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Bayesian Analysis of Rank Data with
Covariates and Heterogeneous Rankers
Xinran Li, Dingdong Yi and Jun S. Liu

Abstract. Data in the form of ranking lists are frequently encountered, and
combining ranking results from different sources can potentially generate
a better ranking list and help understand behaviors of the rankers. Of in-
terest here are the rank data under the following settings: (i) covariate in-
formation available for the ranked entities; (ii) rankers of varying qualities
or having different opinions; and (iii) incomplete ranking lists for nonover-
lapping subgroups. We review some key ideas built around the Thurstone
model family by researchers in the past few decades and provide a unifying
approach for Bayesian Analysis of Rank data with Covariates (BARC) and
its extensions in handling heterogeneous rankers. With this Bayesian frame-
work, we can study rankers’ varying quality, cluster rankers’ heterogeneous
opinions, and measure the corresponding uncertainties. To enable an effi-
cient Bayesian inference, we advocate a parameter-expanded Gibbs sampler
to sample from the target posterior distribution. The posterior samples also
result in a Bayesian aggregated ranking list, with credible intervals quantify-
ing its uncertainty. We investigate and compare performances of the proposed
methods and other rank aggregation methods in both simulation studies and
two real-data examples.

Key words and phrases: Thurstone model, rank aggregation, heterogeneous
rankers, infinite mixture model, parameter-expanded data augmentation.
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The Dependent Dirichlet Process and
Related Models
Fernando A. Quintana, Peter Müller, Alejandro Jara and Steven N. MacEachern

Abstract. Standard regression approaches assume that some finite number
of the response distribution characteristics, such as location and scale, change
as a (parametric or nonparametric) function of predictors. However, it is not
always appropriate to assume a location/scale representation, where the error
distribution has unchanging shape over the predictor space. In fact, it often
happens in applied research that the distribution of responses under study
changes with predictors in ways that cannot be reasonably represented by a
finite dimensional functional form. This can seriously affect the answers to
the scientific questions of interest, and therefore more general approaches are
indeed needed. This gives rise to the study of fully nonparametric regression
models. We review some of the main Bayesian approaches that have been
employed to define probability models where the complete response distri-
bution may vary flexibly with predictors. We focus on developments based on
modifications of the Dirichlet process, historically termed dependent Dirich-
let processes, and some of the extensions that have been proposed to tackle
this general problem using nonparametric approaches.

Key words and phrases: Related random probability distributions, Bayesian
nonparametrics, nonparametric regression, quantile regression.
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(2002). A Distribution-Free Theory of Nonparametric Regression.
Springer Series in Statistics. Springer, New York. MR1920390
https://doi.org/10.1007/b97848

HÄRDLE, W. (1991). Smoothing Techniques: With Implementation in
S. Springer Series in Statistics. Springer, New York. MR1140190
https://doi.org/10.1007/978-1-4612-4432-5

JAMES, L. F., LIJOI, A. and PRÜNSTER, I. (2009). Posterior analy-
sis for normalized random measures with independent increments.
Scand. J. Stat. 36 76–97. MR2508332 https://doi.org/10.1111/j.
1467-9469.2008.00609.x

JARA, A. and HANSON, T. E. (2011). A class of mixtures of de-
pendent tail-free processes. Biometrika 98 553–566. MR2836406
https://doi.org/10.1093/biomet/asq082

