
BJPS is an IMS supported journal ISSN 0103-0752 Brazilian Statistical Association

Contents
W. SON, J. LIM and D. YU
Tuning parameter selection in fused lasso signal approximator with false
discovery rate control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 463

Y. LIU and D. WANG
Variable selection for an improved INAR(1) model with explanatory variables
using 2SPCLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493

M. HESS
Interest rate modeling with generalized Langevin equations . . . . . . . . . . . . . . . . . . . 513

B. MAC’ODUOL, N. BALAKRISHNAN, P. VAN STADEN and R. KING
L-moments of asymmetric generalized distributions obtained through quantile
splicing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 534

A. SHAFQAT, F. SHAHZAD, M. ASLAM and R. P. ABREU
An enhanced design of nonparametric modified EWMA sign control chart using
repetitive sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 552

P. CHANDRA, A. K. MAHTO and Y. M. TRIPATHI
Inference for a competing risks model with Burr XII distributions under
generalized progressive hybrid censoring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 566

Y. CHENG and Y. SONG
Simultaneous outlier detection and variable selection for spatial Durbin
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .596

R. VILA, N. BALAKRISHNAN, H. SAULO and A. PROTAZIO
Bivariate log-symmetric models: Distributional properties, parameter estimation
and an application to public spending data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 619



Brazilian Journal of Probability and Statistics Volume 37 • Number 3 • September 2023



Brazilian Journal
of Probability
and Statistics
Volume 37 •Number 3 •September 2023

www.imstat.org/bjps



Partial financial support:
CNPq and CAPES (Brazil).

ISSN 0103-0752 (Print) ISSN 2317-6199 (Online), Volume 37, Num-
ber 3, September 2023. Published quarterly by the Brazilian Statistical
Association.

POSTMASTER:

Send address changes to Brazilian Journal of Probability and Statistics,
Institute of Mathematical Statistics, Dues and Subscriptions Office, PO
Box 729, Middletown, Maryland 21769, USA.

Brazilian Statistical Association members should send address
changes to Rua do Matão, 1010 sala 250A, 05508-090 São Paulo/SP
Brazil (address of the BSA office).

Copyright © 2023 by the Brazilian Statistical Association.

Printed in the United States of America



Brazilian Journal of Probability and Statistics
2023, Vol. 37, No. 3, 463–492
https://doi.org/10.1214/23-BJPS577
© Brazilian Statistical Association, 2023

Tuning parameter selection in fused lasso signal approximator with
false discovery rate control

Won Son1,a, Johan Lim2,b and Donghyeon Yu3,c

1Department of Statistics, Dankook University, Gyeonggi-do 16890, Korea, ason.won@dankook.ac.kr
2Department of Statistics, Seoul National University, Seoul 08826, Korea, bjohanlim@stats.snu.ac.kr

3Department of Statistics, Inha University, Incheon 22212, Korea, cdyu@inha.ac.kr

Abstract. The fused lasso signal approximator (FLSA) obtains sparse and
blocky estimates of the piecewise constant mean model with two tuning pa-
rameters for the total variation (TV)-norm and �1-norm penalties. The FLSA
can be divided into the fusion procedure for finding block structures and the
soft-thresholding procedure for identifying non-zero block signals. In this pa-
per, we first prove that Bayesian information criterion-type criteria guarantee
that the FLSA obtains the minimally over-fitted block estimates. Second, we
propose a new procedure to select the soft-thresholding level that controls the
false discovery rate of the estimated signals for identifying non-zero signals
under the aimed level based on the preliminary test statistics. We show that
the soft-thresholded fusion estimators improve the preliminary test statistics
regarding false discovery rates. We apply the FLSA with the proposed selec-
tion procedure to the COVID-19 pandemic dataset in Korea to identify the
change points.

