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An introduction to Bent Jørgensen’s ideas
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Abstract. We briefly expose some key aspects of the theory and use of dis-
persion models, for which Bent Jørgensen played a crucial role as a driving
force and an inspiration source. Starting with the general notion of dispersion
models, built using minimalistic mathematical assumptions, we specialize in
two classes of families of distributions with different statistical flavors: expo-
nential dispersion and proper dispersion models. The construction of disper-
sion models involves the solution of integral equations that are, in general,
untractable. These difficulties disappear when more mathematical structure
is assumed: it reduces to the calculation of a moment generating function or
of a Riemann–Stieltjes integral for the exponential dispersion and the proper
dispersion models, respectively. A new technique for constructing dispersion
models based on characteristic functions is introduced turning the integral
equations above into a tractable convolution equation and yielding examples
of dispersion models that are neither proper dispersion nor exponential dis-
persion models. A corollary is that the cardinality of regular and non-regular
dispersion models are both large.

Some selected applications are discussed including exponential families
non-linear models (for which generalized linear models are particular cases)
and several models for clustered and dependent data based on a latent Lévy
process.
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Practical issues with modeling extreme Brazilian rainfall

Paulo V. C. Pereiraa, Isolde T. S. Previdellia and Anthony C. Davisonb
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Abstract. Accurately quantifying extreme rainfall is important for the de-
sign of hydraulic structures, for flood mapping and zoning and for disaster
management. In order to produce maps of estimates of 25-year rainfall return
levels in Brazil, we selected 893 shorter and 104 longer rainfall time series
from the Agência Nacional de Águas (ANA), and applied the framework of
extreme value theory. Care was needed to reduce the impact of poor data.
Estimates of the shape parameter of the extreme-value model fitted to rain-
fall data are typically biased, so we discuss an empirical correction that takes
into account not only the sample-size bias, but also a so-called penultimate
approximation that we use to inform a Bayesian spatial latent variable model
for the annual rainfall maxima. This model accounts for subtle patterns of
spatial variation in the data and provides plausible return level estimates.
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A general expression for second-order covariance
matrices—an application to dispersion models

Tiago M. Magalhãesa, Denise A. Botterb and Mônica C. Sandovalb
aFederal University of Juiz de Fora

bUniversity of São Paulo

Abstract. We present a general expression that allows the calculation of both
the n−2 asymptotic covariance matrices of the maximum likelihood estima-
tor (MLE) and the first-order bias corrected MLE, where n is the sample size.
The formula is presented in a matrix notation which has numerical advan-
tages since it requires only simple operations on matrices and vectors. The
usefulness of the formula is to construct better Wald statistics. We apply our
findings to dispersion models and develop simulation studies which show that
modification in the Wald statistic effectively removes size distortions of the
type I error probability with no power loss. For illustrative purposes, a real
data application is considered to support our theoretical results.

References

Barroso, L. P., Botter, D. A. and Cordeiro, G. M. (2013). Second-order covariance matrix formula for het-
eroskedastic generalized linear models. Communications in Statistics Theory and Methods 42, 1618–1627.
MR3041489 https://doi.org/10.1080/03610926.2011.594543

Cordeiro, G. M. (1993). General matrix formulae for computing bartlett corrections. Statistics & Probability
Letters 16, 11–18. MR1208493 https://doi.org/10.1016/0167-7152(93)90115-Y

Cordeiro, G. M., Barroso, L. P. and Botter, D. A. (2006). Covariance matrix formula for generalized linear mod-
els with unknown dispersion. Communications in Statistics Theory and Methods 35, 113–120. MR2274004
https://doi.org/10.1080/03610920500439687

Cordeiro, G. M., Botter, D. A., Cavalcanti, A. B. and Barroso, L. P. (2014). Covariance matrix of the bias-corrected
maximum likelihood estimator in generalized linear models. Statistical Papers 55, 643–652. MR3227544
https://doi.org/10.1007/s00362-013-0514-1

Cordeiro, G. M. and Ferrari, S. L. P. (1996). Bartlett-type corrections for some score tests in proper dispersion
models. Communications in Statistics Theory and Methods 25, 29–48. MR1378945 https://doi.org/10.1080/
03610929608831678

Cordeiro, G. M. and Klein, R. (1994). Bias correction in arma models. Statistics & Probability Letters 30, 1317–
1334. MR1278646 https://doi.org/10.1016/0167-7152(94)90100-7

Cordeiro, G. M., Paula, G. A. and Botter, D. A. (1994). Improved likelihood ratio tests for dispersion models.
International Statistical Review 62, 257–274.