http://www.ams.org/mathscinet-getitem?mr=2439814
https://doi.org/10.1109/TSP.2007.900167
http://www.ams.org/mathscinet-getitem?mr=2758172
https://doi.org/10.1214/09-AOAS285
http://www.ams.org/mathscinet-getitem?mr=2750582
https://doi.org/10.1198/jasa.2009.tm08302
http://www.ams.org/mathscinet-getitem?mr=2054299
https://doi.org/10.1198/016214504000000205
http://www.ams.org/mathscinet-getitem?mr=2649849
https://doi.org/10.1111/j.1541-0420.2008.01166.x
http://www.ams.org/mathscinet-getitem?mr=0836973
https://doi.org/10.1007/978-1-4613-8643-8
http://www.ams.org/mathscinet-getitem?mr=2359237
https://doi.org/10.1111/j.1467-9876.2007.00569.x
http://www.ams.org/mathscinet-getitem?mr=3036254
https://doi.org/10.1214/13-BA803
http://www.ams.org/mathscinet-getitem?mr=2416794
https://doi.org/10.1093/biomet/asm071
http://www.ams.org/mathscinet-getitem?mr=2521586
https://doi.org/10.1093/biomet/asn012
http://www.ams.org/mathscinet-getitem?mr=2325270
https://doi.org/10.1111/j.1467-9868.2007.00582.x
http://www.ams.org/mathscinet-getitem?mr=2777332
http://www.ams.org/mathscinet-getitem?mr=3617626
http://www.ams.org/mathscinet-getitem?mr=3135536
https://doi.org/10.1214/13-STS422
http://www.ams.org/mathscinet-getitem?mr=0350949
http://www.ams.org/mathscinet-getitem?mr=0438568
http://www.ams.org/mathscinet-getitem?mr=2510777
https://doi.org/10.1016/j.spl.2009.01.005
http://www.ams.org/mathscinet-getitem?mr=1880817
https://doi.org/10.1023/A:1014629724913
http://www.ams.org/mathscinet-getitem?mr=2201028
https://doi.org/10.1198/016214504000002078
http://www.ams.org/mathscinet-getitem?mr=1955875
https://doi.org/10.1016/S0378-3758(02)00291-4
http://www.ams.org/mathscinet-getitem?mr=1842255
https://doi.org/10.1111/1467-9469.00242
http://www.ams.org/mathscinet-getitem?mr=3065477
https://doi.org/10.1111/rssb.12002
http://www.ams.org/mathscinet-getitem?mr=3611758
https://doi.org/10.1111/rssb.12176
http://www.ams.org/mathscinet-getitem?mr=2268037
https://doi.org/10.1198/016214505000000727
http://www.ams.org/mathscinet-getitem?mr=2777334
http://www.ams.org/mathscinet-getitem?mr=2795625
https://doi.org/10.1016/j.jeconom.2011.03.001
http://www.ams.org/mathscinet-getitem?mr=3425946
https://doi.org/10.1016/j.csda.2015.10.002
http://www.ams.org/mathscinet-getitem?mr=3959876
https://doi.org/10.1214/18-BA1122
http://www.ams.org/mathscinet-getitem?mr=1920390
https://doi.org/10.1007/b97848
http://www.ams.org/mathscinet-getitem?mr=1140190
https://doi.org/10.1007/978-1-4612-4432-5
http://www.ams.org/mathscinet-getitem?mr=2508332
https://doi.org/10.1111/j.1467-9469.2008.00609.x
http://www.ams.org/mathscinet-getitem?mr=2836406
https://doi.org/10.1093/biomet/asq082
https://doi.org/10.1198/jasa.2009.tm08302
https://doi.org/10.1111/j.1541-0420.2008.01166.x
https://doi.org/10.1007/978-1-4613-8643-8
https://doi.org/10.1093/biomet/asn012
https://doi.org/10.1111/rssb.12176
https://doi.org/10.1214/18-BA1122
https://doi.org/10.1111/j.1467-9469.2008.00609.x


JARA, A., LESAFFRE, E., DE IORIO, M. and QUINTANA, F.
(2010). Bayesian semiparametric inference for multivariate doubly-
interval-censored data. Ann. Appl. Stat. 4 2126–2149. MR2829950
https://doi.org/10.1214/10-AOAS368

JARA, A., HANSON, T., QUINTANA, F., MÜLLER, P. and ROS-
NER, G. L. (2011). DPpackage: Bayesian semi- and nonparametric
modeling in R. J. Stat. Softw. 40 1–30.

KESSLER, D. C., HOFF, P. D. and DUNSON, D. B. (2015).
Marginally specified priors for non-parametric Bayesian estima-
tion. J. R. Stat. Soc. Ser. B. Stat. Methodol. 77 35–58. MR3299398
https://doi.org/10.1111/rssb.12059

KLEMELÄ, J. (2014). Multivariate Nonparametric Regression and Vi-
sualization: With R and Applications to Finance. Wiley Series in
Computational Statistics. Wiley, Hoboken, NJ. MR3222314

KOLOSSIATIS, M., GRIFFIN, J. E. and STEEL, M. F. J. (2013).
On Bayesian nonparametric modelling of two correlated distribu-
tions. Stat. Comput. 23 1–15. MR3018346 https://doi.org/10.1007/
s11222-011-9283-7

LAU, J. W. and SO, M. K. P. (2008). Bayesian mixture of autoregres-
sive models. Comput. Statist. Data Anal. 53 38–60. MR2528591
https://doi.org/10.1016/j.csda.2008.06.001

