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Distributionally Robust and Generalizable
Inference
Dominik Rothenhäusler and Peter Bühlmann

Abstract. We discuss recently developed methods that quantify the stabil-
ity and generalizability of statistical findings under distributional changes.
In many practical problems, the data is not drawn i.i.d. from the target pop-
ulation. For example, unobserved sampling bias, batch effects, or unknown
associations might inflate the variance compared to i.i.d. sampling. For re-
liable statistical inference, it is thus necessary to account for these types of
variation. We discuss and review two methods that allow to quantify distri-
bution stability based on a single dataset. The first method computes the sen-
sitivity of a parameter under worst-case distributional perturbations to un-
derstand which types of shift pose a threat to external validity. The second
method treats distributional shifts as random which allows to assess average
robustness (instead of worst-case). Based on a stability analysis of multiple
estimators on a single dataset, it integrates both sampling and distributional
uncertainty into a single confidence interval.

Key words and phrases: Distributional robustness, external validity, gener-
alizability, stability, uncertainty quantification.
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Defining Replicability of Prediction Rules
Giovanni Parmigiani

Abstract. In this article, I propose an approach for defining replicability
for prediction rules. Motivated by a recent report by the U.S.A. National
Academy of Sciences, I start from the perspective that replicability is obtain-
ing consistent results across studies suitable to address the same prediction
question, each of which has obtained its own data. I then discuss concept and
issues in defining key elements of this statement. I focus specifically on the
meaning of “consistent results” in typical utilization contexts, and propose a
multi-agent framework for defining replicability, in which agents are neither
allied nor adversaries. I recover some of the prevalent practical approaches as
special cases. I hope to provide guidance for a more systematic assessment
of replicability in machine learning.

Key words and phrases: Replicability, prediction, decision theory.
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Online Multiple Hypothesis Testing
David S. Robertson, James M. S. Wason and Aaditya Ramdas

Abstract. Modern data analysis frequently involves large-scale hypothesis
testing, which naturally gives rise to the problem of maintaining control of
a suitable type I error rate, such as the false discovery rate (FDR). In many
biomedical and technological applications, an additional complexity is that
hypotheses are tested in an online manner, one-by-one over time. However,
traditional procedures that control the FDR, such as the Benjamini–Hochberg
procedure, assume that all p-values are available to be tested at a single time
point. To address these challenges, a new field of methodology has devel-
oped over the past 15 years showing how to control error rates for online
multiple hypothesis testing. In this framework, hypotheses arrive in a stream,
and at each time point the analyst decides whether to reject the current hy-
pothesis based both on the evidence against it, and on the previous rejection
decisions. In this paper, we present a comprehensive exposition of the lit-
erature on online error rate control, with a review of key theory as well as
a focus on applied examples. We also provide simulation results comparing
different online testing algorithms and an up-to-date overview of the many
methodological extensions that have been proposed.

Key words and phrases: A/B testing, data repositories, platform trials, type
I error rate.
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Game-Theoretic Statistics and Safe
Anytime-Valid Inference
Aaditya Ramdas, Peter Grünwald, Vladimir Vovk and Glenn Shafer

Abstract. Safe anytime-valid inference (SAVI) provides measures of sta-
tistical evidence and certainty—e-processes for testing and confidence se-
quences for estimation—that remain valid at all stopping times, accommo-
dating continuous monitoring and analysis of accumulating data and optional
stopping or continuation for any reason. These measures crucially rely on test
martingales, which are nonnegative martingales starting at one. Since a test
martingale is the wealth process of a player in a betting game, SAVI centrally
employs game-theoretic intuition, language and mathematics. We summarize
the SAVI goals and philosophy, and report recent advances in testing com-
posite hypotheses and estimating functionals in nonparametric settings.

Key words and phrases: Test martingales, Ville’s inequality, universal in-
ference, reverse information projection, e-process, optional stopping, confi-
dence sequence, nonparametric composite hypothesis testing.
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Replicability Across Multiple Studies
Marina Bogomolov iD and Ruth Heller  iD

Abstract. Meta-analysis is routinely performed in many scientific disci-
plines. This analysis is attractive since discoveries are possible even when
all the individual studies are underpowered. However, the meta-analytic dis-
coveries may be entirely driven by signal in a single study, and thus non-
replicable. Although the great majority of meta-analyses carried out to date
do not infer on the replicability of their findings, it is possible to do so. We
provide a selective overview of analyses that can be carried out towards es-
tablishing replicability of the scientific findings. We describe methods for the
setting where a single outcome is examined in multiple studies (as is com-
mon in systematic reviews of medical interventions), as well as for the set-
ting where multiple studies each examine multiple features (as in genomics
applications). We also discuss some of the current shortcomings and future
directions.