Cordeiro, G. M. and Santana, R. G. (2008). Covariance matrix formula for exponential nonlinear models.
Communications in Statistics Theory and Methods 37, 2724–2734. MR2458951 https://doi.org/10.1080/
03610920802040407

Cox, D. R. and Hinkley, D. V. (1974). Theoretical Statistics. London: Chapman & Hall. MR0370837
Cox, D. R. and Snell, E. J. (1968). A general definition of residuals. Journal of the Royal Statistical Society, Series

B, Methodological 30, 248–275. MR0237052
Jørgensen, B. (1987). Exponential dispersion models (with discussion). Journal of the Royal Statistical Society,

Series B 49, 127–162. MR0905186
Jørgensen, B. (1997a). Proper dispersion models (with discussion). Brazilian Journal of Probability and Statistics

11, 89–140. MR1619709
Jørgensen, B. (1997b). The Theory of Dispersion Models. London: Chapman & Hall. MR1462891
Kosmidis, I., Kenne Pagui, E. C. and Sartori, N. (2020). Mean and median bias reduction in generalized linear

models. Statistics and Computing 30, 43–59. MR4057470 https://doi.org/10.1007/s11222-019-09860-6
Lawley, D. N. (1956). A general method for approximating to the distribution of likelihood ratio criteria.

Biometrika 43, 295–303. MR0082237 https://doi.org/10.1093/biomet/43.3-4.295

Key words and phrases. Bias estimator, covariance matrix, dispersion models, Wald test.

https://imstat.org/journals-and-publications/brazilian-journal-of-probability-and-statistics/
https://doi.org/10.1214/20-BJPS489
http://www.redeabe.org.br/
http://www.ams.org/mathscinet-getitem?mr=3041489
https://doi.org/10.1080/03610926.2011.594543
http://www.ams.org/mathscinet-getitem?mr=1208493
https://doi.org/10.1016/0167-7152(93)90115-Y
http://www.ams.org/mathscinet-getitem?mr=2274004
https://doi.org/10.1080/03610920500439687
http://www.ams.org/mathscinet-getitem?mr=3227544
https://doi.org/10.1007/s00362-013-0514-1
http://www.ams.org/mathscinet-getitem?mr=1378945
https://doi.org/10.1080/03610929608831678
http://www.ams.org/mathscinet-getitem?mr=1278646
https://doi.org/10.1016/0167-7152(94)90100-7
http://www.ams.org/mathscinet-getitem?mr=2458951
https://doi.org/10.1080/03610920802040407
http://www.ams.org/mathscinet-getitem?mr=0370837
http://www.ams.org/mathscinet-getitem?mr=0237052
http://www.ams.org/mathscinet-getitem?mr=0905186
http://www.ams.org/mathscinet-getitem?mr=1619709
http://www.ams.org/mathscinet-getitem?mr=1462891
http://www.ams.org/mathscinet-getitem?mr=4057470
https://doi.org/10.1007/s11222-019-09860-6
http://www.ams.org/mathscinet-getitem?mr=0082237
https://doi.org/10.1093/biomet/43.3-4.295
https://doi.org/10.1080/03610929608831678
https://doi.org/10.1080/03610920802040407


Lemonte, A. J. (2011). Covariance matrix formula for Birnbaum-Saunders regression models. Journal of Statisti-
cal Computation and Simulation 81, 899–908. MR2806933 https://doi.org/10.1080/00949650903555288

Lemonte, A. J. (2020). Covariance matrix of maximum likelihood estimators in censored exponential regression
models. Communications in Statistics—Theory and Methods. https://doi.org/10.1080/03610926.2020.1767142

Lemonte, A. J. and Ferrari, S. L. P. (2012). Local power and size properties of the lr, Wald, score and gradient
tests in dispersion models. Statistical Methodology 9, 537–554. MR2925985 https://doi.org/10.1016/j.stamet.
2012.03.001