LAVINE, M. (1992). Some aspects of Pólya tree distributions for
statistical modelling. Ann. Statist. 20 1222–1235. MR1186248
https://doi.org/10.1214/aos/1176348767

LEISEN, F. and LIJOI, A. (2011). Vectors of two-parameter
Poisson–Dirichlet processes. J. Multivariate Anal. 102 482–495.
MR2755010 https://doi.org/10.1016/j.jmva.2010.10.008

LIJOI, A., NIPOTI, B. and PRÜNSTER, I. (2014). Bayesian in-
ference with dependent normalized completely random mea-
sures. Bernoulli 20 1260–1291. MR3217444 https://doi.org/10.
3150/13-BEJ521

LIJOI, A. and PRÜNSTER, I. (2009). Distributional properties of
means of random probability measures. Stat. Surv. 3 47–95.
MR2529667 https://doi.org/10.1214/09-SS041

LIN, D., GRIMSON, E. and FISHER, J. W. (2010). Construction of
dependent Dirichlet processes based on Poisson processes. In Ad-
vances in Neural Information Processing Systems 23 (J. D. Lafferty,
C. K. I. Williams, J. Shawe-Taylor, R. S. Zemel and A. Culotta,
eds.) 1396–1404. Curran Associates, Red Hook.

LO, A. Y. (1984). On a class of Bayesian nonparametric esti-
mates. I. Density estimates. Ann. Statist. 12 351–357. MR0733519
https://doi.org/10.1214/aos/1176346412

MACEACHERN, S. N. (1999). Dependent nonparametric processes.
In ASA Proceedings of the Section on Bayesian Statistical Science
Amer. Statist. Assoc., Alexandria, VA.

MACEACHERN, S. N. (2000). Dependent Dirichlet processes. Tech-
nical report. Department of Statistics, The Ohio State Univ.

MENA, R. H. and RUGGIERO, M. (2016). Dynamic density esti-
mation with diffusive Dirichlet mixtures. Bernoulli 22 901–926.
MR3449803 https://doi.org/10.3150/14-BEJ681

MENA, R. H., RUGGIERO, M. and WALKER, S. G. (2011). Geo-
metric stick-breaking processes for continuous-time Bayesian non-
parametric modeling. J. Statist. Plann. Inference 141 3217–3230.
MR2796026 https://doi.org/10.1016/j.jspi.2011.04.008

MIRA, A. and PETRONE, S. (1996). Bayesian hierarchical nonpara-
metric inference for change-point problems. In Bayesian Statistics,
5 (Alicante, 1994). Oxford Sci. Publ. 693–703. Oxford Univ. Press,
New York. MR1425440

MULIERE, P. and PETRONE, S. (1993). A Bayesian predictive ap-
proach to sequential search for an optimal dose: Parametric and
nonparametric models. J. Ital. Stat. Soc. 2 349–364.

MÜLLER, P., ERKANLI, A. and WEST, M. (1996). Bayesian curve
fitting using multivariate normal mixtures. Biometrika 83 67–79.
MR1399156 https://doi.org/10.1093/biomet/83.1.67

MÜLLER, P. and QUINTANA, F. (2010). Random partition models
with regression on covariates. J. Statist. Plann. Inference 140 2801–
2808. MR2651966 https://doi.org/10.1016/j.jspi.2010.03.002

MÜLLER, P., QUINTANA, F. and ROSNER, G. (2004). A method for
combining inference across related nonparametric Bayesian mod-
els. J. R. Stat. Soc. Ser. B. Stat. Methodol. 66 735–749. MR2088779
https://doi.org/10.1111/j.1467-9868.2004.05564.x

MÜLLER, P., QUINTANA, F. and ROSNER, G. L. (2011). A prod-
uct partition model with regression on covariates. J. Comput.
Graph. Statist. 20 260–278. MR2816548 https://doi.org/10.1198/
jcgs.2011.09066

MÜLLER, P., QUINTANA, F. A., JARA, A. and HANSON, T. (2015).
Bayesian Nonparametric Data Analysis. Springer, New York.

