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Khinchin’s 1929 Paper on Von Mises’
Frequency Theory of Probability

Lukas M. Verburgt

Abstract.

In 1929, a few years prior to his colleague Kolmogorov’s Grund-

begriffe, the leading Russian probabilist Khinchin published a paper in which
he commented on the foundational ambitions of von Mises’ frequency theory
of probability. This brief introduction provides background and context for
the English translation of Khinchin’s historically revealing paper, published

as an online supplement.

Key words and phrases:

Khinchin, Kolmogorov, von Mises, foundations of

probability theory, frequency theory of probability, history of mathematics.

REFERENCES

BERNHARDT, H. (1984). Richard Von Mises und Sein Beitrag zur
Grundlegung der Wahrscheinlichkeitsrechnung Im 20. Jahrhun-
dert. Habilitationsschrift, Berlin, Humboldt-Univ.

BINGHAM, N. H. (2001). Probability and statistics: Some thoughts at
the turn of the millennium. In Probability Theory (Roskilde, 1998)
(V. F. Hendricks, S. A. Pedersen and K. F. Jorgensen, eds.). Syn-
these Lib. 297 15-49. Kluwer Academic, Dordrecht. MR1894707

CARNAP, R. (1934). Logische Syntax der Sprache. Springer, Vienna.

CHAUMONT, L., MAZLIAK, L. and YOR, M. (2007). Some aspects of
the probabilistic work. In Kolmogorov’s Heritage in Mathematics
(E. Charpentier, A. Lesne and N. Nikolski, eds.) 41-66. Springer,
Berlin. MR2376738 https://doi.org/10.1007/978-3-540-36351-4_3

CRAMER, H. (1962). A. 1. Khinchin’s work in mathematical probabil-
ity. Ann. Math. Stat. 33 1227-1237. MR0139512 https://doi.org/10.
1214/a0ms/1177704355

Doos, J. L. (1996). The development of rigor in mathematical
probability (1900-1950). Amer. Math. Monthly 103 586-595.
MR 1404084 https://doi.org/10.2307/2974673

DORGE, K. (1930). Zu der von R. von Mises gegebenen Begriindung
der Wahrscheinlichkeitsrechnung. Erste Mitteilung: Theorie des
Gliicksspiels. Math. Z. 32 232-258. MR 1545164 https://doi.org/10.
1007/BF01194632

GNEDENKO, B. V. (1961). Alexander Iacovlevich Khinchin. In Proc.
4th Berkeley Sympos. Math. Statist. and Prob., Vol. II 1-15. (1
plate). Univ. California Press, Berkeley, CA. MR0131956

HAUSDOREFF, F. (2006). Gesammelte Werke. Band V. Astronomie, Op-
tik und Wahrscheinlichkeitstheorie. Springer, Berlin. MR2229144

HOCHKIRCHEN, T. (1999). Die Axiomatisierung der Wahrschein-
lichkeitsrechnung und Ihre Kontexte. Von Hilberts sechstem Prob-
lem zu Kolmogoroffs Grundbegriffen. Studien zur Wissenschaffts-,
Sozial- und Bildungsgeschichte der Mathematik [Studies on the Sci-
entific, Social and Educational History of Mathematics] 13. Van-
denhoeck & Ruprecht, Gottingen. MR1738288

KAMKE, E. (1932). Einfiihrung in die Wahrscheinlichkeitstheorie.
Hirzel, Leipzig. MR0010917

KHINCHIN, A. YA. (1924). Uber einen Satz der Wahrscheinlichkeit-
srechnung. Fund. Math. 6 9-20.

KHINCHIN, A. YA. (1926). Ideas of intuitionism and the struggle for a
subject matter in modern mathematics (Russian). Vestnik Kommu-
nisticheskoy Akademii 16 184—192. English translation in [Verburgt
& Hoppe-Kondrikova, 2016].

KHINTCHINE, A. YA. (1927). Uber das Gesetz der grolen Zahlen.
Math. Ann. 96 152-168. MR1512310 https://doi.org/10.1007/
BF01209158

KHINCHIN, A. YA. (1929). The role and character of induction in
mathematics (Russian). Vestnik Kommunisticheskoy Academii 1 5—
7.