Magalhães, T. M., Botter, D. A. and Sandoval, M. C. (2017). Corrigendum to: “covariance matrix formula for
generalized linear models with unknown dispersion” by G. M. Cordeiro, L. P. Barroso and D. A. Botter [Com-
munications in Statistics—Theory and Methods (2006) 35(1), 113–120]. Communications in Statistics Theory
and Methods 46, 10702–10703. MR3740831 https://doi.org/10.1080/03610926.2016.1242745

Magalhães, T. M., Botter, D. A. and Sandoval, M. C. (2020). Supplement to “A general expression for second-
order covariance matrices—an application to dispersion models.” https://doi.org/10.1214/20-BJPS489SUPP

McCullagh, P. and Nelder, J. A. (1989). Generalized Linear Models. London: Chapman & Hall. MR3223057
https://doi.org/10.1007/978-1-4899-3242-6

Medeiros, F. M. C., Ferrari, S. L. P. and Lemonte, A. J. (2017). Improved inference in dispersion models. Applied
Mathematical Modelling 51, 317–328. MR3694537 https://doi.org/10.1016/j.apm.2017.06.045

Patriota, A. G. and Cordeiro, G. M. (2011). A matrix formula for the skewness of maximum likelihood estimators.
Statistics & Probability Letters 81, 529–537. MR2765174 https://doi.org/10.1016/j.spl.2010.12.009

Peers, H. W. and Iqbal, M. (1985). Asymptotic expansions for confidence limits in the presence of nuisance
parameters, with applications. Journal of the Royal Statistical Society, Series B, Methodological 47, 547–554.
MR0844486

R Core Team (2017). R: A Language and Environment for Statistical Computing. Vienna, Austria: R Foundation
for Statistical Computing.

Rao, C. R. (1948). Large sample tests of statistical hypotheses concerning several parameters with applications to
problems of estimation. Proceedings of the Cambridge Philosophical Society 44, 50–57.

Rasch, D., Verdooren, R. and Pilz, J. (2020). Applied Statistics—Theory and Problem Solutions with R. New
Jersey: Wiley.

Rocha, A. V., Simas, A. B. and Cordeiro, G. M. (2010). Second-order asymptotic expressions for the covariance
matrix of maximum likelihood estimators in dispersion models. Statistics & Probability Letters 80, 718–725.
MR2595152 https://doi.org/10.1016/j.spl.2009.12.030

Shenton, L. R. and Bowman, K. O. (1977). Maximum Likelihood Estimation in Small Samples. London: Griffin.
Simas, A. B., Cordeiro, G. M. and Rocha, A. V. (2010). Skewness of maximum likelihood estimators in dispersion

models. Journal of Statistical Planning and Inference 140, 2111–2121. MR2606745 https://doi.org/10.1016/j.
jspi.2010.02.007

Simas, A. B., Rocha, A. V. and Barreto-Souza, W. (2011). Bias-corrected estimators for dispersion mod-
els with dispersion covariates. Journal of Statistical Planning and Inference 141, 3063–3074. MR2796012
https://doi.org/10.1016/j.jspi.2011.03.028

Wald, A. (1943). Test of statistical hypotheses concerning several parameter when the number of observations is
large. Transactions of the American Mathematical Society 54, 426–482. MR0012401 https://doi.org/10.2307/
1990256

Wilks, S. S. (1938). The large-sample distribution of likelihood ratio for testing composite hypotheses. The Annals
of Mathematical Statistics 9, 60–62.

http://www.ams.org/mathscinet-getitem?mr=2806933
https://doi.org/10.1080/00949650903555288
https://doi.org/10.1080/03610926.2020.1767142
http://www.ams.org/mathscinet-getitem?mr=2925985
https://doi.org/10.1016/j.stamet.2012.03.001
http://www.ams.org/mathscinet-getitem?mr=3740831
https://doi.org/10.1080/03610926.2016.1242745
https://doi.org/10.1214/20-BJPS489SUPP
http://www.ams.org/mathscinet-getitem?mr=3223057
https://doi.org/10.1007/978-1-4899-3242-6
http://www.ams.org/mathscinet-getitem?mr=3694537
https://doi.org/10.1016/j.apm.2017.06.045
http://www.ams.org/mathscinet-getitem?mr=2765174
https://doi.org/10.1016/j.spl.2010.12.009
http://www.ams.org/mathscinet-getitem?mr=0844486
http://www.ams.org/mathscinet-getitem?mr=2595152
https://doi.org/10.1016/j.spl.2009.12.030
http://www.ams.org/mathscinet-getitem?mr=2606745
https://doi.org/10.1016/j.jspi.2010.02.007
http://www.ams.org/mathscinet-getitem?mr=2796012
https://doi.org/10.1016/j.jspi.2011.03.028
http://www.ams.org/mathscinet-getitem?mr=0012401
https://doi.org/10.2307/1990256
https://doi.org/10.1016/j.stamet.2012.03.001
https://doi.org/10.1016/j.jspi.2010.02.007
https://doi.org/10.2307/1990256


