in the finite-dimensions (matrix case), and we
demonstrate what simplifications can be afforded then. We illustrate our methodology by means of simulations and
data analyses.

Keywords: Bures-Wasserstein space; functional data analysis; Karhunen-Loève expansion
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In this paper, we introduce a natively positive approximation method based on the Feynman-Kac representation
using random walks, to approximate the solution to the one-dimensional parabolic Anderson model of Skorokhod
type, with either a flat or a Dirac delta initial condition. Assuming the driving noise is a fractional Brownian sheet
with Hurst parameters 𝐻 ≥ 1

2 and 𝐻∗ ≥ 1
2 in time and space, respectively, we also provide an error analysis of the

proposed method. The error in 𝐿𝑝 (Ω) norm is of order

𝑂
(︁
ℎ

1
2 [ (2𝐻+𝐻∗−1)∧1]−𝜖 )︁ ,

where ℎ > 0 is the step size in time (resp.
√
ℎ in space), and 𝜖 > 0 can be chosen arbitrarily small. This error

order matches the Hölder continuity of the solution in time with a correction order 𝜖 , making it ‘almost’ optimal.
Furthermore, these results provide a quantitative framework for convergence of the partition function of directed
polymers in Gaussian environments to the parabolic Anderson model.

Keywords: Directed polymers in random environments; Feynman-Kac formula; fractional Brownian sheet;
parabolic Anderson model; Skorokhod integral
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We introduce a closed-form expansion for the transition density of elliptic and hypo-elliptic multivariate Stochastic
Differential Equations (SDEs), over a periodΔ ∈ (0, 1), in terms of powers ofΔ 𝑗/2, 𝑗 ≥ 0. Our methodology provides
approximations of the transition density, easily evaluated via any software that performs symbolic calculations. A
major part of the paper is devoted to an analytical control of the remainder in our expansion for fixed Δ ∈ (0, 1).
The obtained error bounds validate theoretically the methodology, by characterising the size of the distance from
the true value. For elliptic SDEs, closed-form expansions are available, with some works identifying the size of the
error for fixed Δ, as per our contribution. Our methodology allows for a uniform treatment of elliptic and hypo-
elliptic SDEs, when earlier works are intrinsically restricted to an elliptic setting. We show numerical applications
highlighting the effectiveness of our method, by carrying out parameter inference for hypo-elliptic SDEs that do not
satisfy stated conditions. The latter are sufficient for controlling the remainder terms, but the closed-form expansion
itself is applicable in general settings.

Keywords: Data augmentation; hypo-elliptic diffusion; transition density; stochastic differential equation
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For the stochastic fractional heat equation driven by additive noise, we study the asymptotic properties of the
maximum likelihood estimator (MLE) of the drift coefficient. Using parameter-dependent change of measure
methods along with asymptotic analysis techniques, we establish (self-normalized) Cramér-type moderate devi-
ations, (non-)uniform Berry-Esseen bounds, moderate deviations and precise large deviations. The study covers
three asymptotic regimes: large time asymptotics, increasing number of Fourier modes, large time asymptotics and
increasing number of Fourier modes. Our main results reveal how the asymptotic behaviors depend on the time
horizon, the number of Fourier modes, the spatial dimension, and the fractional order.

Keywords: Berry-Esseen bound; change of measure method; Cramér-type moderate deviations; maximum
likelihood estimator; stochastic heat equation
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We consider a pinning model in correlated Gaussian random environments. For the model that is disorder relevant,
we study its intermediate disorder regime and show that the rescaled partition functions converge to a non-trivial
continuum limit in the Skorohod setting and in the Stratonovich setting, respectively. Our results partially confirm
the Weinrib–Halperin prediction for disorder relevance/irrelevance.
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On a population model with memory
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Consider first a memoryless population model described by the usual branching process with a given mean
reproduction matrix on a finite space of types. Motivated by the consequences of atavism in Evolutionary Biology,
we are interested in a modification of the dynamics where individuals keep full memory of their forebears and
procreation involves the reactivation of a gene picked at random on the ancestral lineage. By comparing the spectral
radii of the two mean reproduction matrices (with and without memory), we observe that, on average, the model
with memory always grows at least as fast as the model without memory. The proof relies on analyzing a biased
Markov chain on the space of memories. The existence of a unique ergodic law for the latter is demonstrated
through asymptotic coupling.

