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Estimation and inference for the Wasserstein
distance between mixing measures in topic
models
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2Department of Statistics and Data Science, Cornell University, Ithaca, USA, bjb238@cornell.edu
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The Wasserstein distance between mixing measures has come to occupy a central place in the statistical analysis of
mixture models. This work proposes a new canonical interpretation of this distance and provides tools to perform
inference on the Wasserstein distance between mixing measures in topic models. We consider the general setting
of an identifiable mixture model consisting of mixtures of distributions from a set A equipped with an arbitrary
metric d, and show that the Wasserstein distance between mixing measures is uniquely characterized as the most
discriminative convex extension of the metric d to the set of mixtures of elements of A. The Wasserstein distance
between mixing measures has been widely used in the study of such models, but without axiomatic justification. Our
results establish this metric to be a canonical choice. Specializing our results to topic models, we consider estimation
and inference of this distance. Although upper bounds for its estimation have been recently established elsewhere,
we prove the first minimax lower bounds for the estimation of the Wasserstein distance between mixing measures,
in topic models, when both the mixing weights and the mixture components need to be estimated. Our second
main contribution is the provision of fully data-driven inferential tools for estimators of the Wasserstein distance
between potentially sparse mixing measures of high-dimensional discrete probability distributions on p points, in
the topic model context. These results allow us to obtain the first asymptotically valid, ready to use, confidence
intervals for the Wasserstein distance in (sparse) topic models with potentially growing ambient dimension p.

Keywords: De-biased mle; limiting distribution; mixing measure; mixture distribution; optimal rates of
convergence; probability distance; sparse mixtures; topic model; Wasserstein distance
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Estimation of a score-explained non-randomized
treatment effect in fixed and high dimensions
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In non-randomized treatment allocation models, treatment is assigned to a unit based on a score, e.g., scholarship
is allocated based on the score obtained in a merit test, while antihypertensive treatments are allocated based on
blood pressure level. In this paper, we present a new model coined SCENTS: Score Explained Non-Randomized
Treatment Systems that utilizes the dependency of the score on the explanatory variables to permit efficient
estimation. We derive an estimator of the treatment effect which is v/ consistent, asymptotically normal, and
achieves semiparametric efficiency under normal errors. The analysis is extended to ultra-high dimensional vectors
of covariates, where a 4/n consistent and asymptotically normal debiased estimator is proposed. We analyze two real
data sets via our method and compare our results with those obtained by using previous approaches like regression
discontinuity design. Some possible extensions are discussed.

Keywords: Confounding variables; endogeneity; global effect; high dimensional analysis; semiparametric
efficiency
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We study mixed models with a single grouping factor where inference about unknown parameters requires optimiz-
ing a marginal likelihood defined by an intractable integral. Low-dimensional numerical integration techniques are
regularly used to approximate these integrals with inferences about parameters based on the resulting approximate
marginal likelihood. For a generic class of mixed models that satisfy explicit regularity conditions we derive the
stochastic relative error rate incurred for both the likelihood and maximum likelihood estimator when adaptive nu-
merical integration is used to approximate the marginal likelihood. We then specialize the analysis to well-specified
generalized linear mixed models having exponential family response and multivariate Gaussian random effects,
verifying that the regularity conditions hold and hence that the convergence rates apply. We also prove that for
models with likelihoods satisfying very weak concentration conditions that the maximum likelihood estimators
from non-adaptive numerical integration approximations of the marginal likelihood are not consistent, further
motivating adaptive numerical integration as the preferred tool for inference in mixed models. Code to reproduce
the simulations in this paper is provided at https://github.com/awstringer1/aq-theory-paper-code.
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Optimal rates and computational trade-offs

CLEMENT BERENFELD!*, ALEXANDRA CARPENTIER?? and
NICOLAS VERZELEN3<

1INRIA, PreMeDICaL Team, Univ. Montpellier, Montpellier, France, ® clement.berenfeld@inria.fr
2 Institut fiir Mathematik — Universitdit Potsdam, Potsdam, Germany, bcarpentier@ uni-potsdam.de
3INRAE, Institut Agro, MISTEA, Univ. Montpellier, Montpellier, France, ®nicolas.verzelen@inrae.fr

In this paper, we consider the problem of seriation of a permuted structured matrix based on noisy observations.
The entries of the matrix relate to an expected quantification of interaction between two objects: the higher the
value, the closer the objects. A popular structured class for modeling such matrices is the permuted Robinson class,
namely the set of matrices whose coefficients are decreasing away from its diagonal, up to a permutation of its rows
and columns. We consider in this paper two submodels of Robinson matrices: the Teeplitz model, and the latent
position model. We provide a computational lower bound based on the low-degree paradigm, which hints that there
is a statistical-computational gap for seriation when measuring the error based on the Frobenius norm. We also
provide a simple and polynomial-time algorithm that achieves this lower bound. Along the way, we also characterize
the information-theory optimal risk thereby giving evidence for the extent of the computation/information gap for
this problem.

Keywords: Computational barrier; geometric graph; seriation; Teeplitz matrix
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We consider the problem of structure recovery in a graphical model of a tree where some variables are latent.
Specifically, we focus on the Gaussian case, which can be reformulated as a well-studied problem: recovering a
semi-labeled tree from a distance metric. We introduce randomized procedures that achieve query complexity of
optimal order. Additionally, we provide statistical analysis for scenarios where the tree distances are noisy. The
Gaussian setting can be extended to other situations, including the binary case and non-paranormal distributions.

Keywords: Latent tree models; phylogenetics; query complexity; probabilistic graphical models; structure
learning; phylogenetics
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For statistical inference on an infinite-dimensional Hilbert space { with no moment conditions we introduce a
new class of energy distances on the space of probability measures on . The proposed distances consist of
the integrated squared modulus of the corresponding difference of the characteristic functionals with respect to
a reference probability measure on the Hilbert space. Necessary and sufficient conditions are established for the
reference probability measure to be characteristic, the property that guarantees that the distance defines a metric on
the space of probability measures on H. We also use these results to define new distance covariances, which can be
used to measure the dependence between the marginals of a two dimensional distribution of H 2 without existing
moments. On the basis of the new distances we develop statistical inference for Hilbert space valued data, which
does require any moment assumptions. As a consequence, our methods are robust with respect to heavy tails in finite
dimensional data. In particular, we consider the problem of comparing the distributions of two samples and the
problem of testing for independence and construct new minimax optimal tests for the corresponding hypotheses. We
also develop aggregated (with respect to the reference measure) procedures for power enhancement and investigate
the finite-sample properties by means of a simulation study.

Keywords: Characteristic functional; functional data; Gaussian measure; Hilbert-Schmidt independence criterion;
Laplace measure; permutation test; probability measure on Hilbert space; minimax optimal testing; reproducing
kernel Hilbert space
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We develop a statistical framework for conducting inference on collections of time-varying covariance operators
(covariance flows) over a general, possibly infinite dimensional, Hilbert space, and fully develop asymptotic theory
based on interpretable and verifiable assumptions. We model the intrinsically non-linear structure of covariances
by means of the Bures-Wasserstein metric geometry. We make use of the Riemannian-like structure induced by
this metric to define a notion of mean and covariance of a random flow, and develop an associated Karhunen-Lo¢ve
expansion. We then treat theproblem of estimation and construction of functional principal components from a
finite collection of covariance flows, observed fully or irregularly. Our theoretical results are motivated by modern
problems in functional data analysis, where one observes operator-valued random processes — for instance when
analysing dynamic functional connectivity and fMRI data, or when analysing multiple functional time series in
the frequency domain. Nevertheless, our framework is also novel in the finite-dimensions (matrix case), and we
demonstrate what simplifications can be afforded then. We illustrate our methodology by means of simulations and
data analyses.

Keywords: Bures-Wasserstein space; functional data analysis; Karhunen-Loéve expansion
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In this paper, we introduce a natively positive approximation method based on the Feynman-Kac representation
using random walks, to approximate the solution to the one-dimensional parabolic Anderson model of Skorokhod
type, with either a flat or a Dirac delta initial condition. Assuming the driving noise is a fractional Brownian sheet
with Hurst parameters H > % and H; > % in time and space, respectively, we also provide an error analysis of the
proposed method. The error in LP () norm is of order

O(h%[(2H+H*—1)/\1]—e)’
where h > 0 is the step size in time (resp. VZ in space), and € > 0 can be chosen arbitrarily small. This error
order matches the Holder continuity of the solution in time with a correction order €, making it ‘almost’ optimal.
Furthermore, these results provide a quantitative framework for convergence of the partition function of directed
polymers in Gaussian environments to the parabolic Anderson model.

Keywords: Directed polymers in random environments; Feynman-Kac formula; fractional Brownian sheet;
parabolic Anderson model; Skorokhod integral
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We introduce a closed-form expansion for the transition density of elliptic and hypo-elliptic multivariate Stochastic
Differential Equations (SDEs), over a period A € (0, 1), in terms of powers of A/ 2, J = 0. Our methodology provides
approximations of the transition density, easily evaluated via any software that performs symbolic calculations. A
major part of the paper is devoted to an analytical control of the remainder in our expansion for fixed A € (0, 1).
The obtained error bounds validate theoretically the methodology, by characterising the size of the distance from
the true value. For elliptic SDEs, closed-form expansions are available, with some works identifying the size of the
error for fixed A, as per our contribution. Our methodology allows for a uniform treatment of elliptic and hypo-
elliptic SDEs, when earlier works are intrinsically restricted to an elliptic setting. We show numerical applications
highlighting the effectiveness of our method, by carrying out parameter inference for hypo-elliptic SDEs that do not
satisfy stated conditions. The latter are sufficient for controlling the remainder terms, but the closed-form expansion
itself is applicable in general settings.

Keywords: Data augmentation; hypo-elliptic diffusion; transition density; stochastic differential equation
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For the stochastic fractional heat equation driven by additive noise, we study the asymptotic properties of the
maximum likelihood estimator (MLE) of the drift coefficient. Using parameter-dependent change of measure
methods along with asymptotic analysis techniques, we establish (self-normalized) Cramér-type moderate devi-
ations, (non-)uniform Berry-Esseen bounds, moderate deviations and precise large deviations. The study covers
three asymptotic regimes: large time asymptotics, increasing number of Fourier modes, large time asymptotics and
increasing number of Fourier modes. Our main results reveal how the asymptotic behaviors depend on the time
horizon, the number of Fourier modes, the spatial dimension, and the fractional order.

Keywords: Berry-Esseen bound; change of measure method; Cramér-type moderate deviations; maximum
likelihood estimator; stochastic heat equation
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We consider a pinning model in correlated Gaussian random environments. For the model that is disorder relevant,
we study its intermediate disorder regime and show that the rescaled partition functions converge to a non-trivial
continuum limit in the Skorohod setting and in the Stratonovich setting, respectively. Our results partially confirm
the Weinrib—Halperin prediction for disorder relevance/irrelevance.
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On a population model with memory
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Consider first a memoryless population model described by the usual branching process with a given mean
reproduction matrix on a finite space of types. Motivated by the consequences of atavism in Evolutionary Biology,
we are interested in a modification of the dynamics where individuals keep full memory of their forebears and
procreation involves the reactivation of a gene picked at random on the ancestral lineage. By comparing the spectral
radii of the two mean reproduction matrices (with and without memory), we observe that, on average, the model
with memory always grows at least as fast as the model without memory. The proof relies on analyzing a biased
Markov chain on the space of memories. The existence of a unique ergodic law for the latter is demonstrated
through asymptotic coupling.