Key words and phrases: Composite null, false discovery rate, meta-
analysis, multiple hypothesis testing, replicability analysis.
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DJORDJILOVIĆ, V., PAGE, C. M., GRAN, J. M., NØST, T. H.,
SANDANGER, T. M., VEIERØD, M. B. and THORESEN, M.
(2019). Global test for high-dimensional mediation: Testing groups
of potential mediators. Stat. Med. 38 3346–3360. MR3979813
https://doi.org/10.1002/sim.8199

EFRON, B. (2010). Large-Scale Inference: Empirical Bayes Methods
for Estimation, Testing, and Prediction. Institute of Mathemati-
cal Statistics (IMS) Monographs 1. Cambridge Univ. Press, Cam-
bridge. MR2724758 https://doi.org/10.1017/CBO9780511761362

Marina Bogomolov is Associate Professor, Faculty of Data and Decision Sciences, Technion—Israel Institute of Technology, Haifa,
Israel (e-mail: marinabo@technion.ac.il). Ruth Heller is Professor, Department of Statistics and Operations Research, Tel-Aviv
University, Tel-Aviv, Israel (e-mail: ruheller@gmail.com).

https://imstat.org/journals-and-publications/statistical-science/
https://doi.org/10.1214/23-STS892
https://www.imstat.org
https://orcid.org/0000-0002-3547-624X
https://orcid.org/0000-0003-4329-1015
https://mathscinet.ams.org/mathscinet-getitem?mr=3375876
https://doi.org/10.1214/15-AOS1337
https://mathscinet.ams.org/mathscinet-getitem?mr=2522270
https://doi.org/10.1111/j.1541-0420.2007.00984.x
https://mathscinet.ams.org/mathscinet-getitem?mr=2546387
https://doi.org/10.1098/rsta.2009.0127
https://mathscinet.ams.org/mathscinet-getitem?mr=1325392
https://mathscinet.ams.org/mathscinet-getitem?mr=2156820
https://doi.org/10.1198/016214504000001907
https://mathscinet.ams.org/mathscinet-getitem?mr=4124323
https://doi.org/10.1214/19-AOS1847
https://mathscinet.ams.org/mathscinet-getitem?mr=4533743
https://doi.org/10.1214/22-ejs2100
https://mathscinet.ams.org/mathscinet-getitem?mr=3174723
https://doi.org/10.1080/01621459.2013.829002
https://mathscinet.ams.org/mathscinet-getitem?mr=3842881
https://doi.org/10.1093/biomet/asy029
https://doi.org/10.1214/23-STS892SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=3798878
https://doi.org/10.1111/rssb.12265
https://mathscinet.ams.org/mathscinet-getitem?mr=3979813
https://doi.org/10.1002/sim.8199
https://mathscinet.ams.org/mathscinet-getitem?mr=2724758
https://doi.org/10.1017/CBO9780511761362
mailto:marinabo@technion.ac.il
mailto:ruheller@gmail.com
https://doi.org/10.1198/016214504000001907
https://doi.org/10.1214/19-AOS1847
https://doi.org/10.1214/23-STS892SUPP


EFRON, B., TIBSHIRANI, R., STOREY, J. D. and TUSHER, V. (2001).
Empirical Bayes analysis of a microarray experiment. J. Amer.
Statist. Assoc. 96 1151–1160. MR1946571 https://doi.org/10.1198/
016214501753382129

FISHER, R. A. (1934). Statistical Methods for Research Workers, 5th
ed.

FITHIAN, W., SUN, D. and TAYLOR, J. (2017). Optimal inference af-
ter model selection. Preprint. Available at arXiv:1410.2597.