Keywords: Markov chains with memory; multitype branching process; spectral radius
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Maximum likelihood estimation for Brownian
motion tree models based on one sample
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We study the problem of maximum likelihood estimation given one sample (𝑛 = 1) over Brownian Motion Tree
Models (BMTMs), a class of Gaussian models on trees. BMTMs are often used as a null model in phylogenetics,
where the one-sample regime is common. Specifically, we show that, for any fixed tree, almost surely, the one-
sample BMTM maximum likelihood estimator (MLE) exists, is unique, and corresponds to a fully observed tree.
Moreover, we provide a polynomial time algorithm for its exact computation. We also consider the one-sample
MLE over all possible BMTM tree structures and show that it exists almost surely, that it coincides with the MLE
over diagonally dominant M-matrices, and that it admits a unique closed-form solution that corresponds to a path
graph. Finally, we explore statistical properties of the one-sample BMTM MLE through numerical experiments.

Keywords: Brownian motion tree model; diagonally dominant Gaussian model; Laplacian-structured Gaussian
Markov random field; linear Gaussian covariance model; maximum likelihood estimation; MTP2 matrices;
phylogenetic tree; tree-structured latent random variable model
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We consider statistical inference based on the LASSO (cf. Tibshirani (J. Roy. Statist. Soc. Ser. B, Methodol. 58
(1996) 267–288)) in high dimensional regression problems. It is well known that the LASSO produces biased
estimator of the regression parameter. The bias problem is further exacerbated when the LASSO has the variable
selection consistency property (cf. Lahiri (Ann. Statist. 49 (2021) 820–844)). The centered and scaled point
estimators are dominated by the bias term and fail to converge to any non-degenerate limit distribution. In contrast,
we show that the LASSO interval estimators based on the Bootstrap are surprisingly accurate. Here, we consider
two variants of the Bootstrap, namely, the Residual Bootstrap and the Perturbation Bootstrap, and show that under
some regularity conditions, the Bootstrap approximations generated by both variants automatically adjust for the
effects of the bias and are second order correct. This is an important finding as centered and scaled LASSO
estimators under variable selection consistency fail to have a non-degenerate limit distribution and the Bootstrap
approximations provide a viable way of constructing valid confidence intervals. Building on these second order
results, we next consider construction of two-sided symmetric Bootstrap confidence intervals and show that with
suitable choices of the studentized pivotal quantities, Bootstrap based two-sided symmetric confidence intervals
attain a level of accuracy 𝑂 (𝑛−2) where 𝑛 is the sample size. Thus, even with penalization and with diverging
model parameter dimension, the performance of the Bootstrap here remains comparable to its finite dimensional
counterpart in the traditional Smooth Function model (cf. Hall (The Bootstrap and Edgeworth Expansion (1992)
Springer-Verlag)). We also establish similar results for the heteroscedastic case for the Perturbation Bootstrap and
report results from a moderate simulation study in support of the theoretical findings.

Keywords: Bootstrap; confidence interval; Edgeworth expansion; LASSO; second order correct; variable selection
consistency
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The notions of noise sensitivity and stability were recently extended for the voter model. In this model, the vertices
of a graph have opinions that are updated by uniformly selecting edges. We further extend stability results to
different classes of perturbations. We consider two different types of noise: in the first one, an exclusion process
is performed on the edge selections, while in the second, independent Brownian motions are applied to such a
sequence. In both cases, we prove stability of the consensus opinion provided the noise is run for a short amount of
time, depending on the underlying graph structure. This is done by analyzing the expected size of the pivotal set,
whose definition differs from the usual one in order to reflect the change associated with these noises.
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In this paper, we propose and study construction of confidence bands for shape-constrained regression func-
tions when the predictor is multivariate. In particular, we consider the continuous multidimensional white noise
model given by 𝑑𝑌 ( 𝒕) = 𝑛1/2 𝑓 ( 𝒕) 𝑑 𝒕 + 𝑑𝑊 ( 𝒕), where 𝑌 is the observed stochastic process on [0, 1]𝑑 (𝑑 ≥ 1), 𝑊
is the standard Brownian sheet on [0, 1]𝑑 , and 𝑓 is the unknown function of interest assumed to belong to a
(shape-constrained) function class, e.g., coordinate-wise monotone functions or convex functions. The constructed
confidence bands are based on local kernel averaging with bandwidth chosen automatically via a multivariate mul-
tiscale statistic. The confidence bands have guaranteed coverage for every 𝑛 and for every member of the underlying
function class. Under monotonicity/convexity constraints on 𝑓 , the proposed confidence bands automatically adapt
(in terms of width) to the global and local (Hölder) smoothness and intrinsic dimensionality of the unknown 𝑓 ;
the bands are also shown to be optimal in a certain sense. These bands have (almost) parametric (𝑛−1/2) widths
when the underlying function has “low-complexity” (e.g., piecewise constant/affine). We also develop an optimal
testing methodology for checking if the underlying regression function is actually coordinate-wise monotone.