Keywords: Markov chains with memory; multitype branching process; spectral radius
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We study the problem of maximum likelihood estimation given one sample (n = 1) over Brownian Motion Tree
Models (BMTMs), a class of Gaussian models on trees. BMTMs are often used as a null model in phylogenetics,
where the one-sample regime is common. Specifically, we show that, for any fixed tree, almost surely, the one-
sample BMTM maximum likelihood estimator (MLE) exists, is unique, and corresponds to a fully observed tree.
Moreover, we provide a polynomial time algorithm for its exact computation. We also consider the one-sample
MLE over all possible BMTM tree structures and show that it exists almost surely, that it coincides with the MLE
over diagonally dominant M-matrices, and that it admits a unique closed-form solution that corresponds to a path
graph. Finally, we explore statistical properties of the one-sample BMTM MLE through numerical experiments.

Keywords: Brownian motion tree model; diagonally dominant Gaussian model; Laplacian-structured Gaussian
Markov random field; linear Gaussian covariance model; maximum likelihood estimation; MTP, matrices;
phylogenetic tree; tree-structured latent random variable model
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We consider statistical inference based on the LASSO (cf. Tibshirani (J. Roy. Statist. Soc. Ser. B, Methodol. 58
(1996) 267-288)) in high dimensional regression problems. It is well known that the LASSO produces biased
estimator of the regression parameter. The bias problem is further exacerbated when the LASSO has the variable
selection consistency property (cf. Lahiri (Ann. Statist. 49 (2021) 820-844)). The centered and scaled point
estimators are dominated by the bias term and fail to converge to any non-degenerate limit distribution. In contrast,
we show that the LASSO interval estimators based on the Bootstrap are surprisingly accurate. Here, we consider
two variants of the Bootstrap, namely, the Residual Bootstrap and the Perturbation Bootstrap, and show that under
some regularity conditions, the Bootstrap approximations generated by both variants automatically adjust for the
effects of the bias and are second order correct. This is an important finding as centered and scaled LASSO
estimators under variable selection consistency fail to have a non-degenerate limit distribution and the Bootstrap
approximations provide a viable way of constructing valid confidence intervals. Building on these second order
results, we next consider construction of two-sided symmetric Bootstrap confidence intervals and show that with
suitable choices of the studentized pivotal quantities, Bootstrap based two-sided symmetric confidence intervals
attain a level of accuracy 0(n~2) where n is the sample size. Thus, even with penalization and with diverging
model parameter dimension, the performance of the Bootstrap here remains comparable to its finite dimensional
counterpart in the traditional Smooth Function model (cf. Hall (The Bootstrap and Edgeworth Expansion (1992)
Springer-Verlag)). We also establish similar results for the heteroscedastic case for the Perturbation Bootstrap and
report results from a moderate simulation study in support of the theoretical findings.

Keywords: Bootstrap; confidence interval; Edgeworth expansion; LASSO; second order correct; variable selection
consistency

References

Belloni, A. and Chernozhukov, V. (2013). Least squares after model selection in high-dimensional sparse models.
Bernoulli 19 521-547. MR3037163 https://doi.org/10.3150/11-BEJ410

Bhattacharya, R.N. and Ghosh, J.K. (1978). On the validity of the formal Edgeworth expansion. Ann. Statist. 6
434-451. MR0471142

Camponovo, L. (2015). On the validity of the pairs bootstrap for lasso estimators. Biometrika 102 981-987.
MR3431568 https://doi.org/10.1093/biomet/asv039

Chatterjee, A. and Lahiri, S.N. (2010). Asymptotic properties of the residual bootstrap for Lasso estimators. Proc.
Amer. Math. Soc. 138 4497-4509. MR2680074 https://doi.org/10.1090/S0002-9939-2010-10474-4

Chatterjee, A. and Lahiri, S.N. (2011). Bootstrapping lasso estimators. J. Amer. Statist. Assoc. 106 608—625.
MR2847974 https://doi.org/10.1198/jasa.2011.tm10159

1350-7265 © 2026 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/26-BEJ1971
mailto:debrajdas@math.iitb.ac.in
mailto:cha@isid.ac.in
mailto:s.lahiri@wustl.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3037163
https://doi.org/10.3150/11-BEJ410
https://mathscinet.ams.org/mathscinet-getitem?mr=0471142
https://mathscinet.ams.org/mathscinet-getitem?mr=3431568
https://doi.org/10.1093/biomet/asv039
https://mathscinet.ams.org/mathscinet-getitem?mr=2680074
https://doi.org/10.1090/S0002-9939-2010-10474-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2847974
https://doi.org/10.1198/jasa.2011.tm10159

2866 D. Das, A. Chatterjee and S.N. Lahiri

Chatterjee, A. and Lahiri, S.N. (2013). Rates of convergence of the adaptive LASSO estimators to the oracle
distribution and higher order refinements by the bootstrap. Ann. Statist. 41 1232—-1259. MR3113809 https://doi.
org/10.1214/13-A0S1106

Choudhury, M. and Das, D. (2025). Does K-fold CV based penalty perform variable selection or does it lead to
nl/ 2-consistency in Lasso? arXiv preprint, arXiv:2507.12457.

Das, D., Chatterjee, A. and Lahiri, S.N. (2026). Supplement to “Bootstrapping LASSO estimators under vari-
able selection consistency in high dimensions and some higher order refinements.” https://doi.org/10.3150/26-
BEJ1971SUPP

Das, D., Gregory, K. and Lahiri, S.N. (2019). Perturbation bootstrap in Adaptive Lasso. Ann. Statist. 47 2080-2116.
MR3953445 https://doi.org/10.1214/18-A0S1741

Das, D. and Lahiri, S.N. (2019a). Distributional consistency of the lasso by perturbation bootstrap. Biometrika 106
957-964. MR4031208 https://doi.org/10.1093/biomet/asz029

Das, D. and Lahiri, S.N. (2019b). Second order correctness of perturbation bootstrap M-estimator of multiple linear
regression parameter. Bernoulli 25 654—682. MR3892332 https://doi.org/10.3150/17-bej1001

Dezeure, R., Bithlmann, P., Meier, L. and Meinshausen, N. (2015). High-dimensional inference: Confidence
intervals, p-values and R-software hdi. Statist. Sci. 30 533-558. MR3432840 https://doi.org/10.1214/15-STS527

Efron, B., Hastie, T., Johnstone, I. and Tibshirani, R. (2004). Least angle regression. Ann. Statist. 32 407-499.
With discussion, and a rejoinder by the authors. MR2060166

Fan, J. and Li, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle properties. J. Amer.
Statist. Assoc. 96 1348—1360. MR 1946581

Friedman, J.H., Hastie, T. and Tibshirani, R. (2010). Regularization paths for generalized linear models via
coordinate descent. J. Stat. Softw. 33 1-22. https://doi.org/10.18637/jss.v033.i01

Friedman, J., Hastie, T., Hofling, H. and Tibshirani, R. (2007). Pathwise coordinate optimization. Ann. Appl. Stat.
1 302-332. MR2415737 https://doi.org/10.1214/07-A0OAS131

Fu, W.J. (1998). Penalized regressions: The bridge versus the lasso. J. Comput. Graph. Statist. 7 397-416.
MR1646710 https://doi.org/10.2307/1390712

Hall, P. (1988). On symmetric bootstrap confidence intervals. J. Roy. Statist. Soc. Ser. B, Methodol. 50 35-45.
MR0954730

Hall, P. (1992). The Bootstrap and Edgeworth Expansion. Springer Series in Statistics. New York: Springer-Verlag.
MR1145237

Javanmard, A. and Montanari, A. (2014). Confidence intervals and hypothesis testing for high-dimensional regres-
sion. J. Mach. Learn. Res. 15 2869-2909.

Knight, K. and Fu, W. (2000). Asymptotics for lasso-type estimators. Ann. Statist. 28 1356-1378. MR1805787

Kuchibhotla, A.K. and Chakrabortty, A. (2022). Moving beyond sub-Gaussianity in high-dimensional statistics:
Applications in covariance estimation and linear regression. Inf. Inference iaac012. https://doi.org/10.1093/
imaiai/iaac012

Lahiri, S.N. (2021). Necessary and sufficient conditions for variable selection consistency of the LASSO in high
dimensions. Ann. Statist. 49 820-844. MR4255109 https://doi.org/10.1214/20-a0s1979

Lee, J.D., Sun, D.L., Sun, Y. and Taylor, J.E. (2016). Exact post-selection inference, with application to the lasso.
Ann. Statist. 44 907-927. MR3485948 https://doi.org/10.1214/15-A0S1371

Liu, R.Y. (1988). Bootstrap procedures under some non-i.i.d. models. Ann. Statist. 16 1696—1708. https://doi.org/
10.1214/a0s/1176351062 MR964947

Meinshausen, N. and Biithlmann, P. (2006). High-dimensional graphs and variable selection with the lasso. Ann.
Statist. 34 1436-1462. MR2278363

Minnier, J., Tian, L. and Cai, T. (2011). A perturbation method for inference on regularized regression estimates.
J. Amer. Statist. Assoc. 106 1371-1382. MR2896842 https://doi.org/10.1198/jasa.2011.tm10382

Osborne, M.R., Presnell, B. and Turlach, B.A. (2000). On the LASSO and its dual. J. Comput. Graph. Statist. 9
319-337. MR1822089

Taylor, J. and Tibshirani, R. (2018). Post-selection inference for {1 -penalized likelihood models. Canad. J. Statist.
46 41-61. MR3767165 https://doi.org/10.1002/cjs.11313

Tibshirani, R. (1996). Regression shrinkage and selection via the lasso. J. Roy. Statist. Soc. Ser. B, Methodol. 58
267-288. MR1379242


https://mathscinet.ams.org/mathscinet-getitem?mr=3113809
https://doi.org/10.1214/13-AOS1106
https://doi.org/10.1214/13-AOS1106
https://arxiv.org/abs/2507.12457
https://doi.org/10.3150/26-BEJ1971SUPP
https://doi.org/10.3150/26-BEJ1971SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3953445
https://doi.org/10.1214/18-AOS1741
https://mathscinet.ams.org/mathscinet-getitem?mr=4031208
https://doi.org/10.1093/biomet/asz029
https://mathscinet.ams.org/mathscinet-getitem?mr=3892332
https://doi.org/10.3150/17-bej1001
https://mathscinet.ams.org/mathscinet-getitem?mr=3432840
https://doi.org/10.1214/15-STS527
https://mathscinet.ams.org/mathscinet-getitem?mr=2060166
https://mathscinet.ams.org/mathscinet-getitem?mr=1946581
https://doi.org/10.18637/jss.v033.i01
https://mathscinet.ams.org/mathscinet-getitem?mr=2415737
https://doi.org/10.1214/07-AOAS131
https://mathscinet.ams.org/mathscinet-getitem?mr=1646710
https://doi.org/10.2307/1390712
https://mathscinet.ams.org/mathscinet-getitem?mr=0954730
https://mathscinet.ams.org/mathscinet-getitem?mr=1145237
https://mathscinet.ams.org/mathscinet-getitem?mr=1805787
https://doi.org/10.1093/imaiai/iaac012
https://doi.org/10.1093/imaiai/iaac012
https://mathscinet.ams.org/mathscinet-getitem?mr=4255109
https://doi.org/10.1214/20-aos1979
https://mathscinet.ams.org/mathscinet-getitem?mr=3485948
https://doi.org/10.1214/15-AOS1371
https://doi.org/10.1214/aos/1176351062 MR964947
https://doi.org/10.1214/aos/1176351062 MR964947
https://mathscinet.ams.org/mathscinet-getitem?mr=2278363
https://mathscinet.ams.org/mathscinet-getitem?mr=2896842
https://doi.org/10.1198/jasa.2011.tm10382
https://mathscinet.ams.org/mathscinet-getitem?mr=1822089
https://mathscinet.ams.org/mathscinet-getitem?mr=3767165
https://doi.org/10.1002/cjs.11313
https://mathscinet.ams.org/mathscinet-getitem?mr=1379242