FRANKE, A., MCGOVERN, D. P., BARRETT, J. C., WANG, K.,
RADFORD-SMITH, G. L., AHMAD, T., LEES, C. W.,
BALSCHUN, T., LEE, J. et al. (2010). Genome-wide meta-
analysis increases to 71 the number of confirmed Crohn’s disease
susceptibility loci. Nat. Genet. 42 1118–1125.

GENOVESE, C. and WASSERMAN, L. (2002). Operating character-
istics and extensions of the false discovery rate procedure. J.
R. Stat. Soc. Ser. B. Stat. Methodol. 64 499–517. MR1924303
https://doi.org/10.1111/1467-9868.00347

GOEMAN, J. J. and SOLARI, A. (2011). Multiple testing for
exploratory research. Statist. Sci. 26 584–597. MR2951390
https://doi.org/10.1214/11-STS356

GOODMAN, S. N., FANELLI, D. and IOANNIDIS, J. P. (2016). What
does research reproducibility mean? Sci. Transl. Med. 8: 341ps12–
341ps12.

HEDGES, L. V. and SCHAUER, J. M. (2019a). Consistency of effects
is important in replication: Rejoinder to Mathur and VanderWeele
(2019) reply. Psychol. Methods 24 576–577.

HEDGES, L. V. and SCHAUER, J. M. (2019b). Statistical analyses for
studying replication: Meta-analytic perspectives. Psychol. Methods
24 557–570.

HELD, L., MICHELOUD, C. and BALABDAOUI, F. (2022). A sta-
tistical framework for replicability. arXiv preprint. Available at
arXiv:2207.00464.

HELLER, R., BOGOMOLOV, M. and BENJAMINI, Y. (2014). Deciding
whether follow-up studies have replicated findings in a preliminary
large-scale omics study. Proc. Natl. Acad. Sci. USA 111 16262–
16267.

HELLER, R., GOLLAND, Y., MALACH, R. and BENJAMINI, Y.
(2007). Conjunction group analysis: An alternative to
mixed/random effect analysis. NeuroImage 37 1178–1185.

HELLER, R. and ROSSET, S. (2021). Optimal control of false discov-
ery criteria in the two-group model. J. R. Stat. Soc. Ser. B. Stat.
Methodol. 83 133–155. MR4220987 https://doi.org/10.1111/rssb.
12403

HELLER, R. and SOLARI, A. (2023). Simultaneous directional infer-
ence. arXiv preprint. Available at arXiv:2301.01653.

HELLER, R. and YEKUTIELI, D. (2014). Replicability analysis for
genome-wide association studies. Ann. Appl. Stat. 8 481–498.
MR3191999 https://doi.org/10.1214/13-AOAS697

HIGGINS, J., THOMAS, J., CHANDLER, J., CUMPSTON, M., LI, T.,
PAGE, M. and WELCH, V. (2022). Cochrane Handbook for Sys-
tematic Reviews of Interventions, Version 6.3, (updated February
2022).

HOANG, A.-T. and DICKHAUS, T. (2022). Combining independent p-
values in replicability analysis: A comparative study. J. Stat. Com-
put. Simul. 92 2184–2204. MR4437521 https://doi.org/10.1080/
00949655.2021.2022678

HOLM, S. (1979). A simple sequentially rejective multiple test proce-
dure. Scand. J. Stat. 6 65–70. MR0538597

HOMMEL, G. (1988). A stagewise rejective multiple test procedure
based on a modified Bonferroni test. Biometrika 75 383–386.

HUGHES, D., JUDGE, C., MURPHY, R., LOUGHLIN, E.,
COSTELLO, M., WHITELEY, W., BOSCH, J., O’DONNELL, M. J.
and CANAVAN, M. (2020). Association of blood pressure lowering
with incident dementia or cognitive impairment: A systematic
review and meta-analysis. JAMA 323 1934–1944.

HUNG, K. and FITHIAN, W. (2020). Statistical methods for repli-
cability assessment. Ann. Appl. Stat. 14 1063–1087. MR4152124
https://doi.org/10.1214/20-AOAS1336

IOANNIDIS, J. (2005). Why most published research findings are false.
PLoS Med. 2 696–701.

JALJULI, I., BENJAMINI, Y., SHENHAV, L., PANAGIOTOU, O. A. and
HELLER, R. (2022). Quantifying replicability and consistency in
systematic reviews. Stat. Biopharm. Res. 1–14.