Brazilian Journal of Probability and Statistics
2021, Vol. 35, No. 1, 50–61
https://doi.org/10.1214/20-BJPS487
© Brazilian Statistical Association, 2021

Self-organized criticality of aggregated animals
attributed to Tweedie convergence

Wayne S. Kendal
University of Ottawa

In memoriam: Prof. Bent Jørgensen (1954–2015), who contributed
the fundamentals on which this study was based.

Abstract. Ecologists have had an ongoing interest in a variance to mean
power law that governs the clustering of individuals of animal and plant
species. This same power law has been reported from disparate biological,
physical and mathematical systems, and also characterizes a family of sta-
tistical distributions known as the Tweedie exponential dispersion models.
Its widespread appearance can be explained by fundamental statistical con-
vergence effects on random data that cause this, and related, power laws to
emerge and provide mechanistic insight into its origin, as well as the origin of
1/f noise, multifractality and other phenomena attributable to self-organized
criticality. A meta-analysis of ecological field data was conducted here to ex-
amine how such statistical convergence might affect the power law. These
findings provided conjectural insight into a form of self-organized criticality,
driven and modulated by the statistical convergence of random data, which
could underlie the power law’s emergence.
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Abstract. A common assumption in the standard tobit model is the normal-
ity for the error distribution. However, asymmetry and bimodality may be
present and alternative tobit models must be used in such cases. In this pa-
per, we propose a tobit model based on the class of log-symmetric distri-
butions, which includes as special cases heavy/light tailed distributions and
bimodal distributions. We implement a likelihood-based approach for param-
eter estimation and consider a type of residual. We then discuss the problem
of performing hypothesis tests within the proposed class by using the likeli-
hood ratio and gradient statistics, which are particularly convenient for tobit
models, as they do not require the information matrix. An elaborate Monte
Carlo study is carried out for evaluating the performance of the maximum
likelihood estimates, the likelihood ratio and gradient tests and the empirical
distribution of the residuals. Finally, we illustrate the proposed methodology
with the use of a real data set.
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Abstract. Many extreme events are characterized by being always suscepti-
ble to outside influences that will modify their behavior at some point in time.
The change point tool has been used in statistical models to detect when these
changes occur. This paper presents a model based on a Bayesian approach
that describes the behavior of extreme data regarding river quota, which may
present more than one change point. In each one of the regimes, the GEV
distribution is adjusted and each GEV parameter of each regime is written in
function of presence of covariates. In the applications proposed here, the re-
sults showed that the model was able to accurately estimate the actual amount
of change points in the series, and also showed that it was extremely impor-
tant to consider them in the analysis, since it was verified that after the change
of regime, the levels of return have changed considerably. The results were
also able to show which months the occurrence of an extreme event is greater.
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The snap, crackle and pop of solar flares explained

Wayne S. Kendal
University of Ottawa

In memoriam: Prof. Bent Jørgensen (1954–2015), who contributed
the fundamentals on which this study was based.