References

Benjamini, Y. and Hochberg, Y. (1995). Controlling the false discovery rate: A practical and powerful approach
to multiple testing. Journal of the Royal Statistical Society, Series B 57, 289–300. MR1325392

Braun, J. V., Braun, R. and Müller, H. G. (2000). Multiple changepoint fitting via quasi-likelihood with application
to DNA sequence segmentation. Biometrika 87, 301–314. MR1782480 https://doi.org/10.1093/biomet/87.2.
301

Chen, J. and Chen, Z. (2008). Extended Bayesian information criteria for model selection with large model spaces.
Biometrika 95, 759–771. MR2443189 https://doi.org/10.1093/biomet/asn034

Efron, B. (2004). Large-scale simultaneous hypothesis testing. Journal of the American Statistical Association 99,
96–104. MR2054289 https://doi.org/10.1198/016214504000000089

Fan, J. and Li, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle proper-
ties. Journal of the American Statistical Association 96, 1348–1360. MR1946581 https://doi.org/10.1198/
016214501753382273

Friedman, J., Hastie, T., Höfling, H. and Tibshirani, R. (2007). Pathwise coordinate optimization. Annals of Ap-
plied Statistics 1, 302–332. MR2415737 https://doi.org/10.1214/07-AOAS131

Fryzlewicz, P. (2014). Wild binary segmentation for multiple change-point detection. The Annals of Statistics 42,
2243–2281. MR3269979 https://doi.org/10.1214/14-AOS1245

Guo, J., James, G., Levina, E., Michailidis, G. and Zhu, J. (2010). Principal component analysis with sparse fused
loadings. Journal of Computational and Graphical Statistics 19, 930–946. MR2791262 https://doi.org/10.
1198/jcgs.2010.08127

Harchaoui, Z. and Lévy-Leduc, C. (2010). Multiple change-point esetimation with a total variation penalty.
Journal of Amerian Statistical Association 105, 1480–1493. MR2796565 https://doi.org/10.1198/jasa.2010.
tm09181

Hoefling, H. (2010). A path algorithm for the fused lasso signal approximator. Journal of Computational and
Graphical Statistics 19, 984–1006. MR2791265 https://doi.org/10.1198/jcgs.2010.09208

Hütter, J. C. and Rigollet, P. (2016). Optimal rates for total variation denoising. Proceedings of Machine Learning
Research 49, 1115–1146.

Key words and phrases. False discovery rate, fused lasso signal approximator, generalized information criteria,
piecewise constant mean model, tuning parameter selection.

https://imstat.org/journals-and-publications/brazilian-journal-of-probability-and-statistics/
https://doi.org/10.1214/23-BJPS577
http://www.redeabe.org.br/
mailto:son.won@dankook.ac.kr
mailto:johanlim@stats.snu.ac.kr
mailto:dyu@inha.ac.kr
https://mathscinet.ams.org/mathscinet-getitem?mr=1325392
https://mathscinet.ams.org/mathscinet-getitem?mr=1782480
https://doi.org/10.1093/biomet/87.2.301
https://mathscinet.ams.org/mathscinet-getitem?mr=2443189
https://doi.org/10.1093/biomet/asn034
https://mathscinet.ams.org/mathscinet-getitem?mr=2054289
https://doi.org/10.1198/016214504000000089
https://mathscinet.ams.org/mathscinet-getitem?mr=1946581
https://doi.org/10.1198/016214501753382273
https://mathscinet.ams.org/mathscinet-getitem?mr=2415737
https://doi.org/10.1214/07-AOAS131
https://mathscinet.ams.org/mathscinet-getitem?mr=3269979
https://doi.org/10.1214/14-AOS1245
https://mathscinet.ams.org/mathscinet-getitem?mr=2791262
https://doi.org/10.1198/jcgs.2010.08127
https://mathscinet.ams.org/mathscinet-getitem?mr=2796565
https://doi.org/10.1198/jasa.2010.tm09181
https://mathscinet.ams.org/mathscinet-getitem?mr=2791265
https://doi.org/10.1198/jcgs.2010.09208
https://doi.org/10.1093/biomet/87.2.301
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/jcgs.2010.08127
https://doi.org/10.1198/jasa.2010.tm09181