JONES, L. V. and TUKEY, J. W. (2000). A sensible formulation of the
significance test. Psychol. Methods 5 411.

KARMAKAR, B. and SMALL, D. S. (2020). Assessment of the extent
of corroboration of an elaborate theory of a causal hypothesis us-
ing partial conjunctions of evidence factors. Ann. Statist. 48 3283–
3311. MR4185809 https://doi.org/10.1214/19-AOS1929

KIDD, K. K., PAKSTIS, A. J., SPEED, W. C. and KIDD, J. R. (2004).
Understanding human DNA sequence variation. J. Hered. 95 406–
420. https://doi.org/10.1093/jhered/esh060

LAWLOR, D. A., TILLING, K. and DAVEY SMITH, G. (2017). Trian-
gulation in aetiological epidemiology. Int. J. Epidemiol. 45 1866–
1886.

LI, S., SESIA, M., ROMANO, Y., CANDÈS, E. and SABATTI, C.
(2022). Searching for robust associations with a multi-
environment knockoff filter. Biometrika 109 611–629. MR4472838
https://doi.org/10.1093/biomet/asab055

LIU, Z., SHEN, J., BARFIELD, R., SCHWARTZ, J., BAC-
CARELLI, A. A. and LIN, X. (2022). Large-scale hypothesis test-
ing for causal mediation effects with applications in genome-wide
epigenetic studies. J. Amer. Statist. Assoc. 117 67–81. MR4399068
https://doi.org/10.1080/01621459.2021.1914634

MARIGORTA, U. M., RODRIGUEZ, J. A., GIBSON, G. and
NAVARRO, A. (2018). Replicability and prediction: Lessons and
challenges from gwas. Trends Genet. 34 504–517.

MATHUR, M. B. and VANDERWEELE, T. J. (2019). New metrics for
meta-analyses of heterogeneous effects. Stat. Med. 38 1336–1342.
MR3920618 https://doi.org/10.1002/sim.8057

NAKAGOME, S., MANO, S., KOZLOWSKI, L., BUJNICKI, J. M., SHI-
BATA, H., FUKUMAKI, Y., KIDD, J. R., KIDD, K. K., KAWA-
MURA, S. et al. (2012). Crohn’s disease risk alleles on the NOD2
locus have been maintained by natural selection on standing varia-
tion. Mol. Biol. Evol. 29 1569–1585.

NOSEK, B. A., HARDWICKE, T. E., MOSHONTZ, H., ALLARD, A.,
CORKER, K. S., DREBER, A., FIDLER, F., HILGARD, J.,
STRUHL, M. K. et al. (2022). Replicability, robustness, and repro-
ducibility in psychological science. Annu. Rev. Psychol. 73 719–
748.

OWEN, A. B. (2009). Karl Pearson’s meta-analysis revisited.
Ann. Statist. 37 3867–3892. MR2572446 https://doi.org/10.1214/
09-AOS697

PANAGIOTOU, O. A., JALJULI, I. and HELLER, R. (2020). Replica-
bility of treatment effect in study of blood pressure lowering with
dementia. JAMA 324 1465–1466.

PATIL, P., PENG, R. D. and LEEK, J. T. (2019). A visual tool for
defining reproducibility and replicability. Nat. Hum. Behav. 3 650–
652. https://doi.org/10.1038/s41562-019-0629-z

PAWEL, S. and HELD, L. (2022). The sceptical Bayes factor for the
assessment of replication success. J. R. Stat. Soc. Ser. B. Stat.
Methodol. 84 879–911. MR4460579

ROSENBAUM, P. (2022). Replication and Evidence Factors in Obser-
vational Studies. Taylor & Francis, London.