KHINCHIN, A. YA. (1933). Zur mathematischen Begriindung der
statistischen Mechanik. ZAMM Z. Angew. Math. Mech. 13 101-
103.

KHINCHIN, A. YA. (1952). The method of arbitrary functions and the
struggle against idealism in the theory of probability. (Russian).
Filosofskiye Sovremennoy Fiziki 522-538.

KHINCHIN, A. YA. (1961). Mises’ frequentist theory and the mod-
ern ideas in the theory of probability (Russian). Voprosy Filosofii.
Nauchno-tekhnicheskiy Zhurnal 15 (1), 92-102, 15 (2): 77-89.

KHINCHIN, A. YA. (2004 [1936-1944]). Mises’ frequentist theory
and the modern ideas in the theory of probability. Translated by
O. Sheynin, with footnotes by Reinhard Siegmund-Schultze. Sci.
Context 17 319-422. MR2106024

KHINCHIN, A. YA. (1929 [2020]). Mises’ teachings on probabil-
ity and the principles of statistical physics’. Translated from the
original Russian by Laurent Mazliak, Lukas M. Verburgt and Olga
Hoppe-Kondrikova.

LYUSTERNIK, L. A. (1967). The early years of the Moscow mathe-
matics school. III. Russian Math. Surveys 22 55-91.

MARTIN-LOF, P. (1969). The literature on von Mises’ Kollektivs re-
visited. Theoria 35 12-37. MR0240841 https://doi.org/10.1111/j.
1755-2567.1969.tb00357.x

PECHENKIN, A. (2014). Leonid Isaakovich Mandelstam: Research,
Teaching, Life. Springer, Cham. MR3235276 https://doi.org/10.
1007/978-3-319-00572-0

PHILLIPS, E. R. (1978). Nicolai Nicolaevich Luzin and the Moscow
school of the theory of functions. Historia Math. 5 275-305.
MRO0500530 https://doi.org/10.1016/0315-0860(78)90114-3

Lukas M. Verburgt is Postdoctoral Researcher, Freudenthal Institute, History and Philosophy of Science, Utrecht University,
Princetonplein 5, 3584 CC Utrecht, Netherlands (e-mail: L. m.verburgt @uu.nl).


https://imstat.org/journals-and-publications/statistical-science/
https://doi.org/10.1214/20-STS798
https://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1894707
http://www.ams.org/mathscinet-getitem?mr=2376738
https://doi.org/10.1007/978-3-540-36351-4_3
http://www.ams.org/mathscinet-getitem?mr=0139512
https://doi.org/10.1214/aoms/1177704355
http://www.ams.org/mathscinet-getitem?mr=1404084
https://doi.org/10.2307/2974673
http://www.ams.org/mathscinet-getitem?mr=1545164
https://doi.org/10.1007/BF01194632
http://www.ams.org/mathscinet-getitem?mr=0131956
http://www.ams.org/mathscinet-getitem?mr=2229144
http://www.ams.org/mathscinet-getitem?mr=1738288
http://www.ams.org/mathscinet-getitem?mr=0010917
http://www.ams.org/mathscinet-getitem?mr=1512310
https://doi.org/10.1007/BF01209158
http://www.ams.org/mathscinet-getitem?mr=2106024
http://www.ams.org/mathscinet-getitem?mr=0240841
https://doi.org/10.1111/j.1755-2567.1969.tb00357.x
http://www.ams.org/mathscinet-getitem?mr=3235276
https://doi.org/10.1007/978-3-319-00572-0
http://www.ams.org/mathscinet-getitem?mr=0500530
https://doi.org/10.1016/0315-0860(78)90114-3
mailto:l.m.verburgt@uu.nl
https://doi.org/10.1214/aoms/1177704355
https://doi.org/10.1007/BF01194632
https://doi.org/10.1007/BF01209158
https://doi.org/10.1111/j.1755-2567.1969.tb00357.x
https://doi.org/10.1007/978-3-319-00572-0