Lee, J. and Chen, J. (2019). A penalized regression approach for DNA copy number study using the sequencing
data. Statistical Applications in Genetics and Molecular Biology 18, 20180001. MR3987905 https://doi.org/10.
1515/sagmb-2018-0001

Lee, J. and Chen, J. (2020). A modified information criterion for tuning parameter selection in 1d fused lasso
for inference on multiple change points. Journal of Statistical Computation and Simulation 90, 1496–1519.
MR4090365 https://doi.org/10.1080/00949655.2020.1732379

Lin, K., Sharpnack, J., Rinaldo, A. and Tibshirani, R. J. (2016). Approximate recovery in changepoint problems,
from �2 estimation error rates. arXiv preprint. Available at arXiv:1606.06746.

Lin, K., Sharpnack, J., Rinaldo, A. and Tibshirani, R. J. (2017). A sharp error analysis for the fused lasso, with
application to approximate changepoint screening. In Advances in Neural Information Processing Systems,
6884–6893.

Mammen, E. and van de Geer, S. (1997). Locally adaptive regression splines. The Annals of Statistics 25, 387–
413. MR1429931 https://doi.org/10.1214/aos/1034276635

Nishii, R. (1984). Asymptotic properties of criteria for selection of variables in multiple regression. The Annals
of Statistics 12, 758–765. MR0740928 https://doi.org/10.1214/aos/1176346522

Niu, Y. S., Hao, N. and Zhang, H. (2016). Multiple change-point detection: A selective overview. Statistical
Science 31, 611–623. MR3598742 https://doi.org/10.1214/16-STS587

Olshen, A. B., Venkatraman, E., Lucito, R. and Wigler, M. (2004). Circular binary segmentation for the analysis
of array-based dna copy number data. Biostatistics 5, 557–572.

Pan, J. and Chen, J. (2006). Application of modified information criterion to multiple change point problems.
Journal of Multivariate Analysis 97, 2221–2241. MR2301636 https://doi.org/10.1016/j.jmva.2006.05.009

Qian, J. and Jia, J. (2016). On stepwise pattern recovery of the fused lasso. Computational Statistics & Data
Analysis 94, 221–237. MR3412821 https://doi.org/10.1016/j.csda.2015.08.013

Rinaldo, A. (2009). Properties and refinements of the fused lasso. The Annals of Statistics 37, 2922–2952.
MR2541451 https://doi.org/10.1214/08-AOS665

Rinaldo, A. (2014). Corrections to properties and refinements of the fused lasso. available at. https://www.stat.
cmu.edu/~arinaldo/Fused_Correction.pdf. MR2541451 https://doi.org/10.1214/08-AOS665

Rojas, C. R. and Wahlberg, B. (2014). On change point detection using the fused lasso method. arXiv preprint.
Available at arXiv:1401.5408.

Rojas, C. R. and Wahlberg, B. (2015). How to monitor and mitigate stair-casing in �1 trend filtering. In 2015 IEEE
International Conference on Acoustics, Speech and Signal Processing (ICASSP), 3946–3950.

Seong, H., Hyun, H. J., Yun, J. G., Noh, J. Y., Cheong, H. J., Kim, W. J. and Song, J. Y. (2021). Comparison
of the second and third waves of the COVID-19 pandemic in South Korea: Importance of early public health
intervention. International Journal of Infectious Diseases 104, 742–745.