ROSENBAUM, P. R. (2001). Replicating effects and biases.
Amer. Statist. 55 223–227. MR1963397 https://doi.org/10.1198/
000313001317098220

ROSENBAUM, P. R. (2010). Evidence factors in observational stud-
ies. Biometrika 97 333–345. MR2650742 https://doi.org/10.1093/
biomet/asq019

https://mathscinet.ams.org/mathscinet-getitem?mr=1946571
https://doi.org/10.1198/016214501753382129
http://arxiv.org/abs/arXiv:1410.2597
https://mathscinet.ams.org/mathscinet-getitem?mr=1924303
https://doi.org/10.1111/1467-9868.00347
https://mathscinet.ams.org/mathscinet-getitem?mr=2951390
https://doi.org/10.1214/11-STS356
http://arxiv.org/abs/arXiv:2207.00464
https://mathscinet.ams.org/mathscinet-getitem?mr=4220987
https://doi.org/10.1111/rssb.12403
http://arxiv.org/abs/arXiv:2301.01653
https://mathscinet.ams.org/mathscinet-getitem?mr=3191999
https://doi.org/10.1214/13-AOAS697
https://mathscinet.ams.org/mathscinet-getitem?mr=4437521
https://doi.org/10.1080/00949655.2021.2022678
https://mathscinet.ams.org/mathscinet-getitem?mr=0538597
https://mathscinet.ams.org/mathscinet-getitem?mr=4152124
https://doi.org/10.1214/20-AOAS1336
https://mathscinet.ams.org/mathscinet-getitem?mr=4185809
https://doi.org/10.1214/19-AOS1929
https://doi.org/10.1093/jhered/esh060
https://mathscinet.ams.org/mathscinet-getitem?mr=4472838
https://doi.org/10.1093/biomet/asab055
https://mathscinet.ams.org/mathscinet-getitem?mr=4399068
https://doi.org/10.1080/01621459.2021.1914634
https://mathscinet.ams.org/mathscinet-getitem?mr=3920618
https://doi.org/10.1002/sim.8057
https://mathscinet.ams.org/mathscinet-getitem?mr=2572446
https://doi.org/10.1214/09-AOS697
https://doi.org/10.1038/s41562-019-0629-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4460579
https://mathscinet.ams.org/mathscinet-getitem?mr=1963397
https://doi.org/10.1198/000313001317098220
https://mathscinet.ams.org/mathscinet-getitem?mr=2650742
https://doi.org/10.1093/biomet/asq019
https://doi.org/10.1198/016214501753382129
https://doi.org/10.1111/rssb.12403
https://doi.org/10.1080/00949655.2021.2022678
https://doi.org/10.1214/09-AOS697
https://doi.org/10.1198/000313001317098220
https://doi.org/10.1093/biomet/asq019


ROY, S., BOGOMOLOV, M., HELLER, R., CLARIDGE, A. M., BEE-
SON, T. and SMALL, D. S. (2022). Protocol for an observational
study on the effects of giving births from unintended pregnancies
on later life physical and mental health. arXiv preprint. Available at
arXiv:2210.05169.

SAAD, A., YEKUTIELI, D., LEV-RAN, S., GROSS, R. and GUY-
ATT, G. (2019). Getting more out of meta-analyses: A new ap-
proach to meta-analysis in light of unexplained heterogeneity. J.
Clin. Epidemiol. 107 101–106. https://doi.org/10.1016/j.jclinepi.
2018.11.023

SAMPSON, J. N., BOCA, S. M., MOORE, S. C. and HELLER, R.
(2018). FWER and FDR control when testing multiple mediators.
Bioinformatics 34 2418–2424.

SESIA, M., SABATTI, C. and CANDÈS, E. J. (2019). Gene hunt-
ing with hidden Markov model knockoffs. Biometrika 106 1–18.
MR3912377 https://doi.org/10.1093/biomet/asy033

SIMONSOHN, U. (2015). Small telescopes: Detectability and the eval-
uation of replication results. Psychol. Sci. 26 559–569.

SOFER, T., HELLER, R., BOGOMOLOV, M., AVERY, C. L.,
GRAFF, M., NORTH, K. E., REINER, A. P., THORNTON, T. A.,
RICE, K. et al. (2017). A powerful statistical framework for gen-
eralization testing in GWAS, with application to the HCHS/SOL.
Genet. Epidemiol. 41 251–258.

STOREY, J. D. (2003). The positive false discovery rate: A Bayesian
interpretation and the q-value. Ann. Statist. 31 2013–2035.
MR2036398 https://doi.org/10.1214/aos/1074290335

SUN, W. and CAI, T. T. (2007). Oracle and adaptive com-
pound decision rules for false discovery rate control. J. Amer.
Statist. Assoc. 102 901–912. MR2411657 https://doi.org/10.1198/
016214507000000545

SUN, W. and WEI, Z. (2011). Multiple testing for pattern identifi-
cation, with applications to microarray time-course experiments.