Higher order refinements of the Bootstrap for LASSO 2867

Tibshirani, R.J. (2013). The lasso problem and uniqueness. Electron. J. Stat. 7 1456—1490. MR3066375 https://
doi.org/10.1214/13-EJS815

van de Geer, S., Bithlmann, P., Ritov, Y. and Dezeure, R. (2014). On asymptotically optimal confidence regions
and tests for high-dimensional models. Ann. Statist. 42 1166—1202. https://doi.org/10.1214/14-A0S1221

Vladimirova, M., Girard, S., Nguyen, H. and Arbel, J. (2020). Sub-Weibull distributions: Generalizing sub-Gaussian
and sub-exponential properties to heavier tailed distributions. Stat 9 e318. https://doi.org/10.1002/sta4.318

Wagener, J. and Dette, H. (2013). The adaptive Lasso in high-dimensional sparse heteroscedastic models. Math.
Methods Statist. 22 137-154. MR3071959 https://doi.org/10.3103/S106653071302004X

Wainwright, M.J. (2009). Sharp thresholds for high-dimensional and noisy sparsity recovery using £ -constrained
quadratic programming (Lasso). IEEE Trans. Inf. Theory 55 2183-2202. MR2729873 https://doi.org/10.1109/
TIT.2009.2016018

Wu, C.FJ. (1986). Jackknife, bootstrap and other resampling methods in regression analysis. Ann. Statist. 14
1261-1295. https://doi.org/10.1214/a0s/1176350142

Zhang, C.-H. (2010). Nearly unbiased variable selection under minimax concave penalty. Ann. Statist. 38 894-942.
MR2604701 https://doi.org/10.1214/09-A0S729

Zhang, C.-H. and Zhang, S.S. (2014). Confidence intervals for low dimensional parameters in high dimensional
linear models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 76 217-242. MR3153940 https://doi.org/10.1111/rssb.
12026

Zhao, P. and Yu, B. (2006). On model selection consistency of Lasso. J. Mach. Learn. Res. 7 2541-2563.
MR2274449

Zou, H. (2006). The Adaptive Lasso and its oracle properties. J. Amer. Statist. Assoc. 101 1418-1429. MR2279469

Zou, H. and Li, R. (2008). One-step sparse estimates in nonconcave penalized likelihood models. Ann. Statist. 36
1509-1533. MR2435443 https://doi.org/10.1214/009053607000000802


https://mathscinet.ams.org/mathscinet-getitem?mr=3066375
https://doi.org/10.1214/13-EJS815
https://doi.org/10.1214/13-EJS815
https://doi.org/10.1214/14-AOS1221
https://doi.org/10.1002/sta4.318
https://mathscinet.ams.org/mathscinet-getitem?mr=3071959
https://doi.org/10.3103/S106653071302004X
https://mathscinet.ams.org/mathscinet-getitem?mr=2729873
https://doi.org/10.1109/TIT.2009.2016018
https://doi.org/10.1109/TIT.2009.2016018
https://doi.org/10.1214/aos/1176350142
https://mathscinet.ams.org/mathscinet-getitem?mr=2604701
https://doi.org/10.1214/09-AOS729
https://mathscinet.ams.org/mathscinet-getitem?mr=3153940
https://doi.org/10.1111/rssb.12026
https://doi.org/10.1111/rssb.12026
https://mathscinet.ams.org/mathscinet-getitem?mr=2274449
https://mathscinet.ams.org/mathscinet-getitem?mr=2279469
https://mathscinet.ams.org/mathscinet-getitem?mr=2435443
https://doi.org/10.1214/009053607000000802

Bernoulli 32(4), 2026, 2894-2915
https://doi.org/10.3150/26-BEJ1972

Voter model stability with respect to
conservative noises

GIDEON AMIR!? OMER ANGEL%?", RANGEL BALDASSO%9 and
DANIEL DE LA RIVAZ2e¢

LBar Ilan University, Ramat Gan, Israel, ®gideon.amir@biu.ac.il
2University of British Columbia, Vancouver, Canada, bangel@math. ubc.ca, Cdelariva@math.ubc.ca
3Pontiﬁ’cia Universidade Catdlica do Rio de Janeiro, Rio de Janeiro, Brazil, drangel@puc—rio.br

The notions of noise sensitivity and stability were recently extended for the voter model. In this model, the vertices
of a graph have opinions that are updated by uniformly selecting edges. We further extend stability results to
different classes of perturbations. We consider two different types of noise: in the first one, an exclusion process
is performed on the edge selections, while in the second, independent Brownian motions are applied to such a
sequence. In both cases, we prove stability of the consensus opinion provided the noise is run for a short amount of
time, depending on the underlying graph structure. This is done by analyzing the expected size of the pivotal set,
whose definition differs from the usual one in order to reflect the change associated with these noises.

Keywords: Brownian motion; interchange process; noise sensitivity; voter model
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In this paper, we propose and study construction of confidence bands for shape-constrained regression func-
tions when the predictor is multivariate. In particular, we consider the continuous multidimensional white noise
model given by dY(t) = nl/zf(t) dt + dW(t), where Y is the observed stochastic process on [0, N4 @d=1n,w
is the standard Brownian sheet on [0, l]d , and f is the unknown function of interest assumed to belong to a
(shape-constrained) function class, e.g., coordinate-wise monotone functions or convex functions. The constructed
confidence bands are based on local kernel averaging with bandwidth chosen automatically via a multivariate mul-
tiscale statistic. The confidence bands have guaranteed coverage for every n and for every member of the underlying
function class. Under monotonicity/convexity constraints on f, the proposed confidence bands automatically adapt
(in terms of width) to the global and local (Holder) smoothness and intrinsic dimensionality of the unknown f;
the bands are also shown to be optimal in a certain sense. These bands have (almost) parametric (n_l/ 2) widths
when the underlying function has “low-complexity” (e.g., piecewise constant/affine). We also develop an optimal
testing methodology for checking if the underlying regression function is actually coordinate-wise monotone.

Keywords: Automatic adaptation; continuous multidimensional white-noise model; coordinate-wise
nondecreasing function; Holder smoothness; minimax optimal; multivariate convex function
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In real-world applications, data are often error-contaminated; naively applying conventional methods without ac-
commodating the measurement error effects often yields inconsistent estimates. Biased results can be further
exacerbated by the ultrahigh-dimensionality of covariates. Focusing on the widely used function-on-scalar linear
regression model, this article develops new methods for simultaneous parameter estimation and variable selection
with error-prone covariates that can be ultrahigh-dimensional. The proposed framework provides flexibility to
handle different types of measurement error models. We rigorously establish asymptotic properties of the proposed
estimators under mild conditions. Notably, the convergence rates and limiting distributions of the proposed esti-
mators depend on the nature of measurement error. Our findings highlight the significant differences of settings
with ultrahigh dimensions compared to scenarios with finite dimensions, as well as the drastically different influ-
ence of different measurement error processes. For efficient computation, we design algorithms with data-driven
tuning. We evaluate the finite sample performance of the proposed method through simulation studies and a real
data application, demonstrating its effectiveness in addressing the challenges posed by error-contaminated and
ultrahigh-dimensional of covariates.

Keywords: Bias; convergence rate; functional data analysis; function-on-scalar regression; measurement error;
ultrahigh dimension; variable selection

References

[1] Barber, R.F., Reimherr, M. and Schill, T. (2017). The function-on-scalar LASSO with applications to longi-
tudinal GWAS. Electron. J. Stat. 11 1351-1389.

[2] Berkson, J. (1950). Are there two regressions? J. Amer. Statist. Assoc. 45 164—180.

[3] Breheny, P. and Huang, J. (2015). Group descent algorithms for nonconvex penalized linear and logistic
regression models with grouped predictors. Stat. Comput. 25 173-187.

[4] Biithlmann, P. and van de Geer, S. (2011). Statistics for High-Dimensional Data: Methods, Theory and
Applications. Berlin: Springer Science & Business Media.

[5] Cai, X., Xue, L. and Cao, J. (2022). Robust estimation and variable selection for function-on-scalar regression.
Canad. J. Statist. 50 162—-179.

[6] Cai, T.T. and Yuan, M. (2011). Optimal estimation of the mean function based on discretely sampled functional
data: Phase transition. Ann. Statist. 39 2330-2355.

[7] Cai, T.T., Zhang, C.-H. and Zhou, H.H. (2010). Optimal rates of convergence for covariance matrix estimation.
Ann. Statist. 38 2118-2144.

[8] Carroll, R.J., Ruppert, D., Stefanski, L.A. and Crainiceanu, C.M. (2006). Measurement Error in Nonlinear
Models: A Modern Perspective, 2nd ed. ed. New York: Chapman and Hall/CRC.

1350-7265 © 2026 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/26-BEJ1974
https://orcid.org/0000-0002-0081-873X
mailto:ysun2343@uwo.ca
mailto:gyi5@uwo.ca

High dimensional functional models with measurement error 2945

(9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
(17]

(18]
(19]

(20]
(21]
(22]
(23]

[24]

[25]
[26]
(27]
(28]
[29]
(30]
(31]
(32]
(33]
(34]

(35]

Chen, Y., Goldsmith, J. and Ogden, R.T. (2016). Variable selection in function-on-scalar regression. Stat 5
88-101.

Chiang, C.-T., Rice, J.A. and Wu, C.O. (2001). Smoothing spline estimation for varying coefficient models
with repeatedly measured dependent variables. J. Amer. Statist. Assoc. 96 605-619.

Datta, A. and Zou, H. (2017). Cocolasso for high-dimensional error-in-variables regression. Ann. Statist. 45
2400-2426.

De Boor, C. (2001). A Practical Guide to Splines, 1st, revised ed. ed. New York: Springer.

Fan, J. and Li, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle properties. J.
Amer. Statist. Assoc. 96 1348—1360.

Fan, J. and Lv, J. (2010). A selective overview of variable selection in high dimensional feature space. Statist.
Sinica 20 101-148.