Abstract. The irregular fluctuations of solar flare emissions, as determined
from terrestrial neutron monitors, remains poorly understood. These records
empirically revealed a temporally-related variance to mean power law, 1/f

noise and a non-Gaussian distribution, all features indicative of self-organized
criticality, a theory of how derministic dynamical systems can spontaneously
evolve to unstable states that express erratic changes. The non-Gaussian dis-
tribution found here approximated a Tweedie compound Poisson exponential
dispersion model, a statistical distribution characterized by a variance to mean
power law that itself can imply 1/f noise. Tweedie exponential dispersion
models serve a primary role in statistical theory as foci for weak convergence
for a wide range of random distributions, a role which supports an alternative
conjecture to explain the solar flare fluctuations as being based on random
processes rather than a deterministic system.
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A bivariate fatigue-life regression model and its application to
fracture of metallic tools
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Abstract. The Birnbaum–Saunders distribution has been widely used to
model reliability and fatigue data. In this paper, we propose a regression of
generalized linear models type based on a new bivariate Birnbaum–Saunders
distribution. This is parameterized in terms of its means and allows data to be
described in their original scale. We estimate the model parameters and carry
out inference with the maximum likelihood method. A case study with real-
world reliability data is conducted for motivating our investigation, illustrat-
ing the potential applications of the proposed results. We obtain a predictive
model which can be a useful addition to the tool-kit of diverse practitioners,
reliability engineers, applied statisticians, and data scientists.
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Abstract. One of the indicators for evaluating the capability of a process po-
tential and performance in an effective way is the process capability index
(PCI). It is of great significance to quality control engineers as it quantifies
the relation between the actual performance of the process and the pre-set
specifications of the product. Most of the traditional PCIs performed well
when process follows the normal behaviour. In this article, we consider a
process capability index, Cpk , suggested by Kane (Journal of Quality Tech-
nology 18 (1986) 41–52) which can be used for normal random variables.
The objective of this article is three fold: First, we address different meth-
ods of estimation of the process capability index Cpk from frequentist ap-
proaches for the normal distribution. We briefly describe different frequen-
tist approaches, namely, maximum likelihood estimators, least squares and
weighted least squares estimators, maximum product of spacings estima-
tors, Cramèr–von-Mises estimators, Anderson–Darling estimators and Right-
Tail Anderson–Darling estimators and compare them in terms of their mean
squared errors using extensive numerical simulations. Second, we compare
three parametric bootstrap confidence intervals (BCIs) namely, standard boot-
strap, percentile bootstrap and bias-corrected percentile bootstrap. Third, we
consider Bayesian estimation under squared error loss function using nor-
mal prior for location parameter and inverse gamma for scale parameter for
the considered model. Monte Carlo simulation study has been carried out to
compare the performances of the classical BCIs and highest posterior den-
sity (HPD) credible intervals of Cpk in terms of average widths and coverage
probabilities. Finally, two real data sets have been analyzed for illustrative
purposes.
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Abstract. Estimation of microorganism concentration in ballast water tanks
is important to evaluate and possibly to prevent the introduction of invasive
species in stable ecosystems. For such purpose, the number of organisms in
ballast water aliquots must be counted and used to estimate their concentra-
tion with some precision requirement. Poisson and negative binomial models
have been employed to describe the organism distribution in the tank, but de-
termination of sample sizes required to generate estimates with pre-specified
precision is still not well established. A Bayesian approach is a flexible alter-
native to accommodate adequate models that account for the heterogeneous
distribution of the organisms and may provide a sequential way of enhancing
the estimation procedure by updating the prior distribution along the ballast
water discharging process. We adopt such an approach to compute sample
sizes required to construct credible intervals obtained via two optimality cri-
teria that have not been employed in this context. Such intervals may be used
in the decision with respect to compliance with the D-2 standard of the Bal-
last Water Management Convention. We also conduct a simulation study to
verify whether the credible intervals obtained with the proposed sample sizes
satisfy the precision criteria.
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Yang and Prentice model with piecewise exponential baseline
distribution for modeling lifetime data with crossing survival curves
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Abstract. Proportional hazards (PH), proportional odds (PO) and acceler-
ated failure time (AFT) models have been widely used to deal with survival
data in different fields of knowledge. Despite their popularity, such models
are not suitable to handle survival data with crossing survival curves. Yang
and Prentice (2005) proposed a semiparametric two-sample approach, de-
noted here as the YP model, allowing the analysis of crossing survival curves
and including the PH and PO configurations as particular cases. In a gen-
eral regression setting, the present work proposes a fully likelihood-based
approach to fit the YP model. The main idea is to model the baseline haz-
ard via the piecewise exponential (PE) distribution. The approach shares the
flexibility of the semiparametric models and the tractability of the parametric
representations. An extensive simulation study is developed to evaluate the
performance of the proposed model. We demonstrate how useful is the new
method through the analysis of survival times related to patients enrolled in a
cancer clinical trial. Finally, an R package called YPPE was developed to fit
the proposed model. The simulation results indicate that our model performs
well for moderate sample sizes in the general regression setting. A superior
performance is also observed with respect to the original YP model designed
for the two-sample scenario.