Keywords: Automatic adaptation; continuous multidimensional white-noise model; coordinate-wise
nondecreasing function; Hölder smoothness; minimax optimal; multivariate convex function
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In real-world applications, data are often error-contaminated; naively applying conventional methods without ac-
commodating the measurement error effects often yields inconsistent estimates. Biased results can be further
exacerbated by the ultrahigh-dimensionality of covariates. Focusing on the widely used function-on-scalar linear
regression model, this article develops new methods for simultaneous parameter estimation and variable selection
with error-prone covariates that can be ultrahigh-dimensional. The proposed framework provides flexibility to
handle different types of measurement error models. We rigorously establish asymptotic properties of the proposed
estimators under mild conditions. Notably, the convergence rates and limiting distributions of the proposed esti-
mators depend on the nature of measurement error. Our findings highlight the significant differences of settings
with ultrahigh dimensions compared to scenarios with finite dimensions, as well as the drastically different influ-
ence of different measurement error processes. For efficient computation, we design algorithms with data-driven
tuning. We evaluate the finite sample performance of the proposed method through simulation studies and a real
data application, demonstrating its effectiveness in addressing the challenges posed by error-contaminated and
ultrahigh-dimensional of covariates.

Keywords: Bias; convergence rate; functional data analysis; function-on-scalar regression; measurement error;
ultrahigh dimension; variable selection
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In this paper, we prove large deviation principles for the empirical measures associated with the Independent
Metropolis Hastings (IMH) sampler and the Metropolis-adjusted Langevin Algorithm (MALA). These are the first
large deviation results for empirical measures of Markov chains arising from specific Metropolis-Hastings methods
on a continuous state space. Moreover, we show that the existing large deviation framework, that we developed in a
previous work (Milinanni and Nyquist, 2024) does not cover the Random Walk Metropolis sampler, even in cases
when the underlying Markov chain is geometrically ergodic.

Keywords: Empirical measure; Large deviations; Lyapunov function; Markov chain Monte Carlo;
Metropolis-Hastings
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We study the joint spectral properties of two coupled random matrices 𝐻 (1) and 𝐻 (2) , which are either real
symmetric or complex Hermitian. The entries of these matrices exhibit polynomially decaying correlations, both
within each matrix and between them. Surprisingly, we find that under extremely weak decorrelation condition,
permitting 𝐻 (1) and 𝐻 (2) to be almost fully correlated, the fluctuations of their individual eigenvalues in the bulk
of the spectrum are still asymptotically independent. Furthermore, we demonstrate that this decorrelation condition
is optimal.
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The number of faces of the convex hull of 𝑛 independent and identically distributed random points chosen on the
boundary of a smooth convex body in R𝑑 is investigated. In dimensions two and three the number of 𝑘-faces is
known to be constant almost surely and in dimension four and higher the variance is known to be non-zero if 𝑘 ≥ 1.
We show that it is of order 𝑛. This is complemented by a central limit theorem with a Berry-Esseen bound which
is of optimal order 𝑛−1/2. We derive similar results for the Poissonized model, where additionally the number of
random points is Poisson distributed. As a main tool, we develop a representation of the number of faces as a sum
of exponentially stabilizing score functions.

Keywords: Berry-Esseen bound; central limit theorem; random approximation; random polytope; stochastic
geometry; variance expansion
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We study the Finite-Dimensional Distributions (FDDs) of deep neural networks with randomly initialized weights
that have finite-order moments. Specifically, we establish Gaussian approximation bounds in the Wasserstein-1
norm between the FDDs and their Gaussian limit assuming a Lipschitz activation function and allowing the layer
widths to grow to infinity at arbitrary relative rates. In the special case where all widths are proportional to a
common scale parameter 𝑛 and there are 𝐿 − 1 hidden layers, we obtain convergence rates of order 𝑛−(1/6)𝐿−1+𝜖 ,
for any 𝜖 > 0.
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This paper studies the asymptotics of resampling without replacement in the proportional regime where dimension
𝑝 and sample size 𝑛 are of the same order. For a given dataset (𝑿, 𝒚) ∈ ℝ