Fan, J. and Peng, H. (2004). Nonconcave penalized likelihood with a diverging number of parameters. Ann.
Statist. 32 928-961.

Fan, Z. and Reimherr, M. (2017). High-dimensional adaptive function-on-scalar regression. Econom. Stat. 1
167-183.

Fan, J., Xue, L. and Zou, H. (2016). Multitask quantile regression under the transnormal model. J. Amer.
Statist. Assoc. 111 1726-1735.

Horvath, L. and Kokoszka, P. (2012). Inference for Functional Data with Applications. New York: Springer.
Kim, Y., Choi, H. and Oh, H.-S. (2008). Smoothly clipped absolute deviation on high dimensions. J. Amer.
Statist. Assoc. 103 1665-1673.

Kong, D., Xue, K., Yao, F. and Zhang, H.H. (2016). Partially functional linear regression in high dimensions.
Biometrika 103 147-159.

Kiichenhoff, H., Bender, R. and Langner, 1. (2007). Effect of Berkson measurement error on parameter
estimates in Cox regression models. Lifetime Data Anal. 13 261-272.

Li, X., Wang, L., Wang, H.J. and Initiative, A.D.N. (2021). Sparse learning and structure identification for
ultrahigh-dimensional image-on-scalar regression. J. Amer. Statist. Assoc. 116 1994-2008.

Loh, P.-L. and Wainwright, M.J. (2011). High-dimensional regression with noisy and missing data: Provable
guarantees with non-convexity. In Adv. Neural. Inf. Process. Syst 24.

Masiuk, S., Shklyar, S., Kukush, A., Carroll, R., Kovgan, L. and Likhtarov, I. (2016). Estimation of radiation
risk in presence of classical additive and Berkson multiplicative errors in exposure doses. Biostatistics 17
422-436.

Meng, S., Huang, Z., Zhang, J. and Jiang, Z. (2021). Estimation on functional partially linear single index
measurement error model. Comm. Statist. Theory Methods 52 1-23.

Parodi, A. and Reimherr, M. (2018). Simultaneous variable selection and smoothing for high-dimensional
function-on-scalar regression. Electron. J. Stat. 12 4602-4639.

Phillips, G.M. and Taylor, P.J. (1996). Theory and Applications of Numerical Analysis, 2nd ed. ed. London:
Elsevier.

Ramsay, J.O. and Silverman, B.W. (2005). Functional Data Analysis, 2nd ed. ed. New York: Springer.

Sun, Y. and Yi, G.Y. (2026a). Supplement to “Debiased estimation and variable selection under function-on-
scalar linear regression models with ultrahigh-dimensional covariates subject to measurement error.” https://
doi.org/10.3150/26-BEJ1974SUPP

Sun, Y. and Yi, G.Y. (2026b). Estimation and variable selection under the function-on-scalar linear model
with covariate measurement error. Statist. Sinica 36 525-543.

Tibshirani, R. (1996). Regression shrinkage and selection via the lasso. J. R. Stat. Soc. Ser. B. Stat. Methodol.
58 267-288.

Van de Geer, S., Bithlmann, P., Ritov, Y. and Dezeure, R. (2014). On asymptotically optimal confidence
regions and tests for high-dimensional models. Ann. Statist. 42 1166-1202.

Vershynin, R. (2018). High-Dimensional Probability: An Introduction with Applications in Data Science.
Cambridge: Cambridge University Press.

Wainwright, M.J. (2019). High-Dimensional Statistics: A Non-asymptotic Viewpoint. Cambridge: Cambridge
University Press.

Wang, L., Chen, G. and Li, H. (2007). Group SCAD regression analysis for microarray time course gene
expression data. Bioinformatics 23 1486—1494.


https://doi.org/10.3150/26-BEJ1974SUPP
https://doi.org/10.3150/26-BEJ1974SUPP

2946 Y. Sun and G.Y. Yi

(36]
(37]
(38]
(39]
[40]

[41]
[42]

[43]
[44]

[45]
[46]
[47]

(48]

Wang, L., Kim, Y. and Li, R. (2013). Calibrating non-convex penalized regression in ultra-high dimension.
Ann. Statist. 41 2505-2536.

Xiao, L. (2019). Asymptotic theory of penalized splines. Electron. J. Stat. 13 747-794.

Xiao, L. (2020). Asymptotic properties of penalized splines for functional data. Bernoulli 26 2847-2875.
Yi, G.Y. (2017). Statistical Analysis with Measurement Error or Misclassification: Strategy, Method and
Application. New York: Springer.

Yi, G.Y., Delaigle, A. and Gustafson, P. (2021). Handbook of Measurement Error Models. New York:
Chapman and Hall/CRC.

Yueh, W.-C. (2005). Eigenvalues of several tridiagonal matrices. Appl. Math. E-Notes 5 66-74.

Zhang, C.-H. (2010). Nearly unbiased variable selection under minimax concave penalty. Ann. Statist. 38
894-942.

Zhang, J.-T. and Chen, J. (2007). Statistical inferences for functional data. Ann. Statist. 35 1052—-1079.
Zhao, M., Gao, Y. and Cui, Y. (2022). Variable selection for longitudinal varying coefficient errors-in-variables
models. Comm. Statist. Theory Methods 51 3713-3738.

Zhou, S., Shen, X. and Wolfe, D.A. (1998). Local asymptotics for regression splines and confidence regions.
Ann. Statist. 26 1760-1782.

Zhu, H., Li, R. and Kong, L. (2012). Multivariate varying coefficient model for functional responses. Ann.
Statist. 40 2634-2666.

Zhu, H., Zhang, R. and Zhu, G. (2020). Estimation and inference in semi-functional partially linear measure-
ment error models. J. Syst. Sci. Complex. 33 1179-1199.

Zhu, H., Zhang, R., Yu, Z., Lian, H. and Liu, Y. (2019). Estimation and testing for partially functional linear
errors-in-variables models. J. Multivariate Anal. 170 296-314.



Bernoulli 32(4), 2026, 2969-2998
https://doi.org/10.3150/26-BEJ1975

Large deviations for Independent Metropolis
Hastings and Metropolis-adjusted Langevin
algorithm

FEDERICA MILINANNI!® and PIERRE NYQUIST?2b

Unstitute for Computational and Experimental Research in Mathematics (ICERM), Brown University,
Providence, RI 02903, USA, %federica_milinanni@brown.edu

2Department of Mathematical Sciences, Chalmers University of Technology and University of Gothenburg, 412
96 Gothenburg, Sweden, bpnyquist@chalmers.se

In this paper, we prove large deviation principles for the empirical measures associated with the Independent
Metropolis Hastings (IMH) sampler and the Metropolis-adjusted Langevin Algorithm (MALA). These are the first
large deviation results for empirical measures of Markov chains arising from specific Metropolis-Hastings methods
on a continuous state space. Moreover, we show that the existing large deviation framework, that we developed in a
previous work (Milinanni and Nyquist, 2024) does not cover the Random Walk Metropolis sampler, even in cases
when the underlying Markov chain is geometrically ergodic.

Keywords: Empirical measure; Large deviations; Lyapunov function; Markov chain Monte Carlo;
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We study the joint spectral properties of two coupled random matrices H (1) and H®), which are either real
symmetric or complex Hermitian. The entries of these matrices exhibit polynomially decaying correlations, both
within each matrix and between them. Surprisingly, we find that under extremely weak decorrelation condition,
permitting H (1) and H® to be almost fully correlated, the fluctuations of their individual eigenvalues in the bulk
of the spectrum are still asymptotically independent. Furthermore, we demonstrate that this decorrelation condition
is optimal.

Keywords: Correlated random matrix; eigenvalue perturbation theory; local law; Wigner-type matrix

References

Ajanki, O., ErdSs, L. and Kriiger, T. (2015). Universality for general Wigner-type matrices. Probab. Theory Related
Fields 169 667-727.

Ajanki, O.H., Erd&s, L. and Kriiger, T. (2016). Local spectral statistics of Gaussian matrices with correlated entries.
J. Stat. Phys. 163 280-302.

Alt, J., Erdés, L. and Kriiger, T. (2020). The Dyson equation with linear self-energy: Spectral bands, edges and
cusps. Doc. Math. 25 1421-1539.

Bao, Z., Cipolloni, G., Erdds, L., Henheik, J. and Kolupaiev, O. (2025a). Decorrelation transition in the Wigner
minor process. Probab. Theory Related Fields 1-52. https://doi.org/10.1007/s00440-025-01422-4

Bao, Z., Cipolloni, G., Erdés, L., Henheik, J. and Kolupaiev, O. (2025b). Law of fractional logarithm for random
matrices. Preprint. Available at arXiv:2503.18922.

Biane, P. (1997). On the free convolution with a semi-circular distribution. Indiana Univ. Math. J. 46 705-718.

Bourgade, P. and Falconet, H. (2022). Liouville quantum gravity from random matrix dynamics. Preprint. Available
at arXiv:2206.03029.

Cipolloni, G. and Erdés, L. (2020). Fluctuations for differences of linear eigenvalue statistics for sample covariance
matrices. Random Matrices Theory Appl. 9.

Cipolloni, G., Erd6s, L. and Schroder, D. (2023). Central limit theorem for linear eigenvalue statistics of non-
Hermitian random matrices. Comm. Pure Appl. Math. 76 899-1136.

Cipolloni, G., Erd6s, L. and Schroder, D. (2024). Mesoscopic central limit theorem for non-Hermitian random
matrices. Probab. Theory Related Fields 188 1131-1182. MR4716346 https://doi.org/10.1007/s00440-023-
01229-1

Cipolloni, G., Erd&s, L., Henheik, J. and Kolupaiev, O. (2024). Eigenvector decorrelation for random matrices.
Available at arXiv:2410.10718.

Erd6s, L. (2019). The Matrix Dyson Equation and Its Applications for Random Matrices. IAS/Park City Mathe-
matics Series 26 75-158.

Erdés, L., Henheik, J. and Riabov, V. (2025). Cusp universality for correlated random matrices. Comm. Math. Phys.
406.

Erd&s, L., Kriiger, T. and Schroder, D. (2019). Random matrices with slow correlation decay. Forum Math. Sigma
7.

1350-7265 © 2026 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/26-BEJ1976
mailto:Oleksii.Kolupaiev@ist.ac.at
https://doi.org/10.1007/s00440-025-01422-4
https://arxiv.org/abs/2503.18922
https://arxiv.org/abs/2206.03029
https://mathscinet.ams.org/mathscinet-getitem?mr=4716346
https://doi.org/10.1007/s00440-023-01229-1
https://doi.org/10.1007/s00440-023-01229-1
https://arxiv.org/abs/2410.10718

3000 O. Kolupaiev

Erdés, L. and Yau, H.T. (2017). A Dynamical Approach to Random Matrix Theory 28. American Mathematical
Soc.

ErdéSs, L., Knowles, A., Yau, H.T. and Yin, J. (2013). The local semicircle law for a general class of random
matrices. Electron. J. Probab. 18 1-58.

Eynard, B. (1997). Eigenvalue distribution of large random matrices, from one matrix to several coupled matrices.
Nuclear Phys. B 506 633-664.