J. Amer. Statist. Assoc. 106 73–88. MR2816703 https://doi.org/10.
1198/jasa.2011.ap09587

TUKEY, J. W. (1991). The philosophy of multiple comparisons.
Statist. Sci. 100–116.

WANG, J., GUI, L., SU, W. J., SABATTI, C. and OWEN, A. B.
(2022). Detecting multiple replicating signals using adaptive
filtering procedures. Ann. Statist. 50 1890–1909. MR4474476
https://doi.org/10.1214/21-aos2139

WANG, J. and OWEN, A. B. (2019). Admissibility in partial con-
junction testing. J. Amer. Statist. Assoc. 114 158–168. MR3941245
https://doi.org/10.1080/01621459.2017.1385465

WANG, P. and ZHU, W. (2019). Replicability analysis in genome-wide
association studies via Cartesian hidden Markov models. BMC
Bioinform. 20 146.

XIANG, D., ZHAO, S. D. and CAI, T. T. (2019). Signal classifica-
tion for the integrative analysis of multiple sequences of large-scale
multiple tests. J. R. Stat. Soc. Ser. B. Stat. Methodol. 81 707–734.
MR3997098

XIE, J., CAI, T. T., MARIS, J. and LI, H. (2011). Optimal false dis-
covery rate control for dependent data. Stat. Interface 4 417–430.
MR2868825 https://doi.org/10.4310/SII.2011.v4.n4.a1

ZHAO, Q., SMALL, D. S. and ROSENBAUM, P. R. (2018).
Cross-screening in observational studies that test many hy-
potheses. J. Amer. Statist. Assoc. 113 1070–1084. MR3862340
https://doi.org/10.1080/01621459.2017.1407770

ZHAO, Q., SMALL, D. S. and SU, W. (2019). Multiple testing when
many p-values are uniformly conservative, with application to test-
ing qualitative interaction in educational interventions. J. Amer.
Statist. Assoc. 114 1291–1304. MR4011780 https://doi.org/10.
1080/01621459.2018.1497499

http://arxiv.org/abs/arXiv:2210.05169
https://doi.org/10.1016/j.jclinepi.2018.11.023
https://mathscinet.ams.org/mathscinet-getitem?mr=3912377
https://doi.org/10.1093/biomet/asy033
https://mathscinet.ams.org/mathscinet-getitem?mr=2036398
https://doi.org/10.1214/aos/1074290335
https://mathscinet.ams.org/mathscinet-getitem?mr=2411657
https://doi.org/10.1198/016214507000000545
https://mathscinet.ams.org/mathscinet-getitem?mr=2816703
https://doi.org/10.1198/jasa.2011.ap09587
https://mathscinet.ams.org/mathscinet-getitem?mr=4474476
https://doi.org/10.1214/21-aos2139
https://mathscinet.ams.org/mathscinet-getitem?mr=3941245
https://doi.org/10.1080/01621459.2017.1385465
https://mathscinet.ams.org/mathscinet-getitem?mr=3997098
https://mathscinet.ams.org/mathscinet-getitem?mr=2868825
https://doi.org/10.4310/SII.2011.v4.n4.a1
https://mathscinet.ams.org/mathscinet-getitem?mr=3862340
https://doi.org/10.1080/01621459.2017.1407770
https://mathscinet.ams.org/mathscinet-getitem?mr=4011780
https://doi.org/10.1080/01621459.2018.1497499
https://doi.org/10.1016/j.jclinepi.2018.11.023
https://doi.org/10.1198/016214507000000545
https://doi.org/10.1198/jasa.2011.ap09587
https://doi.org/10.1080/01621459.2018.1497499


Statistical Science
2023, Vol. 38, No. 4, 621–639
https://doi.org/10.1214/23-STS904
© Institute of Mathematical Statistics, 2023

Replication Success Under Questionable
Research Practices—a Simulation Study
Francesca Freuli, Leonhard Held and Rachel Heyard