PETRONE, S., GUINDANI, M. and GELFAND, A. E. (2009). Hybrid
Dirichlet mixture models for functional data. J. R. Stat. Soc. Ser. B.
Stat. Methodol. 71 755–782. MR2750094 https://doi.org/10.1111/
j.1467-9868.2009.00708.x

PRÜNSTER, I. and RUGGIERO, M. (2013). A Bayesian nonparametric
approach to modeling market share dynamics. Bernoulli 19 64–92.
MR3019486 https://doi.org/10.3150/11-BEJ392

QUINTANA, F. A. and IGLESIAS, P. L. (2003). Bayesian clus-
tering and product partition models. J. R. Stat. Soc. Ser. B.
Stat. Methodol. 65 557–574. MR1983764 https://doi.org/10.1111/
1467-9868.00402

REGAZZINI, E., LIJOI, A. and PRÜNSTER, I. (2003). Distribu-
tional results for means of normalized random measures with
independent increments. Ann. Statist. 31 560–585. MR1983542
https://doi.org/10.1214/aos/1051027881

REICH, B. J. and FUENTES, M. (2007). A multivariate semi-
parametric Bayesian spatial modeling framework for hurricane
surface wind fields. Ann. Appl. Stat. 1 249–264. MR2393850
https://doi.org/10.1214/07-AOAS108

REN, L., DU, L., CARIN, L. and DUNSON, D. B. (2011). Lo-
gistic stick-breaking process. J. Mach. Learn. Res. 12 203–239.
MR2773552

RIGON, T. and DURANTE, D. (2021). Tractable Bayesian density re-
gression via logit stick-breaking priors. J. Statist. Plann. Inference
211 131–142. MR4117446 https://doi.org/10.1016/j.jspi.2020.05.
009

RODRÍGUEZ, A. and DUNSON, D. B. (2011). Nonparametric
Bayesian models through probit stick-breaking processes. Bayesian
Anal. 6 145–177. MR2781811 https://doi.org/10.1214/11-BA605

RODRÍGUEZ, A., DUNSON, D. B. and GELFAND, A. E. (2008). The
nested Dirichlet process. J. Amer. Statist. Assoc. 103 1131–1144.
MR2528831 https://doi.org/10.1198/016214508000000553

RODRIGUEZ, A. and TER HORST, E. (2008). Bayesian dynamic
density estimation. Bayesian Anal. 3 339–365. MR2407430
https://doi.org/10.1214/08-BA313

SETHURAMAN, J. (1994). A constructive definition of Dirichlet pri-
ors. Statist. Sinica 4 639–650. MR1309433

SKLAR, M. (1959). Fonctions de répartition à n dimensions et leurs
marges. Publ. Inst. Stat. Univ. Paris 8 229–231. MR0125600

TEH, Y. W., JORDAN, M. I., BEAL, M. J. and BLEI, D. M. (2006).
Hierarchical Dirichlet processes. J. Amer. Statist. Assoc. 101 1566–
1581. MR2279480 https://doi.org/10.1198/016214506000000302

TOKDAR, S. T., ZHU, Y. M. and GHOSH, J. K. (2010). Bayesian
density regression with logistic Gaussian process and subspace pro-
jection. Bayesian Anal. 5 319–344. MR2719655 https://doi.org/10.
1214/10-BA605

TRIPPA, L., MÜLLER, P. and JOHNSON, W. (2011). The multivariate
beta process and an extension of the Polya tree model. Biometrika
98 17–34. MR2804207 https://doi.org/10.1093/biomet/asq072

WADE, S., MONGELLUZZO, S. and PETRONE, S. (2011). An en-
riched conjugate prior for Bayesian nonparametric inference.
Bayesian Anal. 6 359–385. MR2843536 https://doi.org/10.1214/
ba/1339616468