𝑛×𝑝 × ℝ
𝑛 and fixed subsample ratio

𝑞 ∈ (0, 1), the practitioner samples independently of (𝑿, 𝒚) iid subsets 𝐼1, ..., 𝐼𝑀 of {1, ..., 𝑛} of size 𝑞𝑛 and trains
estimators 𝒃̂(𝐼1), ..., 𝒃̂(𝐼𝑀 ) on the corresponding subsets of rows of (𝑿, 𝒚). Understanding the performance of
the bagged estimate 𝒃̄ = 𝑀−1 ∑︁𝑀

𝑚=1 𝒃̂(𝐼𝑚), for instance its squared error, requires us to understand correlations
between two distinct 𝒃̂(𝐼𝑚) and 𝒃̂(𝐼𝑚′ ) trained on different subsets 𝐼𝑚 and 𝐼𝑚′ . In robust linear regression and
logistic regression, we characterize the limit in probability of the correlation between two estimates trained on
different subsets of the data. The limit is characterized as the unique solution of a simple nonlinear equation. We
further provide data-driven estimators that are consistent for estimating this limit. These estimators of the limiting
correlation allow us to estimate the squared error of the bagged estimate 𝒃̄, and for instance perform parameter
tuning to choose the optimal subsample ratio 𝑞. As a by-product of the proof argument, we obtain the limiting
distribution of the bivariate pair (𝒙𝑇𝑖 𝒃̂(𝐼𝑚), 𝒙

𝑇
𝑖 𝒃̂(𝐼𝑚′ )) for observations 𝑖 ∈ 𝐼𝑚 ∩ 𝐼𝑚′ , i.e., for observations used to

train both estimates.

Keywords: Bootstrap aggregating; high dimensional asymptotics; proportional regime
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Transfer learning has become increasingly important in recent years as it enables models to quickly adapt to new
tasks, environments and data sets. It can improve the accuracy of machine learning models and reduce the training
time required for them. However, theoretical foundation of transfer learning algorithms is rather scarce, particularly
for time series models. In this work, we focus on high-dimensional vector autoregressive models and provide a
two-step procedure to conduct transfer learning utilizing auxiliary data sets followed by constructing confidence
intervals for model parameters in the high-dimensional regime. Further, a new method to select informative sets
from auxiliary sets is introduced. Finally, two debiasing techniques are developed to perform inference for model
parameters. Theoretical properties of all proposed algorithms are established under mild conditions which allow
for heavy-tailed distributions and dependence among auxiliary and target data sets. Given certain level of similarity
between the informative models and the target model, it is shown that the proposed algorithm achieves the minimax
rate. Lastly, the empirical performance of proposed methods is tested through analyzing both simulated data as
well as an EEG data set.

Keywords: High-dimensional data; inference; temporal dependence; transfer learning; vector autoregressive model

References
Bai, Y. and Safikhani, A. (2023). A unified framework for change point detection in high-dimensional linear models.

Statist. Sinica 33 1721–1748.
Bai, P., Safikhani, A. and Michailidis, G. (2023). Multiple change point detection in reduced rank high dimensional

vector autoregressive models. J. Amer. Statist. Assoc. 118 2776–2792.
Bastani, H. (2021). Predicting with proxies: Transfer learning in high dimension. Manag. Sci. 67 2964–2984.
Basu, S. and Michailidis, G. (2015). Regularized estimation in sparse high-dimensional time series models. Ann.

Statist. 43 1535–1567.
Cai, T.T. and Wei, H. (2021). Transfer learning for nonparametric classification: Minimax rate and adaptive classifier.

Ann. Statist. 49 100–128.
Cai, C., Wang, S., Xu, Y., Zhang, W., Tang, K., Ouyang, Q., Lai, L. and Pei, J. (2020). Transfer learning for drug

discovery. J. Med. Chem. 63 8683–8694.
de Cheveigné, A. and Arzounian, D. (2018). Robust detrending, rereferencing, outlier detection, and inpainting for

multichannel data. NeuroImage 172 903–912.
Dedecker, J. and Prieur, C. (2004). Coupling for 𝜏-dependent sequences and applications. J. Theor. Probab. 17

861–885.
Deshpande, Y., Javanmard, A. and Mehrabi, M. (2021). Online debiasing for adaptively collected high-dimensional

data with applications to time series analysis. J. Amer. Statist. Assoc. 1–14.
Ding, X. and Zhou, Z. (2020). Estimation and inference for precision matrices of nonstationary time series. Ann.