References

Arjas, E. and Gasbarra, D. (1994). Nonparametric Bayesian inference from right censored survival data using the
Gibbs sampler. Statistica Sinica 4, 505–524. MR1309427

Brent, R. P. (1973). Algorithms for Minimization Without Derivatives. Englewood Cliffs: Prentice-Hall.
MR0339493

Breslow, N. (1972). Discussion on regression models and life-tables (by D. R. Cox). Journal of the Royal Statis-
tical Society, Series B 34, 216–217. MR0341758

Breslow, N. (1974). Covariance analysis of censored survival data. Biometrics 30, 89–99.
Carpenter, B., Gelman, A., Hoffman, M. D., Lee, D., Goodrich, B., Betancourt, M., Brubaker, M., Guo, J., Li, P.

and Riddell, A. (2017). Stan: A probabilistic programming language. Journal of Statistical Software 76.
Clark, D. E. and Ryan, L. M. (2002). Concurrent prediction of hospital mortality and length of stay from risk

factors on admission. Health Services Research 37, 631–645.
Cox, D. R. (1972). Regression models and life-tables. Journal of the Royal Statistical Society, Series B 34, 187–

220. MR0341758
Demarqui, F. N., Dey, D. K., Loschi, R. H. and Colosimo, E. A. (2011). Modeling survival data using the piece-

wise exponential model with random time grid. In Recent Advances in Biostatistics, Vol. 4 (M. Bhattachar-
jee, S. K. Dhar and S. Subramanian, eds.) 109–122. Singapore: World Scientific. https://doi.org/10.1142/
9789814329804_0006

Demarqui, F. N., Dey, D. K., Loschi, R. H. and Colosimo, E. A. (2014). Fully semiparametric Bayesian approach
for modeling survival data with cure fraction. Biometrical Journal 56, 198–218.

Demarqui, F. N., Loschi, R. H., Dey, D. K. and Colosimo, E. A. (2012). A class of dynamic piecewise exponential
models with random time grid. Journal of Statistical Planning and Inference 142, 728–742. MR2853579
https://doi.org/10.1016/j.jspi.2011.09.006

Diao, G., Zeng, D. and Yang, S. (2013). Efficient semiparametric estimation of short-term and long-term hazard
ratios with right-censored data. Biometrics 69, 840–849. MR3146780 https://doi.org/10.1111/biom.12097

Key words and phrases. Survival analysis, short-term and long-term hazard ratios, semiparametric modeling,
maximum likelihood estimation.

https://imstat.org/journals-and-publications/brazilian-journal-of-probability-and-statistics/
https://doi.org/10.1214/20-BJPS471
http://www.redeabe.org.br/
http://www.ams.org/mathscinet-getitem?mr=1309427
http://www.ams.org/mathscinet-getitem?mr=0339493
http://www.ams.org/mathscinet-getitem?mr=0341758
http://www.ams.org/mathscinet-getitem?mr=0341758
https://doi.org/10.1142/9789814329804_0006
http://www.ams.org/mathscinet-getitem?mr=2853579
https://doi.org/10.1016/j.jspi.2011.09.006
http://www.ams.org/mathscinet-getitem?mr=3146780
https://doi.org/10.1111/biom.12097
https://doi.org/10.1142/9789814329804_0006


Egge, K. and Zahl, P. H. (1999). Survival of glaucoma patients. Acta Ophthalmologica Scandinavica 77, 397–401.
Gamerman, D. (1991). Dynamic Bayesian models for survival data. Journal of the Royal Statistical Society Se-

ries C Applied Statistics 40, 63–79.
Gastrointestinal Tumor Study Group (1982). A comparison of combination chemotherapy and combined modality

therapy for locally advanced gastric carcinoma. Cancer 49, 1771–1777.
Ibrahim, J. G., Chen, M. H. and Sinha, D. (2001). Bayesian Survival Analysis. New York: Springer. MR1876598

https://doi.org/10.1007/978-1-4757-3447-8
Kalbfleisch, J. D. (1978). Non-parametric Bayesian analysis of survival time data. Journal of the Royal Statistical

Society, Series B, Methodological 40, 214–221. MR0517442
Kalbfleisch, J. D. and Prentice, R. L. (1973). Marginal likelihoods based on Cox’s regression and life model.