http://www.ams.org/mathscinet-getitem?mr=2829950
https://doi.org/10.1214/10-AOAS368
http://www.ams.org/mathscinet-getitem?mr=3299398
https://doi.org/10.1111/rssb.12059
http://www.ams.org/mathscinet-getitem?mr=3222314
http://www.ams.org/mathscinet-getitem?mr=3018346
https://doi.org/10.1007/s11222-011-9283-7
http://www.ams.org/mathscinet-getitem?mr=2528591
https://doi.org/10.1016/j.csda.2008.06.001
http://www.ams.org/mathscinet-getitem?mr=1186248
https://doi.org/10.1214/aos/1176348767
http://www.ams.org/mathscinet-getitem?mr=2755010
https://doi.org/10.1016/j.jmva.2010.10.008
http://www.ams.org/mathscinet-getitem?mr=3217444
https://doi.org/10.3150/13-BEJ521
http://www.ams.org/mathscinet-getitem?mr=2529667
https://doi.org/10.1214/09-SS041
http://www.ams.org/mathscinet-getitem?mr=0733519
https://doi.org/10.1214/aos/1176346412
http://www.ams.org/mathscinet-getitem?mr=3449803
https://doi.org/10.3150/14-BEJ681
http://www.ams.org/mathscinet-getitem?mr=2796026
https://doi.org/10.1016/j.jspi.2011.04.008
http://www.ams.org/mathscinet-getitem?mr=1425440
http://www.ams.org/mathscinet-getitem?mr=1399156
https://doi.org/10.1093/biomet/83.1.67
http://www.ams.org/mathscinet-getitem?mr=2651966
https://doi.org/10.1016/j.jspi.2010.03.002
http://www.ams.org/mathscinet-getitem?mr=2088779
https://doi.org/10.1111/j.1467-9868.2004.05564.x
http://www.ams.org/mathscinet-getitem?mr=2816548
https://doi.org/10.1198/jcgs.2011.09066
http://www.ams.org/mathscinet-getitem?mr=2750094
https://doi.org/10.1111/j.1467-9868.2009.00708.x
http://www.ams.org/mathscinet-getitem?mr=3019486
https://doi.org/10.3150/11-BEJ392
http://www.ams.org/mathscinet-getitem?mr=1983764
https://doi.org/10.1111/1467-9868.00402
http://www.ams.org/mathscinet-getitem?mr=1983542
https://doi.org/10.1214/aos/1051027881
http://www.ams.org/mathscinet-getitem?mr=2393850
https://doi.org/10.1214/07-AOAS108
http://www.ams.org/mathscinet-getitem?mr=2773552
http://www.ams.org/mathscinet-getitem?mr=4117446
https://doi.org/10.1016/j.jspi.2020.05.009
http://www.ams.org/mathscinet-getitem?mr=2781811
https://doi.org/10.1214/11-BA605
http://www.ams.org/mathscinet-getitem?mr=2528831
https://doi.org/10.1198/016214508000000553
http://www.ams.org/mathscinet-getitem?mr=2407430
https://doi.org/10.1214/08-BA313
http://www.ams.org/mathscinet-getitem?mr=1309433
http://www.ams.org/mathscinet-getitem?mr=0125600
http://www.ams.org/mathscinet-getitem?mr=2279480
https://doi.org/10.1198/016214506000000302
http://www.ams.org/mathscinet-getitem?mr=2719655
https://doi.org/10.1214/10-BA605
http://www.ams.org/mathscinet-getitem?mr=2804207
https://doi.org/10.1093/biomet/asq072
http://www.ams.org/mathscinet-getitem?mr=2843536
https://doi.org/10.1214/ba/1339616468
https://doi.org/10.1007/s11222-011-9283-7
https://doi.org/10.3150/13-BEJ521
https://doi.org/10.1198/jcgs.2011.09066
https://doi.org/10.1111/j.1467-9868.2009.00708.x
https://doi.org/10.1111/1467-9868.00402
https://doi.org/10.1016/j.jspi.2020.05.009
https://doi.org/10.1214/10-BA605
https://doi.org/10.1214/ba/1339616468


WANG, C. and ROSNER, G. L. (2019). A Bayesian nonparametric
causal inference model for synthesizing randomized clinical trial
and real-world evidence. Stat. Med. 38 2573–2588. MR3962129
https://doi.org/10.1002/sim.8134

XU, Z., MACEACHERN, S. N. and XU, X. (2015). Modeling non-

Gaussian time series with nonparametric Bayesian model. IEEE

Trans. Pattern Anal. Mach. Intell. 37 372–382.

http://www.ams.org/mathscinet-getitem?mr=3962129
https://doi.org/10.1002/sim.8134


Statistical Science
2022, Vol. 37, No. 1, 42–63
https://doi.org/10.1214/20-STS820
© Institute of Mathematical Statistics, 2022

A Comparative Tour through the Simulation
Algorithms for Max-Stable Processes
Marco Oesting and Kirstin Strokorb

Abstract. Being the max-analogue of α-stable stochastic processes, max-
stable processes form one of the fundamental classes of stochastic processes.
With the arrival of sufficient computational capabilities, they have become
a benchmark in the analysis of spatiotemporal extreme events. Simulation
is often a necessary part of inference of certain characteristics, in particular
for future spatial risk assessment. In this article, we give an overview over
existing procedures for this task, put them into perspective of one another
and use some new theoretical results to make comparisons with respect to
their properties.