Abstract. Increasing evidence suggests that the reproducibility and repli-
cability of scientific findings is threatened by researchers employing ques-
tionable research practices (QRPs) in order to achieve statistically significant
results. Numerous metrics have been developed to determine replication suc-
cess but it has not yet been investigated how well those metrics perform in
the presence of QRPs. This paper aims to compare the performance of dif-
ferent metrics quantifying replication success in the presence of four types of
QRPs: cherry picking of outcomes, questionable interim analyses, question-
able inclusion of covariates, and questionable subgroup analyses. Our results
show that the metric based on the version of the sceptical p-value that is re-
calibrated in terms of effect size performs better in maintaining low values
of overall type-I error rate, but often requires larger replication sample sizes
compared to metrics based on significance, the controlled version of the scep-
tical p-value, meta-analysis or Bayes factors, especially when severe QRPs
are employed.

Key words and phrases: Questionable research practices, replication suc-
cess, simulation study, type-I error rate, power, rejection ratio.
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Methods for Integrating Trials and
Non-experimental Data to Examine Treatment
Effect Heterogeneity
Carly Lupton Brantner, Ting-Hsuan Chang, Trang Quynh Nguyen, Hwanhee Hong,
Leon Di Stefano and Elizabeth A. Stuart

Abstract. Estimating treatment effects conditional on observed covariates
can improve the ability to tailor treatments to particular individuals. Doing
so effectively requires dealing with potential confounding, and also enough
data to adequately estimate effect moderation. A recent influx of work has
looked into estimating treatment effect heterogeneity using data from multi-
ple randomized controlled trials and/or observational datasets. With many
new methods available for assessing treatment effect heterogeneity using
multiple studies, it is important to understand which methods are best used in
which setting, how the methods compare to one another, and what needs to
be done to continue progress in this field. This paper reviews these methods
broken down by data setting: aggregate-level data, federated learning, and
individual participant-level data. We define the conditional average treatment
effect and discuss differences between parametric and nonparametric estima-
tors, and we list key assumptions, both those that are required within a single
study and those that are necessary for data combination. After describing
existing approaches, we compare and contrast them and reveal open areas
for future research. This review demonstrates that there are many possible
approaches for estimating treatment effect heterogeneity through the combi-
nation of datasets, but that there is substantial work to be done to compare
these methods through case studies and simulations, extend them to differ-
ent settings, and refine them to account for various challenges present in real
data.

Key words and phrases: Treatment effect heterogeneity, combining data,
generalizability and reproducibility.
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Abstract. The measurement of a quantity is reproducible when mutually in-
dependent, multiple measurements made of it yield mutually consistent mea-
surement results, that is, when the measured values, after due allowance for
their associated uncertainties, do not differ significantly from one another. In-
terlaboratory comparisons organized deliberately for the purpose, and meta-
analyses that are structured so as to be fit for the same purpose, are procedures
of choice to ascertain measurement reproducibility.

The realistic evaluation of measurement uncertainty is a key preliminary
to the assessment of reproducibility because lack of reproducibility mani-
fests itself as dispersion or variability of measured values in excess of what
their associated uncertainties suggest that they should exhibit. For this reason,
we review the distinctive traits of measurement in the physical sciences and
technologies, including medicine, and discuss the meaning and expression of
measurement uncertainty.

This contribution illustrates the application of statistical models and meth-
ods to quantify measurement uncertainty and to assess reproducibility in
four concrete, real-life examples, in the process revealing that lack of re-
producibility can be a consequence of one or more of the following: intrinsic
differences between laboratories making measurements; choice of statistical
model and of procedure for data reduction or of causes yet to be identified.

Despite the instances of lack of reproducibility that we review, and many
others like them, the outlook is optimistic. First, because “lack of repro-
ducibility is not necessarily bad news; it may herald new discoveries and
signal scientific progress” (Nat. Phys. 16 (2020) 117–119). Second, and as
the example about the measurement of the Newtonian constant of gravitation,
G, illustrates, when faced with a reproducibility crisis the scientific commu-
nity often engages in cooperative efforts to understand the root causes of the
lack of reproducibility, leading to advances in scientific knowledge.

Key words and phrases: Avandia, common mean, fixed effect, COVID-19,
Newtonian constant of gravitation, Rosiglitazone, dark uncertainty, hetero-
geneity, interlaboratory study, meta-analysis, random effects, repeatability,
replicability, reproducibility, reproduction number, W boson.
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