Biometrika 60, 267–278. MR0326939 https://doi.org/10.1093/biomet/60.2.267
Lee, S. H. (2011). Maximum of the weighted Kaplan–Meier tests for the two-sample censored data.

Journal of Statistical Computation and Simulation 81, 1017–1026. MR2820063 https://doi.org/10.1080/
00949651003627753

Nieto-Barajas, L. E. (2014). Bayesian semiparametric analysis of short- and long-term hazard ratios with covari-
ates. Computational Statistics & Data Analysis 71, 477–490. MR3131984 https://doi.org/10.1016/j.csda.2013.
03.012

Nocedal, J. and Wright, S. J. (2006). Numerical Optimization, 2nd ed. New York: Springer. MR2244940
Putter, H., Sasako, M., Hartgrink, H. H., van-de-Velde, C. J. H. and van-Houwelingen, J. C. (2005). Long-term

survival with non-proportional hazards: Results from the Dutch gastric cancer trial. Statistics in Medicine 24,
2807–2821. MR2201852 https://doi.org/10.1002/sim.2143

R Core Team (2019). R: A Language and Environment for Statistical Computing. R Foundation for Statistical
Computing. Vienna, Austria.

Sahu, S. K., Dey, D. K., Aslanidou, H. and Sinha, D. (1997). A Weibull regression model with gamma frailties
for multivariate survival data. Lifetime Data Analysis 3, 123–137.

Schneider, S., Demarqui, F. N., Colosimo, E. A. and Mayrink, V. D. (2020). An approach to model clustered
survival data with dependent censoring. Biometrical Journal 62, 157–174. MR2635103 https://doi.org/10.
1002/bimj.201800391

Shyur, H. J., Elsayed, E. A. and Luxhoj, J. T. (1999). A general model for accelerated life testing with time-
dependent covariates. Naval Research Logistics 49, 303–321. MR1677541 https://doi.org/10.1002/(SICI)
1520-6750(199904)46:3\&lt;303::AID-NAV4\&gt;3.3.CO;2-W

Sinha, D., Chen, M. H. and Ghosh, S. K. (1999). Bayesian analysis and model selection for interval-censored
survival data. Biometrics 55, 585–590. MR1705161 https://doi.org/10.1111/j.0006-341X.1999.00585.x

Sinha, D. and Dey, D. K. (1997). Semiparametric Bayesian analysis of survival data. Journal of the American
Statistical Association 92, 1195–1212.

Tong, X., Zhu, C. and Sun, J. (2007). Semiparametric regression analysis of two-sample current status data,
with applications to tumorigenicity experiments. Canadian Journal of Statistics 35, 575–584. MR2416857
https://doi.org/10.1002/cjs.5550350408

Yang, S. (2018). Improving testing and description of treatment effect in clinical trials with survival outcomes.
Statistics in Medicine 38, 530–544. MR3902596 https://doi.org/10.1002/sim.7676

Yang, S. and Prentice, R. L. (2005). Semiparametric analysis of short-term and long-term hazard ratios with
two-sample survival data. Biometrika 92, 1–17. MR2158606 https://doi.org/10.1093/biomet/92.1.1

Yang, S. and Prentice, R. L. (2010). Improved logrank-type tests for survival data using adaptive weights. Biomet-
rics 66, 30–38. MR2756688 https://doi.org/10.1111/j.1541-0420.2009.01243.x

Yang, S. and Prentice, R. L. (2011). Estimation of the 2-sample hazard ratio function using a semiparametric
model. Biostatistics 12, 354–368.