Key words and phrases: Spectral representation, threshold stopping, ex-
tremal functions, error assessment.
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Analyzing Stochastic Computer Models:
A Review with Opportunities
Evan Baker, Pierre Barbillon, Arindam Fadikar, Robert B. Gramacy, Radu Herbei, David Higdon,
Jiangeng Huang, Leah R. Johnson, Pulong Ma, Anirban Mondal, Bianica Pires, Jerome Sacks
and Vadim Sokolov

Abstract. In modern science, computer models are often used to understand
complex phenomena and a thriving statistical community has grown around
analyzing them. This review aims to bring a spotlight to the growing preva-
lence of stochastic computer models—providing a catalogue of statistical
methods for practitioners, an introductory view for statisticians (whether fa-
miliar with deterministic computer models or not), and an emphasis on open
questions of relevance to practitioners and statisticians. Gaussian process sur-
rogate models take center stage in this review, and these, along with several
extensions needed for stochastic settings, are explained. The basic issues of
designing a stochastic computer experiment and calibrating a stochastic com-
puter model are prominent in the discussion. Instructive examples, with data
and code, are used to describe the implementation of, and results from, vari-
ous methods.

Key words and phrases: Computer model, Gaussian process, uncertainty
quantification, emulator, computer experiment, agent based model, surro-
gates, calibration.
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Statistical Dependence: Beyond Pearson’s ρ
Dag Tjøstheim, Håkon Otneim and Bård Støve

Abstract. Pearson’s ρ is the most used measure of statistical dependence. It
gives a complete characterization of dependence in the Gaussian case, and it
also works well in some non-Gaussian situations. It is well known; however,
that it has a number of shortcomings; in particular, for heavy tailed distribu-
tions and in nonlinear situations, where it may produce misleading, and even
disastrous results. In recent years, a number of alternatives have been pro-
posed. In this paper, we will survey these developments, especially results
obtained in the last couple of decades. Among measures discussed are the
copula, distribution-based measures, the distance covariance, the HSIC mea-
sure popular in machine learning and finally the local Gaussian correlation,
which is a local version of Pearson’s ρ. Throughout, we put the emphasis on
conceptual developments and a comparison of these. We point out relevant
references to technical details as well as comparative empirical and simu-
lated experiments. There is a broad selection of references under each topic
treated.

Key words and phrases: Statistical dependence, Pearson’s ρ, nonlinear de-
pendence, distance covariance, HSIC, mutual information, local Gaussian
correlation.

REFERENCES

AAS, K., CZADO, C., FRIGESSI, A. and BAKKEN, H. (2009).
Pair-copula constructions of multiple dependence. Insurance
Math. Econom. 44 182–198. MR2517884 https://doi.org/10.1016/
j.insmatheco.2007.02.001

ARONSZAJN, N. (1950). Theory of reproducing kernels. Trans.
Amer. Math. Soc. 68 337–404. MR0051437 https://doi.org/10.
2307/1990404

BERENTSEN, G. D., KLEPPE, T. and TJØSTHEIM, D. (2014). Intro-
ducing localgauss, an R-package for estimating and visualizing lo-
cal Gaussian corelation. J. Stat. Softw. 56 1–18.

BERENTSEN, G. D. and TJØSTHEIM, D. (2014). Recognizing and vi-
sualizing departures from independence in bivariate data using lo-
cal Gaussian correlation. Stat. Comput. 24 785–801. MR3229697
https://doi.org/10.1007/s11222-013-9402-8

BERENTSEN, G. D., STØVE, B., TJØSTHEIM, D. and NORDBØ, T.
(2014). Recognizing and visualizing copulas: An approach us-
ing local Gaussian approximation. Insurance Math. Econom. 57
90–103. MR3225330 https://doi.org/10.1016/j.insmatheco.2014.
04.005

BERGSMA, W. and DASSIOS, A. (2014). A consistent test of indepen-
dence based on a sign covariance related to Kendall’s tau. Bernoulli
20 1006–1028. MR3178526 https://doi.org/10.3150/13-BEJ514

BERLINET, A. and THOMAS-AGNAN, C. (2004). Reproducing Ker-
nel Hilbert Spaces in Probability and Statistics. Kluwer Aca-
demic, Boston, MA. With a preface by Persi Diaconis. MR2239907
https://doi.org/10.1007/978-1-4419-9096-9

BERRETT, T. B. and SAMWORTH, R. J. (2019). Nonparametric inde-
pendence testing via mutual information. Biometrika 106 547–566.
MR3992389 https://doi.org/10.1093/biomet/asz024