Son, W. and Lim, J. (2019). Modified path algorithm of fused lasso signal approximator for consistent recovery
of change points. Jounal of Statistical Planning and Inference 200, 223–238. MR3907280 https://doi.org/10.
1016/j.jspi.2018.10.003

Son, W., Lim, J. and Yu, D. (2022). Path algorithms for fused lasso signal approximator with application to
COVID-19 spread in Korea. International Statistical Review, Advance online publication. https://doi.org/10.
1111/insr.12521

SON, W.„ LIM, J., and YU, D. (2023). Supplement to “Tuning parameter selection in fused lasso signal approxi-
mator with false discovery rate control.” https://doi.org/10.1214/23-BJPS577SUPP

Sun, W., Wang, H. J. and Fuentes, M. (2016). Fused adaptive lasso for spatial and temporal quantile function
estimation. Technometrics 58, 127–137. MR3463163 https://doi.org/10.1080/00401706.2015.1017115

Tang, L. and Song, P. X. (2016). Fused lasso approach in regression coefficients clustering—learning parameter
heterogeneity in data integration. Journal of Machine Learning Research 17, 1–23. MR3543519

Tibshirani, R., Saunders, M., Rosset, S., Zhu, J. and Knight, K. (2005). Sparsity and smoothness via the fused
lasso. Journal of the Royal Statistical Society, Series B 67, 91–108. MR2136641 https://doi.org/10.1111/j.
1467-9868.2005.00490.x

Tibshirani, R. and Wang, P. (2008). Spatial smoothing and hot sopt detection for CGH data using the fused lasso.
Biostatistics 9, 18–29.

Tibshirani, R. J. and Taylor, J. (2011). The solution path of the generalized lasso. The Annals of Statistics 39,
1335–1371. MR2850205 https://doi.org/10.1214/11-AOS878

Wang, F., Madrid, O., Yu, Y. and Rinaldo, A. (2022). Denoising and change point localisation in piecewise-
constant high-dimensional regression coefficients. In Proceedings of the 25th International Conference on
Artificial Intelligence and Statistics, Vol. 151, 4309–4338.

Yao, Y. C. (1988). Estimating the number of change-points via Schwarz’ criterion. Statistics & Probability Letters
6, 181–189. MR0919373 https://doi.org/10.1016/0167-7152(88)90118-6