Eynard, B. (1998). Correlation functions of eigenvalues of multi-matrix models, and the limit of a time-dependent
matrix. J. Phys. A: Math. Gen. 31 8081-8102.

Figalli, A. and Guionnet, A. (2016). Universality in several-matrix models via approximate transport maps. Acta
Math. 217 81-176.

Filev, V.G. and O’Connor, D. (2013). Multi-matrix models at general coupling. J. Phys. A: Math. Theor. 46.

Forrester, P.J. and Nagao, T. (2011). Determinantal correlations for classical projection processes. J. Stat. Mech.
Theory Exp. 2011 PO8011.

Gorin, V. and Shkolnikov, M. (2015). Multilevel Dyson Brownian motions via Jack polynomials. Probab. Theory
Related Fields 163 413-463. MR3418747 https://doi.org/10.1007/s00440-014-0596-2

Gorin, V. and Shkolnikov, M. (2017). Interacting particle systems at the edge of multilevel Dyson Brownian motions.
Adv. Math. 304 90-130. MR3558206 https://doi.org/10.1016/j.aim.2016.08.034

Jana, 1. and Rani, S. (2025). CLT for LES of correlated Non-Hermitian Random Matrices. Preprint. Available at
arXiv:2503.22542.

Landon, B., Sosoe, P. and Yau, H.-T. (2019). Fixed energy universality of Dyson Brownian motion. Adv. Math. 346
1137-1332.

Schnelli, K. and Xu, Y. (2023). Quantitative Tracy—Widom laws for the largest eigenvalue of generalized Wigner
matrices. Electron. J. Probab. 28 1-38.


https://mathscinet.ams.org/mathscinet-getitem?mr=3418747
https://doi.org/10.1007/s00440-014-0596-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3558206
https://doi.org/10.1016/j.aim.2016.08.034
https://arxiv.org/abs/2503.22542

Bernoulli 32(4), 2026, 3024-3041
https://doi.org/10.3150/26-BEJ1977

Central limit theorems for random boundary
polytopes

MATTHIAS REITZNER!2 and MATHIAS SONNLEITNER?ZP

L nstitute of Mathematics, University of Osnabriick, Osnabriick, Germany,
matthias.reitzner@uni-osnabrueck.de

2 Institute of Financial Mathematics and Applied Number Theory, Johannes Kepler University Linz, Linz, Austria,
bmathias.sonnleitner@jku.at

The number of faces of the convex hull of » independent and identically distributed random points chosen on the
boundary of a smooth convex body in R is investigated. In dimensions two and three the number of k-faces is
known to be constant almost surely and in dimension four and higher the variance is known to be non-zero if k > 1.
We show that it is of order n. This is complemented by a central limit theorem with a Berry-Esseen bound which
is of optimal order n~1/2. We derive similar results for the Poissonized model, where additionally the number of
random points is Poisson distributed. As a main tool, we develop a representation of the number of faces as a sum
of exponentially stabilizing score functions.

Keywords: Berry-Esseen bound; central limit theorem; random approximation; random polytope; stochastic
geometry; variance expansion
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We study the Finite-Dimensional Distributions (FDDs) of deep neural networks with randomly initialized weights
that have finite-order moments. Specifically, we establish Gaussian approximation bounds in the Wasserstein-1
norm between the FDDs and their Gaussian limit assuming a Lipschitz activation function and allowing the layer
widths to grow to infinity at arbitrary relative rates. In the special case where all widths are proportional to a
common scale parameter n and there are L — 1 hidden layers, we obtain convergence rates of order n-(/ 6)L71+€,
for any € > 0.
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This paper studies the asymptotics of resampling without replacement in the proportional regime where dimension
p and sample size n are of the same order. For a given dataset (X,y) € R"*P x R" and fixed subsample ratio
q €(0,1), the practitioner samples independently of (X,y) iid subsets I, ..., Ip; of {1,...,n} of size gn and trains
estimators l;(Il) Lb(Iy) on the correspondmg subsets of rows of (X, y) Understanding the performance of
the bagged estimate b = M~ ZM b(1,,), for instance its squared error, requires us to understand correlations

between two distinct b(1,,,) and b([ +) trained on different subsets I, and I,,,v. In robust linear regression and
logistic regression, we characterize the limit in probability of the correlation between two estimates trained on
different subsets of the data. The limit is characterized as the unique solution of a simple nonlinear equation. We
further provide data-driven estimators that are consistent for estimating this limit. These estimators of the limiting
correlation allow us to estimate the squared error of the bagged estimate b, and for instance perform parameter
tuning to choose the optimal subsample ratio g. As a by-product of the proof argument, we obtain the limiting
distribution of the bivariate pair (xfﬁ([m),xfﬁ(l m)) for observations i € I,; N I,,7, i.e., for observations used to
train both estimates.

Keywords: Bootstrap aggregating; high dimensional asymptotics; proportional regime
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Transfer learning has become increasingly important in recent years as it enables models to quickly adapt to new
tasks, environments and data sets. It can improve the accuracy of machine learning models and reduce the training
time required for them. However, theoretical foundation of transfer learning algorithms is rather scarce, particularly
for time series models. In this work, we focus on high-dimensional vector autoregressive models and provide a
two-step procedure to conduct transfer learning utilizing auxiliary data sets followed by constructing confidence
intervals for model parameters in the high-dimensional regime. Further, a new method to select informative sets
from auxiliary sets is introduced. Finally, two debiasing techniques are developed to perform inference for model
parameters. Theoretical properties of all proposed algorithms are established under mild conditions which allow
for heavy-tailed distributions and dependence among auxiliary and target data sets. Given certain level of similarity
between the informative models and the target model, it is shown that the proposed algorithm achieves the minimax
rate. Lastly, the empirical performance of proposed methods is tested through analyzing both simulated data as
well as an EEG data set.

Keywords: High-dimensional data; inference; temporal dependence; transfer learning; vector autoregressive model
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We analyze common types of e-variables and e-processes for composite exponential family nulls: the optimal
e-variable based on the reverse information projection (RIPr), a conditional (COND) e-variable, and the universal
inference (UI) and sequentialized RIPr e-processes. Whereas earlier derivations of the RIPr e-variable, for para-
metric and nonparametric nulls alike, were restricted to cases in which it reduces to a simple-vs.-simple likelihood,
we manage to derive it also in ‘anti-simple’ cases in which it cannot be so reduced. We characterize the RIPr
for simple and Bayes-mixture based alternatives, either precisely (for Gaussian nulls and alternatives) or in an
approximate sense (general exponential family nulls). We also provide conditions under which the RIPr e-variable
is (again exactly vs. asymptotically) equal to the COND e-variable, and we determine, up to o(1), the e-power of
the four e-statistics as a function of sample size. For d-dimensional null and alternative, the e-power of Ul tends to
be smaller by a term of (d/2) logn + O(1) than that of the COND e-variable, which is the clear winner.

Keywords: Exponential family; e-value; growth rate; hypothesis testing
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The Glauber dynamics for the classical 2-spin Curie-Weiss model on N nodes with inverse temperature 8 and zero
external field is known to mix in time ®(N log N) for 8 < %, in time ®(N3/2) at B = % and in time exp(Q(N))
for g > % In this paper, we consider the p-spin generalization of the Curie-Weiss model with an external field
h, and identify three disjoint regions partitioning the parameter space, with the corresponding Glauber dynamics
exhibiting three different orders of mixing times in these regions. The construction of these disjoint regions depends
on the number of local maximizers of a certain negative free-energy function Hg j, ,, and the behavior of the
second derivative of Hg j, ;, at such a local maximizer. Specifically, we show that if Hg ; ;, has a unique local
maximizer ms with H/’g’ h,p(m*) < 0 and no other stationary point, then the Glauber dynamics mixes in time
O(Nlog N); if Hg,p,,;, has multiple local maximizers, then the mixing time is exp(Q(N)); and if Hg p,,, has
a unique local maximizer m, with Hg h’p(m*) =0, then the mixing time is O(N3/2). We provide an explicit
description of the geometry of these three different phases within the parameter space. Finally, we show that if
Hg p, p has multiple local maximizers (metastable states), then one can create a restricted version of the original
Glauber dynamics, which still mixes in time ® (N log N).

Keywords: Curie-Weiss; Glauber dynamics; metastability; mixing time; phase transition
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Asymptotic analysis of the finite predictor for
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This paper proposes a new approach to the asymptotic analysis of the finite predictor for stationary sequences. Our
method yields the exact asymptotics of both the relative prediction error and the partial correlation coefficients.
The underlying assumptions are analytic in nature, making the approach applicable to processes with long-range
dependence. The ARMA-type process driven by fractional Gaussian noise (fGn), which had previously remained
elusive, is used as a case study.
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We deal with a class of semilinear SPDEs driven by space—time white noise that includes the one dimensional
stochastic Burgers equation. Such equations can have nonlocal and quadratic nonlinearities. We consider the
problem of estimation of the diffusivity parameter in front of the second-order spatial derivative. Based on local
observations in space, we study the estimator derived in (Ann. Appl. Probab. 31 (2021) 1-38) for linear stochastic
heat equation that has also been used in (Bernoulli 29 (2023) 2035-2061) to cover certain class of semilinear
SPDEs including stochastic Burgers equations driven by trace class noise. The space-time white noise case we
consider has also relevant physical motivations. After we establish new regularity results for the solution, we are
able to show that our proposed estimator is strongly consistent and asymptotically normal.

Keywords: Augmented MLE; central limit theorem; diffusivity estimation; generalized stochastic Burgers
equation; local measurements; space-time white noise
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Bicausal optimal transport for SDEs with
irregular coefficients
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We solve constrained optimal transport problems in which the marginal laws are given by the laws of solutions
of stochastic differential equations (SDEs). We consider SDEs with irregular coefficients, making only minimal
regularity assumptions. We show that the so-called synchronous coupling is optimal among bicausal couplings, that
is couplings that respect the flow of information encoded in the stochastic processes. Our results provide a method
to numerically compute the adapted Wasserstein distance between laws of SDEs with irregular coefficients. We
show that this can be applied to quantifying model uncertainty in stochastic optimisation problems. Moreover, we
introduce a transformation-based semi-implicit numerical scheme and establish the first strong convergence result
for SDEs with exponentially growing and discontinuous drift.

Keywords: Adapted Wasserstein distance; bicausal couplings; numerical methods for stochastic differential
equations; optimal transport

References

[1] Acciaio, B., Backhoff-Veraguas, J. and Zalashko, A. (2020). Causal optimal transport and its links to en-
largement of filtrations and continuous-time stochastic optimization. Stoch. Process. Appl. 130 2918-2953.
MR4080734 https://doi.org/10.1016/j.spa.2019.08.009

[2] Aldous, D.J. (1981). Weak Convergence and General Theory of Processes. Unpublished monograph. Depart-
ment of Statistics, University of California. Berkeley.