Yang, S. and Prentice, R. L. (2015). Assessing potentially time-dependent treatment effect from clinical trials and
observational studies for survival data, with applications to the Women’s Health Initiative combined hormone
therapy trial. Statistics in Medicine 34, 1801–1817. MR3334693 https://doi.org/10.1002/sim.6453

Yang, S. and Zhao, Y. (2012). Checking the short-term and long-term hazard ratio model for survival data. Scan-
dinavian Journal of Statistics 39, 554–567. MR2971638 https://doi.org/10.1111/j.1467-9469.2012.00804.x

Zeng, D. and Lin, D. Y. (2007). Maximum likelihood estimation in semiparametric regression models with cen-
sored data. Journal of the Royal Statistical Society, Series B 69, 507–564. MR2370068 https://doi.org/10.1111/
j.1369-7412.2007.00606.x

Zhang, H., Wang, P. and Sun, J. (2018). Regression analysis of interval-censored failure time data with possibly
crossing hazards. Statistics in Medicine 37, 768–775. MR3760447 https://doi.org/10.1002/sim.7538

http://www.ams.org/mathscinet-getitem?mr=1876598
https://doi.org/10.1007/978-1-4757-3447-8
http://www.ams.org/mathscinet-getitem?mr=0517442
http://www.ams.org/mathscinet-getitem?mr=0326939
https://doi.org/10.1093/biomet/60.2.267
http://www.ams.org/mathscinet-getitem?mr=2820063
https://doi.org/10.1080/00949651003627753
http://www.ams.org/mathscinet-getitem?mr=3131984
https://doi.org/10.1016/j.csda.2013.03.012
http://www.ams.org/mathscinet-getitem?mr=2244940
http://www.ams.org/mathscinet-getitem?mr=2201852
https://doi.org/10.1002/sim.2143
http://www.ams.org/mathscinet-getitem?mr=2635103
https://doi.org/10.1002/bimj.201800391
http://www.ams.org/mathscinet-getitem?mr=1677541
https://doi.org/10.1002/(SICI)1520-6750(199904)46:3&lt;303::AID-NAV4&gt;3.3.CO;2-W
http://www.ams.org/mathscinet-getitem?mr=1705161
https://doi.org/10.1111/j.0006-341X.1999.00585.x
http://www.ams.org/mathscinet-getitem?mr=2416857
https://doi.org/10.1002/cjs.5550350408
http://www.ams.org/mathscinet-getitem?mr=3902596
https://doi.org/10.1002/sim.7676
http://www.ams.org/mathscinet-getitem?mr=2158606
https://doi.org/10.1093/biomet/92.1.1
http://www.ams.org/mathscinet-getitem?mr=2756688
https://doi.org/10.1111/j.1541-0420.2009.01243.x
http://www.ams.org/mathscinet-getitem?mr=3334693
https://doi.org/10.1002/sim.6453
http://www.ams.org/mathscinet-getitem?mr=2971638
https://doi.org/10.1111/j.1467-9469.2012.00804.x
http://www.ams.org/mathscinet-getitem?mr=2370068
https://doi.org/10.1111/j.1369-7412.2007.00606.x
http://www.ams.org/mathscinet-getitem?mr=3760447
https://doi.org/10.1002/sim.7538
https://doi.org/10.1080/00949651003627753
https://doi.org/10.1016/j.csda.2013.03.012
https://doi.org/10.1002/bimj.201800391
https://doi.org/10.1002/(SICI)1520-6750(199904)46:3&lt;303::AID-NAV4&gt;3.3.CO;2-W
https://doi.org/10.1111/j.1369-7412.2007.00606.x


Brazilian Journal of Probability and Statistics
2021, Vol. 35, No. 1, 187–204
https://doi.org/10.1214/20-BJPS468
© Brazilian Statistical Association, 2021

The random deterioration rate model with measurement error
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Abstract. In this paper, we introduce the random deterioration rate model
with measurement error in order to incorporate the variability among dif-
ferent components. The motivation behind the random variable model is to
capture the randomness in the individual differences across the population.
This model incorporates only sample uncertainty of the degradation, and no
temporal variability is included. The measurement error models appear to
overcome this problem. The random rate analysis is based on repeated mea-
surements of failure sizes generated by a degradation process over time in a
components population. Some characteristics of the random deterioration rate
model based on the inverse Gaussian distribution and subject to measurement
error, are examined. We carry out simulation studies to (i) assess the perfor-
mance of the maximum likelihood estimates obtained through the Gaussian
quadrature along with Quasi-Newton optimization method; and (ii) examine
the effects of model misspecification on the model selection criteria’s perfor-
mance, as well as on the lifetime prediction’s accuracy and precision. The
potentiality of the proposed model is illustrated through two real data sets.
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