Yao, Y. C. and Au, S. T. (1989). Least-squares estimation of a step function. Sankhyā: The Indian Journal of
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Abstract. In the era of Big Data, a tremendous amount of usable data is
produced every day. Count data is an essential component. The first-order
integer-valued autoregressive (INAR(1)) model is one of the most effec-
tive tools for evaluating count data. In this study, we provide an improved
INAR(1) model with explanatory variables. This model can well characterize
the type of data where the variance of innovation is influenced by other time-
varying factors. We introduce a two-step penalized conditional least squares
(2SPCLS) method for unknown parameter estimation and variable selection.
This method facilitates the selection of explanatory variables in the model, al-
lowing us to more effectively address a modeling challenge. The asymptotical
properties have been thoroughly investigated. This paper demonstrates, via a
simulation study, that the 2SPCLS approach can accurately and effectively
select the zero parameters. Finally, we perform a real-time series analysis,
suggesting that this method can be used to solve problems in real life.
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Abstract. In this paper, we present an arithmetic short rate model based
on generalized Langevin equations. The innovative feature of the model
is that it accounts for memory effects in interest rate markets via the in-
volved Langevin processes. In this setup, we provide a representation for
the related zero-coupon bond price and infer its risk-neutral time dynam-
ics. We also deduce the associated forward rate dynamics, the latter being
of Heath–Jarrow–Morton type. We further establish a measure change to the
risk-adjusted forward measure and propose a market-consistent calibration
procedure. We finally derive a pricing formula for a European call option
written on the zero-coupon bond by Fourier transform methods.
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Abstract. Balakrishnan et al. (Communications in Statistics Simulation and
Computation 46 (2017) 4082–4097) proposed a skew logistic distribution by
making use of the cumulative distribution function (CDF) of the folded logis-
tic distribution. They made use of moments of order statistics from the stan-
dard folded logistic distribution to obtain the single and product moments of
order statistics from the skew logistic distribution. Subsequently, Mac’Oduol
et al. (Communications in Statistics—Theory and Methods 49 (2020) 4413–
4429) proposed quantile splicing for the construction of two-piece distribu-
tions using quantile functions of symmetric distributions as building blocks.
This paper presents the derivation of a general formula for the L-moments of
such two-piece distributions. In addition, quantile splicing and its results are
then specialized to the Tukey lambda distribution, and an example is used to
illustrate the results developed.
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Abstract. The exponential weighted moving average (EWMA) control chart
is commonly used in industry to monitor process performance for small
changes in objective values. In everyday life, a large amount of data is gener-
ated by a technique where a monitoring statistic displays an undefined prob-
ability distribution; in this case, nonparametric control charts are used to ex-
amine nonconformities from the procedure aim. We aim for an existing non-
parametric modified arcsine EWMA (NPMASE) sign control chart in this
study. This control chart is accessible based on a single sample; however, the
repetitive sampling scheme is less well-known and has received less atten-
tion, but it outperforms other sampling schemes. An NPMASE control chart
based on repetitive sampling (namely RSMASE) is used here to improve the
detectability of small process shifts. The performance of the resulting chart
is examined in terms of popular run-length properties such as mean run-
length (ARL), median run-length (MDRL), and standard deviation run-length
(SDRL). The early RSMASE chart demonstrates the efficiency of shift detec-
tion abilities, followed by the NPMASE and nonparametric arcsine EWMA
(NPASE) control charts. An actual-life application based on a soft-drink bev-
erage data set for the industrial implementation of the newly designed chart
is also explained.
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Abstract. This article considers the inference for a competing risks model
with a partially observed failure cause when latent failure times follow Burr
XII distributions. Inference is obtained under a generalized progressive hy-
brid censoring. Estimations of unknown parameters under different restric-
tions are provided using frequentist and Bayesian approaches. Subsequently,
interval estimators are also derived. Bayesian estimators are developed for
order-restricted parameters and are compared with corresponding likelihood
estimators. The case of unrestricted parameters is considered as well. The
performance of all estimators is evaluated based on a simulation study, and a
real data set is also presented for illustrative purposes.
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Simultaneous outlier detection and variable selection for spatial
Durbin model
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Abstract. With the continuous development of economy and technology, the
application of spatial data has become increasingly widespread. Handling
complex spatial data, outlier detection has become an important problem
in the study of spatial models. This article proposes a method for simul-
taneously performing outlier detection and variable selection in the spatial
Durbin model. This method combines relevant theories of spatial statistics
and enables accurate identification and location of outliers, as well as vari-
able selection of estimation coefficients, by modeling and analyzing spatial
data. The experimental results indicate that the proposed method effectively
detects outliers in spatial data while maintaining accuracy, and has high in-
terpretability and generalization value. Furthermore, a practical case is pre-
sented to demonstrate the method’s effectiveness in real-world scenarios.
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Bivariate log-symmetric models: Distributional properties,
parameter estimation and an application to public spending data

Roberto Vila1,2,a
 iD, Narayanaswamy Balakrishnan2,d

 iD, Helton Saulo1,3,b
 iD and

Ana Protazio1,c

1Department of Statistics, University of Brasilia, Brasilia, Brazil, arovig161@gmail.com,
bheltonsaulo@gmail.com, cana.protazio@gmail.com

2Department of Mathematics and Statistics, McMaster University, Hamilton, Ontario, Canada,
dbala@mcmaster.ca

3Department of Mathematics, University of Texas at Arlington, Arlington, Texas, USA

Abstract. The bivariate Gaussian distribution has been a key model for
many developments in statistics. However, many real-world phenomena pro-
duce data that follow asymmetric distributions, and consequently bivari-
ate normal model becomes inappropriate in such situations. Bidimensional
log-symmetric models have attractive properties and can be considered as
good alternatives in such situations. In this paper, we discuss bivariate log-
symmetric distributions and their characterizations. We establish several dis-
tributional properties and also discuss the maximum likelihood estimation of
model parameters. A Monte Carlo simulation study is performed for exam-
ining the performance of the developed parameter estimation method. A real
data set is finally analyzed to illustrate the proposed model and the associated
inferential method.
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