SENETA, E. (1994). Russian probability and statistics before Kol-
mogorov. In Companion Encyclopedia of the History and Philoso-
phy of the Mathematical Sciences. Vol. 2 (1. Grattan-Guinness, ed.)
1325-1334. Routledge, London. MR1469978

SENETA, E. (2004). Mathematics, religion, and Marxism in the So-
viet Union in the 1930s. Historia Math. 31 337-367. MR2079595
https://doi.org/10.1016/S0315-0860(03)00046-6

SHAFER, G. and VOVK, V. (2006). The sources of Kol-
mogorov’s Grundbegriffe. Statist. Sci. 21 70-98. MR2275967
https://doi.org/10.1214/088342305000000467

SIEGMUND-SCHULTZE, R. (2004). Mathematicians forced to phi-
losophize: An introduction to Khinchin’s paper on von Mises’
theory of probability. Sci. Context 17 373-390. MR2106023
https://doi.org/10.1017/S0269889704000171

SIEGMUND-SCHULTZE, R. (2006). Probability in 1919/20: The von
Mises—Pélya controversy. Arch. Hist. Exact Sci. 60 431-515.
MR2238933 https://doi.org/10.1007/s00407-006-0112-x

SIEGMUND-SCHULTZE, R. (2010). Sets versus trial sequences, Haus-
dorff versus von Mises: “pure” mathematics prevails in the foun-
dations of probability around 1920. Hist. Math. 37 204-241.
MR2609068 https://doi.org/10.1016/j.hm.2009.11.007

TORNIER, E. (1930). Eine neue Grundlegung der Wahrscheinlichkeit-
srechnung. Z. Phys. 63 697-705.

VAN ATTEN, M. (2015). Brouwer Meets Husserl: On the Phenomenol-
ogy of Choice Sequences. Springer, Cham.

VAN LAMBALGEN, M. (1996). Randomness and foundations of
probability: Von Mises’ axiomatisation of random sequences. In
Statistics, Probability and Game Theory. Institute of Mathemat-
ical Statistics Lecture Notes—Monograph Series 30 347-367.
IMS, Hayward, CA. MR1481789 https://doi.org/10.1214/Inms/
1215453582

VERBURGT, L. M. (2021). Supplement to “Khinchin’s 1929 Paper on
Von Mises’ Frequency Theory of Probability.” https://doi.org/10.
1214/20-STS798SUPP

VERBURGT, L. M. and HOPPE-KONDRIKOVA, O. (2016). On A. Ya.
Khinchin’s paper ‘Ideas of intuitionism and the struggle for a sub-
ject matter in contemporary mathematics’ (1926): A translation
with introduction and commentary. Historia Math. 43 369-398.
MR3567936 https://doi.org/10.1016/j.hm.2016.07.002

VERE-JONES, D. (2005). Moscow school of probability theory. In En-
cyclopedia of Statistical Sciences. Vol. 6 (S. Kotz, C. B. Read, N.
Balakrishnan, B. Vidakovic and N. L. Johnson, eds.) 1-16. Wiley,
Hoboken, NJ.

VON MISES, R. (1928). Wahrscheinlichkeit, Statistik und Wahrheit.
Springer, Vienna.

VON MISES, R. (1931). Wahrscheinlichkeit und Ihre Anwendung in
der Statistik und Theoretischen Physik. Deuticke, Vienna.

VON MISES, R. (1936). Wahrscheinlichkeit, Statistik und Wahrheit,
2nd ed. Springer, Vienna.

VON PLATO, J. (1994). Creating Modern Probability: Its Mathemat-
ics, Physics and Philosophy in Historical Perspective. Cambridge
Studies in Probability, Induction, and Decision Theory. Cam-
bridge Univ. Press, Cambridge. MR1265718 https://doi.org/10.
1017/CB09780511609107

VUCINICH, A. (1970). Science in Russian Culture, 1861-1917. Stan-
ford Univ. Press, Stanford, CA.