[3] Ambrosio, L., Gigli, N. and Savaré, G. (2008). Gradient Flows in Metric Spaces and in the Space of Probability
Measures, second ed. Lectures in Mathematics ETH Ziirich. Basel: Birkhduser Verlag. MR2401600 https://
doi.org/10.1007/978-3-7643-8722-8

[4] Analui, B. and Pflug, G.C. (2014). On distributionally robust multiperiod stochastic optimization. Comput.
Manag. Sci. 11 197-220. MR3232022 https://doi.org/10.1007/s10287-014-0213-y

[5] Backhoff-Veraguas, J., Kéllblad, S. and Robinson, B.A. (2025). Adapted Wasserstein distance between the
laws of SDEs. Stoch. Process. Appl. 189 104689. MR4916099 https://doi.org/10.1016/j.spa.2025.104689

[6] Backhoff-Veraguas, J., Beiglbock, M., Lin, Y. and Zalashko, A. (2017). Causal transport in discrete time and
applications. SIAM J. Optim. 27 2528-2562. MR3738324 https://doi.org/10.1137/16M 1080197

[7] Backhoff-Veraguas, J., Bartl, D., Beiglbock, M. and Eder, M. (2020a). Adapted Wasserstein distances and
stability in mathematical finance. Finance Stoch. 24 601-632. MR4118990 https://doi.org/10.1007/s00780-
020-00426-3

[8] Backhoff-Veraguas, J., Bartl, D., Beiglbock, M. and Eder, M. (2020b). All adapted topologies are equal.
Probab. Theory Related Fields 178 1125-1172. MR4168395 https://doi.org/10.1007/s00440-020-00993-8

[9] Bartl, D. and Wiesel, J. (2023). Sensitivity of multiperiod optimization problems with respect to the
adapted Wasserstein distance. SIAM J. Financial Math. 14 704-720. MR4599319 https://doi.org/10.1137/
22M1537746

[10] Becker, S., Cheridito, P., Jentzen, A. and Welti, T. (2021). Solving high-dimensional optimal stopping
problems using deep learning. European J. Appl. Math. 32 470-514. MR4253974 https://doi.org/10.1017/
S0956792521000073

1350-7265 © 2026 ISI/BS


https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/26-BEJ1985
https://orcid.org/0000-0003-2987-2251
https://orcid.org/0000-0002-4669-4875
mailto:michaela.hitz@aau.at
mailto:benjamin.robinson@aau.at
https://mathscinet.ams.org/mathscinet-getitem?mr=4080734
https://doi.org/10.1016/j.spa.2019.08.009
https://mathscinet.ams.org/mathscinet-getitem?mr=2401600
https://doi.org/10.1007/978-3-7643-8722-8
https://doi.org/10.1007/978-3-7643-8722-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3232022
https://doi.org/10.1007/s10287-014-0213-y
https://mathscinet.ams.org/mathscinet-getitem?mr=4916099
https://doi.org/10.1016/j.spa.2025.104689
https://mathscinet.ams.org/mathscinet-getitem?mr=3738324
https://doi.org/10.1137/16M1080197
https://mathscinet.ams.org/mathscinet-getitem?mr=4118990
https://doi.org/10.1007/s00780-020-00426-3
https://doi.org/10.1007/s00780-020-00426-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4168395
https://doi.org/10.1007/s00440-020-00993-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4599319
https://doi.org/10.1137/22M1537746
https://doi.org/10.1137/22M1537746
https://mathscinet.ams.org/mathscinet-getitem?mr=4253974
https://doi.org/10.1017/S0956792521000073
https://doi.org/10.1017/S0956792521000073

Bicausal optimal transport for SDEs with irregular coefficients 3223

(11]
[12]
[13]
[14]
[15]

[16]

[17]
(18]
[19]
(20]
(21]
[22]

(23]

(24]
(25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

Bion-Nadal, J. and Talay, D. (2019). On a Wasserstein-type distance between solutions to stochastic differential
equations. Ann. Appl. Probab. 29 1609-1639. MR3914552 https://doi.org/10.1214/18-AAP1423

Block, H.W., Griffith, W.S. and Savits, T.H. (1989). L-Superadditive structure functions. Adv. Appl. Probab.
21 919-929. MR1039635 https://doi.org/10.2307/1427774

Bonnier, P, Liu, C. and Oberhauser, H. (2023). Adapted topologies and higher rank signatures. Ann. Appl.
Probab. 33 2136-2175. MR4583667 https://doi.org/10.1214/22-aap1862

Brenier, Y. (1991). Polar factorization and monotone rearrangement of vector-valued functions. Comm. Pure
Appl. Math. 44 375-417. MR1100809 https://doi.org/10.1002/cpa.3160440402

Cheridito, P. and Eckstein, S. (2025). Optimal transport and Wasserstein distances for causal models. Bernoulli
31 1351-1376. MR4863079 https://doi.org/10.3150/24-bej1773

Cuturi, M. (2013). Sinkhorn distances: Lightspeed computation of optimal transport. In Advances in Neural
Information Processing Systems (C.J. Burges, L. Bottou, M. Welling, Z. Ghahramani and K.Q. Weinberger,
eds.) 26 2292-2300.

Daley, D.J. (1968). Stochastically monotone Markov chains. Z. Wahrsch. Verw. Gebiete 10 305-317.
MR242270 https://doi.org/10.1007/BF00531852

Dareiotis, K. and Gerencsér, M. (2020). On the regularisation of the noise for the Euler-Maruyama scheme
with irregular drift. Electron. J. Probab. 25 1-18. MR4125787 https://doi.org/10.1214/20-ejp479

Dareiotis, K., Gerencsér, M. and Lg, K. (2023). Quantifying a convergence theorem of Gyongy and Krylov.
Ann. Appl. Probab. 33 2291-2323. MR4583671 https://doi.org/10.1214/22-aap1867

Davie, A.M. (2022). Approximation of SDE solutions using local asymptotic expansions. Stoch. Partial
Differ. Equ. Anal. Comput. 10 720-734. MR4491501 https://doi.org/10.1007/s40072-021-00232-8
Eckstein, S. and Pammer, G. (2024). Computational methods for adapted optimal transport. Ann. Appl.
Probab. 34 675-713. MR4696288 https://doi.org/10.1214/23-aap1975

Gerencsér, M., Lampl, G. and Ling, C. (2025). The Milstein scheme for singular SDEs with Holder continuous
drift. IMA J. Numer. Anal. 45 3077-3108. MR4966453 https://doi.org/10.1093/imanum/drae083

Giles, M. and Szpruch, L. (2013). Multilevel Monte Carlo methods for applications in finance. In Recent
Developments in Computational Finance. Interdiscip. Math. Sci. 14 3—47. Hackensack, NJ: World Sci. Publ.
MR3288633 https://doi.org/10.1142/9789814436434_0001

Gyongy, 1. (1998). A note on Euler’s approximations. Potential Anal. 8 205-216. MR1625576 https://doi.
org/10.1023/A:1008605221617

Gyongy, 1. and Krylov, N. (1996). Existence of strong solutions for Itd’s stochastic equations via approxima-
tions. Probab. Theory Related Fields 105 143-158. MR1392450 https://doi.org/10.1007/BF01203833
Gyongy, 1. and Résonyi, M. (2011). A note on Euler approximations for SDEs with Holder continuous
diffusion coefficients. Stoch. Process. Appl. 121 2189-2200. MR2822773 https://doi.org/10.1016/j.spa.2011.
06.008

Higham, D.J., Mao, X. and Stuart, A.M. (2002). Strong convergence of Euler-type methods for nonlinear
stochastic differential equations. SIAM J. Numer. Anal. 40 1041-1063. MR1949404 https://doi.org/10.1137/
S0036142901389530

Hitz, M. and Robinson, B.A. (2026). Supplement to “Bicausal optimal transport for SDEs with irregular
coefficients.” https://doi.org/10.3150/26-BEJ1985SUPP

Hu, Y. (1996). Semi-implicit Euler-Maruyama scheme for stiff stochastic equations. In Stochastic Analysis
and Related Topics, V (Silivri, 1994) (H. Korezlioglu, B. @ksendal and A.S. Ustiinel, eds.). Progr. Probab.
38 183-202. Boston, MA: Birkhéduser Boston. MR1396331 https://doi.org/10.1007/978-1-4612-2450-1_9
Hu, H. and Gan, S. (2022). Strong convergence of the tamed Euler scheme for scalar SDEs with superlin-
early growing and discontinuous drift coefficient. Available at arXiv:2206.00088. https://doi.org/10.48550/
arXiv2206.00088

Hutzenthaler, M. and Jentzen, A. (2015). Numerical approximations of stochastic differential equations with
non-globally Lipschitz continuous coefficients. Mem. Amer. Math. Soc. 236. MR3364862 https://doi.org/10.
1090/memo/1112

Hutzenthaler, M., Jentzen, A. and Kloeden, P.E. (2011). Strong and weak divergence in finite time of Euler’s
method for stochastic differential equations with non-globally Lipschitz continuous coefficients. Proc. R. Soc.
Lond. Ser. A Math. Phys. Eng. Sci. 467 1563-1576. MR2795791 https://doi.org/10.1098/rspa.2010.0348


https://mathscinet.ams.org/mathscinet-getitem?mr=3914552
https://doi.org/10.1214/18-AAP1423
https://mathscinet.ams.org/mathscinet-getitem?mr=1039635
https://doi.org/10.2307/1427774
https://mathscinet.ams.org/mathscinet-getitem?mr=4583667
https://doi.org/10.1214/22-aap1862
https://mathscinet.ams.org/mathscinet-getitem?mr=1100809
https://doi.org/10.1002/cpa.3160440402
https://mathscinet.ams.org/mathscinet-getitem?mr=4863079
https://doi.org/10.3150/24-bej1773
https://mathscinet.ams.org/mathscinet-getitem?mr=242270
https://doi.org/10.1007/BF00531852
https://mathscinet.ams.org/mathscinet-getitem?mr=4125787
https://doi.org/10.1214/20-ejp479
https://mathscinet.ams.org/mathscinet-getitem?mr=4583671
https://doi.org/10.1214/22-aap1867
https://mathscinet.ams.org/mathscinet-getitem?mr=4491501
https://doi.org/10.1007/s40072-021-00232-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4696288
https://doi.org/10.1214/23-aap1975
https://mathscinet.ams.org/mathscinet-getitem?mr=4966453
https://doi.org/10.1093/imanum/drae083
https://mathscinet.ams.org/mathscinet-getitem?mr=3288633
https://doi.org/10.1142/9789814436434_0001
https://mathscinet.ams.org/mathscinet-getitem?mr=1625576
https://doi.org/10.1023/A:1008605221617
https://doi.org/10.1023/A:1008605221617
https://mathscinet.ams.org/mathscinet-getitem?mr=1392450
https://doi.org/10.1007/BF01203833
https://mathscinet.ams.org/mathscinet-getitem?mr=2822773
https://doi.org/10.1016/j.spa.2011.06.008
https://doi.org/10.1016/j.spa.2011.06.008
https://mathscinet.ams.org/mathscinet-getitem?mr=1949404
https://doi.org/10.1137/S0036142901389530
https://doi.org/10.1137/S0036142901389530
https://doi.org/10.3150/26-BEJ1985SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=1396331
https://doi.org/10.1007/978-1-4612-2450-1_9
https://arxiv.org/abs/2206.00088
https://doi.org/10.48550/arXiv2206.00088
https://doi.org/10.48550/arXiv2206.00088
https://mathscinet.ams.org/mathscinet-getitem?mr=3364862
https://doi.org/10.1090/memo/1112
https://doi.org/10.1090/memo/1112
https://mathscinet.ams.org/mathscinet-getitem?mr=2795791
https://doi.org/10.1098/rspa.2010.0348

3224

(33]

[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]

[43]

[44]

(45]

[46]

(47]

(48]

[49]

[50]

[51]

[52]

(53]

[54]

M. Hitz and B.A. Robinson

Hutzenthaler, M., Jentzen, A. and Kloeden, P.E. (2012). Strong convergence of an explicit numerical method
for SDEs with nonglobally Lipschitz continuous coefficients. Ann. Appl. Probab. 22 1611-1641. MR2985171
https://doi.org/10.1214/11-AAP803

Jiang, Y. and Obtoj, J. (2024). Sensitivity of causal distributionally robust optimization. Available at arXiv:
2408.17109. https://doi.org/10.48550/arXiv2408.17109

Jourdain, B. and Pages, G. (2023). Convex ordering of solutions to one-dimensional SDEs. Available at arXiv:
2312.09779. https://doi.org/10.48550/arXiv.2312.09779.