Statist.
Ding, X. and Zhou, Z. (2023). AutoRegressive approximations to nonstationary time series with inference and

applications. Ann. Statist. 51 1207–1231.
Farhadi, A., Forsyth, D. and White, R. (2007). Transfer learning in sign language. In Proc. IEEE Conf. Comput.

Vis. Pattern Recognit 1–8. https://doi.org/10.1109/CVPR.2007.383346

1350-7265 © 2026 ISI/BS

https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/26-BEJ1980
mailto:asafikha@gmu.edu
mailto:maminglian@ufl.edu
https://doi.org/10.1109/CVPR.2007.383346


Theoretical analysis of transfer learning for temporally dependent observations 3089

Gong, B., Shi, Y., Sha, F. and Grauman, K. (2012). Geodesic flow kernel for unsupervised domain adaptation. In
Proc. IEEE Conf. Comput. Vis. Pattern Recognit 2066–2073. IEEE.

Hall, P. and Heyde, C.C. (2014). Martingale Limit Theory and Its Application. Academic press.
Javanmard, A. and Montanari, A. (2014). Confidence intervals and hypothesis testing for high-dimensional regres-

sion. J. Mach. Learn. Res. 15 2869–2909.
Kulis, B., Saenko, K. and Darrell, T. (2011). What you saw is not what you get: Domain adaptation using asymmetric

kernel transforms. In CVPR 2011 1785–1792. IEEE.
Li, S., Cai, T.T. and Li, H. (2022a). Transfer learning for high-dimensional linear regression: Prediction, estimation

and minimax optimality. J. R. Stat. Soc. Ser. B. Stat. Methodol. 84 149–173.
Li, S., Cai, T.T. and Li, H. (2022b). Transfer learning in large-scale Gaussian graphical models with false discovery

rate control. J. Amer. Statist. Assoc. 1–13.
Li, Z., Liu, D., He, Y. and Zhang, X. (2023). The Role of Fine-tuning: Transfer Learning for High-dimensional

M-estimators with Decomposable Regularizers. arXiv e-prints. arXiv-2306.
Loh, P.-L. and Wainwright, M.J. (2011). High-dimensional regression with noisy and missing data: Provable

guarantees with non-convexity. Adv. Neural Inf. Process. Syst. 24.
Lounici, K., Pontil, M., Tsybakov, A.B. and Van De Geer, S. (2009). Taking advantage of sparsity in multi-task

learning. arXiv preprint. Available at arXiv:0903.1468.
Ma, M. and Safikhani, A. (2022). Theoretical analysis of deep neural networks for temporally dependent observa-

tions. Adv. Neural Inf. Process. Syst.
Nezamfar, H., Orhan, U., Purwar, S., Hild, K., Oken, B. and Erdogmus, D. (2011). Decoding of multichannel EEG

activity from the visual cortex in response to pseudorandom binary sequences of visual stimuli. Int. J. Imaging
Syst. Technol. 21 139–147.

Olivas, E.S., Guerrero, J.D.M., Martinez-Sober, M., Magdalena-Benedito, J.R., Serrano, L. et al. (2009). Handbook
of Research on Machine Learning Applications and Trends: Algorithms, Methods, and Techniques: Algorithms,
Methods, and Techniques. IGI global.

Safikhani, A. and Ma, M. (2026). Supplement to “Theoretical analysis of transfer learning for temporally dependent
observations.” https://doi.org/10.3150/26-BEJ1980SUPP

Tian, Y. and Feng, Y. (2023). Transfer learning under high-dimensional generalized linear models. J. Amer. Statist.
Assoc. 118 2684–2697.

Trujillo, L.T., Stanfield, C.T. and Vela, R.D. (2017). The effect of electroencephalogram (EEG) reference choice
on information-theoretic measures of the complexity and integration of EEG signals. Front. Neurosci. 11 425.

Van de Geer, S., Bühlmann, P., Ritov, Y. and Dezeure, R. (2014). On asymptotically optimal confidence regions
and tests for high-dimensional models. Ann. Statist.