VUCINICH, A. (1999). Mathematics and dialectics in the So-
viet Union: The pre-Stalin period. Historia Math. 26 107-124.
MR 1687137 https://doi.org/10.1006/hmat.1999.2229

YUSHKEVICH, A. P. (1993). Encounters with mathematicians. In
Golden Years of Moscow Mathematics (S. Zdravkovska and P. L.
Duren, eds.). Hist. Math. 6 1-33. Amer. Math. Soc., Providence,
RI. MR1246564


http://www.ams.org/mathscinet-getitem?mr=1469978
http://www.ams.org/mathscinet-getitem?mr=2079595
https://doi.org/10.1016/S0315-0860(03)00046-6
http://www.ams.org/mathscinet-getitem?mr=2275967
https://doi.org/10.1214/088342305000000467
http://www.ams.org/mathscinet-getitem?mr=2106023
https://doi.org/10.1017/S0269889704000171
http://www.ams.org/mathscinet-getitem?mr=2238933
https://doi.org/10.1007/s00407-006-0112-x
http://www.ams.org/mathscinet-getitem?mr=2609068
https://doi.org/10.1016/j.hm.2009.11.007
http://www.ams.org/mathscinet-getitem?mr=1481789
https://doi.org/10.1214/lnms/1215453582
https://doi.org/10.1214/20-STS798SUPP
http://www.ams.org/mathscinet-getitem?mr=3567936
https://doi.org/10.1016/j.hm.2016.07.002
http://www.ams.org/mathscinet-getitem?mr=1265718
https://doi.org/10.1017/CBO9780511609107
http://www.ams.org/mathscinet-getitem?mr=1687137
https://doi.org/10.1006/hmat.1999.2229
http://www.ams.org/mathscinet-getitem?mr=1246564
https://doi.org/10.1214/lnms/1215453582
https://doi.org/10.1214/20-STS798SUPP
https://doi.org/10.1017/CBO9780511609107

Statistical Science

2021, Vol. 36, No. 3, 344-359
https://doi.org/10.1214/20-STS805

© Institute of Mathematical Statistics, 2021

A Problem in Forensic Science Highlighting
the Differences between the Bayes Factor
and Likelihood Ratio

Danica M. Ommen and Christopher P. Saunders

Abstract. This article is aimed at the growing number of statisticians inter-
ested in the important problem of interpreting evidence within the forensic
identification of source problems. Our purpose is to formalize these foren-
sic problems as statistical model selection problems. We use two different
classes of statistics for quantifying the evidential value, the likelihood ratio
and Bayes Factor. In forensics, both are commonly called the “likelihood
ratio approach” and “the value of evidence” despite using different defini-
tions of probability. In statistics, they are closely related to the traditional
likelihood ratio from pattern recognition and the Bayes Factor used in model
selection. For two different problem frameworks typical in forensic science,
the common source and the specific source problems, we show the Bayes
Factor and likelihood ratio are not equivalent, and highlight several interest-
ing links between them. These contributions will help to elucidate the effects
of choosing different definitions of probability when addressing the foren-
sic identification of source problems. The broader population of statisticians
may find this paper interesting as an introduction to forensic applications
and for illuminating the connections between model selection methods from
two different paradigms of statistics, particularly in view of the active recent
discussions on the connections among Bayesian, Fiducial, Frequentist (BFF)
approaches.

Key words and phrases: Bayesian, Frequentist, model selection, consis-
tency, credible interval, forensics, common source, specific source.
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A Horse Race between the Block Maxima

Method

and the Peak-over—-Threshold

Approach

Axel Blicher and Chen Zhou

Abstract. Classical extreme value statistics consists of two fundamental
approaches: the block maxima (BM) method and the peak-over-threshold
(POT) approach. It seems to be general consensus among researchers in the
field that the POT approach makes use of extreme observations more effi-
ciently than the BM method. We shed light on this discussion from three
different perspectives. First, based on recent theoretical results for the BM
method, we provide a theoretical comparison in i.i.d. scenarios. We argue
that the data generating process may favour either one or the other approach.
Second, if the underlying data possesses serial dependence, we argue that the
choice of a method should be primarily guided by the ultimate statistical in-
terest: for instance, POT is preferable for quantile estimation, while BM is
preferable for return level estimation. Finally, we discuss the two approaches
for multivariate observations and identify various open ends for future re-

search.