BICKEL, P. J. and ROSENBLATT, M. (1973). On some global mea-
sures of the deviations of density function estimates. Ann. Statist. 1
1071–1095. MR0348906

BILODEAU, M. and LAFAYE DE MICHEAUX, P. (2009). A-
dependence statistics for mutual and serial independence of cat-
egorical variables. J. Statist. Plann. Inference 139 2407–2419.
MR2508002 https://doi.org/10.1016/j.jspi.2008.11.006

BILODEAU, M. and NANGUE, A. G. (2017). Tests of mutual or serial
independence of random vectors with applications. J. Mach. Learn.
Res. 18 Paper No. 74. MR3714237

BJERVE, S. and DOKSUM, K. (1993). Correlation curves: Measures of
association as functions of covariate values. Ann. Statist. 21 890–
902. MR1232524 https://doi.org/10.1214/aos/1176349156

BLOMQVIST, N. (1950). On a measure of dependence between two
random variables. Ann. Math. Stat. 21 593–600. MR0039190
https://doi.org/10.1214/aoms/1177729754

BLUM, J. R., KIEFER, J. and ROSENBLATT, M. (1961). Distribution
free tests of independence based on the sample distribution func-
tion. Ann. Math. Stat. 32 485–498. MR0125690 https://doi.org/10.
1214/aoms/1177705055

BÖTTCHER, B., KELLER-RESSEL, M. and SCHILLING, R. L.
(2019). Distance multivariance: New dependence measures for
random vectors. Ann. Statist. 47 2757–2789. MR3988772
https://doi.org/10.1214/18-AOS1764

Dag Tjøstheim is Professor Emeritus, Department of Mathematics, University of Bergen, P.b. 7803, 5020 Bergen, Norway (e-mail:
dag.tjostheim@uib.no). Håkon Otneim is Associate Professor, Department of Business and Management Science, Norwegian School
of Economics, Helleveien 30, 5045 Bergen, Norway (e-mail: hakon.otneim@nhh.no). Bård Støve is Professor, Department of
Mathematics, University of Bergen, P.b. 7803, 5020 Bergen, Norway (e-mail: bard.stove@uib.no).

https://imstat.org/journals-and-publications/statistical-science/
https://doi.org/10.1214/21-STS823
https://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2517884
https://doi.org/10.1016/j.insmatheco.2007.02.001
http://www.ams.org/mathscinet-getitem?mr=0051437
https://doi.org/10.2307/1990404
http://www.ams.org/mathscinet-getitem?mr=3229697
https://doi.org/10.1007/s11222-013-9402-8
http://www.ams.org/mathscinet-getitem?mr=3225330
https://doi.org/10.1016/j.insmatheco.2014.04.005
http://www.ams.org/mathscinet-getitem?mr=3178526
https://doi.org/10.3150/13-BEJ514
http://www.ams.org/mathscinet-getitem?mr=2239907
https://doi.org/10.1007/978-1-4419-9096-9
http://www.ams.org/mathscinet-getitem?mr=3992389
https://doi.org/10.1093/biomet/asz024
http://www.ams.org/mathscinet-getitem?mr=0348906
http://www.ams.org/mathscinet-getitem?mr=2508002
https://doi.org/10.1016/j.jspi.2008.11.006
http://www.ams.org/mathscinet-getitem?mr=3714237
http://www.ams.org/mathscinet-getitem?mr=1232524
https://doi.org/10.1214/aos/1176349156
http://www.ams.org/mathscinet-getitem?mr=0039190
https://doi.org/10.1214/aoms/1177729754
http://www.ams.org/mathscinet-getitem?mr=0125690
https://doi.org/10.1214/aoms/1177705055
http://www.ams.org/mathscinet-getitem?mr=3988772
https://doi.org/10.1214/18-AOS1764
mailto:dag.tjostheim@uib.no
mailto:hakon.otneim@nhh.no
mailto:bard.stove@uib.no
https://doi.org/10.1016/j.insmatheco.2007.02.001
https://doi.org/10.2307/1990404
https://doi.org/10.1016/j.insmatheco.2014.04.005
https://doi.org/10.1214/aoms/1177705055


BROCK, W. A., SCHEINKMAN, J. A., DECHERT, W. D. and
LEBARON, B. (1996). A test for independence based on the cor-
relation dimension. Econometric Rev. 15 197–235. MR1410877
https://doi.org/10.1080/07474939608800353

CSISZÁR, I. (1967). Information-type measures of difference of prob-
ability distributions and indirect observations. Studia Sci. Math.
Hungar. 2 299–318. MR0219345
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Abstract. With very large amounts of data, important aspects of statistical
analysis may appear largely descriptive in that the role of probability some-
times seems limited or totally absent. The main emphasis of the present paper
lies on contexts where formulation in terms of a probabilistic model is feasi-
ble and fruitful but to be at all realistic large numbers of unknown parameters
need consideration. Then many of the standard approaches to statistical anal-
ysis, for instance direct application of the method of maximum likelihood,
or the use of flat priors, often encounter difficulties. After a brief discussion
of broad conceptual issues, we provide some new perspectives on aspects of
high-dimensional statistical theory, emphasizing a number of open problems.