Wan, Z., Yang, R., Huang, M., Zeng, N. and Liu, X. (2021). A review on transfer learning in EEG signal analysis.
Neurocomputing 421 1–14.

Wang, J. and Politis, D.N. (2021). Consistent autoregressive spectral estimates: Nonlinear time series and large
autocovariance matrices. J. Time Series Anal. 42 580–596.

Weiss, K., Khoshgoftaar, T.M. and Wang, D. (2016). A survey of transfer learning. J. Big Data 3 1–40.
Wong, K.C., Li, Z. and Tewari, A. (2020). Lasso guarantees for 𝛽-mixing heavy-tailed time series. Ann. Statist. 48

1124–1142. https://doi.org/10.1214/19-AOS1840
Wu, W.B. (2005). Nonlinear system theory: Another look at dependence. Proc. Natl. Acad. Sci. USA 102

14150–14154.
Yousuf, K. (2018). Variable screening for high dimensional time series. Electron. J. Stat. 12 667–702.
Yuan, M. and Lin, Y. (2006). Model selection and estimation in regression with grouped variables. J. R. Stat. Soc.

Ser. B. Stat. Methodol. 68 49–67.
Zhang, W., Deng, L., Zhang, L. and Wu, D. (2022). A survey on negative transfer. IEEE/CAA J. Autom. Sin.
Zheng, C., Dasgupta, S., Xie, Y., Haris, A. and Chen, Y.Q. (2019). On data enriched logistic regression. arXiv

preprint. Available at arXiv:1911.06380.
Zhuang, F., Qi, Z., Duan, K., Xi, D., Zhu, Y., Zhu, H., Xiong, H. and He, Q. (2020). A comprehensive survey on

transfer learning. Proc. IEEE 109 43–76.

https://arxiv.org/abs/0903.1468
https://doi.org/10.3150/26-BEJ1980SUPP
https://doi.org/10.1214/19-AOS1840
https://arxiv.org/abs/1911.06380


Bernoulli 32(4), 2026, 3113–3142
https://doi.org/10.3150/26-BEJ1981

E-values for exponential families:
The general case
YUNDA HAO1,a and PETER GRÜN WALD2,3,b

1Department of Statistics and Data Science, the Chinese University of Hong Kong, Hong Kong, China,
ayundahao@cuhk.edu.hk
2CWI, Science Park 123, 1098 XG Amsterdam, The Netherlands, bpdg@cwi.nl
3Mathematical Institute, Leiden University, Leiden, The Netherlands

We analyze common types of e-variables and e-processes for composite exponential family nulls: the optimal
e-variable based on the reverse information projection (RIPr), a conditional (COND) e-variable, and the universal
inference (UI) and sequentialized RIPr e-processes. Whereas earlier derivations of the RIPr e-variable, for para-
metric and nonparametric nulls alike, were restricted to cases in which it reduces to a simple-vs.-simple likelihood,
we manage to derive it also in ‘anti-simple’ cases in which it cannot be so reduced. We characterize the RIPr
for simple and Bayes-mixture based alternatives, either precisely (for Gaussian nulls and alternatives) or in an
approximate sense (general exponential family nulls). We also provide conditions under which the RIPr e-variable
is (again exactly vs. asymptotically) equal to the COND e-variable, and we determine, up to 𝑜(1), the e-power of
the four e-statistics as a function of sample size. For 𝑑-dimensional null and alternative, the e-power of UI tends to
be smaller by a term of (𝑑/2) log𝑛 +𝑂 (1) than that of the COND e-variable, which is the clear winner.

Keywords: Exponential family; e-value; growth rate; hypothesis testing
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The Glauber dynamics for the classical 2-spin Curie-Weiss model on 𝑁 nodes with inverse temperature 𝛽 and zero
external field is known to mix in time Θ(𝑁 log𝑁) for 𝛽 < 1

2 , in time Θ(𝑁3/2) at 𝛽 = 1
2 , and in time exp(Ω(𝑁))

for 𝛽 > 1
2 . In this paper, we consider the 𝑝-spin generalization of the Curie-Weiss model with an external field

ℎ, and identify three disjoint regions partitioning the parameter space, with the corresponding Glauber dynamics
exhibiting three different orders of mixing times in these regions. The construction of these disjoint regions depends
on the number of local maximizers of a certain negative free-energy function 𝐻𝛽,ℎ, 𝑝 , and the behavior of the
second derivative of 𝐻𝛽,ℎ, 𝑝 at such a local maximizer. Specifically, we show that if 𝐻𝛽,ℎ, 𝑝 has a unique local
maximizer 𝑚∗ with 𝐻′′