Key words and phrases:
tremal index, stationary time series.
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Abstract. Gibbs sampling is a widely popular Markov chain Monte Carlo
algorithm that can be used to analyze intractable posterior distributions asso-
ciated with Bayesian hierarchical models. There are two standard versions of
the Gibbs sampler: The systematic scan (SS) version, where all variables are
updated at each iteration, and the random scan (RS) version, where a single,
randomly selected variable is updated at each iteration. The literature com-
paring the theoretical properties of SS and RS Gibbs samplers is reviewed,
and an alternative hybrid scan Gibbs sampler is introduced, which is particu-
larly well suited to Bayesian models with latent variables. The word “hybrid”
reflects the fact that the scan used within this algorithm has both systematic
and random elements. Indeed, at each iteration, one updates the entire set of
latent variables, along with a randomly chosen block of the remaining vari-
ables. The hybrid scan (HS) Gibbs sampler has important advantages over
the two standard scan Gibbs samplers. First, the HS algorithm is often easier
to analyze from a theoretical standpoint. In particular, it can be much easier
to establish the geometric ergodicity of a HS Gibbs Markov chain than to
do the same for the corresponding SS and RS versions. Second, the sand-
wich methodology developed in (Ann. Statist. 36 (2008) 532-554), which
is also reviewed, can be applied to the HS Gibbs algorithm (but not to the
standard scan Gibbs samplers). It is shown that, under weak regularity con-
ditions, adding sandwich steps to the HS Gibbs sampler always results in a
theoretically superior algorithm. Three specific Bayesian hierarchical mod-
els of varying complexity are used to illustrate the results. One is a simple
location-scale model for data from the Student’s ¢ distribution, which is used
as a pedagogical tool. The other two are sophisticated, yet practical Bayesian
regression models.

Key words and phrases: Geometric ergodicity, heavy-tailed errors, linear
mixed model, Markov chain Monte Carlo, sandwich algorithm, shrinkage
prior.
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Maximum Likelihood Multiple Imputation:
Faster Imputations and Consistent Standard
Errors Without Posterior Draws

Paul T. von Hippel and Jonathan W. Bartlett

Abstract. Multiple imputation (MI) is a method for repairing and analyz-
ing data with missing values. MI replaces missing values with a sample of
random values drawn from an imputation model. The most popular form of
MI, which we call posterior draw multiple imputation (PDMI), draws the pa-
rameters of the imputation model from a Bayesian posterior distribution. An
alternative, which we call maximum likelihood multiple imputation (MLMI),
estimates the parameters of the imputation model using maximum likelihood
(or equivalent). Compared to PDMI, MLMI is faster and yields slightly more
efficient point estimates.

A past barrier to using MLMI was the difficulty of estimating the standard
errors of MLMI point estimates. We derive, implement and evaluate three
consistent standard error formulas: (1) one combines variances within and
between the imputed datasets, (2) one uses the score function and (3) one uses
the bootstrap with two imputations of each bootstrapped sample. Formula (1)
modifies for MLMI a formula that has long been used under PDMI, while
formulas (2) and (3) can be used without modification under either PDMI or
MLMI. We have implemented MLMI and the standard error estimators in the
mlmi and bootImpute packages for R.