Kantorovich, L. (1942). On the translocation of masses. C. R. (Dokl.) Acad. Sci. URSS 37 199-201.
MRO0009619

Kloeden, P.E. and Platen, E. (1992). Numerical Solution of Stochastic Differential Equations. Applications
of Mathematics 23. Berlin: Springer. MR1214374 https://doi.org/10.1007/978-3-662-12616-5

Knothe, H. (1957). Contributions to the theory of convex bodies. Michigan Math. J. 4 39-52. MR83759
https://doi.org/10.1307/mmj/1028990175

Lassalle, R. (2018). Causal transference plans and their Monge—Kantorovich problems. Stoch. Anal. Appl. 36
452-484. MR3784142 https://doi.org/10.1080/07362994.2017.1422747

Leobacher, G. and Szolgyenyi, M. (2016). A numerical method for SDEs with discontinuous drift. BIT 56
151-162. MR3486457 https://doi.org/10.1007/s10543-015-0549-x

Leobacher, G. and Szolgyenyi, M. (2017a). A strong order 1/2 method for multidimensional SDEs with
discontinuous drift. Ann. Appl. Probab. 27 2383-2418. MR3693529 https://doi.org/10.1214/16-AAP1262
Leobacher, G. and Szolgyenyi, M. (2017b). Numerical methods for SDEs with drift discontinuous on a set of
positive reach. Internat. Math. News 235 1-16. https://doi.org/10.48550/arXiv1708.06188

Leobacher, G. and Szolgyenyi, M. (2018). Convergence of the Euler—-Maruyama method for multidimensional
SDEs with discontinuous drift and degenerate diffusion coefficient. Numer. Math. 138 219-239. MR3745015
https://doi.org/10.1007/s00211-017-0903-9

Leobacher, G., Szolgyenyi, M. and Thonhauser, S. (2015). On the existence of solutions of a class of SDEs
with discontinuous drift and singular diffusion. Electron. Commun. Probab. 20 14. MR3304412 https://doi.
org/10.1214/ECP.v20-3149

Liu, Y. and Pages, G. (2022). Monotone convex order for the McKean—Vlasov processes. Stoch. Process.
Appl. 152 312-338. MR4453161 https://doi.org/10.1016/j.spa.2022.06.003

Mao, X. and Szpruch, L. (2013a). Strong convergence and stability of implicit numerical methods for
stochastic differential equations with non-globally Lipschitz continuous coefficients. J. Comput. Appl. Math.
238 14-28. MR2972586 https://doi.org/10.1016/j.cam.2012.08.015

Mao, X. and Szpruch, L. (2013b). Strong convergence rates for backward Euler-Maruyama method for non-
linear dissipative-type stochastic differential equations with super-linear diffusion coefficients. Stochastics 85
144-171. MR3011916 https://doi.org/10.1080/17442508.2011.651213

Milstein, G.N. (1975). Approximate integration of stochastic differential equations. Theory Probab. Appl. 19
557-562. MR356225 https://doi.org/10.1137/1119062

Milstein, G.N., Repin, Y.M. and Tretyakov, M.V. (2002). Numerical methods for stochastic systems pre-
serving symplectic structure. SIAM J. Numer. Anal. 40 1583-1604. MR1951908 https://doi.org/10.1137/
S0036142901395588

Monge, G. (1781). Mémoire sur la théorie des déblais et des remblais. Hist. Acad. R. Sci. Mém. Math. Phys.
666-704.

Miiller-Gronbach, T., Sabanis, S. and Yaroslavtseva, L. (2025). Existence, uniqueness and approximation
of solutions of SDEs with superlinear coefficients in the presence of discontinuities of the drift coefficient.
Commun. Math. Sci. 23 389-429. MR4846712 https://doi.org/10.4310/cms.241217213438
Miiller-Gronbach, T. and Yaroslavtseva, L. (2020). On the performance of the Euler—Maruyama scheme for
SDEs with discontinuous drift coefficient. Ann. Inst. Henri Poincaré Probab. Stat. 56 1162-1178. MR4076779
https://doi.org/10.1214/19-AIHP997

Miiller-Gronbach, T. and Yaroslavtseva, L. (2022). A strong order 3/4 method for SDEs with discontinuous
drift coefficient. IMA J. Numer. Anal. 42 229-259. MR4367654 https://doi.org/10.1093/imanum/draa078
Neuenkirch, A. and Szolgyenyi, M. (2021). The Euler—Maruyama scheme for SDEs with irregular drift:
Convergence rates via reduction to a quadrature problem. IMA J. Numer. Anal. 41 1164-1196. MR4246871
https://doi.org/10.1093/imanum/draa007


https://mathscinet.ams.org/mathscinet-getitem?mr=2985171
https://doi.org/10.1214/11-AAP803
https://arxiv.org/abs/2408.17109
https://arxiv.org/abs/2408.17109
https://doi.org/10.48550/arXiv2408.17109
https://arxiv.org/abs/2312.09779
https://arxiv.org/abs/2312.09779
https://doi.org/10.48550/arXiv.2312.09779
https://mathscinet.ams.org/mathscinet-getitem?mr=0009619
https://mathscinet.ams.org/mathscinet-getitem?mr=1214374
https://doi.org/10.1007/978-3-662-12616-5
https://mathscinet.ams.org/mathscinet-getitem?mr=83759
https://doi.org/10.1307/mmj/1028990175
https://mathscinet.ams.org/mathscinet-getitem?mr=3784142
https://doi.org/10.1080/07362994.2017.1422747
https://mathscinet.ams.org/mathscinet-getitem?mr=3486457
https://doi.org/10.1007/s10543-015-0549-x
https://mathscinet.ams.org/mathscinet-getitem?mr=3693529
https://doi.org/10.1214/16-AAP1262
https://doi.org/10.48550/arXiv1708.06188
https://mathscinet.ams.org/mathscinet-getitem?mr=3745015
https://doi.org/10.1007/s00211-017-0903-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3304412
https://doi.org/10.1214/ECP.v20-3149
https://doi.org/10.1214/ECP.v20-3149
https://mathscinet.ams.org/mathscinet-getitem?mr=4453161
https://doi.org/10.1016/j.spa.2022.06.003
https://mathscinet.ams.org/mathscinet-getitem?mr=2972586
https://doi.org/10.1016/j.cam.2012.08.015
https://mathscinet.ams.org/mathscinet-getitem?mr=3011916
https://doi.org/10.1080/17442508.2011.651213
https://mathscinet.ams.org/mathscinet-getitem?mr=356225
https://doi.org/10.1137/1119062
https://mathscinet.ams.org/mathscinet-getitem?mr=1951908
https://doi.org/10.1137/S0036142901395588
https://doi.org/10.1137/S0036142901395588
https://mathscinet.ams.org/mathscinet-getitem?mr=4846712
https://doi.org/10.4310/cms.241217213438
https://mathscinet.ams.org/mathscinet-getitem?mr=4076779
https://doi.org/10.1214/19-AIHP997
https://mathscinet.ams.org/mathscinet-getitem?mr=4367654
https://doi.org/10.1093/imanum/draa078
https://mathscinet.ams.org/mathscinet-getitem?mr=4246871
https://doi.org/10.1093/imanum/draa007

Bicausal optimal transport for SDEs with irregular coefficients 3225

[55]

[56]

[57]

(58]

[59]
[60]
[61]
[62]

[63]

[64]

[65]

[66]
[67]
[68]

[69]

[70]

[71]
[72]
(73]
[74]
[75]

[76]

Neuenkirch, A., Szolgyenyi, M. and Szpruch, L. (2019). An adaptive Euler—Maruyama scheme for stochastic
differential equations with discontinuous drift and its convergence analysis. STAM J. Numer. Anal. 57 378—403.
MR3914573 https://doi.org/10.1137/18M 1170017

Ngo, H.-L. and Taguchi, D. (2017a). On the Euler—-Maruyama approximation for one-dimensional stochastic
differential equations with irregular coefficients. IMA J. Numer. Anal. 37 1864—1883. MR3712177 https://
doi.org/10.1093/imanum/drw058

Ngo, H.-L. and Taguchi, D. (2017b). Strong convergence for the Euler-Maruyama approximation of stochastic
differential equations with discontinuous coefficients. Statist. Probab. Lett. 125 55-63. MR3626068 https://
doi.org/10.1016/j.spl.2017.01.027

Ngo, H.-L. and Taguchi, D. (2019). On the Euler-Maruyama scheme for SDEs with bounded variation and
Holder continuous coefficients. Math. Comput. Simul. 161 102-112. MR3926802 https://doi.org/10.1016/j.
matcom.2019.01.012

Peyré, G. and Cuturi, M. (2019). Computational optimal transport. Found. Trends Mach. Learn. 11 355-607.
https://doi.org/10.1561/2200000073

Pflug, G.C. and Pichler, A. (2012). A distance for multistage stochastic optimization models. SIAM J. Optim.
22 1-23. MR2902682 https://doi.org/10.1137/110825054

Pflug, G.C. and Pichler, A. (2014). Multistage Stochastic Optimization. Springer Series in Operations Research
and Financial Engineering. Cham: Springer. MR3288310 https://doi.org/10.1007/978-3-319-08843-3
Pichler, A. and Weinhardt, M. (2021). The nested Sinkhorn divergence to learn the nested distance. Comput.
Manag. Sci. 19 269-293. MR4423922 https://doi.org/10.1007/s10287-021-00415-7

Przybytowicz, P., Schwarz, V. and Szolgyenyi, M. (2024). A higher order approximation method for jump-
diffusion SDEs with discontinuous drift coefficient. J. Math. Anal. Appl. 538 128319. MR4728130 https://
doi.org/10.1016/j.jmaa.2024.128319

Przybytowicz, P. and Szolgyenyi, M. (2021). Existence, uniqueness, and approximation of solutions of jump-
diffusion SDEs with discontinuous drift. Appl. Math. Comput. 403 126191. MR4235987 https://doi.org/10.
1016/j.amc.2021.126191