𝛽,ℎ, 𝑝
(𝑚∗) < 0 and no other stationary point, then the Glauber dynamics mixes in time

Θ(𝑁 log𝑁); if 𝐻𝛽,ℎ, 𝑝 has multiple local maximizers, then the mixing time is exp(Ω(𝑁)); and if 𝐻𝛽,ℎ, 𝑝 has
a unique local maximizer 𝑚∗ with 𝐻′′

𝛽,ℎ, 𝑝
(𝑚∗) = 0, then the mixing time is Θ(𝑁3/2). We provide an explicit

description of the geometry of these three different phases within the parameter space. Finally, we show that if
𝐻𝛽,ℎ, 𝑝 has multiple local maximizers (metastable states), then one can create a restricted version of the original
Glauber dynamics, which still mixes in time Θ(𝑁 log𝑁).

Keywords: Curie-Weiss; Glauber dynamics; metastability; mixing time; phase transition
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Asymptotic analysis of the finite predictor for
fractional Gaussian noise
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This paper proposes a new approach to the asymptotic analysis of the finite predictor for stationary sequences. Our
method yields the exact asymptotics of both the relative prediction error and the partial correlation coefficients.
The underlying assumptions are analytic in nature, making the approach applicable to processes with long-range
dependence. The ARMA-type process driven by fractional Gaussian noise (fGn), which had previously remained
elusive, is used as a case study.
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We deal with a class of semilinear SPDEs driven by space–time white noise that includes the one dimensional
stochastic Burgers equation. Such equations can have nonlocal and quadratic nonlinearities. We consider the
problem of estimation of the diffusivity parameter in front of the second-order spatial derivative. Based on local
observations in space, we study the estimator derived in (Ann. Appl. Probab. 31 (2021) 1–38) for linear stochastic
heat equation that has also been used in (Bernoulli 29 (2023) 2035–2061) to cover certain class of semilinear
SPDEs including stochastic Burgers equations driven by trace class noise. The space-time white noise case we
consider has also relevant physical motivations. After we establish new regularity results for the solution, we are
able to show that our proposed estimator is strongly consistent and asymptotically normal.

Keywords: Augmented MLE; central limit theorem; diffusivity estimation; generalized stochastic Burgers
equation; local measurements; space-time white noise
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We solve constrained optimal transport problems in which the marginal laws are given by the laws of solutions
of stochastic differential equations (SDEs). We consider SDEs with irregular coefficients, making only minimal
regularity assumptions. We show that the so-called synchronous coupling is optimal among bicausal couplings, that
is couplings that respect the flow of information encoded in the stochastic processes. Our results provide a method
to numerically compute the adapted Wasserstein distance between laws of SDEs with irregular coefficients. We
show that this can be applied to quantifying model uncertainty in stochastic optimisation problems. Moreover, we
introduce a transformation-based semi-implicit numerical scheme and establish the first strong convergence result
for SDEs with exponentially growing and discontinuous drift.

Keywords: Adapted Wasserstein distance; bicausal couplings; numerical methods for stochastic differential
equations; optimal transport
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data
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We obtain minimax-optimal convergence rates in the supremum norm, including information-theoretic lower
bounds, for estimating the covariance kernel of a stochastic process which is repeatedly observed at discrete,
synchronous design points. We focus on the supremum norm instead of the simpler 𝐿2 norm, since it forms the
basis for the construction of uniform confidence bands and is a stronger norm than the 𝐿2-norm, thus arguably
corresponding to a better visualization of the estimation error. For dense design, assuming Hölder-smooth sample
paths we obtain the

√
𝑛-rate of convergence in the supremum norm without additional logarithmic factors which

typically occur in the results in the literature. Surprisingly, in the transition from dense to sparse design the rates
do not reflect the two-dimensional nature of the covariance kernel but correspond to those for univariate mean
function estimation. Our estimation method can make use of higher-order smoothness of the covariance kernel
away from the diagonal, and does not require the same smoothness on the diagonal itself. Hence, our results cover
covariance kernels of processes with rough, non-differentiable sample paths. Moreover, the estimator does not use
mean function estimation to form residuals, and no smoothness assumptions on the mean have to be imposed. In
the dense case we also obtain a central limit theorem in the supremum norm, which can be used as the basis for
the construction of uniform confidence sets. Extensions to estimating partial derivatives as well as to asynchronous
designs are also discussed. Simulations and real-data applications illustrate the practical usefulness of the methods.