Key words and phrases: Missing data, incomplete data.
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Random Matrix Theory and Its Applications

Alan Julian lzenman

Abstract. This article reviews the important ideas behind random matrix
theory (RMT), which has become a major tool in a variety of disciplines,
including mathematical physics, number theory, combinatorics and multi-
variate statistical analysis. Much of the theory involves ensembles of ran-
dom matrices that are governed by some probability distribution. Examples
include Gaussian ensembles and Wishart—Laguerre ensembles. Interest has
centered on studying the spectrum of random matrices, especially the ex-
treme eigenvalues, suitably normalized, for a single Wishart matrix and for
two Wishart matrices, for finite and infinite sample sizes in the real and com-
plex cases. The Tracy—Widom Laws for the probability distribution of a nor-
malized largest eigenvalue of a random matrix have become very prominent
in RMT. Limiting probability distributions of eigenvalues of a certain random
matrix lead to Wigner’s Semicircle Law and Mar€enko—Pastur’s Quarter-
Circle Law. Several applications of these results in RMT are described in
this article.

Key words and phrases: Eigenvalue density, Gaussian ensembles, Jacobi
ensembles, Marcenko—Pastur’s quarter-circle law, Spiked covariance model,
Tracy—Widom laws, Wigner matrix, Wigner’s semicircle law, Wishart ma-

trix, Wishart-Laguerre ensembles.
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The GENIUS Approach to Robust Mendelian

Randomization Inference

Eric Tchetgen Tchetgen, BaoLuo Sun and Stefan Walter

Abstract. Mendelian randomization (MR) is a popular instrumental vari-
able (IV) approach, in which one or several genetic markers serve as I'Vs
that can sometimes be leveraged to recover valid inferences about a given
exposure-outcome causal association subject to unmeasured confounding.
A key IV identification condition known as the exclusion restriction states
that the IV cannot have a direct effect on the outcome which is not medi-
ated by the exposure in view. In MR studies, such an assumption requires an
unrealistic level of prior knowledge about the mechanism by which genetic
markers causally affect the outcome. As a result, possible violation of the
exclusion restriction can seldom be ruled out in practice. To address this con-
cern, we introduce a new class of IV estimators which are robust to violation
of the exclusion restriction under data generating mechanisms commonly as-
sumed in MR literature. The proposed approach named “MR G-Estimation
under No Interaction with Unmeasured Selection” (MR GENIUS) improves
on Robins’ G-estimation by making it robust to both additive unmeasured
confounding and violation of the exclusion restriction assumption. In cer-
tain key settings, MR GENIUS reduces to the estimator of Lewbel (J. Bus.
Econom. Statist. 30 (2012) 67-80) which is widely used in econometrics
but appears largely unappreciated in MR literature. More generally, MR GE-
NIUS generalizes Lewbel’s estimator to several key practical MR settings, in-
cluding multiplicative causal models for binary outcome, multiplicative and
odds ratio exposure models, case control study design and censored survival
outcomes.

Key words and phrases: Additive model, confounding, exclusion restric-
tion, G-estimation, instrumental variable, robustness.
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A General Framework for the Analysis of

Adaptive Experiments

lan C. Marschner

Abstract.  Adaptive experiments have design features that adapt to the accu-
mulating data and are therefore informative about the parameter of interest.
As a consequence, the overall information in an adaptive experiment is a
combination of information from two sources, the realized design and the
observed outcomes. This paper presents a general framework for the analy-
sis of adaptive experiments, based on the decomposition of overall informa-
tion into design information and outcome information. Likelihood inference
is discussed, beginning with assumptions that guarantee insensitivity of the
likelihood to the adaptive design. We then focus on the relative merits of
unconditional and conditional inference. Although conditional inference is
inefficient due to the nonancillary design, unconditional inference may be
biased conditional on the realized design. Identifying such conditional bias
in a given experiment is a motivation of the proposed framework. We show
that conditional bias stems from correlation between the total information
and the design information, and that this bias is most pronounced in sam-
ples where the design information is inconsistent with the outcome infor-
mation. Thus, by viewing the unconditional likelihood as the aggregation of
information from a design likelihood and a conditional likelihood, we can
use meta-analysis principles to assess heterogeneity between the two infor-
mation sources. When such heterogeneity is detected, conditional inference
may be more appropriate. Interpretation from a Bayesian perspective is also
discussed.

Key words and phrases:  Adaptive design, Bayesian inference, conditional
inference, estimation bias, randomized experiment, sequential experiment.
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