Key words and phrases: Inference, likelihood, model uncertainty, nuisance
parameters, parameter orthogonalization, sparsity.
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Diffusion Smoothing for Spatial Point
Patterns
Adrian Baddeley, Tilman M. Davies, Suman Rakshit, Gopalan Nair and Greg McSwiggan

Abstract. Traditional kernel methods for estimating the spatially-varying
density of points in a spatial point pattern may exhibit unrealistic artefacts,
in addition to the familiar problems of bias and over- or under-smoothing.
Performance can be improved by using diffusion smoothing, in which the
smoothing kernel is the heat kernel on the spatial domain. This paper de-
velops diffusion smoothing into a practical statistical methodology for two-
dimensional spatial point pattern data. We clarify the advantages and dis-
advantages of diffusion smoothing over Gaussian kernel smoothing. Adap-
tive smoothing, where the smoothing bandwidth is spatially-varying, can be
performed by adopting a spatially-varying diffusion rate: this avoids techni-
cal problems with adaptive Gaussian smoothing and has substantially better
performance. We introduce a new form of adaptive smoothing using lagged
arrival times, which has good performance and improved robustness. Appli-
cations in archaeology and epidemiology are demonstrated. The methods are
implemented in open-source R code.

Key words and phrases: Adaptive smoothing, bandwidth, heat kernel, ker-
nel estimation, lagged arrival method, Richardson extrapolation.
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A Conversation with Ross Prentice
Li Hsu and Charles Kooperberg

Abstract. Ross L. Prentice received his B.Sc. from the University of Water-
loo and his Ph.D. from the University of Toronto. He joined the University
of Washington (UW) and the Fred Hutchinson Cancer Research Center (the
Hutch) in 1974, and is currently Professor of Biostatistics at these institu-
tions. He was Senior Vice President at the Hutch, and Director of its Public
Health Sciences Division, for more than 25 years.

Dr. Prentice’s expertise and research interests are in the fields of biostatis-
tics, epidemiology, and disease prevention. He played a central role in the
conception, design, and implementation of the Women’s Health Initiative. In
statistical and medical literature he has over 500 scientific papers, including
more than 40 with 500 or more citations. His substantial contributions to the
theory of population and clinical research include the use of surrogate end-
points and case-cohort designs and other areas such as survival analysis, nu-
tritional epidemiology, genetic epidemiology, biomarkers, and measurement
error. Dr. Prentice is recognized for his mentoring of students and junior col-
leagues, and for his generous collaborations.

Dr. Prentice has received numerous awards for his work, including an hon-
orary doctorate in mathematics from the University of Waterloo, the Man-
tel Award for Lifetime Contributions to Statistics in Epidemiology from the
American Statistical Association, the Mortimer Spiegelman Award from the
American Public Health Association, the Committee of Presidents of Statis-
tical Societies Presidents’ Award and RA Fisher Award, the Marvin Zelen
Leadership Award for Outstanding Achievement in Statistical Science from
Harvard University, the American Association of Cancer Research/American
Cancer Society Award for Research Excellence in Cancer Epidemiology and
Prevention, and the American Association for Cancer Research Team Sci-
ence Award. He was elected to the Institute of Medicine/National Academy
of Medicine in 1990. The Ross L. Prentice Endowed Professorship of Biosta-
tistical Collaboration was created at the UW in 2005 and has been awarded
every year since its inception. The interior space of the Public Health Sci-
ences building at the Hutch has been named the Ross L. Prentice Atrium.
In his spare time, Ross enjoys sports including water skiing, golf, running,
and spending time with his wife, Didi, and with his daughters, sons-in-law,
and grandchildren. He ran daily from when he was in his 20s until his knees
objected about 10 years ago.

This interview took place with Li Hsu and Charles Kooperberg via Zoom
in December 2020.
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epidemiology, Women’s Health Initiative.
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