Keywords: Covariance kernel; functional data; optimal rates of convergence; supremum norm; synchronously
sample data
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The stratified linear permutation statistic arises in various statistics problems, including stratified and post-stratified
survey sampling, stratified and post-stratified experiments, conditional permutation tests, etc. Although we can
derive the Berry–Esseen bounds for the stratified linear permutation statistic based on existing bounds for the
non-stratified statistics, those bounds are not sharp, and moreover, this strategy does not work in general settings
with heterogeneous strata with varying sizes. We first use Stein’s method to obtain a unified stratified permutational
Berry–Esseen bound that can accommodate heterogeneous strata. We then apply the bound to various statistics
problems, leading to stronger theoretical quantifications and thereby facilitating statistical inference in those
problems.

Keywords: Causal inference; design-based inference; experimental design; post-stratification; Stein’s method;
survey sampling; zero-bias transformation
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We address the challenge of estimating the hyperuniformity exponent 𝛼 of a spatial point process, given only one
realization of it. Assuming that the structure factor 𝑆 of the point process follows a vanishing power law at the origin
(the typical case of a hyperuniform point process), this exponent is defined as the slope near the origin of log 𝑆.
Our estimator is built upon the (expanding window) asymptotic variance of some shot-noise wavelet transforms,
of the point process. By combining several scales and several wavelets, we develop a multi-scale, multi-taper
estimator ˆ︁𝛼. We analyze its asymptotic behavior, proving its consistency under various settings, and enabling the
construction of asymptotic confidence intervals for 𝛼 when 𝛼 < 𝑑 and under Brillinger mixing. This construction
is derived from a multivariate central limit theorem where the normalisations are non-standard and vary among the
components. We also present a non-asymptotic deviation inequality providing insights into the influence of tapers
on the bias-variance trade-off of ˆ︁𝛼. Finally, we investigate the performance of ˆ︁𝛼 through simulations, and we apply
our method to the analysis of hyperuniformity in a real dataset of marine algae.

Keywords: Hyperuniformity; scattering intensity; spatial point process; structure factor; wavelets
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We take a different look at the problem of testing the independence of two metric-space-valued random variables
using the distance correlation. Instead of testing if the distance correlation vanishes exactly, we are interested in
the hypothesis that it does not exceed a certain threshold. Our testing problem is motivated by the observation
that in many cases it is more reasonable to test for a practically significant dependency since it is rare that a
hypothesis of perfect independence is exactly satisfied. This point of view also reflects statistical practice, where
one often classifies the strength of the association in categories such as ‘small’, ‘medium’ and ‘large’ and the
precise definitions depend on the specific application. To address these problems we develop a pivotal test for the
hypothesis that the distance correlation between two random variables does not exceed a pre-specified threshold
Δ. We also determine a minimum value Δ̂𝛼 from the data such that the hypothesis is rejected for all Δ ≤ Δ̂𝛼 at
controlled type I error 𝛼. This quantity can be interpreted as a measure of evidence against the hypothesis that
the distance correlation is less or equal than’ Δ. The new test is applicable to processes taking values in separable
metric spaces of strong negative type, covering Euclidean as well as functional data. We do not assume independent
observations, and instead prove our results for absolutely regular sample generating processes, which includes many
time series such as ARMA and GARCH models. Our approach is based on a new functional limit theorem for
the sequential distance correlation process, and can also be used to construct confidence intervals for the distance
correlation without the need for resampling.

Keywords: Distance correlation; distance covariance; relevant hypotheses; self-normalisation; tests for
independence
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We introduce directional regularity, a new definition of anisotropy for multivariate functional data. Instead of taking
the conventional view, which determines anisotropy as a notion of smoothness along a dimension, directional
regularity additionally views anisotropy through the lens of directions. We show that faster rates of convergence
for smoothing can be obtained through a change-of-basis by adapting to the anisotropy of a bivariate process. An
algorithm for the estimation and identification of the change-of-basis matrix is constructed, made possible due to
the replication structure of functional data. Non-asymptotic bounds are provided for our algorithm, supplemented
by numerical evidence from an extensive simulation study. Finally, a real-world rainfall measurement dataset is
analyzed with our methods.
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