Przybytowicz, P., Szolgyenyi, M. and Xu, F. (2021). Existence and uniqueness of solutions of SDEs with
discontinuous drift and finite activity jumps. Statist. Probab. Lett. 174 109072. MR4241638 https://doi.org/
10.1016/5.spl.2021.109072

Rosenblatt, M. (1952). Remarks on a multivariate transformation. Ann. Math. Stat. 23 470-472. MR49525
https://doi.org/10.1214/a0ms/1177729394

Riischendorf, L. (1985). The Wasserstein distance and approximation theorems. Z. Wahrsch. Verw. Gebiete
70 117-129. MR795791 https://doi.org/10.1007/BF00532240

Sabanis, S. (2013). A note on tamed Euler approximations. Electron. Commun. Probab. 18 1-10. MR3070913
https://doi.org/10.1214/ECP.v18-2824

Santambrogio, F. (2015). Optimal Transport for Applied Mathematicians. Progress in Nonlinear Differential
Equations and Their Applications 87. Cham: Birkhduser. MR3409718 https://doi.org/10.1007/978-3-319-
20828-2

Spendier, K. and Szolgyenyi, M. (2024). Convergence of the tamed-Euler—-Maruyama method for SDEs with
discontinuous and polynomially growing drift. In Monte Carlo and Quasi-Monte Carlo Methods. MCOMC
2022 (A. Hinrichs, P. Kritzer and F. Pillichshammer, eds.). Springer Proc. Math. Stat. 460 601-623. Springer.
MR4774942 https://doi.org/10.1007/978-3-031-59762-6_30

Szolgyenyi, M. (2021). Stochastic differential equations with irregular coefficients: Mind the gap! Internat.
Math. News 246 43-56. https://doi.org/10.48550/arXiv2104.11505

Talay, D. (1983). Résolution trajectorielle et analyse numérique des équations différentielles stochastiques.
Stochastics 9 275-306. MR0707643 https://doi.org/10.1080/17442508308833257

Villani, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathematics 58. Providence, RI:
American Mathematical Society. MR1964483 https://doi.org/10.1090/gsm/058

Watanabe, S. and Yamada, T. (1971). On the uniqueness of solutions of stochastic differential equations II. J.
Math. Kyoto Univ. 11 553-563. MR288876 https://doi.org/10.1215/kjm/1250523620

Yaroslavtseva, L. (2022). An adaptive strong order 1 method for SDEs with discontinuous drift coefficient. J.
Math. Anal. Appl. 513 126180. MR4404565 https://doi.org/10.1016/j.jmaa.2022.126180

Zvonkin, A K. (1974). A transformation of the phase space of a diffusion process that removes the drift. Math.
USSR, Sb. 22 129-149. MR336813 https://doi.org/10.1070/SM1974v022n01 ABEH001689


https://mathscinet.ams.org/mathscinet-getitem?mr=3914573
https://doi.org/10.1137/18M1170017
https://mathscinet.ams.org/mathscinet-getitem?mr=3712177
https://doi.org/10.1093/imanum/drw058
https://doi.org/10.1093/imanum/drw058
https://mathscinet.ams.org/mathscinet-getitem?mr=3626068
https://doi.org/10.1016/j.spl.2017.01.027
https://doi.org/10.1016/j.spl.2017.01.027
https://mathscinet.ams.org/mathscinet-getitem?mr=3926802
https://doi.org/10.1016/j.matcom.2019.01.012
https://doi.org/10.1016/j.matcom.2019.01.012
https://doi.org/10.1561/2200000073
https://mathscinet.ams.org/mathscinet-getitem?mr=2902682
https://doi.org/10.1137/110825054
https://mathscinet.ams.org/mathscinet-getitem?mr=3288310
https://doi.org/10.1007/978-3-319-08843-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4423922
https://doi.org/10.1007/s10287-021-00415-7
https://mathscinet.ams.org/mathscinet-getitem?mr=4728130
https://doi.org/10.1016/j.jmaa.2024.128319
https://doi.org/10.1016/j.jmaa.2024.128319
https://mathscinet.ams.org/mathscinet-getitem?mr=4235987
https://doi.org/10.1016/j.amc.2021.126191
https://doi.org/10.1016/j.amc.2021.126191
https://mathscinet.ams.org/mathscinet-getitem?mr=4241638
https://doi.org/10.1016/j.spl.2021.109072
https://doi.org/10.1016/j.spl.2021.109072
https://mathscinet.ams.org/mathscinet-getitem?mr=49525
https://doi.org/10.1214/aoms/1177729394
https://mathscinet.ams.org/mathscinet-getitem?mr=795791
https://doi.org/10.1007/BF00532240
https://mathscinet.ams.org/mathscinet-getitem?mr=3070913
https://doi.org/10.1214/ECP.v18-2824
https://mathscinet.ams.org/mathscinet-getitem?mr=3409718
https://doi.org/10.1007/978-3-319-20828-2
https://doi.org/10.1007/978-3-319-20828-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4774942
https://doi.org/10.1007/978-3-031-59762-6_30
https://doi.org/10.48550/arXiv2104.11505
https://mathscinet.ams.org/mathscinet-getitem?mr=0707643
https://doi.org/10.1080/17442508308833257
https://mathscinet.ams.org/mathscinet-getitem?mr=1964483
https://doi.org/10.1090/gsm/058
https://mathscinet.ams.org/mathscinet-getitem?mr=288876
https://doi.org/10.1215/kjm/1250523620
https://mathscinet.ams.org/mathscinet-getitem?mr=4404565
https://doi.org/10.1016/j.jmaa.2022.126180
https://mathscinet.ams.org/mathscinet-getitem?mr=336813
https://doi.org/10.1070/SM1974v022n01ABEH001689

Bernoulli 32(4), 2026, 3249-3276
https://doi.org/10.3150/26-BEJ1986

Optimal rates for estimating the covariance
kernel from synchronously sampled functional
data

MAX BERGER?and HAJO HOLZMANNP®

Philipps-Universitdit, Marburg, Germany, *mberger@mathematik.uni-marburg.de,
bholzmann@mathematik.uni -marburg.de

We obtain minimax-optimal convergence rates in the supremum norm, including information-theoretic lower
bounds, for estimating the covariance kernel of a stochastic process which is repeatedly observed at discrete,
synchronous design points. We focus on the supremum norm instead of the simpler L, norm, since it forms the
basis for the construction of uniform confidence bands and is a stronger norm than the Lj-norm, thus arguably
corresponding to a better visualization of the estimation error. For dense design, assuming Holder-smooth sample
paths we obtain the y/n-rate of convergence in the supremum norm without additional logarithmic factors which
typically occur in the results in the literature. Surprisingly, in the transition from dense to sparse design the rates
do not reflect the two-dimensional nature of the covariance kernel but correspond to those for univariate mean
function estimation. Our estimation method can make use of higher-order smoothness of the covariance kernel
away from the diagonal, and does not require the same smoothness on the diagonal itself. Hence, our results cover
covariance kernels of processes with rough, non-differentiable sample paths. Moreover, the estimator does not use
mean function estimation to form residuals, and no smoothness assumptions on the mean have to be imposed. In
the dense case we also obtain a central limit theorem in the supremum norm, which can be used as the basis for
the construction of uniform confidence sets. Extensions to estimating partial derivatives as well as to asynchronous
designs are also discussed. Simulations and real-data applications illustrate the practical usefulness of the methods.

Keywords: Covariance kernel; functional data; optimal rates of convergence; supremum norm; synchronously
sample data
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The stratified linear permutation statistic arises in various statistics problems, including stratified and post-stratified
survey sampling, stratified and post-stratified experiments, conditional permutation tests, etc. Although we can
derive the Berry—Esseen bounds for the stratified linear permutation statistic based on existing bounds for the
non-stratified statistics, those bounds are not sharp, and moreover, this strategy does not work in general settings
with heterogeneous strata with varying sizes. We first use Stein’s method to obtain a unified stratified permutational
Berry—Esseen bound that can accommodate heterogeneous strata. We then apply the bound to various statistics
problems, leading to stronger theoretical quantifications and thereby facilitating statistical inference in those
problems.

Keywords: Causal inference; design-based inference; experimental design; post-stratification; Stein’s method;
survey sampling; zero-bias transformation
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We address the challenge of estimating the hyperuniformity exponent « of a spatial point process, given only one
realization of it. Assuming that the structure factor S of the point process follows a vanishing power law at the origin
(the typical case of a hyperuniform point process), this exponent is defined as the slope near the origin of log S.
Our estimator is built upon the (expanding window) asymptotic variance of some shot-noise wavelet transforms,
of the point process. By combining several scales and several wavelets, we develop a multi-scale, multi-taper
estimator @. We analyze its asymptotic behavior, proving its consistency under various settings, and enabling the
construction of asymptotic confidence intervals for @ when @ < d and under Brillinger mixing. This construction
is derived from a multivariate central limit theorem where the normalisations are non-standard and vary among the
components. We also present a non-asymptotic deviation inequality providing insights into the influence of tapers
on the bias-variance trade-off of @. Finally, we investigate the performance of @ through simulations, and we apply
our method to the analysis of hyperuniformity in a real dataset of marine algae.

Keywords: Hyperuniformity; scattering intensity; spatial point process; structure factor; wavelets
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We take a different look at the problem of testing the independence of two metric-space-valued random variables
using the distance correlation. Instead of testing if the distance correlation vanishes exactly, we are interested in
the hypothesis that it does not exceed a certain threshold. Our testing problem is motivated by the observation
that in many cases it is more reasonable to test for a practically significant dependency since it is rare that a
hypothesis of perfect independence is exactly satisfied. This point of view also reflects statistical practice, where
one often classifies the strength of the association in categories such as ‘small’, ‘medium’ and ‘large’ and the
precise definitions depend on the specific application. To address these problems we develop a pivotal test for the
hypothesis that the distance correlation between two random variables does not exceed a pre-specified threshold
A. We also determine a minimum value A, from the data such that the hypothesis is rejected for all A < A, at
controlled type I error @. This quantity can be interpreted as a measure of evidence against the hypothesis that
the distance correlation is less or equal than’ A. The new test is applicable to processes taking values in separable
metric spaces of strong negative type, covering Euclidean as well as functional data. We do not assume independent
observations, and instead prove our results for absolutely regular sample generating processes, which includes many
time series such as ARMA and GARCH models. Our approach is based on a new functional limit theorem for
the sequential distance correlation process, and can also be used to construct confidence intervals for the distance
correlation without the need for resampling.

Keywords: Distance correlation; distance covariance; relevant hypotheses; self-normalisation; tests for
independence
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We introduce directional regularity, a new definition of anisotropy for multivariate functional data. Instead of taking
the conventional view, which determines anisotropy as a notion of smoothness along a dimension, directional
regularity additionally views anisotropy through the lens of directions. We show that faster rates of convergence
for smoothing can be obtained through a change-of-basis by adapting to the anisotropy of a bivariate process. An
algorithm for the estimation and identification of the change-of-basis matrix is constructed, made possible due to
the replication structure of functional data. Non-asymptotic bounds are provided for our algorithm, supplemented
by numerical evidence from an extensive simulation study. Finally, a real-world rainfall measurement dataset is
analyzed with our methods.
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